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Abstract – Along the conventional approach in power mismatches, the current injection 

form of the Power Flow (PF) equations is also quite popular and extensively considered 

for PF analysis, however, this approach has not been profusely studied for solving ill-

conditioned systems yet. This paper aims at filling this gap by studying various 

conventional and modern robust solvers in current injection formulation. In addition, a 

novel robust PF technique using this formulation is developed. Several snapshots of the 

Polish Transmission systems are used to validate the studied PF solvers. It is concluded 

that the PF equations tend to be notably worse conditioned when they are handled in the 

current injection form compared with its power mismatch form, which complicates the 

solution of ill-conditioned systems. In this regard, the results obtained with the proposed 

technique are promising, showing a good trade-off between robustness and efficiency. 
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1.- Introduction 

PF tool is extensively used in power system planning, operation, voltage stability 

studies or short-circuit analysis [1], among others. It also finds applications in market 

studies or real time applications. In general, PF solves a set of nonlinear algebraic power 

equations using an iterative method [2].  

An alternative PF formulation based on current rather than power injections was 

proposed in [3]. This approach has been studied in either rectangular [4] or polar 

coordinates [5] along with serving as base for developing hybrid formulations [6-8].  

One of the main concerns in the usage of the current injection formulation (CIF) of the 

PF equations is the representation of the PV buses. This is due to the reactive power 

mismatch for this bus type is unknown. This has been addressed in some references by 

introducing the nodal reactive power mismatch as a variable in [4, 9], and an additional 

equation for voltage magnitude constraint is required. The approach proposed in [10] 

directly treats the injected reactive power at PV buses as a variable, which is a function 

of the unknowns. In [7, 11, 12], the PV buses are treated in power injection mismatches 

while the PQ buses are represented in CIF.  

With the increasing usage of FACTS technologies in transmission and distribution 

systems, important efforts have been made for developing FACTS models for PF analysis 

using CIF. In [13], a generic representation of voltage and power control devices for NR 

PF solution using CIF was presented. In [14], a three phase PF model suitable for CIF 

was presented. This approach is comprehensively used for solving the PF problem of 

distribution networks. To solve other network configurations, several models have been 

developed such as the four conductor (3P+N) representation in [15], the multiphase model 

in [16], the combined three-phase medium voltage + four-conductor low voltage scheme 

in [17] or the governor model proposed in [18].  



Either based on power or current injection formulations, the PF constitutes a nonlinear 

problem which is traditionally solved using iterative techniques. Power systems can be 

classified as well or ill-conditioned cases. For well-conditioned cases, conventional PF 

methods such as NR, decoupled techniques [19] or high order Newton-like methods [20], 

converge from a flat start without any problem. However, these methods may experience 

numerical stability problems in ill-conditioned cases. For these cases, alternative robust 

PF solvers have been presented during decades. 

Robust PF techniques became to be studied at early 80’s, where the optimal step-size 

based methods have been proposed [21]. In fact, they are modified versions for NR 

method. In these methods, the optimal multiplier is calculated as result of an optimization 

problem, which is raised from the second order Taylor expansion of the PF equations in 

rectangular coordinates. Typically, the optimal multiplier decreases as the PF solution is 

reached, so that, the optimal step-size based methods are often quite slow [22]. Although 

the power injection formulation in rectangular coordinates is preferred for the optimal 

multiplier-based techniques, polar forms [23] and CIF [24] have also been studied. 

Continuation, homotopy and metaheuristic techniques have been also considered for 

solving ill-conditioned systems [25-27]. Continuation and homotopy methods are widely 

used in related tools like voltage stability analysis. For example, the technique presented 

in [25], uses an augmented form of the PF equations where the loading level is introduced 

as a parameter, thus, various operating points for different loading levels are calculated 

up to the maximum loadability point. While this technique is useful for determining the 

loading margin of the system or calculating all the type-1 PF solutions, it needs high 

computational burden as many PF solutions have to be obtained. Similarly, those 

metaheuristic techniques as applied to PF analysis are normally less efficient than the 

traditional iterative methods. 



Another category is the robust solvers based on the Continuous Newton’s method [28]. 

The Continuous Newton’s framework establishes an analogy between the solution of a 

nonlinear system and the solution of a set of differential equations. Based on this analogy, 

any numerical method (e.g. the Runge-Kutta formulas [29]), can be used for developing 

robust and efficient PF solution techniques. This idea was firstly exploited by Milano in 

[30] and by the authors in [31]. This kind of methods are actually Newton-based 

techniques, so that they still fail at turning points. In addition, they are not globally 

convergent, where they are sensitive to the starting guess. The PF solvers based on the 

Continuous Newton’s method are inevitably less efficient than NR method. For example, 

if one considers a Runge-Kutta formula with four stages as in [30], four LU factorizations 

must be calculated for each iteration during the iterative process. Hence, the resulting 

technique would be four times computationally more expensive than NR method. In [30], 

it was pointed out that maybe the explicit form of the Continuous Newton’s method is 

tractable for PF analysis, however, the same author recently studied the implicit form of 

the Continuous Newton’s method for solving the PF equations in [32]. 

