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Highlights

 The CCC specimen is a cylindrical specimen with central crack, produced by additive 

manufacturing.

 The compliance increases non-linearly with crack radius; the variation is small for the shorter 

cracks.

 An expression was proposed for the compliance, useful for the future experimental 

measurement of crack length.

 Fatigue life is predicted numerically using an approach based on cumulative plastic strain.

Abstract (100)

This study presents the numerical evaluation of the compliance in the CCC specimen aiming 

to assess the crack length inside the specimen. The numerical model considered the 

elastoplastic behaviour of the specimen, which is modelled using axisymmetric finite elements. 

The results shown that the propagation of the crack yields a non-linear increase of the 

compliance. Nevertheless, variation of the compliance is very small for small values of crack 

radius. Considering a loading sequence composed by four load blocks of constant amplitude, 

the fatigue crack growth was predicted both using the Paris law and the numerical model. Both 
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predictions agree but only the numerical simulation is able to capture the crack retardation 

between load blocks.

Keywords: Fatigue crack growth, CCC specimen (cylindrical with central crack), 

compliance, numerical analysis
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1. Introduction

Fatigue crack growth (FCG) is usually studied using through-thickness specimens, 

namely the compact tension (CT) and the middle-tension (MT) geometries. These geometries 

are normalised in international standards 1,2, which define not only the geometry but all 

testing procedure. However, the crack fronts have interior points, a near surface region and 

corner points. Plane strain state is supposed to occur inside the specimen, while plane stress 

state is expected near the surface. 

Stress state has a great influence on FCG, and the first evidence of this is the tunnelling 

effect observed in through-thickness cracks. The effect of stress state is usually associated with 

crack closure phenomenon. In fact, there is a general consensus about the higher relevance of 

crack closure under plane stress conditions 3,4. Besides, stress state may have a direct 

influence on the FCG mechanisms, as was observed in nickel base superalloys 5, 6. In fact, 

the stress triaxiality observed at interior crack front positions favour diffusion-based 

mechanisms and void formation, while the plane stress state favours plastic deformation.

However, the coexistence of stress states imposes a complexity which is far from being 

understood. The relative importance of interior and surface regions on FCG is not known, and 

the corner points are a source of complexity. Besides, there is complex influence of loading 

and crack length on the extension of surface regions, and supposedly on the relative importance 

of plane stress and plane strain states. The application of an overload, for example, increases 

the surface region, as is quite evident in Figure 5 of Salvatti et al. 7. The increase of crack 

length in also known to promote plane stress state. The thickness of the specimens is usually 

used to obtain dominance of one of the stress states. Specimens with a thickness of 10 mm or 

higher are usually assumed to have a dominance of plane strain state 8,9, while a thickness 

lower than 4 mm is used to obtain plane stress states 10,11. However, the transition 

thicknesses are expected to be material dependent. Branco et al. 12 proposed a plane strain 
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specimen geometry using lateral notches. Nevertheless, the corner points and surface regions 

are always present, affecting FCG in a complex and unknown way.

In a previous work 13 the authors proposed a novel specimen having pure plane strain 

state along the whole crack front. It is a cylindrical specimen with central crack, called CCC 

specimen, produced by additive manufacturing. In fact, the ability of this technology to produce 

parts with any shape opened up a very interesting opportunity to isolate the effect of stress state 

by placing a defect exactly at the centre of a cylindrical specimen. Internal cracks are also 

typically observed in very high cycle fatigue regime, but the initiation position is random 

14,15. This specimen opens the opportunity to study different issues of FCG under pure plane 

strain conditions, namely the effect of stress ratio and overloads. In the CCC specimen the 

crack propagates in a circular shape and supposedly in vacuum. This is interesting because 

avoids the use of complex and expensive vacuum chambers. The inclusion of longitudinal 

channels permits the access of the external environment to the internal crack, so the CCC 

specimens may also be used for tests in air on in controlled environment. Studies in vacuum 

are fundamental to understand the effect of environment on FCG. Besides, components may 

work in vacuum, namely in aerospace industry. The use of these specimens may be very 

interesting for laboratories without vacuum chambers. Anyway, the existence of vacuum in the 

CCC specimens without longitudinal channel must be checked by comparing the FCG results 

with similar ones obtained in a vacuum chamber.

