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ABSTRACT. In this paper we prove a quantitative result about the convergence
of sequences of functions defined from linear operators. The notion of conver-
gence used here is the one given in [9]. The operators will be assumed to
satisfy a shape preserving property associated with certain generalized deriv-
ative. We also study the saturation class, from the asymptotic condition that
the sequence of operators fulfills. Finally, as applications, we show how the
notion of weighted-g-statistical convergence, recently studied by A. Adem and
M. Altinok [3], can be moved to the setting of approximation theory. Besides,
we give a non standard example that shows the applicability of the results.

1. Introduction. In [9], the first author of the present paper establishes general
conditions under which different notions of generalized convergence can be moved
to the setting of approximation theory by linear operators. Thus, notions as A-
summability or A-statistical convergence remain as particular cases of a general
one. On the other hand, the approximation object there considered was certain
generalized derivative of a function. He proved a qualitative Korovkin result, and
showed conditions for the existence of an asymptotic condition. In addition to
that, the study of the topic saturation started with the characterization of the so
called trivial class. The present paper intends to be a natural continuation, thus
completing the started path.

This paper is organized as follows. In section 2, we will show some required
notions, and the notation will be set. In section 3, a quantitative Korovkin type
result will be shown, as an extension of the qualitative one stated in [9]. In section
4, we will characterize the saturation class, thus finishing the study of this topic. In
section 5 we will proceed to illustrate the way to translate the weighted statistical
convergence, introduced by M. Balcerzak et al. [4], and recently studied by A. Adem
and M. Altinok [3], to the setting of approximation theory. Finally, as a novelty
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with respect to usual examples found in the literature, we will define a sequence of
linear operators following the seminal idea of J. P. King [11].

2. General Setting. In this section, we will establish the framework, and present
the required tools. Some notation will be set as well.

As usual, given m € N, C™[0, 1] stands for the set of all functions m-times
differentiable with continuous m-th derivative on the interval [0,1]. Notice that
C10,1] is simply the set of all continuous functions defined on [0, 1] and C*°[0,1] =
NpenC™ [0, 1].

Fixed a function 7 € C*°[0, 1] such that 7(0) =0, 7(1) =1 and 7/ > 0 on (0, 1),
consider the following differential operator for any k € {1,2,...,m} and z € [0, 1]:

D} f(x) = D*(for1)(r(x)),
that is, the k-th derivative of the composition fo7~! evaluated at 7(x). Obviously,

DY is the identity operator. In relation with the function 7, we define the functions
e7, given by

ez i(t) = (7(t) = 7(x))’ (1)

for any t € [0,1], € [0,1] and each [ € N. In the particular case z = 0, it is often
written e, ; instead of 62,1-

A straightforward computation provides the next useful identity
. e
. — el itj>i
Dief;=q (G-t ™ (2)
0 otherwise.

Recall the definition of the classical modulus of continuity associated with a
continuous function f,

w(f,6)= sup |f(z)—f(y)l, 0>0,

le—y|<s
and the following well-known property:
w(f, M) < (1+Nw(f,8), X d>0. (3)

On the other hand, let S be the usual vector space of all real sequences, Sy some
vector subspace of § and let £ : Sg — R be a linear functional fulfilling the following
properties:

(A) If x,, € Sp is convergent in the classical sense, then £(x,) = lim x,,.
) If &y, yn € So and x,, <y, for all n € N, then £(x,) < L(yn)-
) If a,, € Sp is non-negative with £(a,) = 0, then £(a,z,) = 0 for any z,, € S.
) If {an}, {bn} € So with £(a,) = £(b,) = ¢ for every n € N and {z,} € S
is a sequence such that a, < x, < b, for every n € N, then z, € Sy and
L(xn) = L.
(E) If f is absolutely continuous and £(x,) = 0 then £(w(f,z,)) =0

We show some definitions about rate of convergence related with the linear func-

tional £. The first appears in [9] and the second is new one.