By establishing the PF equations as a set of artificial dynamic equations, a widely 

convergent solution paradigm was proposed in [33, 34]. The resulting solution framework 

can be solved using integration routines such as the ordinary differential equations solvers 

in MATLAB. However, the computational burden of these techniques dramatically grows 

with the system size, hence they are not suitable for large-scale systems without 

sophisticated arrangements like parallel computation schemes as pointed out in [33]. 

Recently, the Levenberg-type methods have gained popularity for solving ill-

conditioned cases [35-37]. These methods use a regularization scheme for improving the 

conditioning of the Jacobian matrix, so that they are even robust at turning points. A 

critical point of these techniques is the so-called damping factor and how it is managed. 



If this parameter is not correctly updated, the solver may either converge slowly or find 

an inaccurate solution [36]. Typically, a self-updated mechanism is adopted for properly 

tuning the damping factor [35, 37], however, there is no a unified approach for 

establishing this mechanism as observed in [35, 38]. In large systems, the Levenberg-type 

methods are low efficient because they need to compute an extra matrix-matrix product 

compared with NR method. 

1.1.- Contributions 

Referring to the available literature about PF robust solvers, it can be observed that 

most of the references deal with the PF formulation in the standard power injection form. 

To the best of our knowledge, only the reference [24] has succinctly studied how this 

formulation behaves in ill-conditioned cases. Motivated by this gap, this paper aims at 

covering the following points: 

 Firstly, this paper aims at discerning how the PF equations behave in power or 

current-based formulations. This test is made by measuring the degree of ill-

conditioning of the Jacobian matrix using both formulations. In addition, the 

behavior of NR in some standard systems using the power and current-based 

formulations is outlined. 

 Studying the performance of various recent PF robust solvers in current injection 

formulation. In this case, the Newton-like techniques such as [30-32] are suitable 

for being easily adapted to alternative formulations such as CIF. 

 Developing a novel efficient and robust PF solution technique suitable for CIF. 

 Various realistic large-scale systems serve to show the performance of the 

developed method along with NR and the other tested robust solvers in CIF. 

1.2.- Paper Organization 



Remainder of this paper is organized as follows. The PF problem in current injection 

formulation is outlined in Section 2. Section 3 describes a novel PF solution method in 

current injection formulation. Various numerical experiments with results are presented 

in Section 4. This paper is concluded in Section 5. 

2.- Current injection formulation  

During this paper, the polar form of CIF is followed as described in [5], since this polar 

form is customary followed by most of the studied robust PF solvers. In addition, this 

form brings less equations than the rectangular formulation, so that the size of the system 

is small and the computations using vectors and matrix operations [39] are, usually, less 

expensive. 

Firstly, the current nodal balance for the 𝑖𝑡ℎ bus is given by: 

𝐼𝑖
𝑔𝑒𝑛

− 𝐼𝑖
𝑑𝑒𝑚 = ∑ 𝑌𝑖𝑗𝑉𝑗

𝑛𝑏
𝑗=1  (1) 

where, 𝐼𝑖
𝑔𝑒𝑛

∈ ℂ and 𝐼𝑖
𝑑𝑒𝑚 ∈ ℂ denote the generator and demanded current at 𝑖𝑡ℎ bus, 

respectively; 𝑛𝑏 is the number of buses; 𝑉𝑗 = |𝑉𝑗|∠𝛿𝑗 ∈ ℂ is the complex voltage at 𝑗𝑡ℎ 

bus; and 𝑌𝑖𝑗 = |𝑌𝑖𝑗|∠𝜃𝑖𝑗 ∈ ℂ is the 𝑖𝑗𝑡ℎ element of the nodal admittance matrix (i.e. 𝐘bus ∈

ℂ𝑛𝑏×𝑛𝑏). Equation (1) can be easily rewritten in matrix form as follows: 

∆𝒊 = 𝐘bus𝒗 (2) 

where, ∆𝒊 ∈ ℂ𝑛𝑏×1 is the vector of nodal current mismatches (∆𝑖𝑖 = 𝐼𝑖
𝑔𝑒𝑛

− 𝐼𝑖
𝑑𝑒𝑚); and 

𝒗 ∈ ℂ𝑛𝑏×1 is the vector of nodal voltages (𝑣𝑖 = |𝑉𝑖|∠𝛿𝑖). It is useful to express (2) as a 

function of the injected nodal powers as follows: 

∆𝒔∗ ⊘ 𝒗∗ = 𝐘bus𝒗 (3) 

where, 𝒔 ∈ ℂ𝑛𝑏×1 is the vector of nodal complex power balances (i.e. ∆𝑠𝑖 = |∆𝑆𝑖|∠𝜑𝑖 =

𝑆𝑖
𝑔𝑒𝑛

− 𝑆𝑖
𝑑𝑒𝑚 where 𝑆𝑖

𝑔𝑒𝑛
∈ ℂ and 𝑆𝑖

𝑑𝑒𝑚 ∈ ℂ denote the generator and demanded complex 

injected power at 𝑖𝑡ℎ bus, respectively); ⊘ is the Hadamard division (i.e. element-by-



element division); and [∙]∗: ℂ → ℂ is the conjugate operator. By separating (3) into real 

and imaginary parts, the following expressions are obtained for the 𝑖𝑡ℎ bus: 

