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measurement and one-step delayed sensor measurement can be received by filter.

Keywords: When the sensor measurement is lost, based on the strategy of PD compensations, the
Time-varying singular systems one-step predictor of current sensor measurement is used as compensator. Then, the
Distributed fusion filter new augmented systems with stochastic parameter matrices and correlated noises are
Random transmission delays introduced based on the measurement compensation model. Utilizing the innovation
Packet dropouts analysis approach, the local filters (LFs) dependent on probabilities and corresponding
Compensator

estimation error covariance matrices are derived for augmented systems. Moreover, the
matrix-weighted distributed fusion filter (DFF) is designed for original singular systems
on the basis of the state transformation. Compared with the LFs, it is not difficult to see
that the presented DFF has better precision. In the end, some comparison simulation
experiments are carried out to verify the effectiveness of the proposed fusion filtering
algorithm.

Innovation analysis approach

1. Introduction

The time-varying singular systems (TVSSs) are the class of dynamics systems, which have more widespread applications
than the normal time-invariant systems [1]. For instance, the mathematical models are used to describe the TVSSs with
applications in chemical, physical, ecological, economic and biological domains. However, compared with the normal
systems, the TVSSs cannot guarantee the structural stability owing to the perturbations of system parameters. Due to the
fact that the structure of singular systems is complex as well as novel, it is difficult to investigate the state estimation (SE)
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problem for singular systems [2]. Accordingly, the issue of the SE for singular systems has long been one of the mainstream
topics [3,4]. In recent years, owing to the development of the hardware technology, the multi-sensor systems have been
extensively used, such as in the intelligent robot systems and unmanned vehicles [5-9]. Accordingly, the multi-sensor
information fusion estimation (MSIFE) problem has attracted increasing attention [10-12]. With regard to the multi-
sensor singular systems (MSSSs), there exist different methods to handle MSIFE problem, which include the reduced-order
estimation, the full-order estimation and so on. For instance, the full-order fusion filter weighted by matrices has been
designed in [13] for multi-delay stochastic singular systems with multiple sensors. The weighted measurement fusion
estimators have been presented in [14] for the reduced-order subsystems via the singular value decomposition method.
Nevertheless, it is worthwhile to note that most of the published results are applicable for the time-invariant singular
systems. In reality, almost all real-time systems have time-varying characteristics [15-18]. Consequently, the MSIFE
problem for time-varying MSSSs deserves further investigation.

As we all know, the random transmission delays (RTDs) and packet dropouts (PDs) occur inevitably during data
transmission through communication networks due to the limited communication bandwidth or network congestion
[19-23]. Generally, the Bernoulli distributed random variables and Markovian chains can be utilized to describe the
phenomena of RTDs and PDs [24,25]. To mention a few, the issue of the MSIFE has been investigated in [26] for a class of
power systems in the presence of multi-rate measurements as well as randomly occurring measurement delays, where
a diagonal matrix composed of a set of mutually independent random variables satisfying the Bernoulli distribution has
been used to model the RTDs. Here, each diagonal element takes O or 1. When the value is 1, it means that the current
measurement is received successfully by filter, otherwise, the filter can receive the previous measurement. In addition, the
optimal filter has been presented in [27] for networked systems subject to the RTDs, where the process of delay has been
described by a multi-state Markovian chain. On the other hand, when it comes to the phenomenon of PDs, the key issue
is how to compensate the effects of the lost measurement. At present, many compensation schemes have been proposed
to tackle the effects caused by PDs, such as the zero-input strategy [28-30], hold-input strategy [31,32] and prediction
compensation strategy [33-36].

Recently, it is well recognized that the compensation schemes of the zero-input strategy and hold-input strategy are
suboptimal in contrast with the prediction compensation strategy. This is because it only takes the latest measurement
data into consideration and ignores the historical data received previously by filter. Moreover, the prediction compensation
strategy attenuates significantly the impacts induced by the lost measurement data since, in case of loss, all the previous
data received successfully are utilized to update the filter instead of using only the last one [37,38]. Nevertheless, most of
the studies regarding the PD compensations have mainly focused on the normal systems. Unfortunately, with regard to the
MSSSs, the issue of the MSIFE with PD compensation strategy is still open and remains challenging. In practical systems,
the nonlinearity is one of the most ubiquitous phenomena which, if not sufficiently handled, would give rise to jeopardize
the performance of systems [39,40]. In [41], the issue of the distributed fusion estimation has been discussed for a class of
nonlinear uncertain systems with multiplicative random parameters and random measurement delays. In particular, the
nonlinearities exist in almost all engineering systems. The nonlinearities can severely degrade the performance of systems
if they cannot be handled properly. Recently, the stochastic nonlinearity as a special case including state-dependent
multiplicative noise has also gained much attention [42-45]. Unfortunately, the existing results have not taken the RTDs
and PD compensations into account for nonlinear singular systems, which consist of the main motivation by shortening
such a gap.

