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Abstract

The quaternion algebra is not always the best choice for processing 4D hyper-

complex signals. This paper aims to explore tessarines as an alternative algebra

to solve the estimation problem. More concretely, wide-sense Markov signals

in the tessarine domain are introduced and their properties under properness

properties are analyzed. Firstly, the T2-properness condition in the tessarine

setting is defined and then, the linear estimation problem under tessarine pro-

cessing is addressed. The equivalence between the optimal estimator based on

tessarine widely linear processing and the one based on tessarine T2 processing

is proved, thus attaining a notable reduction in computational burden. Next,

the Ti-proper wide-sense Markov signals, i = 1, 2, are defined and a forwards

representation for modeling them is suggested. Finally, the estimation problem

with intermittent observations for this class of signals is tackled. Specifically,

based on the forwards representation, two algorithms for the problems of filter-

ing, prediction and fixed-interval smoothing are devised. Numerical simulations

are developed where the superiority of the Ti estimators, i = 1, 2, over their

counterparts in the quaternion domain is shown.
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1. Introduction

Estimation is a fundamental problem in signal processing. In linear minimum-

mean square error (MMSE) estimation theory, when the processes under consid-

eration are not Gaussian, the classes of stochastic processes which are of prac-

tical importance are wide-sense Markov (WSM) processes [1]. The equivalence

between the WSM condition and the state-space representation for the signal

is really what makes WSM signals especially attractive in signal processing. In

general, the papers devoted to studying WSM signals are restricted to the real

or complex domains (see, e.g., [1]-[5]) while other mathematical domains offer

sound representations [6]. For example, and to our knowledge, WSM signals

of order n have not been studied in the four-dimensional (4D) hypercomplex

domains yet.

In the classical formulation of the estimation problem it is assumed that all

the observations are available during the state estimation time, since Kalman

estimators are sensitive to missing measurements, that is, they perform subop-

timally [7]. Nevertheless, in many real-world applications, such as in the case

of failures in the measuring sensors, high noise environments, and poor com-

munication resources [8], there is a nonzero probability that the observed state

contains only noise and the state is absent. Systems suffering from uncertainty

in the observation process are commonly referred to as systems with intermit-

tent observations. They have been studied extensively for real-valued signals

(see, e.g., [9]-[16]) and recently for quaternion-valued signals [17]-[19].

Quaternions and tessarines are 4D hypercomplex algebras that extend the

system of complex numbers [20]. Both are originated from a similar mathemat-

ical construction method which endows them with interesting features for the

development of signal processing tools [21]-[23]. Until now, however, quater-

nions has been the most commonly used hypercomplex algebra by the signal

processing community. The reason for which quaternions is the predominant

domain is twofold. On the one hand, this system is constructed to be a normed

division algebra, that is, it is closed with an inverse operation and it is equipped
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with a norm. These properties make them naturally suited to address bench-

mark problems of signal processing (e.g., the signal estimation problem [24]).

On the other hand, quaternions have shown its superiority over the real field

in some applied problems [25]. For instance, quaternions provide mathematical

robustness to represent rotations in space since they are immune to gimbal lock

singularity [26]. In contrast to quaternions, the analysis of tessarine data has

the limitation of not being a normed space. Nevertheless, this drawback has

been recently overcome in the context of the signal estimation problem [27].

Adopting a 4D hypercomplex system as the mathematical framework has

some important repercussions in the processing involved. Indeed, it implies

renouncing to some usual properties of the real and complex fields. Specifically,

the quaternions algebra is not commutative and the tessarines is not a division

algebra (it contains some divisors of zero) [20]. Thus, the techniques developed

on 4D hypercomplex domains are not direct extensions of the vectorial treatment

of the problem. Recent literature has shown how such obstacles have been

overcome and multiple applications have been suggested (see, e.g., [21]-[37]).

Interestingly, comparative studies between the use of quaternion and tessarine

algebras have evidenced that the choice of a specific algebra may condition the

behavior of the proposed methods [27], [38, 39]. In fact, neither of the two 4D

hypercomplex algebras always performs better than the other.

It is well-known that quaternions, tessarines and R4 are isomorphic spaces

[20]. Therefore, the signal processing in R4 is equivalent to both the quaternion

widely linear (QWL) processing [40] and the tessarine widely linear (TWL) pro-

cessing [27], with the devised algorithms having the same computational burden

regardless of the chosen processing. However, this characteristic is lost when

the signals present properness properties [27], [41]-[43]. Quaternion properness

has been widely studied in the past and the background theory is well devel-

oped [44]. Knowing that a quaternion is proper has two important effects: first,

either a quaternion strictly linear (QSL) or semi-widely linear (QSWL) process-

ing should be used; second, a notable reduction in the computational burden

involved in comparison with the real processing is attained.
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Unlike quaternion properness, tessarine properness has been much less stud-

ied. The T1-properness concept and the tessarine strictly linear (TSL) process-

ing were introduced1 in [27]. This paper also proves that, under T1-properness

conditions, TSL processing can outperform QSL processing. In our opinion, the

reported results are promising and set the way for a deeper study of new types

of tessarine properness and of the associated processing.

The aim of this work is to study the estimation of WSM tessarine-valued

signals with intermittent observations and to show their advantages when used

under properness conditions. For that, firstly, a new type of properness for

tessarine signals (called T2-properness), which is less restrictive than the T1-

properness given in [27], is introduced. We prove that, under T2-properness

conditions, T2 processing is the most convenient one since it provides estima-

tors with equal performance as TWL processing while attaining a lower com-

putational cost. Then, we define the class of Ti-proper, i = 1, 2, WSM signals

and characterize them by means of their forwards representation. This repre-

sentation is the basis for devising two Kalman-like algorithms for the problems

of filtering, prediction and fixed-interval-smoothing with intermittent observa-

tions. Finally, the effectiveness of the developed algorithms is demonstrated

through simulations. Remarkably, the numerical examples show that the Ti-

proper, i = 1, 2, estimators outperform their counterparts in the quaternion

domain.