𝐹𝑖 = |
∆𝑠𝑖

𝑉𝑖
| cos(−𝜑𝑖 + 𝛿𝑖) − ∑ |𝑌𝑖𝑗𝑉𝑗|

𝑛𝑏
𝑗=1 cos(𝜃𝑖𝑗 + 𝛿𝑖)  (4) 

𝑀𝑖 = |
∆𝑠𝑖

𝑉𝑖
| sin(−𝜑𝑖 + 𝛿𝑖) − ∑ |𝑌𝑖𝑗𝑉𝑗|

𝑛𝑏
𝑗=1 sin(𝜃𝑖𝑗 + 𝛿𝑖)  (5) 

For treating the PV buses, the reactive power mismatch may be included as a variable 

[4, 9], therefore, an additional equation must be added to the system formed by (4) and 

(5) as follows [5]: 

𝐻𝑖 = −∑ |𝑌𝑖𝑗𝑉𝑖𝑉𝑗|
𝑛𝑏
𝑗=1 sin(𝜃𝑖𝑗 − 𝛿𝑖 + 𝛿𝑗) (6) 

The system (4)-(6) has 𝑛 unknowns: 

 The voltage magnitudes at PQ buses. 

 The voltage angles at PQ and PV buses. 

 The reactive power mismatches at PV buses. 

For solving the system (4)-(6) using NR, the following iterative algorithm is 

considered: 
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→ 𝒙𝑘+1 = 𝒙𝑘 − [∇𝒙𝒈(𝒙𝑘)]
−1𝒈(𝒙𝑘) (7) 

where, the subindexes denote the iteration counter; 𝑸 ∈ ℝ𝑛𝑃𝑉 is the vector of nodal 

reactive power at PV buses (where 𝑛𝑃𝑉 is the number of PV buses); [∙]−1 is the inverse 

operator; and the elements of the Jacobian matrix ∇𝒙𝒈 ∈ ℝ𝑛×𝑛 can be found in [5]. For 

further details about the CIF in polar coordinates, one can also consult [40]. 

2.1.- Ill-conditioned cases 



Ill-conditioning of PF equations may be due to high loading level and/or large R/X 

ratios among other factors [37]. Typically, the degree of ill-conditioning is measured by 

the so-called condition number, which is defined as follows [41]: 

CN = ‖∇𝒙𝒈‖F × ‖[∇𝒙𝒈]−1‖F (8) 

where, ‖∙‖F: ℝ
𝑛×𝑛 → ℝ+ is the Frobenius norm which may be calculated in (8) as 

follows: 

‖∇𝒙𝒈‖F = √∑ ∑ |𝑎𝑖𝑗|
2𝑛

𝑗=1
𝑛
𝑖=1  (9) 

where, 𝑎𝑖𝑗 ∈ ℝ is the 𝑖𝑗𝑡ℎ element of the Jacobian matrix. Indeed, as the condition number 

grows, the degree of ill-conditioning also grows. While (8) provides an estimation of the 

degree of ill-conditioning of a system, it does not actually determine if a case is well or 

ill-conditioned. In this paper, although the condition number is still used for illustrating 

the conditioning of a system, a case is determined to be ill-conditioned according to the 

definition 1 [30]. 

Definition 1. Ill-conditioned system: a power system case will be called ill-conditioned 

(or ill-posed) if, despite its solution exists, NR fails for reaching it from a flat start (all 

load voltage magnitudes equal to 1 and all voltage angles equal to 0). 

By the definition 1, the ill-conditioned cases are intimately linked with the 

initialization of the iterative procedure. It is well-known that NR has local convergence 

features, i.e. it fails if the starting guess lies outside of the so-called Region of Attraction 

(see [30] for further explanation). 

3.- The developed PF solver 

This section presents a novel PF solver which is able to efficiently managing with the 

set of equations (5) when they are ill-conditioned. 

3.1.- Formulation 



As previously commented, the regularization methods are widely used for managing 

with ill-conditioned nonlinear problems. The Tikhonov [41] and Lavrentiev’s schemes 

[42] are undoubtedly the most popular regularization mechanism. While the former is 

more stable and produces better condition numbers, the latter is more efficient. Due to 

that, the Lavrentiev scheme is used in the developed PF solver. The Lavrentiev’s 

regularization modifies the Jacobian matrix by adding some elements on its diagonal as 

follows: 

∇𝒙𝒈̃ = ∇𝒙𝒈 + 𝛼𝑰 (10) 

where, 𝑰 ∈ ℝ𝑛×𝑛 is the identity matrix and 𝛼 ∈ ℝ+ is the so-called damping factor. Other 

regularization matrices instead of the identity matrix can be found in the literature [43], 

however, the identity matrix preserves the sparsity pattern of the Jacobian matrix and it 

is considered as the most standard approach.  