The main problem in the use of this geometry is the measurement of crack length inside 

the specimen. In the classical geometries, crack length is usually measured using an optical 

microscope, however alternative approaches, namely compliance and potential drop, are 

widely used. For tests at elevated temperature inside a furnace, where the direct measurement 

of crack length is impossible, the potential drop has been used 16. Tesch et al. 17 used DC 

potential drop method (DCPD) for an automated crack length measurement. This greatly 
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facilitated constant K-max tests, which require an adjustment of loads with crack growth. 

Compliance technique is widely used in the laboratory measurement of instantaneous crack 

length of specimens during fatigue properties testing [18]. The specimen compliance, C, is 

defined as the slope of the linear response in terms of crack mouth opening displacement versus 

load records. There is a direct link between compliance and crack length, which also depends 

on thickness of the specimen and elastic properties of the material. The compliance of CT 

specimens is given in ASTM standard 1.

The main objective here is to study the measurement of crack length inside the CCC 

specimen using compliance measurements. An axisymmetric numerical model is used to 

predict specimen’s rigidity and fatigue life. The numerical simulation of FCG is based on 

cumulative plastic strain at the crack tip. This study is carried out after the proof of concept 

13, being fundamental for the use of this specimen geometry to analyse different issues of 

FCG. In the future, the CCC specimen is expected to play a significant role in the understanding 

of the effects of stress state and environment on FCG. It will be interesting to study the effects 

of K, stress ratio, overloads and load blocks under pure plane strain state.

2. Numerical model

The numerical analysis of the fatigue crack growth in the CCC specimen was carried out 

using the in-house finite element code DD3IMP [19]. The numerical model takes into account 

the elastoplastic behaviour of the specimen while the loading (axial force) is applied under 

quasi-static conditions. The geometry and main dimensions of the CCC specimen are presented 

in Figure 1. An initial defect with a diameter of 1.5 mm was placed at the central section of the 

CCC specimen produced by additive manufacturing. The crack initiates from this defect and 

propagates in a circular shape 13. The initial defect may have other size, but its presence is 
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fundamental in this context. Since there is no access of the air, the crack propagates in vacuum. 

Similar specimens were produced with a longitudinal channel, to permit the access of the air.

The symmetry of the specimen allows to use of axisymmetric finite elements in the 

numerical simulation. Besides, only half-length of the specimen was modelled due to symmetry 

conditions, reducing the computational cost. Note that the shape of the initial notch is not being 

modelled in the numerical study and the cracks are assumed to be sharp. Figure 2 presents the 

finite element mesh of the specimen, which is composed by four-node quadrilateral 

axisymmetric elements. Different element sizes were adopted in order to reduce the 

computational time. Thus, a very refined zone with an element size of 8 µm was generated 

around the crack path (symmetry plane), allowing an accurate prediction of the stress and strain 

field at the crack tip. Away from the crack path, the element size increases gradually, as shown 

in Figure 2, resulting in a mesh composed by 21427 finite elements. The central crack is defined 

by applying adequate boundary conditions, namely the elimination of the symmetry conditions 

in the axial direction for the nodes covered by the crack length. The crack radius, a, which is 

half of the total crack length, is the distance from the center of the specimen to the crack tip.

Figure 1. Geometry and main dimensions of the CCC specimen.
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Figure 2. Finite element mesh of the CCC specimen using four-node quadrilateral axisymmetric 
elements.

The manufacturing of this specimen geometry requires the adoption of additive 

manufacturing processes, namely the selective laser melting [13]. Hence, the material studied 

is the aluminium alloy AlSi10Mg, which has been widely used in additive manufacturing. The 

elastic behaviour was modelled with the Hooke’s law, considering the parameters listed in 

Table 1. The shape of the yield surface was defined by von Mises yield criterion, while the 

material work hardening was described by the Swift law [20] coupled with the Lemaitre-

Chaboche law [21]. The flow stress defined by the isotropic hardening law (Swift) is given by:

(1)𝜎𝑦 = 𝑘((𝑌0

𝑘 )
1
𝑛

+ ε p)
𝑛

where  denotes the equivalent plastic strain and Y0, k, and n are the material parameters of 𝜀𝑝

the Swift law. The evolution of the back-stress tensor defined by the kinematic hardening law 