Motivated by the above discussion, in this paper, we aim to develop the fusion filtering scheme for a class of TVSSs
with multiple sensors subject to RTDs and PD compensations. The addressed problem is significant owing to the following
substantial difficulties: (1) how to properly reflect the phenomena of RTDs and PDs with different probabilities; and
(2) how to choose the compensator as the filter input when considering the occurrence of the PDs. Based on the
aforementioned analysis, the main contributions of this paper are highlighted as follows: (1) the distributed fusion filtering
issue is addressed, for the first time, for a class of nonlinear TVSSs with multiple sensors in the presence of RTDs and PD
compensations; (2) the phenomena of RTDs and PDs are modeled by a set of Bernoulli distributed random variables with
known probability; (3) the new augmented systems with stochastic parameter matrices are introduced to attenuate the
complex calculations; and (4) the derived distributed fusion filter (DFF) via the projection theory and the matrix-weighted
fusion estimation scheme, which has the feature of the robustness and flexibility due to the parallel structure, has better
precision than the local filters (LFs).

Notation In this paper, I, represents the identity matrix with dimension k. The superscript T represents the transpose
of a matrix. tr(A) is used to describe the trace of matrix A. L denotes orthogonality. diag {A1, A,, ..., Ay} stands for

a diagonal matrix with diagonal element A; (i = 1,...,N). [Aj],, represents the N x N matrix with element A;

(i,j = 1,...,N). det(A) denotes the determinant of matrix A. rank(A) denotes the rank of matrix A. deg F(x) denotes
the degree of polynomial F(x). {x} denotes the same item as the front neighboring term. &5, represents the Kronecker
delta function.

2. Problem formulation

In this paper, we consider the following class of discrete time-varying stochastic systems with N sensors:

Mxg 1 = @ + Vs, s> 0, (1)
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Zis = Gisxs + filxs, &is) + U5, $=>0, i=1,2,...,N, (2)

where x; € R" represents the state vector to be estimated, z; ; € R™ denotes the sensor measurement outputs, @, € R" is
the zero-mean process noise, and ; ; € R™ is the zero-mean measurement noises. The subscript i denotes the ith sensor.
The function fi(x,, & 5) is the stochastic nonlinearity, where §; ; is the zero mean Gaussian white noise sequence. M, &,
7;, and C; s are known matrices with appropriate dimensions.

In order to prevent the network congestion, the measurement data from the sensor side is sent to the filter only once
at each moment. One packet at most is employed to update the filter in time and avoid waiting, i.e., the first received
packet will be used to update the filter. Furthermore, the current sensor measurement z; s, the one-step delay sensor
measurement z;,_; or nothing may be received by filter at each moment. The predictor Z;s;_; of the current sensor
measurement z; ; is utilized to compensate for the impacts of packet loss when nothing is received. As a result, the new
measurement model with prediction compensation is designed as follows:

Vis = tisZis + (1 — i ){(1 = atis—1)BisZis—1 + [1 — (1 — dis—1)Bisliisis—1}, S > 1: Vio = Zio, (3)

where );; € R™ denotes the measurement received by the ith filter and Z; s denotes the one-step predictor of the
sensor measurement z;s. ;s and B are Bernoulli distributed random variables with probabilities Prob {oc,-,s = 1} = aj,
Prob {ejs = 0} = 1 — @, Prob {B;; = 1} = B; and Prob {8;s = 0} = 1 — B; satisfying 0 < & < 1and 0 < B; < 1, which
are uncorrelated with other random variables.

Assumption 1. M is a singular square matrix, i.e., rank(M) = n; < n.
Assumption 2. System (1) is regular, i.e., det(kM — &) #~ 0, where « is an arbitrary complex number.
Assumption 3. System (1) is causal, i.e., deg det(k M — &) = rank(M), where « is an arbitrary complex number.

Assumption 4. w; and 9; ; have the following statistical properties:
[2f T T _ Qw.s 0 T _ . .
E{[ﬂij [@, z?iqh]} = [ 5 Qé,s] S, E{0is0,} =0, (i #]. Vs, h).