The rest of this paper is organized as follows. Section 2 revisits the tessarine

processing. Then, Section 3 introduces the concept of T2-properness and studies

the associated T2 processing. The Ti-proper, i = 1, 2, WSM signals are ana-

lyzed in Section 4. Two algorithms for filtering, prediction and fixed-interval

smoothing with intermittent observations are also devised in this section and

their performance is compared with that of the quaternion estimators by means

of numerical examples. A Section of conclusions ends the paper. To preserve

1Currently, T1-properness is called T-properness in [27]. We change the denomination to

avoid confusion with the one used for the new properness concept suggested here.
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continuity in our presentation, all proofs are deferred to an Appendix.

2. Preliminaries

2.1. Notation

Throughout this paper, all the random variables are assumed to have zero-

mean unless otherwise stated. Next we introduce the basic notation. We use

boldface uppercase letters to denote matrices, boldface lowercase letters for

column vectors, and lightface lowercase letters for scalar quantities. Superscripts

“∗”, “T” and “H” represent the tessarine conjugate, transpose and Hermitian

transpose, respectively. The real part of a tessarine will be denoted by R{·}.

Moreover, the notation Z, R and T is used to denote the set of integer,

real and tessarine numbers, respectively. In this sense, A ∈ Rp×q (respectively,

A ∈ Tp×q) means that A is a real (respectively, tessarine) p × q matrix, and

similarly r ∈ Rp (respectively, r ∈ Tp) means that r is a p-dimensional real

(respectively, tessarine) vector. r(m) denotes the vector formed by the first m

elements of r; similarly, A(m) denotes the matrix formed by the first m rows of

A and A(m,n) the matrix formed by the first m rows and the first n columns of

A. diag{r} represents the diagonal matrix created with the elements of r and

diag{A} the main diagonal of A. δnl is the Kronecker delta function, which

is equal to one if l = n, and zero otherwise. Finally, E[·] is the expectation

operator, 0p×q denotes the p× q zero matrix, Ip represents the identity matrix

of dimension p and “⊗”, “⊙” stand for the Kronecker and Hadamard products.

The next property of the Hadamard product will be useful: if A ∈ Rp×p and

r ∈ Rp then,

diag{r}Adiag{r} = rrT ⊙A (1)

2.2. Review of the Tessarine Processing

In this subsection, the basic concepts in the tessarine domain as well as some

properties of interest are established.
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Consider a random variable x ∈ T defined as [39]

x = a+ ib+ jc+ kd

where the random variables a, b, c, d ∈ R and the imaginary units (i, j, k) satisfy

the identities

ij = k, jk = i, ki = −j, i2 = k2 = −1, j2 = 1

The real vector of x is defined by xr = [a, b, c, d]T. The conjugate of x is

x∗ = a− ib+ jc− kd

and we define the following auxiliary tessarines:

xi = a+ ib− jc− kd

xk = a− ib− jc+ kd

Consider a random signal {x(t) ∈ Tp, t ∈ Z}, with components xi(t) =

ai(t)+ ibi(t)+ jci(t)+kdi(t), i = 1, . . . , p, where ai(t), bi(t), ci(t), and di(t) real

random signals. The real vectors associated to ai(t), bi(t), ci(t), and di(t) are

denoted by

a(t) = [a1(t), . . . , ap(t)]
T, b(t) = [b1(t), . . . , bp(t)]

T

c(t) = [c1(t), . . . , cp(t)]
T, d(t) = [d1(t), . . . , dp(t)]

T

and the real vector formed with the components of x(t) is denoted by

xr(t) = [aT(t),bT(t), cT(t),dT(t)]T, t ∈ Z (2)

Moreover, the following auxiliary tessarine vectors are defined:

xν(t) = [xν
1(t), . . . , x

ν
p(t)]

T, ν = i, ∗, k, t ∈ Z

The pseudo autocorrelation and pseudo cross-correlation matrices of the

random vectors x ∈ Tp1 and y ∈ Tp2 are denoted by Γx = E[xxH] and

Γxy = E[xyH], respectively. Similarly, the pseudo autocorrelation function of

the random signal x(t) ∈ Tp is defined as Γx(t, s) = E[x(t)xH(s)], ∀t, s ∈ Z.
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The particular case t = s is denoted by Γx(t) = E[x(t)xH(t)]. The pseudo cross-

correlation function of the random signals x(t) ∈ Tp1 and y(t) ∈ Tp2 is defined

as Γxy(t, s) = E[x(t)yH(s)], ∀t, s ∈ Z.

We define the augmented vector of x(t) ∈ Tp as

x̄(t) = [xT(t),xH(t),xiT(t),xkT(t)]T, t ∈ Z (3)

and thus,

Γx̄(t, s) =


Γx(t, s) Γxx∗(t, s) Γxxi(t, s) Γxxk(t, s)

Γ∗
xx∗(t, s) Γ∗

x(t, s) Γ∗
xxk(t, s) Γ∗

xxi(t, s)

Γi
xxi(t, s) Γi

xxk(t, s) Γi
x(t, s) Γi

xx∗(t, s)

Γk
xxk(t, s) Γk

xxi(t, s) Γk
xx∗(t, s) Γk

x(t, s)

 , t, s ∈ Z (4)

Finally, the following relationships between the augmented vector (3) and

the real vector (2) can be established:

x̄(t) = 2Tpxr(t) (5)

where Tp = 1
2B ⊗ Ip with

B =


1 i j k

1 −i j −k

1 i −j −k

1 −i −j k


and T H

p Tp = I4p.

T1-properness was introduced in [27]. Specifically, a random signal x(t) ∈ Tp

is said to be T1-proper if, and only if, the functions Γxxν (t, s), ν = ∗, i, k, vanish

∀t, s ∈ Z. Similarly, two random signal x(t) ∈ Tp1 and y(t) ∈ Tp2 are cross

T1-proper if, and only if, the functions Γxyν (t, s), ν = ∗, i, k, vanish ∀t, s ∈ Z.

Finally, x(t) and y(t) are jointly T1-proper if, and only if, are T1-proper and

cross T1-proper. Also, a statistical test to check experimentally if a tessarine

random vector is T1-proper or improper can be found in the above paper.