(Lemaitre-Chaboche) is given by 

(2)𝑿 = 𝐶X[𝑋sat

𝜎 (𝝈′ ― 𝑿)]𝜀𝑝   with  𝑿(0) = 0,

where,  is the back-stress tensor,  is the deviatoric Cauchy stress tensor,  is the von Mises X σ’ σ

equivalent stress and  and  are material parameters. The material parameters, involved in XSat Cx

the work hardening laws, were obtained fitting numerical stress–strain results to experimental 

x

y

a
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curves obtained both in monotonic tension and low-cycle fatigue tests. The comparison 

between the fitted curves and experimental data is presented in Figure 3a and Figure 3b, for 

the monotonic tension and low-cycle cases, respectively. Since the von Mises yield criterion 

presents tension-compression symmetry, the low-cycle data cannot fit perfectly. Additionally, 

note that only the last cycle of the test was employed. The analysis of several load cycles 

showed a fast stabilization of material behaviour and a good agreement between experimental 

results and numerical predictions. The obtained set of material parameters is presented in Table 

1.
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Figure 3. Comparison between the fitted curves and experimental data for: a) monotonic test; b) Low-
cycle fatigue test where only the last cycle of the finite stress–strain loops is considered.

Table 1. Elastic properties of the aluminium alloy AlSi10Mg and the parameters of the work 

hardening laws (Swift in the isotropic hardening a Lemaitre-Chaboche in the kinematic hardening).

E

(GPa)

ν

(-)

Y0

(MPa)

k

 (MPa)

n

(-)

Xsat

(MPa)

CX

(-)

AlSi10Mg 72 0.29 250 289.34 0.092 220.18 57.53

The crack propagation was carried out by node release along the radial direction in the 

symmetry plane. The crack increment is defined by the mesh size, which corresponds to 8 µm 

a) b)
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in the present model. The node release occurs at minimum load when the cumulative plastic 

strain at the crack tip reaches a critical value. Using a predefined value of the stress intensity 

factor range, approximately mid-range, the comparison between the predicted FCG rate and 

the experimental value allows the fitting of the critical value of plastic strain, . In this case 𝜀p
c

both the initial guesses (  and ) shown to provide fatigue crack growth 𝜀p
c = 60% 𝜀p

c = 200%

rates below the experimental data. These values were proposed considering the critical 

cumulative plastic strains obtained in previous works of the authors for other materials 22,23. 

This way, the critical plastic strain was identified through the intersection of the curve defined 

by the two initial guesses with the experimental crack growth rate defined by the horizontal 

line, as shown in Figure 4a). The described process provided a critical plastic strain of 35%. 

The numerical da/dN-ΔK curve, obtained with the calibrated  is compared with the 𝜀p
c

experimental data for R=0.05, in Figure 4b). The numerical analysis of the crack growth was 

simplified by considering different initial crack sizes, . The crack sizes considered were 𝑎0

a0=3.5, 5.5, 11.5 e 16.5 mm. This allows to evaluate relatively wide ranges of ΔK with the same 

loading case and to save computational time. As expected, both curves intersect at the  value Δ𝐾

employed in the calibration process. However, above this value da/dN is underestimated while 

for smaller  levels the fatigue crack growth rate is overestimated. Using the experimental Δ𝐾

data, the exponent m of the Paris law is 3.53, while the numerical solution leads to m=2.19. 

This difference between numerical and experimental exponents was observed in previous 

studies for other materials [22]. All the da/dN results presented in Figure 4 were obtained using 

CT specimens with a width W= 36 mm.
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Figure 4.a) Initial guesses and calibration procedure for the critical plastic strain for this aluminium 

alloy ( ); b) Comparison between the numerical and experimental da/dN-ΔK Δ𝐾≅7 MPa.m0.5

curves for R=0.05.