Definition 2.1. Given two sequences &, y, € Sp,

i) yn = 0g(x,) means that £(x,) = £(yn) = £(@n/yn) = 0.
ii) yn = Og(x,) means that |z, /y,| < M + 0g(1) for some constant M > 0.
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APPROXIMATION UNDER GENERALIZED CONVERGENCE 3

Remark 2.2. This convergence process generalizes some ones utilized in approxi-
mation theory until the date; for instance, the pointwise, weak, almost or statistical
convergence. All of them lie perfectly in the general setting considered here. Con-
cretely, when a new convergence process emerges from a theoretical point of view,
one is always tempting to analyze it within approximation theory. The authors have
observed that when this happens, people check many properties on the operators
in order to get Korovkin-type results, among others. We have reduced this to only
check a few properties, avoiding a repetitive effort to achieve the desired results.

3. Quantitative Result in Generalized Convergence. In the spirit of com-
pleteness that presides over this paper, a quantitative version of a Korovkin-type
result is shown. This result allows us to establish the generalized convergence of the
process from the generalized convergence of the test functions {er m, €r m+1, €r.m+y2}-
It also provides us with additional information on the rate of the approximation pro-
cess. The result resembles closely Theorem 1 in [6], with the proper changes.

Theorem 3.1. Assume that m € N and that {L, } is a sequence of linear operators
from C™][0,1] into itself fulfilling the next additional shape-preserving condition:

DI'f>0= DI'"L,f > 0. (4)
If f € C™[0,1] and = € [0,1], then this inequality holds true for every n € N:

D2 Lf(@) — D7 f()| < DI g e, (2) — DY er ()
! )

1
Jrﬁ | DY Lperm(w) + DTGT,m($)| w(D'fo Tﬁlann,m,‘r(x))a

where

9 2

nn,m,r(x) = | |D77'nL7lef,m+2(x)"

(m+2)!

Proof. Let f € C™[0,1], € [0,1] and let £ > 0 be an arbitrary fixed number to be
determined later. On the one hand, suppose that ¢ € [0,1] satisfies |7(t) —7(z)| <&,
then the definition of the modulus of continuity allows to write the following:

(DI for™H)(7(t)) — (D for)(r(2))| <

< sup (DY for™H)(r) = (D forh)(s)]
[r—s|<Ir(t)—7 ()

< sup (D for t)(r) — (DY for™t)(s)|
lr—s|<¢€
7(t) — 7(2)[?
€2
On the other hand, suppose that ¢t € [0,1] satisfies |7(t) — 7(x)| > &, then the
definition of the modulus of continuity together with the mentioned property (3)

—wDpforte < (14 Jorserg).
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allow to write
(D for=1)(r(t)) — (DF'f o7~ 1)(7(2))]

< sup (D' for= ) (r) — (DI f o Y)(s)|

r=sl<|r(t) -7 ()]

N SR . Rt t)
WD or e (t) - 7(a))) (DTf ol 5)

_ (HW)W(DMOH,&)

< (1 L =@l 227(33”2) w(Drfor ).

1 In other words,

(07 for (0 - 0 For i) < (1+ TOTEEY o (prporr g,

2> Rewriting (D' f o 771)(7(t)) — (D2 f o 771)(7(x)) as D [f — D f(x) <= and
3 taking into account (1) and (2), give the following expression

25t
—w (DI for¢) [1+ 67,522( )] <Dr [f—DTf(;v) e;nﬂ

<w (D:»LfOT—17§) [1 n ef,z(t)] '

€2
Equivalently,

2e”
m —1 m eT,m T,m+2
~w(DFfer€) by [m! +(m+2)!§2}

< D' [f - D7 f(x) T

2er
m -1 m | ér,m T,m+2
Sw(Drfero) D; {m! +(m+2)!§2}

5 The next step is to apply the operator L,, to the previous inequalities, using the
6 shape-preserving condition:

2e%
—~w (DI for™t &) D"L, {e””' 4 —DmA2 ] <Dr {Lnf — D" f(x)

Lperm
ml (m+2)lg?

m!

m —1 m e‘l”m 2€i,m+2
<w(Dlfor ,s)Dan{m! +(m+2)!£2]. (6)
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Finally, thanks to the triangular inequality
| DY Ly, f(z) — DT f(z)| =

= (D Laf(@) - Dy f() PELaten @) o (Dpe f() PEL2en @ ppef(a)) |

< | PP L () — Dy ) Lt )

m!

+ | Dy () Pt pre ()|

m!