Assumption 5. The initial state is xq with E {xo} = 79 and E {(xo — 79)(X0 — nO)T} = Py, which is uncorrelated with ws,
Dis, Ei,s: Ujs and ,Bi,s-

Assumption 6. The function fi(x,, & ) satisfies

m
]E{ i(XSv Ei,s)|xs} =0, E{ﬁ(x57 gi,s)f}T(xhs Ej,h)|xs} = Z Hi(l)ng]_}(’)xsssh(Sij; (4)
I=1

where m is a known positive integer, Hi“) and I’i(l) (I = 1,2,...,m) are known positive semi-definite matrices with
suitable dimensions.

Remark 1. It should be noted that the nonlinearities occur universally in a wide range of engineering practices. The
addressed stochastic nonlinearity fi(x;, & ) in (2) encompasses many well-studied nonlinear functions as a special cases.
Generally, the nonlinear function fi(x, &; 5) could cover the following situations such as, the state-dependent multiplicative
noises, the random vectors dependent on the norm of state and a random sequence dependent on the sign of a nonlinear
function of state. As a special case involving state-dependent noise, the stochastic nonlinearity fi(x;, & ) satisfying (4)
represents the internal nonlinear disturbance and is independent of the sensor failures or network congestions.

Remark 2. The model (3) describes the phenomena of RTDs and PDs during data transmission through unreliable
networks. We get Vi s = z;s when ;s = 1, i.e., the current sensor measurement is received by filter on time. When ¢ s = 0,
ais—1 = 0and B;s = 1, we have Y, = z;,_1, i.e,, the prior sensor measurement is received by filter at this time. When
ais =0, 5.1 = 1ora;s =0, Bis =0, we have Vi s = Z;5s_1, 1.€., the packet is lost at this time and then the predictor
Zj5s—1 is used as a compensator to update the filter. Therefore, we can obtain that the packet on time receiving probability
is Prob{a;s = 1} = @;, the one-step delay receiving probability is Prob{ea;s = 0, @js—1 = 0, Bis = 1} = (1 — &)*B;, and
the compensation probability is Prob{e;s = 0, (1 — as—1)Bis = 0} = (1 —a@;)[1 — (1 — @;)Bil.

For systems (1) and (2), there are nonsingular matrices U and V as in [46] such that
I 0 D D U
UMV = ny , Ud.V = 11,s 12,s , U= 1 ,
[ 0 0:| ’ [‘1521,5 P2as U,
1, 1) Q) -1 X1,

where @, ; € R™*™ is a nonsingular matrix, other matrix blocks have suitable dimensions, x; ; € R" and x; ; € R"2.
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The systems (1) and (2) can be rewritten as follows:
Xis+1 = ArsX1s + Bisms, s> 0,
Xas = A sX1s + Basws, >0,
zis = Hisx1s + filxs, &is) + mis, s> 0,
where
Ars = P15 — Cb12,s¢52_21,34521,s, Ays = —452_;5@21;, Bis=T15— 4’12,5952_21,372.55
Bys = — @3, Yo His = CiY) — 0, @1, Fis = —C003 Vo, 1lis = Fistos + Vs,
The noise sequences @ and 7; ; obey
st {2t ][ o
especially when i = j, we define Q!'; = Q| ;, where
Ris = E{mnis} = Qo sFjs,
Qs = E{nisnis} = FisQusFls + Qj s
Qs = E{nisnjs} = FisQusFls 1 #].

T

Lemma 1. For systems (1) and (2) under Assumptions 1-6, the second moment gs,1 = IEl{str]xS+1

E{X1,S+1X€.s+l } E{Xl«sﬂxg,sﬂ }i| vT
s

- )=V
Ot Porr] |:E{X2,$+1X71-,s+l} Efxas1% 541}
where

T T T
O1s+1 = E{X1,5+1X1,5+]} = Al,sQLsALS + Bl,sQw.sBLsy

T T
Q12,5+1 = E{X1,5+1X2,s+1} = 01,5418 541

T T T
Q2,541 = E{X2,5+1X2.s+1} = Az,5+101,5+142 511 + B2,s+1Qw 54183 511

The initial value is oo = momy + Po.
Proof. See Appendix A.1. H®

3. Main results

} can be calculated by:

(8)

(9)
(10)
(11)