3. Specimen compliance

Since the crack is completely inside the specimen, indirect methods are required to assess 

the evolution of the crack size. The stiffness of the specimen, Ks, decreases with crack length, 

therefore the compliance, which is the inverse of stiffness, increases as the crack length 

increases. The compliance of the CCC specimen was studied in detail using the numerical 

model previously presented. The compliance of the specimen loaded axially can be defined by:

(3)𝐶 =
1

𝐾𝑠
=

Δ𝐿
Δ𝐹

where ΔL denotes the variation of specimen length produced by an increment of applied load 

ΔF. The stiffness of the specimen was evaluated for different values of crack radius using the 

minimum and maximum loads together with the change of specimen length evaluated at 

minimum and maximum loads. Figures 5 present the relationships between applied force and 

variation of specimen length obtained for different values of crack radius (a) and two load 

ranges. A perfect linear relation is always observed between L and force, and the slope of the 

Experimental
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straight lines is the stiffness of the specimen. Increasing the applied load range from 4 kN to 8 

kN, Figures 5 (a) and (b), respectively, leads to a larger change of specimen length (ΔL).
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Figure 5. Relationship between applied force and variation of specimen length (L0 = 20 mm) 
evaluated numerically after 5 load cycles for R=0.1 using different loading ranges: (a) Fmax = 

4 kN; (b) Fmax = 8 kN.

The compliance value depends not only on crack length, but also on the initial length L0 

used to measure ΔL on the material’s rigidity and on specimen’s geometry. In fact, ΔL is 

proportional to L0 under a linear elastic regime for a constant cross-section of the specimen. 

Therefore, as is evident in Equation 3, the increase of L0 increases the compliance. Considering 

the dimensions of the CCC specimen (Figure 1), namely the gauge length, the compliance was 

evaluated for L0=20 mm, which is the initial gauge length of the clip-gauge extensometer 

available for the future experimental work. On the other hand, the compliance value of the 

specimen is independent of the load applied under the linear elastic regime. In fact, in Figures 

5, for each crack length the slope of the straight lines does not change with load level.

The most relevant parameter influencing compliance is, however, the crack length. 

Figures 6 (a) and (b) present the stiffness and the compliance, respectively, evaluated from the 

numerical predictions presented in Figures 5. The propagation of the crack yields a reduction 

a

F
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of the stiffness and a consequent increase of the compliance. The variations are very weak for 

the short crack radii, increasing progressively with crack radius. The effect of the load range 

on both stiffness and compliance is negligible. This aspect is relevant since the plastic zone 

deformation arising near the crack tip could change the stiffness of the CCC specimen. This 

issue was studied considering two load ranges and calculating the compliance only after 5 load 

cycles, aiming the stabilization of the plastic zone. As can be seen in Figures 5, despite the 

localized plastic deformation around the crack tip, a linear relationship was always observed 

between the applied load and the variation of specimen length. The plastic deformation around 

the crack tip leads to a horizontal translation of the curve to the right side, i.e. the initial length 

is not recovered when the load is removed due to the localized plastic deformation. This is 

particularly evident for large values of crack radius and large values of load (Figure 5 (b)). 

However, the coincidence of results for the two load ranges observed in Figure 6 indicates that 

the crack tip plastic deformation is not affecting specimen’s compliance. Hence, this parameter 

is mainly dictated by the elastic properties of the aluminium alloy (see Table 1) and specimen 

geometry. The fitting of the results obtained by numerical simulation allows to define an 

equation for the compliance of the CCC specimen, which is given by:

 (4)𝐶 =
𝐿0

𝐸 (20.76𝜆3 ― 18.16𝜆2 + 6.66𝜆 + 11.98) [mm/kN]

where E denotes the Young modulus [MPa], L0 is the initial length [mm] and =a/R. The 

polynomial fitting was obtained for 0.2<<0.8.
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Figure 6. Influence of the crack length on both stiffness and compliance, evaluated 

numerically in a portion of the specimen with L0 = 20 mm for two different values of loading 
range using R=0.1: (a) stiffness; (b) compliance.

Since the variation of the compliance is very small for small values of crack size (see 

Figure 6 (b)), the sensibility of the measurement technique is an important issue. In fact, for 

a=2 mm the compliance increased only 2.5% in comparison with the situation without crack 

(a=0). On the other hand, for a=3.5 mm the compliance increased more than 16% in 

comparison with the situation without crack. Therefore, the use of the compliance to assess the 

crack size in CCC specimens requires the adoption of experimental techniques with high 

sensibility, particularly for small values of crack size. 