A B
1 but making use of (6) in A and extracting common factor in B, we get

2eZ
A< D™ -1 Dan €rm T,m+2
<w(Drfor™8) by [m! Tmr2e]

p- ID2IG)

DI Lerm(z) — Der. ()]
2 As a consequence, taking & = 7y, ., - (z) and again writing 1 = w, follows
3 the desired result:

|D7 L f (x) — DT f ()]

< PZHOL D Lyerm(2) = DY erm(2)]

w (D:”f 0771,5) DL, [e:r;'n + (m;;)%}
= lDTmﬂ |D:rrnLn€T,m(x) - bee"—*m(x)l
+w (DPf o m™  npm,r (2)) [DF L G +1]

= P I@ D6 (2) — Dler ()]

m! m!

4 O

0 (DR f 0 77t r () [Pz PEemn(@) ]

The qualitative result in the general setting mentioned in section 1, which is an
extension of the classical result of Korovkin, was established in [9]. Here, we have
just presented a quantitative result, from which the qualitative one is easily derived.

We will clarify what was said in the introduction to this section. From Theorem
3.1 and taking into account that our linear functional satisfies both properties (D)
10 and (E) it is easy to deduce the convergence of the process from the convergence
11 on the test functions. It is revealed in the following corollary.

12 Corollary 3.2. If £(DLyermik(x) — DFermar(z)) = 0 for k € {1,2,3}, then
13 (DML, f(x) — D™ f(x)) =0 for any function f € C™[0,1].

© o N o o

14 The following result, about the rate of the process, is derived from Definition 2.1.

15 Corollary 3.3. Suppose that f € C™[0,1], x € [0,1] and {an},{bn} € So are two
16 sequences with £(a,) = £(b,) = 0. Assume that ¢, = max{an,,b,} for each n € N.
1 If{DMLyerm(z)—DMerm(z)} = 0g(ay) and {w(D for= Y ny m.(2))} = 02(bn),
18 then {DM L, f(x) — D f(x)} = og(cn).
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Proof.
D7 L f(x) = DP f(2)| _ | D7 f(@)] | DF Lnerm(x) = D erm(2)]
Cn N m! cn
L DT -1 n,m,T
+— D Lyer m(2) +D’T"677m(x)|w( P f o nam.r ()
m! o
< |D‘7rnf(m)‘ |D‘7rnLneT,m(fE) - D,Tr"e,r’m(xﬂ
B m! an
1 Dm 1
+% |D:1Ln€7.7m(g;) + D:—ner,m(l‘)‘w( T f o Tb s NIn,m, (I))
Then, using the appropriate properties, the desired result is reached. O

4. Saturation class. From now onwards, we will assume that there exist a se-
quence of positive real numbers {\,} with £()\,) = 0 and three strictly positive
functions wy, € C?7%(0,1) for each k € {0,1,2} such that for any f € C™[0,1]
(m + 2 times differentiable in some neighborhood of = € (0, 1)),
. <DL"Lnf(:v) — D7 f(a)
An
From the existence of an asymptotic condition we can see that the rate of conver-
gence is limited, despite the smoothness of the function. In [9] a characterization of
the functions such that DL, f(x) — D™ f(x) = 0g(A,) is given. This set of func-
tions is well known as trivial class. We complete this study obtaining an analogous
result with the saturation class based on the definitions shown above.

> — wy D w; DY (wy 1D )(z). (7)

Theorem 4.1. Assuming f € C™[0,1], the next two statements are equivalent:
D™L, — D™
(a) D7 L f(2) /(@) < M +o0g(1) for all x € (0,1).
(b) wy'D' (wi'D* (wy' D)) < M a.e. on (0,1).

We show the following results that are required for the proof of the theorem.