In this section, our aim is to design the DFF for singular systems with RTDs and PD compensations. Firstly, we introduce
the new augmented systems with correlated stochastic parameter matrices and correlated noises. Then, the LFs with
corresponding estimation error covariance matrices can be obtained for the augmented systems by utilizing the innovation
analysis method. Finally, the DFF weighted by matrices is designed for the original singular systems based on the state

transformation.
3.1. Model transformation

Letting ¢is = (1 — o 5)Bis+1, the measurement equation (3) can be rewritten as:
Vis = tisZis + (1 — i) Pis—12Zis—1 + (1 — Pis—1)Zis—1}. = 1; Vio = Zio-
Then, defining Z;s_1 = ¢ s—12is—1 + (1 — @js—1)Zi 5;s—1, We get

Vis = QisZis + (1 — ajs)Zis1
= ajsHjsX1,s + O‘i,sfi(xs’ éi,s) +aisnis +(1— ai,s)Zi,sflv s>1;
Yio = Zio-

By using the projection theory, the one-step predictor ’zg,ls)+1|s
(1)

(1)
xi,s+1\s

A(1 _
= Al,sxg,s)‘s_l + Ki,s+l\s£i,57 s>0; x,’ﬁo|_] = [In1 olv 17{07

A /\(1)
Zist1s = HispiXigq 520,

for state x; ; and Z; ;15 are given as follows:

(12)
(13)
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the gain K; ;115 is defined by:

T -1
Kisv1s = ]E{Xl,s+181'5}:4,'5 s

where ¢; s is an innovation with covariance matrix ;s = E{g, s&j, } According to (7), (12) and (13), Z; s can be rewritten

das:

Zi,s = ¢'i,sHi,le,s + ¢i.5ﬂ(X57 Si.s) + ¢i,sni,s + (1 - ¢i,s)Hi,s+1A1,s$<E’1s)|5_1 + (] - ¢i.5)Hi,s+1Ki,s+l|sgi,s~
For the convenience of the subsequent expression, we introduce the following new augmented systems:

X,(:+] = AU)X(U + B; ])Wl s + @i sEifi(xs, &is) + (1= ¢is)Piseis + (1 — is)D;, SX, s‘s 1 S= 0,
2) A(Z)X(]) + B; Z)WI s + @isEifi(Xs, &is) + (1 — @is)Piseis + (1 — ¢is)Di, SXI 5‘5 1 $>0,
yi,s = Hi,sX,';) + aisfi(%s, &is) + isnis, $=0,

m _ | xs 2) _ | X2 o | 0 Ais 0
X = ’ y X = ’ s W = s A = i R
LS _Zi,s1:| LS |:Zi.s] bs |:77i,s bs |:¢i,sHi,s O:|

A® _ [ Ay O gl — | Bs 0 g2 _ | Bas 0
LS _d’i,sHi,s (U LS 0 ¢i,slm,- ’ LS 0 ¢i,slm,- ’

0 0 0 0
E = , Big= , Dis= ,
' _Iml:l bs |:Hi,s+11<i.s+1\s] b _Hi,s+1A1,s 0]
His = [ai‘sHi,s (1- Oli,s)lm,'] .

The noise sequences W; s and n; s obey

; Qws R R;
Q{X/,s =E {Wi,sM/jTh} = |:R1Tss Q;USS:| s, Sij,s =E {Wi,snfh} = |:Qf7ussi| Osh»
especially when i = j, we have Qj, ; = Q| ; and S;s = Sjj ;. Then, we define
- A 0 - A 0 = B 0 = B 0
T [ ] PP L S

. o o] = [o o] = -
Hi.s = |:Hi,s 0] ) Ei = |:0 Iml:| s Hi,s = [Hf,S 0] 3 Ei = [0 Im;] .

For the sake of convenience, the stochastic parameter matrices of systems (14), (15) and (16) can be rewritten as:

AE,]S) = A1+ ¢isHis, AE_ZQ = Ay s+ ¢isHis.

BEP = Bys + ¢i5Ei, BE,ZS) = Bys + ¢isE;,

I:I,-,s = oz,-ysljl,l_S +(1-— ai,s)l_::i.
We readily have expectations

A 2{A0) = Ars B A = 5(A) =, + i

B) = E{B"} =B, + ¢, B =E(B?)} =B, + i,

IEIi,s = E{H;s} = &His +(1— &), ¢ = E{ois} = (1 —a)B;.
Further, we have

AV A =AY — A = (g5 — P,

B, — B“) B(2 = (¢1.s — Pi)E:.