T1-properness has an important effect on estimation. A definition of met-

ric in the tessarine domain is required for solving this problem. The distance
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between the random variables x, y ∈ T is defined as d(x, y) = ∥x − y∥, where

∥x∥ = (R{E[xx∗]})
1
2 . In general, in a metric space, neither the existence nor

the uniqueness of the projection of an element on a set is assured. However, the

properties of the distance d(·, ·) guarantee the existence and uniqueness of the

projection [27].

Let GC1
be the closed linear subspace associated to the set of random vectors

C1 = {x1, . . . ,xm}, with xi ∈ Tp, i = 1, . . . ,m. The projection of a given

random variable y ∈ T onto the set GC1
is called the T1 estimator of y respect

to C1 and it is denoted by ŷT1 . If the information set is formed by augmented

vectors defined in (3), i.e., if we consider CWL = {x̄1, . . . , x̄m} with x̄i ∈ T4p,

i = 1, . . . ,m, then, the projection of y onto the set GCWL
is called TWL estimator

of y respect to C1 and it is denoted by ŷTWL. It should be noted that ŷT1 and

ŷTWL are the linear MMSE estimators of y from the information supplied by C1
and CWL, respectively. In [27], it is shown that2

ŷT1 = lT2z

ŷTWL = lT1z̄
(6)

with z = [xT
1, . . . ,x

T
m]T, z̄ = [xT

1, . . . ,x
T
m,xH

1, . . . ,x
H
m,xiT

1 , . . . ,x
iT
m,xkT

1 , . . . ,xkT
m ]T

and the deterministic vectors li, i = 1, 2, are computed through the equations

lT1 = Γyz̄Γ
−1
z̄ and lT2 = ΓyzΓ

−1
z . Moreover, TWL processing is the most suitable

in terms of performance whenever the signal is improper. In fact, since GC1 ⊆

GCWL
then ϵTWL ≤ ϵT1 , where

ϵTWL = ∥y − ŷTWL∥2

ϵT1 = ∥y − ŷT1∥2
(7)

and thus, in general, the TWL estimation error is lower than the T1 estimation

error. However, the computation of the T1 estimator entails a lower computa-

tional cost than the one associated with the TWL estimator. Fortunately, under

T1-properness conditions, both TWL and T1 estimators coincide and hence, the

T1 estimator has minimum error with a lower computational cost in this case.

2Note that ŷT1 is denoted by ŷTSL in [27].
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3. T2-Properness

This section is devoted to introduce a new concept of tessarine properness,

called T2-properness, and the implications of the T2 processing are also studied.

Similar to the C-properness property given in [44] for quaternions, we consider

the following notion of properness.

Definition 1. A random signal x(t) ∈ Tp is said to be T2-proper if, and only

if, the functions Γxxν (t, s), ν = i, k, vanish ∀t, s ∈ Z. In like manner, two

random signals x(t) ∈ Tp1 and y(t) ∈ Tp2 are cross T2-proper if, and only if,

the functions Γxyν (t, s), ν = i, k, vanish ∀t, s ∈ Z. Finally, x(t) and y(t) are

jointly T2-proper if, and only if, are T2-proper and cross T2-proper.

Notice that T2-properness is a less restrictive property than T1-properness.

From Property 2 in [27] we have the following result.

Proposition 1. A random signal x(t) ∈ Tp is T2-proper if, and only if, the

following relations hold:

Γa(t, s) = Γc(t, s), Γb(t, s) = Γd(t, s)

Γab(t, s) = Γcd(t, s), Γba(t, s) = Γdc(t, s)

Γac(t, s) = Γca(t, s), Γbd(t, s) = Γdb(t, s) (8)

Γad(t, s) = Γcb(t, s), Γbc(t, s) = Γda(t, s)

As noted above, TWL processing is generally the most suitable since the esti-

mator ŷTWL makes a full use of the second-order statistical information contained

in the set C1. Also, we have seen that when the signals present T1-properness

conditions then, ŷTWL = ŷT1 and thus, the most efficient estimator is ŷT1 . Now, we

introduce a new estimator based on T2 processing which, under T2-properness

conditions, has similar advantages to those obtained for ŷT1 under T1-properness

conditions.

Definition 2. Consider a random variable y ∈ T and the set of random vec-

tors C1 = {x1, . . . ,xm}, with xi ∈ Tp, i = 1, . . . ,m. The T2 estimator of
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y respect to C1 is defined as the projection of y onto the set GC2 with C2 =

{x1, . . . ,xm,x∗
1, . . . ,x

∗
m} and it is denoted by ŷT2 .

The concept of Ti estimator, i = 1, 2, is easily extended to the vectorial

case. Specifically, the Ti estimator of the random vector y ∈ Tp respect to C1 is

ŷTi = [ŷTi1 , . . . , ŷTip ]T, where ŷTij is the projection of the component jth of y onto

the set GCi
, i = 1, 2.

Theorem 1. The following statements hold:

1. The T2 estimator can be calculated as

ŷT2 =

m∑
i=1

(
kT
1ixi + kT

2ix
∗
i

)
where the deterministic vectors kji ∈ Tp are computed through the equation

[
kT
11, . . . ,k

T
1m,kT

21, . . . ,k
T
2m

]
= Γyz̃Γ

−1
z̃

with z̃ = [xT
1, . . . ,x

T
m,xH

1, . . . ,x
H
m]T.

2. ϵTWL ≤ ϵT2 ≤ ϵT1 , where ϵTWL and ϵT1 are given in (7), and ϵT2 = ∥y− ŷT2∥2.

3. If x1, . . . ,xm are jointly T2-proper and y is cross T2-proper with each

element of {x1, . . . ,xm} then, ŷTWL = ŷT2 , with ŷTWL given in (6).

As a consequence, under T2-properness conditions, the T2 estimator has

the same performance as the TWL estimator but with a lower computational

complexity.