Lemma 4.2 (see [5, Lemma 1]). Let J be an open subinterval of [0,1], and let
a, b,z be three points of J with a < xo < b. If g,h € C[0,1] are two continuous
function on J such that g(a) = g(b) = 0 and g(z¢) > 0, then there exists a real
number a < 0, a solution z of the ordinary differential equation on J

wy "D (wi DY (wy ' D™ 2) = 0, where wy, € C*7%(0,1) for each k € {0,1,2}, (8)
and a point § € (a,b) such that
ah(§) +2(€) = g(§) and af(t) + 2(t) = f(t) for allt € (a,b).
Lemma 4.3 (see [9, Lemma 5.1]). Assume h € C™[0,1] and x € (0,1). If there
exists a neighborhood Ny of x where DT*h > 0, then DT Lyh(x) > 0+ og(Ap)-
Lemma 4.4 (see [9, Lemma 5.3]). Assume a,b € (0,1) with a < b and = € (a,b).
A function f € C™[0,1] is a solution of the ordinary differential equation (8) in
some neighborhood of x if, and only if, DL, f(x) — DI f(z) = 0g(An).
As we can see in [9], the ordinary differential equation associated with the as-
ymptotic condition
wy ' D' (wy ' DY (wy ' DY y)) =0
can be reduced to another one of second order, namely w, * D (wlel (walz)) =0.
Now, let {u,v} be a fundamental set of solutions that forms also an extended
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complete Tchebychev system. The following two propositions, where the notion of
convexity with respect to {u,v} plays an important role, prepare the way to prove
the desired result.

Proposition 4.5. Assuming f € C™[0,1], D f is convex with respect to {u,v} on
(0,1) if, and only if, D™ Ly f(x) > DI f(x) + 0c(An) for any z € (0,1).
Proof. Suppose that € (0,1), D f is convex with respect to {u,v} on (0,1)
and take z € (u,v) such that z(z) = D™ f(x) and D'z(z) = DL(D? f)(x), where
D! denotes the right first derivative operator. Lemma 2.2 in [12] provides that
2(t) < D™ f(t) for all t € (0,1), but taking Z € C™[0,1] such that D™Z = z on
(0,1) and applying Lemma 4.3, we get
DI LnZ(x) < D" L f(x) 4 0e(An)
or, equivalently, since D" Z(x) = z(x) = D" f(x),
DL, Z(xz) — DI Z(x) < D' L, f(xz) — DI f(z) 4+ 0g(An)-
Finally, Lemma 4.4, applied to the function Z, gives the desired inequality.
In order to prove the converse, we assume the contrary, i.e. DX f is not convex
with respect to {u,v} on (0,1). In that case, there exist three points a,b,£ € (0,1)
with a < £ < b and F(DTf,a,b)(§) < DI f(&), where F(DI, a,b) stands for the
unique function of the space (u,v) which interpolates D™ at a and b. Lemma 4.2,
with ¢ = D" f — F(D™f,a,b) and ¥ = v, provides/assures the existence of ¢ < 0,
a solution Z of (8) and a point g € [a, b] such that for each ¢ € (a,b),
cult) + 2(t) = D f(t) - F(D™ f,a,b)(2) 9)

and

ev(zo) + Z(wo) = D7 f(wo) — F(DI f,a,b)(x0). (10)
Given V, Z, F € C™[a,b] such that D™V = v, D™Z = % and D™F = F(D™f, a,b)
on (a,b), we make use of Lemma 4.3 taking into account (9):

eD™ L,V (x0) + D' Ly Z(x0) > DI f(20) — DT F(20) + 0 (M)
In addition, plugging the equality (10) into the inequality from above yields

e[DM L,V (x0) — DMV (0)] + DLy, Z (o) — DM Z (o) >

> DL f (o) — D™ f () — [Danﬁ(xo) — DT F(x0)] + 0s(An).
Finally, dividing by A, and using the hypothesis (7), we obtain the following in-
equality which contradicts our assumptions:
€ > DI Ly f(xo) — D' f(20) + 02(An).
O

Proposition 4.6. If M > 0 and f,g € C™[0,1], then these two statements are
equivalent:

(a) MD™g+ D™ f are convex with respect to {u,v} on (0,1).
(b) 1D Lo f(x) DI f(x)] < M (D Lug(z) — DI g(x)) + 02 (M), 0 <z < 1.

Proof. Tt is easily derived from Proposition 4.5 replacing f by Mg+ f.
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In the last term, for proving the main result of this section, we apply Proposition
4.6 with the following choice g(z) € C™][a, b] such that

Dg(x) = wo(x) /33 wi(x7) /gCl wo(z9)dxodry.