Equation 4 is fundamental for the determination of crack length from experimental values 

of compliance.  However, assuming deterministic values of load and considering an absolute 

uncertainty of ±0.3 μm in the measurement of ΔL, the experimental compliance contains an 

uncertainty. This is the uncertainly expected for the clip-gauge extensometer which will be 

used in the future experimental work. Figure 7 (a) presents the evolution of ΔL predicted during 

the crack propagation, obtained for the two different loading range values. Thus, the well-

defined relationship between the compliance and the crack size (Figure 6 (b)) becomes unclear. 

In other words, the evaluation of crack radius from compliance is affected by the uncertainty 
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in the measurement of ΔL, and the results in Figure 7 (a) can be used to obtain a range for the 

inferred crack radius. 

The uncertainty of L was used to modify the results of Figure 6 (b) in order to have an 

uncertainly in the range of the values of compliance. From this plot, the uncertainty of crack 

length was calculated for each value of compliance. Figure 7 (b) presents the range of the 

inferred crack radius, for the two different loading range values. The Δa evolution was 

calculated using a cubic polynomial fitting applied to discrete values obtained in the numerical 

simulation. Since the polynomial approximation presents an inflection point near the horizontal 

region of the curve, the accuracy of the obtained Δa values was negatively affected by the 

interpolation method for a <2 mm. This is the reason for the parabolic evolution up to a=2 mm, 

where the inclusion of the dashed lines intends to give the probable trend of Δa for small values 

of crack radius. The impact of the uncertainty in the measurement is smaller for large values 

of applied load range. Indeed, doubling the applied load leads to a reduction of Δa to half. 

Besides, increasing the crack radius leads to a reduction of the uncertainty due to the increase 

of the of ΔL values. Therefore, the loading spectrum adopted in the fatigue crack growth must 

be decreasing in range to minimize the uncertainty in the measurements. For Fmax = 8 kN, 

R=0.1, and a crack radius of 3 mm, the uncertainty in crack radius is 103 µm. On the other 

hand, for Fmax = 4 kN, R=0.1 and a=2 mm, the uncertainty of crack radius inferred from the 

compliance is 727 µm.
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4. Expected fatigue life

The fatigue life of the specimen, measured in number of cycles, is composed of the crack 

initiation and crack propagation portions. The initiation life is commonly predicted based on 

the stress-life or strain-life curve obtained from smooth specimen fatigue tests. On the other 

hand, the propagation life is commonly predicted based on the Paris law. The fatigue life is 

directly dictated by the loading spectrum used in the CCC specimen. Thus, two loading spectra 

were analysed, which were defined by four load blocks of constant amplitude and stress ratio 

R=0.1. A stress ratio of 0.05 was used for calibration of the critical cumulative plastic strain. 

However, this is expected to be a material property, therefore can be applied to other load 

ratios. The first load bock is identical in both loading cases, presenting a maximum value of 11 

kN. Figure 8 presents the loading spectra adopted in the study, considering both 15% and 20% 

of amplitude reduction between consecutive blocks. The transition between load block occurs 

for predefined values of crack radius.
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4.1. Fatigue initiation life

The prediction of fatigue crack initiation life was carried out using the Theory of Critical 

Distances (TCD). This concept gathers a group of average stress methods (e.g. Point Method, 

Line Method, Area Method, and Volume Method) which assume that fatigue failure takes place 

when a critical point, line, area or volume of the material at the notch region is subjected to a 

critical stress [24]. Recent studies have revisited the original idea and have introduced new 

approaches based on strain and energy parameters [25-26]. 

In this work, the analysis is carried out using the Line Method (LM) combined with the 

Smith-Watson-Topper (SWT) parameter, whose predictive capability has been already 

demonstrated in the context of additively manufactured materials [24]. The effective value of 

the SWT parameter ( ) is estimated along a straight line, emanating from the notch 𝑆𝑊𝑇eff

bisector, over a distance equal to 2a0:

𝑆𝑊𝑇eff =
1

2𝑎0∫
2𝑎0

0
𝑆𝑊𝑇(𝑟) 𝑑𝑟

(5)
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where  is the distribution of the SWT parameter along the above-defined straight line, SWT(r)

and  is the so-called El-Haddad equation: 𝑎0

𝑎0 =
1
π(Δ𝐾th

Δ𝜎0 )
2 (6)

where  represents the stress intensity factor range threshold, and  is the material plain Δ𝐾th Δ𝜎0

fatigue limit. These two fatigue properties must be calculated at the same stress ratio of the 

notched component to be assessed. For the tested material, in the as-built condition, = 0.91 Δ𝐾th

MPa m0.5 and  = 50 MPa, which corresponds to a a0 = 1.05 mm [27-28]. Δ𝜎0

The SWT parameter distribution emanating from the notch bisector, , was 𝑆𝑊𝑇(𝑟)

simulated numerically using both the mesh and elastic-plastic constitutive approach described 

in Section 2. Despite using the same mesh, a semi-circular notch was considered because 

addictive manufacturing processes are usually unable to produce sharp notches (see Figure 9).  

The simulations were carried out assuming a maximum force of 11 kN and R=0.1.  
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Figure 9 shows the distribution of the SWT parameter near the notch root along a straight 

line emanating from the notch bisector. In this geometry, the straight line is normal to the main 

axis of the specimen. As shown, the maximum value occurs at the root of the geometric 

discontinuity and then gradually decreases to an asymptotic value where the notch effect is no 

longer acting. The effective value of the SWT parameter, as represented in the figure, was equal 

to 0.274 MPa. In a second stage, this effective value of energy was inserted into Eq. (7) for 

estimating the fatigue crack initiation life (Nf):

𝑆𝑊𝑇 = 𝜀𝑎 𝜎𝑚𝑎𝑥 =
(𝜎′𝑓)2

𝐸  (2Nf)2𝑏 + 𝜎′𝑓 𝜀′𝑓 (2Nf)𝑏 + 𝑐
(7)

where is the strain amplitude,  is the maximum stress,  is the fatigue strength 𝜀a 𝜎max 𝜎′𝑓

coefficient,  is the fatigue strength exponent,  is the fatigue ductility coefficient, and is 𝑏  𝜀′𝑓 𝑐 

the fatigue ductility exponent. The constants for the tested material, which are listed in Table 

2, were determined from standard low-cycle fatigue tests conducted by our research group. 

These tests were conducted under fully-reversed strain-controlled conditions (i.e. Re = -1) at a 

constant strain rate (de/dt = 8×10-3 s-1) using smooth cylindrical specimens. More details about 

the determination of such constants can be found in Fernandes et al. [29].  Solving Eq. (7), Nf 

is equal to 38,804 cycles. 

Table 2. Fatigue strength and fatigue ductility constants [29].

 (MPa)𝜎′𝑓 b  𝜀′𝑓 c

861.58 -0.168 3.78 -0.853

4.2. Fatigue propagation life using K

The FCG rate can be predicted by integrating the Paris law, allowing an estimation for 

the crack propagation life. However, this requires knowing the stress intensity factor of the 
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CCC specimen. Fortunately, it is possible to find solutions in literature for interior circular 

cracks in cylindrical specimens axially loaded. Benthem 30 proposed the following solution:

 (8)21
1aYK






where the remote stress is given by:

 (9)2R
F




and the geometric factor is defined by:

) (10)32 268.0
8
55.01(2Y 




where F is the applied force, R is specimen’s radius (see Figure 10a) and =a/R. Recently, 

Alegre et al. 31 calculated the K value using the path independent J-integral parameter. 

Hence, the stress intensity factor is obtained using:

 (11)aYK 

The remote stress is also given by equation (4) while the geometric factor can be fitted by a 

polynomial function:

Y = 1.96194 - 1.73423 + 0.75412 - 0.1103 + 0.6424 (12)

whose solution was defined for 0.8. The average difference between Alegre’s solution and 

Benthem’s solution is only 0.39%, which is a good indication for the accuracy of both 

solutions.