Remark 1. A statistical test to determine whether a random vector x ∈ Tp

presents properness properties from the information supplied by a random sample

can be provided following a similar reasoning as in [27]. Specifically, consider

the following statistical hypothesis test:

H0 : x is T2-proper (i.e., Γxxi = Γxxk = 0p×p)

H1 : x is not T2-proper
(9)

and given n independent and identically distributed random samples x1, . . . ,xn

of a random vector x ∈ Tp such that xr follows a Gaussian distribution, then
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the GLRT statistic for (9) is given by

ϕ1(x1, . . . ,xn) = −n[ln |Γ̂x̄| − ln |ΓT2
|]

where Γ̂x̄ = 4TpΓ̂xr
T H
p with Γ̂xr

the sample autocorrelation matrix and

ΓT2
=


Γ̂x Γ̂xx∗ 0p×p 0p×p

Γ̂∗
xx∗ Γ̂∗

x 0p×p 0p×p

0p×p 0p×p Γ̂i
x Γ̂i

xx∗

0p×p 0p×p Γ̂k
xx∗ Γ̂k

x


Also, assuming that H0 is true, the distribution of the statistic ϕ1(x1, . . . ,xn)

tends towards a chi-squared distribution with degrees of freedom equal to 4p2 as

the sample size tends to infinity.

4. Ti-proper Wide-Sense Markov Signals

This section first introduces the TiWSM signals and studies their proper-

ties. Next, two estimation algorithms for this kind of signals which are valid

when a phenomenon of intermittent observations is present are devised. These

algorithms solve the prediction, filtering and fixed-interval smoothing problems.

Consider a random signal {x(t) ∈ Tp, t ∈ Z}. We define the following

forwards vectors:

ξ1(t) = [xT(t),xT(t− 1), . . . ,xT(t− n+ 1)]T

ξ2(t) = [xT(t),xH(t),xT(t− 1),xH(t− 1), . . . ,xT(t− n+ 1),xH(t− n+ 1)]T

and assume that det{Γξi
(t)} ≠ 0, ∀t, i = 1, 2.

The Ti estimators of x(t) and ξi(t) obtained from the information supplied

by the set {x(t1), . . . ,x(tn)} will be denoted by x̂Ti(t|t1, . . . , tn) and ξ̂Tii (t|t1, . . . , tn),

respectively, i = 1, 2. Analogously, x̂Ti(t|τ ≤ s) and ξ̂Tii (t|τ ≤ s) denote the Ti

estimators of x(t) and ξi(t) based on {x(τ), τ ≤ s}, respectively.

Definition 3. A random signal x(t) ∈ Tp is said to be TiWSM of order n ≥ 1,

briefly a TiWSM(n) signal, if it is Ti-proper and the following condition holds:

x̂Ti(t|τ ≤ s) = x̂Ti(t|s, s− 1, . . . , s− n+ 1), ∀s ≤ t, i = 1, 2 (10)
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In the following result we give a characterization for TiWSM(n) signals.

Proposition 2. Let x(t) ∈ Tp be a Ti-proper signal and consider the function

Ki(t, s) = Γξi
(t, s)Γ−1

ξi
(s) (11)

Then, x(t) is TiWSM(n) if, and only if,

Ki(t, s) = Ki(t, υ)Ki(υ, s), t ≥ υ ≥ s (12)

for i = 1, 2.

From now on, we denote Ki(t) = Ki(t + 1, t). Next, we provide a way for

modeling TiWSM(n) signals based on the forwards vector.

Theorem 2. A random signal {x(t) ∈ Tp, 0 ≤ t ≤ m} is TiWSM(n) if, and

only if, x(t) has forwards representation

x(t+ 1) = K
(p)
i (t)ξi(t) + ωi(t), t ≥ n− 1 (13)

where ωi(t) is a white noise such that for t ≥ n− 1,

Γωiξi(t, n− 1) = 0p×inp

Γωi
(t) = Γx(t+ 1)−K

(p)
i (t)Γξi

(t)K
(p)
i (t)H

(14)

and being ωi(t) and ε = [xT(0),xT(1), . . . ,xT(n − 1)]T jointly Ti-proper for i =

1, 2.

4.1. Estimation of TiWSM(n) Signals

We focus our attention on the problem of estimating a TiWSM(n) sig-

nal. The Ti-properness condition together with the forwards representation

(13) make the design of computationally efficient estimation algorithms feasi-

ble. Specifically, we provide the solution of the prediction, filtering and fixed-

interval smoothing problems with intermittent observations. For that, we need

some previous definitions.
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Definition 4. Given two tessarines x = a1 + ib1 + jc1 +kd1 and y = a2 + ib2 +

jc2 + kd2, the ⋆ product between them is defined as

x ⋆ y = a1a2 + ib1b2 + jc1c2 + kd1d2

Likewise, for two tessarine vectors x = [x1, . . . , xp]
T and y = [y1, . . . , yp]

T

the ⋆ product is defined as

x ⋆ y = [x1 ⋆ y1, . . . , xp ⋆ yp]
T

Consider a TiWSM(n) signal {x(t) ∈ Tp, 0 ≤ t ≤ m} with components given

by xi(t) = xi1(t) + ixi2(t) + jxi3(t) + kxi4(t), i = 1, . . . , p. Suppose that x(t)

cannot be observed directly but it is obtained from the following observation

equation

y(t) = λ(t) ⋆ x(t) + v(t), 0 ≤ t ≤ m (15)

with v(t) ∈ Tp a white noise and λ(t) ∈ Tp a vector of tessarine Bernoulli

random variables. The components of λ(t) are of the form λi(t) = λi1(t) +

iλi2(t) + jλi3(t) + kλi4(t), being λij(t) independent Bernoulli random variables

with parameter ρij(t) indicating the presence or absence of each state component

xij(t) in the observation. Moreover, λ(t), x(t) and v(t) are independent.

Notice that the observation equation (15) generalizes the measurements

equation in the classical Kalman filter since we are assuming that, at each in-

stant of time t there is a probability ρij(t) that the component xij(t) is present

or not in the observation. More specifically, as ρij(t) is closer to 1, there is

a greater probability that the observation at time instant t, y(t), contains the

signal xij(t) and conversely, as ρij(t) is closer to 0.

With the purpose of a Ti processing we state the following result.

Proposition 3. Let {x(t) ∈ Tp, 0 ≤ t ≤ m} be a TiWSM(n) signal which is

observed through the observation process y(t) given by (15).

1. x(t) and y(t) are jointly T1-proper if, and only if, v(t) is T1-proper and

ρij(t) = ρi(t), ∀t, i and j = 1, 2, 3, 4.