Regarding the damping factor, this parameter should be defined as a series {𝛼}∞ → 0. 

In this point, one should note that (10) is equal to ∇𝒙𝒈 for 𝛼 = 0. This is important since 

the obtained results may be inaccurate if the damping factor is not closely to zero [36]. 

On the other hand, at least at the beginning of the iterative procedure, the damping factor 

should be greater than zero in order to properly ensure the continuity of the operator (10). 

Keeping this in mind, the damping factor may be updated each iteration as follows [38]: 

𝛼 = 𝑞𝑘𝛼 (11) 

where 𝑞 ∈ (0,1). 

The new proposal poses a recursive version of a two-step damping Lavrentiev method 

as follows: 

𝒚𝑘
𝑙 = 𝒙𝑘

𝑙−1 − ℎ [∇𝒙𝒈(𝒙𝑘
0)̃ ]

−1

𝒈(𝒙𝑘
𝑙−1) (12a) 

𝒙𝑘
𝑙 = 𝒚𝑘

𝑙 − ℎ [∇𝒙𝒈(𝒙𝑘
0)̃ ]

−1

𝒈(𝒚𝑘
𝑙 )  for 𝑙 = 1,2, … ,𝑁 (12b) 



where, ℎ ∈ ℝ+ is the step size. As observed, equation (12) defines a loop for 𝑗 =

1,2, … ,𝑁 where 𝑁 ∈ ℕ. Within this loop, 𝒙𝑘
0 = 𝒙𝑘 while the updated state vector would 

be given by 𝒙𝑘+1 = 𝒙𝑘
𝑁. Regarding the step size, it is recommended initializing it with a 

sufficiently small value, for example, ℎ = 0.5. Posteriorly, it can be updated using a line 

search technique as follows [44]: 

𝐴𝑟𝑒𝑑 = ‖𝒈(𝒙𝑘)‖∞
2 − ‖𝒈(𝒙𝑘+1)‖∞

2  (13) 

𝑃𝑟𝑒𝑑 = ‖𝒈(𝒙𝑘)‖∞
2 − ‖𝒈(𝒙𝑘) + [∇𝒙𝒈(𝒙𝑘)̃ ]

ϯ
𝒈(𝒙𝑘)‖

∞

2

 (14) 

𝑟 =
𝐴𝑟𝑒𝑑

𝑃𝑟𝑒𝑑
⁄  (15) 

ℎ = {
min(𝜎ℎ, ℎmax),   if 𝑟 < 𝜌
ℎ,                            if 𝑟 ≥ 𝜌

 (16) 

where, [∙]ϯ is the adjoint operator, 𝜎 > 1, ℎmax ∈ ℝ+ is the maximum step size and 𝜌 ∈

ℝ+. The parameters 𝑞 and 𝛼 are strongly related to (9), thus, while 𝑞 is taken constant, 𝛼 

evolves with this parameter & the iteration counter 𝑘 and it determines the influence of 

the identity matrix in (8). These two parameters are not directly related to ℎ in (10), which 

is only determined by 𝑟, 𝜎, 𝜌 and ℎmax. One can assert that the iterative procedure is 

correctly evolving if 𝑟 < 𝜌, therefore it is suitable to enlarge the step size in order to 

accelerate the convergence. The step size should be also updated within the loop (12). In 

this regard, the indexes (13) and (14) are calculated as follows: 

𝐴𝑟𝑒𝑑 = ‖𝒈(𝒙𝑘)‖∞
2 − ‖𝒈(𝒚𝑘

𝑙 )‖
∞

2
 (17) 

𝑃𝑟𝑒𝑑 = ‖𝒈(𝒙𝑘)‖∞
2 − ‖𝒈(𝒚𝑘

𝑙 ) + [∇𝒙𝒈(𝒙𝑘)̃ ]
ϯ
𝒈(𝒚𝑘

𝑙 )‖
∞

2

 (18) 

On the other hand, the reader should note that the larger 𝑁 provides the faster 

convergence. It is founded in the fact that the loop (12) is, actually, a multistep algorithm 

(one should not confuse the steps in (12) with the iterations denoted by 𝑘). This kind of 



techniques present higher convergence rate as more steps are computed [45]. However, 

one should be careful since the higher convergence rate may imply the lower degree of 

robustness and stability [46]. Therefore, it seems logical to initialize 𝑁 = 1 and update it 

each iteration as follows: 

𝑁 = {
𝑁 + 1,   if 𝑟 < 𝜌
𝑁,          if 𝑟 ≥ 𝜌

 (19) 

In order to summarize, the proposed algorithm is outlined in Fig. 1, while it is fully 

described in Algorithm 1 using pseudocode. In this paper, ‖𝒈‖∞ is considered as 

convergence criterion while the algorithm also stops if the iteration counter surpasses 

𝑘max. This latter situation normally indicates divergence. It is also worth mentioning that 

the developed algorithm only requires a LU decomposition each iteration, which supposes 

a competitive computational burden compared with the NR. 