DY Lng(z)—DT g(x)

From the asymptotic condition we have £ ( ) = 1 and finally we

n

use the characterization of Theorem 3.2 in [12].

5. Applications. When a new notion of generalized convergence arises and later
is transferred to an approximation theory setting, it usually receives a particular
and specific treatment. We can see some illustrative instances in [8] and [10]. In
this section, we show a different approach to proceed with such a sort of transfers.
As an application of the previous results, we define a sequence of operators by, say,
a non standard method, as it differs from those based on considering sequences of
the type (1 + o)Ly, o, being a sequence of real numbers satisfying the specific
convergence property.

On the other hand, the results of Section 4 can also be applied to further se-
quences of linear operators that appears after considering usual modifications of
Kantorovich and Durrmeyer type, see the instance the recent papers [13], [2].

5.1. Weighted-statistical convergence. In 2020, Abdu Awel Adem and Maya
Altinok [3] provided us with a new notion of generalized convergence, the weighted-
g-statistical convergence. The purpose of this section is to show that this new
notion verifies the conditions listed above, and in this way it can be transferred to
the theory of approximation theory. We recall some definitions.

Let g : N — R such that lim, . g(n) = oo and lim, . n/g(n) # 0. This
function is called a weight function.

Definition 5.1. Let A C N and A(n) = {k € N: k <n}. The weight g density of
A is defined by

dg(A) = lim A
If xx is a sequence that satisfies property P for all k except a set of weight g
density zero, then we say that xj satisfies P for (weight g almost all k) and it is
denoted by (g — a.a.k) for simplicity. As a consequence we have that if d,(A4) =
dy(B) =0 then d4(AU B) = 0.
Based on the above, we proceed to define the notion of generalized convergence.

Definition 5.2. A real sequence xy, is weighted g-statistical convergent to a number
L if for each € > 0,

dg(K.) =0, where K, = {k € N: |z — L| > €}.
In this case we write g — st — limz, = L

C;t denotes the set of all weighted g-statistical convergent sequences.
The following characterization will be very useful.
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Lemma 5.3 (see [3]). The following statements are equivalent:

(i) g — st —limay =L

(i) xy is a sequence for which there exists a sequence yy convergent to L such
that x, = yg, (9 — a.a.k).

We consider the following functional on the set of all weighted g-statistical con-
vergent sequences:

L£:CF 5 R, L(xg) =L, g—st—limay, =L

As we can see, this is a linear functional. We suppose that xp,yr € C;t and
g—st—limxg = L1, g — st —limyg = Lo. Then there exist both sequences Ty and
¥ which converge towards L; and Ly respectively, such that xy = &, (g — a.a.k)
and yx = ¥k, (g — a.a.k). In this case Ty + g is convergent towards Ly + Lo and
Tk + yr = Tg + Y, (g — a.a.k) which proves that:

L@+ yx) = L(wk) + L(yr)-

Analogously, £(Azg) = ALz, with A € R.

Similarly, we can prove conditions (A), (B), (C), (D), (E). As a conclusion the
weight g-statistical convergence verifies all the conditions to be moved to the setting
of approximation theory.

5.2. Example. Following the ideas in [11], [7] and [1], we define the following
sequence of operators derived from the classical Bernstein operators and the function
T given in a previous section:

Bof) =3 () rtraaDQmrlra (o)) *(for b/, € COLLL € 0.1]

k=0
(11)
where the sequence r,,(z) is defined by

1 n#m?

0 n=m?

rn(z) = x8p, Sp = {

More explicitly,
{rn(x)} ={0,2,2,0,z,z,z,2,0,2,z,z,2,z,z,0,z,x,x,z,x,z,z,x,0,..}.

It is easy to see that g — st — limr, (x) = x with weight function g(n) = log(n).
We have the following B f(z) = B? f(z) (g — a.a.k). In [7] we can see that B
verifies the shape-preserving condition displayed in the expression (4).
As a conclusion, the weighted-g-statistical notion of convergence can be moved
to approximation theory, and the sequence of operators fulfills an adequate shape
preserving condition, so that we can apply all the results of the preceding sections.

Acknowledgments. The authors would like to thank the anonymous referees for
their careful reading of the manuscript and for having suggested the inclusion of
some references that show further potencial applicability of the results of the paper.
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