The evolution of the stress intensity factor of the CCC specimen is presented in Figure 

10 (a) for an axial load F=11 kN and R=5 mm. On the other hand, Figure 10 (b) presents the 

comparison of the K solutions for three different specimens, namely the CT specimen, the MT 

specimen and the CCC specimen. The load and geometry of the specimens were adjusted in 

order to have the same value of K for λ=0.1. Regarding the CT specimen, the load was P= 2200 

N and the geometry defined by W=36 mm and B=10 mm. Regarding the MT specimen, the 
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load was F= 18.8 kN and the geometry defined by W=50 mm and B=10 mm. The CCC 

specimen presents the slowest increase of K as a function of the crack radius. Besides, the trend 

is similar to the one obtained with the MT specimen, which is associated with the internal 

position of the crack and axial loading in both cases. In contrast, the CT specimen presents a 

quicker increase of K due to the bending effect.
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Figure 10. Analytical solutions for the stress intensity factor: (a) CCC specimen; (b) comparison of K 
solutions with other specimen geometries.

The increase of crack radius in the CCC specimen leads to an increase of K according to 

the evolution presented in Figure 10 (a). On the other hand, the decreasing block-loading 

sequences defined in Figure 8 allow a decrease of the K between consecutive load blocks. 

Therefore, the evolution of the stress intensity factor range with the crack radius is presented 

in Figure 11 considering that the transition between load blocks occurs for a=2.0 mm, a=2.75 

mm and a=3.5 mm. These values were selected aiming for an even distribution of the marking 

produced by the high-low amplitude block loadings. Adopting the load sequence with 20% of 

amplitude reduction between consecutive blocks (Figure 8 (b)), the stress intensity factor range 

is larger than 5 MPa.m0.5 and lower than 6.5 MPa.m0.5 for the two intermediate load blocks, as 

shown in Figure 11 (b).

a

R
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Figure 11. Evolution of the stress intensity factor range with the crack radius: (a) 15% of 

amplitude reduction between consecutive blocks; (b) 20% of amplitude reduction between 
consecutive blocks.

Using the evolution of the stress intensity factor range presented in Figure 11 and 

assuming that the FCG is defined through the Paris law, the variation of crack radius with the 

number of load cycles can be estimated by the Paris law. The parameters were obtained by 

fitting using the experimental data da/dN-ΔK obtained in CT specimen for R=0.05 (see Figure 

4 (b)). The obtained equation for the FCG rate is:

(13)7 3.535 10 ( ) [mm/cycle]da K
dN

  

The variation of crack radius with the number of applied load cycles calculated from the 

integration of Eq. (8) is presented in Figure 12 for both load spectra analysed. Since the stress 

intensity factor range is globally lower when the amplitude of the load sequence decreases 20% 

between consecutive blocks (Figure 11 (b)), the obtained crack propagation life is higher. 

Starting from a crack size of a=0.75 mm, the total number of cycles required to achieve a crack 

radius of 4 mm is about 12,100 and 14,300 for 15% and 20% of amplitude reduction between 

consecutive blocks, respectively.
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Figure 12. Variation of the crack radius with the number of load cycles: (a) 15% of amplitude 
reduction between consecutive blocks; (b) 20% of amplitude reduction between consecutive 

blocks.

Using the Paris law, the evolution of the calculated FCG rate as a function of the crack 

radius is presented in Figure 13, for both load spectra studied. In each load block, the increase 

of the crack radius leads to an increase of the FCG rate. After the first load block, the 

relationship between FCG rate and crack radius is approximately linear since the stress 

intensity factor range also rises roughly linearly within each load block (see Figure 11). In fact, 

the load spectrum with 20% of amplitude reduction between consecutive blocks provides a 

FCG rate evolution that is identical in the second and third load blocks. Thus, the selected 

decreasing block-loading sequence of load (see Figure 8 (b)), together with the proper crack 

radius transition between load blocks yields the same order of magnitude for the FCG rate 

evolution.
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Figure 13. FCG rate as a function of the crack radius: (a) 15% of amplitude reduction 

between consecutive blocks; (b) 20% of amplitude reduction between consecutive blocks.

4.3. Fatigue propagation life using non-linear parameters 

The direct integration of da/dN-K (Paris law) carried previously does not include 

crack closure effects. Therefore, the numerical model was used to predict the FCG rate in the 

CCC specimen, as well as the effect of load blocks, namely the crack retardation in high-low 

amplitude block loadings. The numerical approach based on cumulative plastic strain at the 

crack tip is very robust, and good agreements were found between numerical predictions and 

experimental results obtained for load blocks 32 and overloads 33. This clearly indicates 

that cyclic plastic deformation is the main damage mechanisms responsible for FCG. Using the 

numerical model, it was possible to conclude that there is damage below crack opening and 

that the effect of overloads is linked to crack closure 34.