 
Fig. 1. Flowchart of the developed PF solver 
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Algorithm 1: Main steps of the developed solver 

1: Let 𝒙0, 𝜀, 𝑘max, ℎ, ℎmax, 𝜎, 𝜌, 𝛼, 𝑁 and 𝑞 be given 

2: Initialize iteration counter 𝑘 ← 0 

3: while ‖𝒈(𝒙𝑘)‖∞ > 𝜀 do 

4: 𝑗 ← 1 

5: 𝒙𝑘
𝑙 ← 𝒙𝑘 

6: for 𝑙 ≤ 𝑁 do 

7:  𝒚𝑘
𝑙 ← solve (12a) 

8:  ℎ ← solve (16) # using (17) and (18) 

9:  𝒙𝑘
𝑙 ← solve (12b) 

10: end do 

11: 𝒙𝑘+1 ← 𝒙𝑘
𝑁 

12: if ‖𝒈(𝒙𝑘+1)‖∞ < 𝜀  

13:  break #Convergence 

14: else 

15:  ℎ ← solve (16) # using (13) and (14) 

16:  𝑁 ← solve (19) 

17:  𝑘 ← 𝑘 + 1 

18:  if 𝑘 > 𝑘max 

19:   break #Fail 

20:  end 

21:  𝛼 ← solve (11) 

22: end 

23: return solution 𝒙𝑘 

 

3.2.- Fixed points of the developed method 

The following theorem is devoted to proving that the PF solution is a fixed point of 

the developed PF solver. 

Theorem 1. Fixed Points of the developed method: let 𝒙 be a PF solution (i.e. 𝒙 such 

that 𝒈(𝒙) = 𝟎). Then, it is a fixed point of the developed method defined by the 

Algorithm 1. 

Proof. By evaluating (10) at 𝒙𝑘
0 = 𝒙 for 𝑗 = 1 one obtains: 

{
𝒚𝑘

1 = 𝒙 − ℎ[∇𝒙𝒈(𝒙)̃ ]
−1

𝒈(𝒙) = 𝒙

𝒙𝑘
1 = 𝒙 − ℎ[∇𝒙𝒈(𝒙)̃ ]

−1
𝒈(𝒙) = 𝒙 

 (20) 

It can be easily checked that for any value of 𝑗: 

𝒚𝑘
𝑗

= 𝒙𝑘
𝑗

= 𝒙 (21) 



Therefore: 

𝒙𝑘
𝑁 = 𝒙𝑘+1 = 𝒙 (22) 

which completes the proof. □ 

3.2.- Stability of the developed method 

In this section, the numerical stability of the developed method is proved. Firstly, it is 

suitable to introduce the following definition. 

Definition 1. Type-m equilibrium point: let 𝝎 be the dynamic function associated with a 

iterative procedure defined as 𝝎 = 𝒙𝑘+1 − 𝒙𝑘. Let also be 𝒙 and equilibrium point of 

𝝎. Then, it is said that 𝒙 is a type-m equilibrium point for 𝝎, if and only if the Jacobian 

matrix associated with 𝝎 at 𝒙 has exactly m eigenvalues with a positive real part. 

It is well-known that the type-0 equilibrium points are asymptotically stable [30], 

therefore, one expects from the PF solution to be a type-0 equilibrium point of the 

developed method. The following Theorem discusses this aspect. 

Theorem 2. Stability of the developed method: let 𝒙 be a PF solution (i.e. 𝒙 such that 

𝒈(𝒙) = 𝟎). Then, it is a type-0 equilibrium point for the developed method described 

in Algorithm 1 if 𝛼 = 0. 

Proof. The dynamic function associated with the developed method is: 

𝝎 = 𝒙𝑘+1 − 𝒙𝑘 = 𝒙𝑘
𝑁 − 𝒙𝑘

0 = −∑ ℎ[∇𝒙𝒈(𝒙𝑘
0) + 𝛼𝑰]−1𝒈(𝒚𝑘

𝑗
)𝑁

𝑗=1  (23) 

Since 𝒚𝑘
𝑗
|
𝒙

= 𝒙𝑘
𝑗
|
𝒙

= 𝒙: 

𝝎|𝒙 = −𝑁ℎ[∇𝒙𝒈(𝒙) + 𝛼𝑰]
−1

𝒈(𝒙) (24) 

By differentiating (24) w.r.t. 𝒙, one obtains: 

∇𝒙𝝎|𝒙 = −𝑁ℎ (∇𝒙[∇𝒙𝒈(𝒙) + 𝛼𝑰]
−1

𝒈(𝒙) + [∇𝒙𝒈(𝒙) + 𝛼𝑰]
−1

∇𝒙𝒈(𝒙)) (25) 



Solution of (25) is not trivial, however, one can usually affirm that at 𝒙 one has 𝛼 ≈ 0, 

therefore: 

∇𝒙𝐆|𝒙,𝛼=0 = −𝑁ℎ (∇𝒙[∇𝒙𝒈(𝒙)]
−1

𝐠(𝒙) + [∇𝒙𝒈(𝒙)]
−1

∇𝒙𝒈(𝒙)) = −𝑁ℎ𝑰 (26) 

which completes the proof. □ 

3.3.- A strategy for handling equipment limits 

In this subsection, a simple strategy for taking into account the generators’ reactive 

power limits is presented. The developed mechanism is based on a logic strategy which 

described with the following steps: 

Step 1: solve the PF problem using the developed algorithm and obtain the solution 𝒙𝑘. 