2. x(t) and y(t) are jointly T2-proper if, and only if, v(t) is T2-proper and

ρi1(t) = ρi3(t) and ρi2(t) = ρi4(t), ∀t, i.
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4.1.1. Prediction and Filtering Problem

Our first aim is to devise the one-stage predictor and the filter of x(t) on the

basis of the set of observations D = {y(0), . . . ,y(t)}. We assume that x(t) and

y(t) are jointly Ti-proper. Recall that, under Ti-properness conditions, the Ti

processing is the most appropriate approach due to the computational saving

involved (see Sections 2.2 and 3).

For simplicity, the Ti filter of x(t) respect to D is denoted by x̂Ti(t|t) =

[x̂Ti1 (t|t), . . . , x̂Tip (t|t)]T, where x̂Tij (t|t) is the Ti estimator of xj(t) obtained from

the information supplied by D. Similarly, the Ti one-stage predictor is denoted

by x̂Ti(t+ 1|t).

Now, we introduce some matrices and auxiliary stochastic processes which

are necessary for posterior developments. Specifically, consider the following

processes:

ri(t) = Hi(t)ξi(t) + ui(t), i = 1, 2 (16)

with ui(t) a white noise independent of ξi(t) such that Γui
(t) = Ri(t) +Σi(t),

i = 1, 2, and where

H1(t) = [diag{ρ(t)},0p×p(n−1)], R1(t) = Γv(t), Σ1(t) = diag{θ(t)}

with v(t) defined in (15), ρ(t) = [ρ1(t), . . . , ρp(t)]
T with ρi(t) given in Propo-

sition 3 and θ(t) = [θ1(t), . . . , θp(t)]
T with θi(t) = 4ρi(t)(1 − ρi(t))E[x2

i1(t)],

i = 1, . . . , p. Also, under T1-properness, we denote z1(t) = y(t).

Alternatively, for the case of T2-properness, we have to consider the following

matrices in (16):

H2(t) = [S(t),02p×2p(n−1)], R2(t) = Γυ(t), Σ2(t) = [σij(t)]

where the elements of S(t) are

sii(t) = si+p,i+p(t) =
1

2
(ρi1(t) + ρi2(t)), i = 1, . . . , p

si,i+p(t) = si+p,i(t) =
1

2
(ρi1(t)− ρi2(t)), i = 1, . . . , p

sij = 0 for the rest

14



υ(t) = [vT(t),vH(t)]T, and the elements of Σ2(t) given by

σii(t) = σi+p,i+p(t) = ϕi1 + ϕi2, i = 1, . . . , p

σi,i+p(t) = σi+p,i(t) = ϕi1 − ϕi2, i = 1, . . . , p

σij = 0 for the rest

with ϕij(t) = 2ρij(t)(1 − ρij(t))E[x2
ij(t)], i = 1, . . . , p, j = 1, 2. Finally, in this

case we consider z2(t) = [yT(t),yH(t)]T.

It should be noted that for the purposes of estimation working with {x(t), zi(t)}

is equivalent to working with {ξi(t), zi(t)}. Thus, the next result becomes a key

tool to solve our estimation problem.

Proposition 4. The following relations hold:

Γziξi(t, s) = Γriξi(t, s)

Γzi
(t, s) = Γri(t, s)

(17)

By combining the forwards representation (13), the previous Proposition

and the classical Kalman filter we suggest the following procedure to provide

x̂Ti(t+ 1|t) and x̂Ti(t+ 1|t+ 1) and their associated errors in an efficient way.

i) Derive the Kalman filter recursions for the state-space model given by (27)

and (16).

ii) Since, from Proposition 4, the second-order properties of ri(t) and zi(t)

are equal then, replace ri(t) by zi(t) in such equations. The algorithm

should be initialized by using the Ti estimate of ξi(n − 1) respect to the

set {y(0), . . . ,y(n−1)}, denoted by n2i(0), and its associated error, P2i(0).

This step provides the one-stage predictor n1i(t) and the filter n2i(t) and

their error covariances P1i(t) and P2i(t), respectively.

iii) The desired estimators, x̂Ti(t + 1|t) and x̂Ti(t + 1|t + 1), are obtained by

extracting the p first components of the optimal estimators, n1i(t) and

n2i(t), derived in the previous step. Similarly, their estimation errors,

ϵTi(t+ 1|t) and ϵTi(t+ 1), whose components are denoted by

ϵTij (t+ 1|t) = ∥xj(t+ 1)− x̂Tij (t+ 1|t)∥2, j = 1, . . . , p

ϵTij (t+ 1) = ∥xj(t+ 1)− x̂Tij (t+ 1|t+ 1)∥2, j = 1, . . . , p,
(18)
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are derived from the error matrices, P1i(t) and P2i(t), calculated above.

Also, this procedure is described in algorithmic form in Algorithm 1.

Algorithm 1 Ti one-stage predictor and filter

Require: {Ki(t),Γwi
(t)}kt=n−1, {zi(t),Hi(t),Ri(t),Σi(t)}k+1

t=n , n2i(0), P2i(0)

Ensure: x̂Ti(k + 1|k), x̂Ti(k + 1|k + 1), ϵTi(k + 1|k), ϵTi(k + 1)

1: for t = 0 to k − n+ 1 do

2: n1i(t+ 1)← Ki(t+ n− 1)n2i(t)

3: P1i(t+ 1)← Ki(t+ n− 1)P2i(t)K
H
i (t+ n− 1) + Γwi

(t+ n− 1)

4: Fi(t + 1) ← P1i(t + 1)HH
i (t + n)[Hi(t + n)P1i(t + 1)HH

i (t + n) +Ri(t +

n) +Σi(t+ n)]−1

5: n2i(t+ 1)← n1i(t+ 1) + Fi(t+ 1)[zi(t+ n)−Hi(t+ n)n1i(t+ 1)]

6: P2i(t+ 1)← P1i(t+ 1)− Fi(t+ 1)Hi(t+ n)P1i(t+ 1)

7: end for

8: x̂Ti(k + 1|k)← n
(p)
1i (k − n+ 2)

9: x̂Ti(k + 1|k + 1)← n
(p)
2i (k − n+ 2)

10: ϵTi(k + 1|k)← R{diag{P(p,p)
1i (k − n+ 2)}}

11: ϵTi(k + 1)← R{diag{P(p,p)
2i (k − n+ 2)}}

Remark 2. Theorem 5 in [27] is a particular case of this algorithm for a

T1WSM(1) signal with the observation process of the form y(t) = x(t) + v(t).