Figure 14 presents the numerical prediction of the crack radius evolution with the 

number of load cycles. For both load spectra studied, the numerical predictions agree with the 

estimation based on the Paris law. Indeed, the maximum difference in the predicted crack 

radius is lower than 10%, occurring for the load spectrum with 15% of amplitude reduction 

between consecutive blocks. Numerical predictions are more reliable than K based results as 
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they include the effects of plasticity-induced crack closure, partial closure, crack tip blunting, 

and residual stresses. In fact, K-based approaches have an important limitation, which is that 

they do not allow the understanding of the mechanisms acting at the crack tip which are 

responsible for FCG.
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Figure 14. Numerical prediction of the crack radius evolution with the number of load cycles: 
(a) 15% of amplitude reduction between consecutive blocks; (b) 20% of amplitude reduction 

between consecutive blocks.

 The numerical prediction of the FCG rate as a function of the crack radius is presented 

in Figure 15, which is compared with the estimation based on the Paris law. The numerical 

predictions agree with the Paris law estimative, particularly for the load spectrum with 20% of 

amplitude reduction between consecutive blocks (see Figure 15 (b)). Since the Paris law was 

fitted from the experimental data (Figure 4 (b)), globally the numerical model yields an 

overprediction of the FCG rate for small values of ΔK and an underprediction for large values 

of ΔK. The numerical model captured the crack retardation at the transition between load 

blocks, i.e. the FCG rate presents an abrupt reduction immediately at the beginning of each 

load block. The transient behaviour is stronger for the loading case with large amplitude 

variation, where the minimum FCG rate is approximately 0.06 μm/cycle (see Figure 15 (b)). 

Nevertheless, the extent of crack propagation affected by the transient behaviour of the high-
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low amplitude block loadings is relatively small. This short effect is explained by the plane 

strain state which is expected along all crack front of the CCC specimen.
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Figure 15. Numerical prediction of the FCG rate as a function of the crack radius: (a) 15% of 

amplitude reduction between consecutive blocks; (b) 20% of amplitude reduction between 
consecutive blocks.

5. Conclusions

The compliance of the CCC specimen was studied numerically for two loading ranges 

(Fmax = 4 kN and Fmax = 8 kN, R=0.1) and different values of crack radius. A measurement 

length L0=20 mm and an uncertainty of ±0.3 μm in the measurement of ΔL were assumed, 

which are the parameters of the clip-gauge extensometer available for the future experimental 

work. A linear relationship between the applied load and the variation of specimen length was 

always obtained. Thus, compliance is independent of load range and therefore of crack tip 

plastic deformation. The compliance increases non-linearly with crack radius, but its variation 

is very small for small values of crack size. The evaluation of crack radius from compliance is 

affected by the uncertainty in the measurement of ΔL. The effect of this uncertainty reduces 

with the increase of load range and crack radius. For Fmax = 8 kN, R=0.1, and a crack radius of 

3 mm, the uncertainty in crack radius is 103 µm.
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The predicted fatigue crack initiation life of the CCC specimen was 38,804 cycles for a 

maximum force of 11 kN and R=0.1. The fatigue crack propagation was evaluated under a 

decreasing loading spectrum (four load blocks of constant amplitude and R=0.1), providing a 

global slow increase of the stress intensity factor during the crack propagation. Then, the FCG 

rate evolution was predicted using the numerical model based on the cumulative plastic 

deformation at the crack tip, highlighting the crack retardation produced by the high-low block 

loadings. This transient behaviour is stronger for the load case with large amplitude variation 

between consecutive load blocks, but the extent of crack propagation affected is always 

relatively small. This short distance effect is explained by the plane strain state which is 

expected along all crack front of the CCC specimen.

Experimental work was planned to complement the numerical study and the CCC 

specimens were produced. However, the additive manufacturing process eliminated the 

internal defect proposed, as its thickness was too small. Thus, experimental work is directed 

towards future work and thicker initial defects are being considered.
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