Save the values 𝑁̅ = 𝑁 and 𝛼̅ = 𝛼. 

Step 2: check if any generator has violated some reactive limit. In affirmative case go to 

step 3, otherwise, return 𝒙𝑘 as solution. 

Step 3: create 𝒬+ a set of indexes which the upper reactive limit has been hit. create 𝒬− 

a set of indexes which the lower reactive limit has been hit. 

Step 4: convert those buses ∈ 𝒬+, 𝒬− to PQ. If there are not PV buses, declare the problem 

infeasible, otherwise go to Step 5. 

Step 5: for those buses ∈ 𝒬+ take 𝑄𝑖
𝑠𝑝 = 𝑄𝑖

max, where 𝑄𝑖
max is the upper reactive bound 

at 𝑖𝑡ℎ bus. For those buses ∈ 𝒬− take 𝑄𝑖
𝑠𝑝 = 𝑄𝑖

min, where 𝑄𝑖
min is the lower reactive bound 

at 𝑖𝑡ℎ bus. 

Step 6: take 𝑁 = 𝑁̅, 𝛼 = 𝛼̅ and 𝒙0 = 𝒙𝑘. Go to Step 1. 

The idea behind the developed strategy is to take advantage of the information 

obtained at previous PF solution. Indeed, the obtained solution is used for initializing the 

following iterative procedure. It is expected that 𝒙𝑘 provides a better approximation to 



𝒙. This facilitates the convergence, which allows us to use the previous values of 𝑁 and 

𝛼 with the aim of speeding up the convergence of the following PF solutions. 

It is worth mentioning that, although the described steps are focused on the generators’ 

reactive limits, the developed strategy is easily extensible to other equipment limits like 

transformers tap changers. 

4.- Numerical results 

In this section, several numerical results are presented in the aim of achieving the 

targets of this work.  

4.1.- On the ill-conditioning of PF equations in current injection formulation 

At this point, it is discerned if the PF equations are better conditioned in power or 

current mismatch formulation. To do that, the condition number (8) in the snapshots of 

the Polish Transmission system has been analyzed [47]. Fig. 2 shows a comparison of the 

condition numbers for these systems using both tested formulations with a flat start. As 

observed, the condition numbers are notably higher in the case of current mismatches 

formulation. 

 
Fig. 2. A comparison between the condition numbers with a flat start for the snapshots of the Polish 

transmission systems using power and current mismatch formulations. 

Now, let us analyse how the R/X ratio affects the ill-conditioning of both tested 

formulations. To do that, the branches resistances have been multiplied by different 

factors 𝜇 ∈ ℝ+. Results of this scenario with a flat start for the case2736sp are shown in 



Fig. 3. As in preceding simulation, the condition numbers are higher in the case of the 

current injection formulation. In addition, it is worth noting how the PF equations in 

current injections form are more sensitive to the R/X ratio. 

 
Fig. 3. A comparison between the condition numbers with a flat start for the case2736sp using power and 

current mismatch formulations at different R/X ratios. The dotted lines indicate the trending of each 

series. 

As observed from the results of Fig. 2 and 3, the PF equations tend to be worse 

conditioned when they are posed in current injections form. For this reason, some robust 

PF solvers devoted to be used with power mismatch formulation may fail when they are 

raised in current injections form, as demonstrated in the following section. 

For further show how the formulation affects the performance of a PF solver, let us 

consider the solution of the well-known IEEE 30-, and 118-bus cases [48] using NR and 

the developed solver in both power and current injection formulations. Fig. 4 shows the 

convergence profiles of these solvers for solving the studied systems from a flat start. In 

this case, the branches resistances have been multiplied by 2. As observed, the 

convergence properties of the NR are deteriorated when CIF is considered, while the 

developed technique is well-behaved with both formulations. 



 
Fig. 4 Convergence profiles for IEEE 30-bus (left) and 118-bus (right) cases with branch resistances 

multiplied by 2 (i.e. 𝜇 = 2) 

4.2.- A comparison of different PF solvers in CIF 

Next, various PF solvers in current injection formulation are compared. To do that, 

various realistic cases based on synthetic grids [49], the Polish Transmission System [47] 

and the French Transmission system [47] are considered. The following methods in CIF 

are considered hereinafter: 

 Conventional NR. 

 Second order power flow method (SOPF) with optimal multiplier in [24]. 

 High Order Levenberg-Marquardt method (HOLM) [35]. 

 Reverse-Bulirsch-Stoer method (RBS) [30]. 

 Implicit Continuous Newton’s method using the Backward-Euler method 

(BEM) [32]. The implementation of this solver labelled as ICNM-J1 in [32] is 

considered for simulations. 