4.1.2. Fixed-Interval Smoothing Problem

Experimental data is often noisy and available only over a fixed time interval.

In this section, we consider the smoothing of such data with the additional

characteristic that the observations can be purely noise. Specifically, we wish

to compute the Ti smoothed estimator of x(t) based on uncertain future data,

i.e., we want to estimate x(t) based on the information supplied by the set

D1 = {y(0), . . . ,y(m1)} with t < m1 < m and where the observation process is

given by (15). Similarly to the previous section, we assume that x(t) and y(t)

are jointly Ti-proper. For simplicity, the Ti smoothed estimator of x(t) respect
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to D1 is denoted by x̂Ti(t|m1) = [x̂Ti1 (t|m1), . . . , x̂
Ti
p (t|m1)]

T, where x̂Tij (t|m1) is

the Ti smoothed estimator of xj(t) based on D1.

The following procedure achieves x̂Ti(t|m1) in a computationally efficient

way. Such a procedure makes use of forwards representation (13), Proposition

4 and the Rauch-Tung-Striebel (RTS) formulas [1].

i) The first step coincides with the typical forward pass in the RTS algo-

rithm, i.e., the filter and predictor, n1i(t) and n2i(t), and their error ma-

trices, P1i(t) and P2i(t), calculated in Algorithm 1 are saved for use in

the backwards pass.

ii) In the backwards pass, we compute the smoothed state estimator n3i(t)

and the associated error covariance P3i(t).

iii) The smoothed estimator x̂Ti(t|m1) is available as a subvector of the smoothed

state estimator provided in the previous step. Also, the error associated

with x̂Ti(t|m1), denoted by ϵTi(t|m1) and with components defined as

ϵTij (t|m1) = ∥xj(t)− x̂Tij (t|m1)∥2, j = 1, . . . , p (19)

can be extracted from the error covariance matrices computed in step ii).

The procedure is also presented in algorithmic form in Algorithm 2.

4.1.3. Example 1

With the aim of assessing the effectiveness of the Algorithms 1 and 2, we

consider a simulation example where the behavior of the proposed Ti estimators

is compared with their counterparts in the quaternion domain. We show that

the Ti processing is the most adequate approach to solve the estimation problem

when Ti-properness conditions are present.

Consider a tessarine random signal x(t) with forwards representation

x(t+ 1) = 0.5x(t) + fx(t− 1) + ω(t), 1 ≤ t ≤ 100 (20)

where f is a real parameter, ω(t) is a tessarine white noise whose real vector
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Algorithm 2 Ti fixed-interval smoother

Require: {Ki(t)}m1−1
t=k+n−1, {n1i(t),P1i(t)}m1−n+1

t=k+1 , {n2i(t),P2i(t)}m1−n+1
t=k

Ensure: x̂Ti(k|m1), ϵ
Ti(k|m1)

1: n3i(m1 − n+ 1)← n2i(m1 − n+ 1)

2: P3i(m1 − n+ 1)← P2i(m1 − n+ 1)

3: if k > n− 1 then

4: for t = m1 − n to k − n+ 1 do

5: Ji(t)← P2i(t)K
H
i (t+ n− 1)P−1

1i (t+ 1)

6: n3i(t)← n2i(t) + Ji(t) [n3i(t+ 1)− n1i(t+ 1)]

7: P3i(t)← P2i(t) + Ji(t) [P3i(t+ 1)−P1i(t+ 1)]JH
i (t)

8: end for

9: x̂Ti(k|m1)← n
(p)
3i (k − n+ 1)

10: ϵTi(k|m1)← R{diag{P(p,p)
3i (k − n+ 1)}}

11: else

12: for t = m1 − n to 0 do

13: Ji(t)← P2i(t)K
H
i (t+ n− 1)P−1

1i (t+ 1)

14: n3i(t)← n2i(t) + Ji(t) [n3i(t+ 1)− n1i(t+ 1)]

15: P3i(t)← P2i(t) + Ji(t) [P3i(t+ 1)−P1i(t+ 1)]JH
i (t)

16: end for

17: Bi(k)← [0p×pi(n−1−k), Ip,0p×pi(k+ i−1
2 )]

18: x̂Ti(k|m1)← Bi(k)n3i(0)

19: ϵTi(k|m1)← R{diag{Bi(k)P3i(0)Bi(k)
T}}

20: end if
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has covariance matrix

Γωr (t, s) =


3 0 2.5 0

0 3 0 2.5

2.5 0 3 0

0 2.5 0 3

 δts

and the autocorrelation matrix of the real vector of [x(1), x(0)]T is given by

4 0.5 + c a −0.8 1.5 0.3 0 −0.1

0.5 + c 4 0.8 a 0.3 1.5 0.1 0

a 0.8 4 0.5 0 0.1 0.5 + b 0.3

−0.8 a 0.5 4 −0.1 0 0.3 0.5 + b

1.5 0.3 0 −0.1 4 0.5 a −0.8

0.3 1.5 0.1 0 0.5 4 0.8 a

0 0.1 0.5 + b 0.3 a 0.8 4 0.5

−0.1 0 0.3 0.5 + b −0.8 a 0.5 4



(21)

with a, b and c real parameters.

Suppose that x(t) is observed through the equation

y(t) = λ(t) ⋆ x(t) + v(t)

with λ(t) = λ1(t) + iλ2(t) + jλ3(t) + kλ4(t), being λi(t) independent Bernoulli

random variables with parameter ρ, and v(t) a tessarine white noise whose real

vector has the following covariance matrix:

Γvr (t, s) =


e 0 0.55 0

0 0.75 0 0.55

0.55 0 e 0

0 0.55 0 0.75

 δts (22)

with e a real parameter.