 The developed PF solver described in Algorithm 1. 

All tested techniques have been coded in Matpower v7.0 [39], following the guidelines 

provided in their respective references. For the developed technique, it is considered that 

ℎmax = 1, 𝜎 = 1.2, 𝑞 = 0.2 [38] and 𝜌 = 10−4 [44]. All simulations have been 



initialized using a flat start, 𝜀 = 10−6 and 𝑘max = 200. For the developed method, ℎ =

0.5, 𝑁 = 1 and 𝛼 = 0.1, are initially considered. 

4.2.1.- Convergence rates for base cases 

The total number of iterations is typically used as an index for comparing the 

convergence rates of different methods. Table 1 provides the total iterations of the tested 

techniques for base cases. As observed, the NR only successfully solved the 

case_ACTIVSg500, case2383wp, case2737sop and case3120sp. On the other hand, SOPF 

failed in the case3012wp, case3375wp and case6468rte; while the RBS failed in the 

case3375wp and case6468rte. Some of the cases where NR failed are well-conditioned 

in power mismatches form (see results in [50]). On the other hand, the RBS solved the 

case3375wp without any problem in power mismatches form [31]. These two points 

reaffirm the conclusions extracted in the previous section. On the other hand, the HOLM, 

BEM and the developed method successfully solved all the considered systems. As 

observed, the developed method required less iterations than the remainder techniques. 

Table 1. Total iterations for base cases 

System NR SOPF HOLM RBS BEM Developed 

case_ACTIVSg500 5 7 5 12 12 3 

case2383wp 5 6 13 12 12 3 

case2736sp Fail 11 12 20 14 3 

case2737sop 5 10 8 14 13 3 

case2746wop Fail 11 11 14 13 3 

case2746wp Fail 11 10 14 13 3 

case3012wp Fail Fail 12 14 13 3 

case3120sp 8 10 11 14 13 3 

case3375wp Fail Fail 11 Fail 15 3 

case6468rte Fail Fail 11 Fail 13 3 

 

The convergence profiles for the case2736sp are plotted in Fig. 4. It is observed that 

the developed technique has superior convergence properties compared with the 

remainder studied methods. The developed technique produced the lowest residual after 

1st iteration. It is worth noting that, in this case, NR showed an oscillatory pattern. 



 
Fig. 4. Convergence profiles for the case2736sp. 

4.2.2.- Convergence rates with generators’ reactive limits 

In this subsection, the ability of the tested techniques for managing with the generators’ 

reactive limits is explored. To consider this point within the proposed technique, the 

strategy described in Section 3.3, has been considered. For remainder methodologies, the 

mechanism described in [51], has been included. Table 2 presents the total number of 

iterations in case of considering the generators’ reactive limits. Similar conclusions as for 

the base case scenario is observed. 

Table 2. Total iterations with reactive limits 

System NR SOPF HOLM RBS BEM Developed 

case_ACTIVSg500 9 19 9 31 31 5 

case2383wp 13 27 25 45 43 7 

case2736sp Fail 48 18 47 41 6 

case2737sop 10 25 12 40 38 6 

case2746wop Fail 37 23 56 53 8 

case2746wp Fail 34 18 51 49 7 

case3012wp Fail Fail 16 33 32 5 

case3120sp 16 37 23 56 53 7 

case3375wp Fail Fail 15 Fail 31 6 

case6468rte Fail Fail 16 Fail 34 5 

4.2.3.- Convergence rates for limit case 

In this subsection, the performance of the tested methods under stressed heavy 

conditions is studied. To do that, the nodal injected active and reactive powers are 

modified as follows: 

𝑃𝑖
𝑠𝑝 = 𝜆𝑃𝑖

𝑠𝑝
 (27) 



𝑄𝑖
𝑠𝑝 = 𝜆𝑄𝑖

𝑠𝑝, for PQ buses (28) 

where, 𝜆 ∈ ℝ+ is the loading level; 𝑃𝑖
𝑠𝑝 ∈ ℝ and 𝑄𝑖

𝑠𝑝
 are the specified active and reactive 

power injected at 𝑖𝑡ℎ bus, respectively. This factor is progressively increased until all 

considered methods fail, taking the immediately lower value. For example, for the 

case3120sp a loading factor 𝜆 = 1.4036 pu has been taken since 𝜆 = 1.4037 pu gives 

rise divergence. Table 3 provides the total iterations under these conditions. In this case, 

the NR failed in all tested cases. The SOPF failed in the case3012wp, case3375wp and 

case6468rte. The RBS failed in the case_ACTIVSg500, case2383wp, case3012wp, 

case3375wp and case6468rte; while it converged to the low voltage solution in the 

case2736sp. The BEM failed in the case_ACTIVSg500, case2746wp, case3375wp and 

case6468rte; it also converged to the low voltage value in the case2383wp, case2736sp 

and case3120sp. The HOLM and the developed technique converged to the high voltage 

value in all cases. Once again, the developed technique required less iterations than the 

remainder approaches. 

Table 3. Total iterations for limit cases 

System 𝜆 [pu] NR SOPF HOLM RBS BEM Developed 

case_ACTIVSg500 1.4505 Fail 8 11 Fail Fail 6 

case2383wp 1.1411 Fail 7 18 Fail 14* 6 

case2736sp 1.6621 Fail 12 39 20* 14* 5 

case2737sop 1.9063 Fail 11 22 14 15 9 

case2746wop 1.4218 Fail 11 21 14 15 6 

case2746wp 1.2988 Fail 11 19 14 Fail 6 

case3012wp 1.1765 Fail Fail 24 Fail 15 7 

case3120sp 1.4036 Fail 11 20 14 14* 7 

case3375wp 1.1166 Fail Fail 26 Fail Fail 5 

case6468rte 1.0811 Fail Fail 18 Fail Fail 5 
* Low voltage solution 

4.2.4.- Solution times 

The computational efficiency of a PF algorithm is typically measured by its solution 

time. However, this aspect depends on multiple factors such as the machine used, the 

language employed, etc. In that sense, all simulations have been run under Matlab R2014b 



on a 64-bit i5-8500F Intel Core personal computer (3 GHz, 8 GB of RAM). Tables 4-6 

provide the solution times in milliseconds corresponding to the results provided in Tables 

1-3, respectively. It is worth mentioning that all reported solution times have been 

obtained as the average value of 100 simulations. As expected, the developed method was 

faster than the remainder techniques, since it presents a lower computational burden 

compared with HOLM and RBS. On the other hand, it outperformed NR, SOPF and BEM 

due to its higher convergence rate. 

Table 4. Solution times [ms] for base cases 

System NR SOPF HOLM RBS BEM Developed 

case_ACTIVSg500 17.1 24.5 36.3 118.3 43.4 11.6 

case2383wp 75.3 95.4 465.0 609.1 194.3 61.2 

case2736sp -- 196.9 506.9 1066.5 249.9 68.2 

case2737sop 85.2 181.0 353.7 773.7 231.4 68.2 

case2746wop -- 187.0 482.0 793.4 236.3 69.4 

case2746wp -- 187.0 437.8 807.4 241.3 69.3 

case3012wp -- -- 604.7 881.4 260.3 74.9 

case3120sp 153.6 203.0 568.1 905.1 269.1 77.0 

case3375wp -- -- 691.6 -- 326.1 82.2 

case6468rte -- -- 1117.4 -- 529.3 126.8 

 

Table 5. Solution times [ms] with generator’ reactive limits 

System NR SOPF HOLM RBS BEM Developed 

case_ACTIVSg500 32.8 66.5 67.6 309.1 110.3 18.5 

case2383wp 201.5 442.8 855.1 2312.2 690.0 157.1 

case2736sp -- 873.6 789.3 2541.4 738.1 151.0 

case2737sop 175.7 455.0 545.6 2258.8 677.5 150.0 

case2746wop -- 658.6 1006.1 3248.6 963.5 203.6 

case2746wp -- 605.2 800.0 2974.1 880.3 178.7 

case3012wp -- -- 793.8 2096.2 633.6 135.8 

case3120sp 316.3 754.8 1185.7 3649.7 1078.7 199.4 

case3375wp -- -- 962.9 -- 680.0 180.3 

case6468rte -- -- 1645.7 -- 1381.8 211.6 

 

  



Table 6. Solution times [ms] for limit cases 

System NR SOPF HOLM RBS BEM Developed 

case_ACTIVSg500 -- 28.0 74.9 -- -- 22.5 

case2383wp -- 166.3 623.6 -- 226.3 131.8 

case2736sp -- 214.8 1755.3 1066.5 249.9 118.4 

case2737sop -- 258.1 1011.4 773.7 267.3 205.6 

case2746wop -- 187.0 955.0 793.4 274.7 144.3 

case2746wp -- 189.0 857.9 807.4 -- 149.5 

case3012wp -- -- 1235.5 -- 301.0 185.5 

case3120sp -- 223.3 1079.4 905.1 291.5 198.5 

case3375wp -- -- 1721.6 -- -- 142.7 

case6468rte -- -- 1836.0 -- -- 215.2 

5.- Conclusions and future works 

This paper has been devoted to study some relevant aspects related with the PF solution 

of ill-conditioned cases using the current injection formulation. In this regard, a novel 

robust technique using this formulation has been developed. The fixed points of 

developed technique along with its stability have been proved. 

Various numerical results in several large-scale realistic cases have been provided. 

Firstly, it was analyzed the conditioning of the PF equations in CIF and the conventional 

power mismatches form. From this analysis, it is deduced that the PF equations tend to 

be worse conditioned in CIF. Secondly, several conventional and modern robust PF 

solvers in current injection formulation have been compared. It has been checked that 

some of available robust PF solvers present an unacceptable performance in current 

injection formulation. Here, results obtained with the proposed technique were very 

promising. 

As previously commented, solving the PF problem in current injection formulation 

brings some computational savings, however, it has been shown the instability of this 

formulation. Consequentially, the developed technique along with a variety of future 

robust PF techniques should be validated in current injections form. 
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