Firstly, we treat the T1 case. For that, we assume a = c = 0, b = 1 in (21),

f = 0.25 in (20) and e = 0.75 in (22). From Theorem 2, it is straightforward to

demonstrate that x(t) is a T1WSM(2) signal under these conditions. Next, we
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compare the proposed T1 estimators with the QSL estimators. We denote the

QSL filter by x̂QSL(t|t) and its error by ϵQSL(t). Similarly, we denote by ϵQSL(t|m1)

the error for the fixed-interval smoothing case. To assess the performance of

x̂T1(t|t) in relation to x̂QSL(t|t), we consider the following behavioral measure:

DF1(t) = ϵQSL(t)− ϵT1(t) (23)

with ϵT1(t) given in (18). For the smoothing case, we consider m1 = 99 and a

similar performance measure:

DS1(t) = ϵQSL(t|99)− ϵT1(t|99)

with ϵT1(t|99) given in (19). Such measures are displayed for ρ = 0.7 and ρ = 0.9

in Figure 1. Both graphics confirm that, under T1-properness conditions, T1

processing is a better approach than QSL processing in terms of performance.

Likewise, in this particular case, as ρ increases then the error differences de-

creases, i.e., the performance of the T1 estimators is improved in relation to

that of QSL estimators when the probability of missing observations becomes

greater (that is, when the Bernoulli probabilities become smaller).
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Figure 1: DF1(t) (left) and DS1(t) (right) for ρ = 0.7, 0.9.

Finally, we study the T2 case. We assume a = 0.6, b = c = 0 in (21), f = 0

in (20) and e = 3.25 in (22). It is easy to check that x(t) is a T2WSM(1) sig-

nal under these conditions. We aim to assess the behavior of the proposed T2

estimators in relation to their counterparts QSWL estimators. To this end, we
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can choose between three possibilities in the quaternion domain. Specifically,

the QSWL processing can be carried out by using any of the following three

pairs: {x(t), xi(t)}, {x(t), x∗(t)} or {x(t), xk(t)}. Thus, we denote the errors as-

sociated to the QSWL filters and the smoothed estimators for the three options

by ϵQSWLν (t) and ϵQSWLν (t|99), ν = i, ∗, k, respectively. Moreover, we define the

following performance measures:

DF2(t, ν) = ϵQSWLν (t)− ϵT2(t)

DS2(t, ν) = ϵQSWLν (t|99)− ϵT2(t|99)

for ν = i, ∗, k. Such measures are depicted for ρ = 0.7 and ρ = 0.9 in Figure 2.

All the graphics show a superior performance of the T2 processing in comparison

with QSWL processing. In other words, under T2-properness conditions, the

suggested T2 estimators outperform their counterpart in the quaternion domain.

In fact, the performance differences found depend on both, the kind of QSWL

processing chosen and the level of uncertainty in the observations. As in the

T1 case, a higher uncertainty in the observations (lower Bernoulli probabilities)

leads to a better performance of the T2 estimators. This being so even if the

pair {x(t), xk(t)} is used, with which the QSWL processing achieves its best

results.

4.1.4. Example 2

In this second example we consider the general model of motion, applicable

in a large number of scenarios, such as bearings-only and rotation tracking [45].

The equations are given by

∂φ

∂t
= ϕ,

∂ϕ

∂t
= ν (24)

where ν is the input of the system and φ represents the variable of interest with

ϕ indicating its rate of change. The equivalent discrete-time model of (24) is

x(t+ 1) =

 1 ∆T

0 1

x(t) +

 ∆T 2/2

∆T

 ν(t), t = 1 . . . 100
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Figure 2: DF2(t, ν) and DS2(t, ν), ν = i, ∗, k, for ρ = 0.7 (top) and ρ = 0.9 (bottom).

where x(t) = [φ(t), ϕ(t)]T and ∆T = 0.04 denotes the sampling interval. Con-

sider the initial condition x(0) = 02×1 and that the input ν(t) is a tessarine

white noise whose real vector verifies

Γνr
(t, s) =


3 0 2 0

0 3 0 2

2 0 3 0

0 2 0 3

 δts

In our study, we assume that the observation process is given by (15) being

λij(t) independent Bernoulli random variables with parameter ρij(t) = ρi, i =

1, 2. Moreover, v(t) = [v1(t), v2(t)]
T is a tessarine white noise such that v1(t)
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and v2(t) are independent and

Γvir (t, s) =


6.5 0 0.1 0

0 6.5 0 0.1

0.1 0 6.5 0

0 0.1 0 6.5

 δts, i = 1, 2

Under these conditions, x(t) is a T1WSM(1) signal. Next, a performance

comparison between the proposed T1 filter and the QSL filter of φ(t) is detailed.

Figure 3 depicts DF1(t) given in (23) for several values of ρ1 and ρ2. As in

Example 1, the performance superiority of the tessarine processing over the

quaternion processing is shown. Moreover, a greater performance difference is

observed for smaller values of ρ2 and when the filters execution time grows.
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Figure 3: DF1(t) for ρ1 = 0.4, 0.8 and ρ2 = 0.4, 0.6, 0.8.

5. Conclusions

Tessarines represent a promising framework for solving signal processing

problems, as confirmed by the growing number of papers published over recent

years. Although quaternions has been the preferred hypercomplex approach in

the literature, the finding that the behavior of the estimators is conditioned by

the choice of a specific algebra can be a new impulse for the development of the

tessarine signal processing. This paper has aimed to contribute to this field by
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paying attention to the effects of the properness properties over such a process-

ing. In particular, a new concept of tessarine properness has been introduced

and its application in the estimation problem with intermittent observations has

been illustrated. For that, the class of TiWSM(n) signals has been considered

and the superior performance of the Ti estimators in comparison with their

counterparts in the quaternion domain has been shown experimentally. In light

of these advances, it is expected that the tessarine signal processing will find

increasing importance in coming years.
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7. Appendix

7.1. Proof of Theorem 1

Point 1 is obtained from Corollary 1 in [27]. The proof of point 2 is immediate

due to the fact that GC1 ⊆ GC2 ⊆ GCWL
. Now, we demonstrate point 3. From (4),

(6) and Definition 1 we have that

lT1 = [Γyz̃,01×2pm]

 Γ−1
z̃ 02pm×2pm

02pm×2pm Γi−1

z̃


and thus, ŷTWL = ŷT2 .

7.2. Proof of Proposition 2

Suppose that x(t) is TiWSM(n), i = 1, 2. Then, from (10) and Corollary 1

in [27], we get

ξ̂Tii (t|τ ≤ υ) = Ki(t, υ)ξi(υ) (25)
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Also, by using Theorem 3 of [27], it follows that ξi(t)−ξ̂Tii (t|τ ≤ υ) is orthogonal

to ξi(s), i.e.,

ξi(t)− ξ̂Tii (t|τ ≤ υ) ⊥ ξi(s), ∀s ≤ υ (26)

Thus, from (25) and (26), we have

Γξi(t, s) = Ki(t, υ)Γξi(υ, s)

and (12) holds. The proof of the sufficient condition is similar.

7.3. Proof of Theorem 2

From (10), (25) and Theorem 3 of [27] we obtain

ξi(t+ 1) = Ki(t)ξi(t) +wi(t), t ≥ n− 1 (27)

where wi(t) = ξi(t+ 1)− ξ̂Tii (t+ 1|τ ≤ t) is the innovations process with

Γwi
(t) = Γξi

(t+ 1)−Ki(t)Γξi
(t)KH

i (t)

By construction, wi(t) is uncorrelated with ξi(n − 1), for t ≥ n − 1. Thus, by

considering ωi(t) = w
(p)
i (t) we get (13) and (14) for i = 1, 2.

Now, from (27), Property 1 in [27] and the Ti-properness condition of x(t)

then, the jointly Ti-properness of ε and ωi(t) is easily checked for i = 1, 2.

Conversely, suppose that x(t) has the representation (13). Then, proving

(10) is equivalent to proving

x̂Ti(t+ 1|τ ≤ t) = x̂Ti(t+ 1|t, t− 1, . . . , t− n+ 1), ∀t (28)

For that, from (13), we have

x̂Ti(t+ 1|τ ≤ t) = K
(p)
i (t)ξi(t) + ω̂Ti

i (t|τ ≤ t)

and taking (14) into account we obtain that ω̂Ti
i (t|τ ≤ t) = 0ip×1, i = 1, 2, and

hence, (28) holds.

Finally, by applying the principle of recursion in (27), we get for t > n− 1

ξi(t) =

(
t−1∏

s=n−1

Ki(s)

)
ξi(n− 1) +

t−2∑
s=n−1

 t−1∏
j=s+1

Ki(j)

wi(s) +wi(t− 1)

and, from the jointly Ti-properness condition of ε and ωi(t), we have that x(t)

is Ti-proper for i = 1, 2.
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7.4. Proof of Proposition 3

Firstly, from (5), we have that the augmented vector of λ(t) ⋆ x(t) is

λ(t) ⋆ x(t) = Tp diag{λr(t)}T H
p x̄(t)

and, taking (1) into account, it follows that

Γλ⋆x(t, s) = 4Tp
(
E[λr(t)λ

T
r(s)]⊙ E[xr(t)x

T
r(s)]

)
T H
p

Furthermore, from (15), we get

Γȳ(t, s) = Γλ⋆x(t, s) + Γv̄(t, s) (29)

Γȳx̄(t, s) = Π(t)Γx̄(t, s) (30)

with Π(t) = Tp diag{E[λr(t)]}T H
p .

The proof is similar for the cases of T1-properness and T2-properness. For

example, if x(t) and y(t) are jointly T2-proper then, from (4) and (30), we have

that

Π(t) =

Π11(t) Π12(t)

Π21(t) Π22(t)

 =

Π11(t) 02p×2p

02p×2p Π22(t)


and thus, Π12(t) = Π21(t) = 02p×2p implies that ρi1(t) = ρi3(t) and ρi2(t) =

ρi4(t), ∀t, i. These equalities also imply that E[λr(t)λ
T
r(s)] satisfies the condi-

tions given in (8) and hence λ(t)⋆x(t) is T2-proper. Finally, from (29), we have

that v(t) is T2-proper.

Conversely, ρi1(t) = ρi3(t) and ρi2(t) = ρi4(t), ∀t, i, imply that Π12(t) =

Π21(t) = 02p×2p and since x(t) is a TiWSM(n) signal then, from (30), x(t) and

y(t) are cross T2-proper and, from (29), y(t) is also T2-proper.

7.5. Proof of Proposition 4

Define the vector ζ(t) = [ζT1(t), ζ
T
1(t − 1), . . . , ζT1(t − n + 1)]T, with ζ1(t) =

[xT
1r(t),x

T
2r(t), . . . ,x

T
pr(t)]

T, and the matrix T(t) = diag{β(t)} where β(t) =

[βT
1(t),β

T
1(t − 1), . . . ,βT

1(t − n + 1)]T being β1(t) = [λT
1r(t),λ

T
2r(t), . . . ,λ

T
pr(t)]

T.

Also, define the following matrices A = Ip ⊗ (1, i, j, k), C1 = I
(1)
n ⊗ A, and
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C2 = I
(1)
n ⊗ [AH,AT]H. Then, the processes ξi(t) and zi(t) can be rewritten for

i = 1, 2 as

ξi(t) = Liζ(t)

zi(t) = CiT(t)ζ(t) +ϖi(t)

with ϖ1(t) = v(t) and ϖ2(t) = [vT(t),vH(t)]T. Hence

Γziξi
(t, s) =CiE[T(t)]Γζ(t, s)L

H
i

Γzi(t, s) =E[CiT(t)ζ(t)ζH(s)T(s)CH
i ] +Ri(t)δts

=E[CiT(t)ζ(t)ζH(s)T(s)CH
i ]−Hi(t)LiΓζ(t, s)L

H
iH

H
i (s)

+Hi(t)LiΓζ(t, s)L
H
iH

H
i (s) +Ri(t)δts

(31)

where L1 = In ⊗A and L2 = In ⊗ [AH,AT]H.

Now, taking Proposition 3 into account, we get that CiE[T(t)] = Hi(t)Li,

i = 1, 2. From this relation, (31) and (1) we obtain after some algebra (17).
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