Hi,s - Hi,s = (ai,s - &l)(Hl,S - Ei)~

(14)
(15)
(16)

Remark 3. Based on the definition of ¢; 5, and the distributions of «; s and ; s, we have the following statistical properties:

Elais) = &, Eleaisol} =0, Elaisgis} =0, E{(1-¢is)’} =1— ¢,

Elof} = @, B{ais(1—¢is)} =@, Ef(eis — @)} =a — &, Efal(1— ¢’} =a.
E{¢7} = i, E{(ais — @i)gis} = —aidi, Efaistis(1—¢is)} =0, Efais(1—is)?} =,
{(ais — @)1 = ¢is)} = @iy, E{(ais — @)is(1 — dis)} =0, E{(¢is — i)} = i — ¢7.
{(is — @)1 — ¢i5)*} = @igh, E{(eis — @) is — )} = —aii. E{(1 — pis)als} = .

5
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It is worth noting that the statistical properties between random variables ;s and ¢; s would be used in the subsequent
derivation.

Remark 4. It is noteworthy to see that the measurement model (3) includes random variables «;s and g;;, delay
measurement z; ; and one-step predictor Z; s_1, which will complicate the derivation of corresponding terms to certain
extent. To be more specific, based on the received measurements {y,»,s, e y,-,o}, we can see that it is difficult to directly
design the local optimal filters for the reduced-order states x;; and x; s through employing the projection theory. In
order to attenuate the complexity of the calculation and reduce the computation burden, the new variables ¢; s and 2;
are introduced to convert the original systems (1)-(3) with RTDs and PD compensations into the equivalent augmented
systems (14)-(16) with stochastic parameter matrices. Afterwards, on the basis of the new augmented systems (14)-(16),
the local optimal filters can be easily obtained according to the projection property in subsequent sections.

3.2, Preliminary lemmas

Lemma 2. For the augmented subsystems (14), (15) and (16), the innovation sequence ¢; ; is calculated by:
Eis = (ai,s - &i)(Hi,s - Ei))(i(;) + ai,sfi(XSs Ei,s) + aisnis + I:Ii,s ~i(,:\)s—1’ s> 0. (17)

The innovation covariance Z; s = E{e;se],} is calculated by:
m
N -z - I I
s = (@ — @P)His — ENgV(His — B + @ Y 1o ") + &0l , + FisP,_ L. s> 0. (18)
=1

&)

The innovation cross-covariance 5y s = E{s, s&; }( i # j) between ¢; s and ¢ s is computed by:

_ o I+ 1)
s = @aQl; + Hi P AL, s> 0. (19)
In the Egs. (18) and (19), the second-order moment ql = E{st))q(; }, the prediction error covariance P, S‘S .

L= IE{X(U xr } can be computed by the subsequent

i,5]s—1%j,s|s—1

E{/\?(l) /{,( T

tosis—1i sis— 1} and the prediction error cross-covariance pl

ij, s\s
Lemma 3 and Theorem 2, respectively.

Proof. See Appendix A2. ®

Lemma 3. For the augmented subsystems (14), (15) and (16), the second-order moment qm E{X“)X 1)T} for the state
Xi(;) satisfies

0.V, = Avsqi AL + GiHi g VHT + disArsq VAT + diH, sq,ls)A[s + B1sQjy (B
- - . —T R . - — . - -
+¢isEiQy (Ei + iB1.sQy (Ei + $iEiQyy (BT + iFi Z (o ")ET
=1
_ T
+Aips + (1 — ¢f)Di,s(q§,? - ls‘s D[+ [‘Bn.s +Bips + Bizs + ‘Bm,s} + [*] , (20)

where
m

Uins = (& — aP(1+ ) Pis(His — NGy (His — E) @], + i Y 11 tr(0s )],
=1

+6P15QL L + (1= GOy P ALOL + [adidiFis - ByP,_ ALl

T
+{+}
- 7 7 1), =
%il,s = ai‘piAl,squs)(His - Ei)T + (1 - ¢1)Al 57),(13?5 1HT qj,TS,
= N7 1 1
Bips = (1— ¢i)A1,s(QE -~ 7’,(5|)s 1)D,Ts,
%B,s = &iBl,sSi.s<p
_ 2 o Za (1
Bigs = aiiPis(His — E,-)(qE U 15‘5 D/

The cross-state second-order moment matrix qu = E{;vif;);\%jf;)T}(i # j) for states X.m and X.(;) satisfies
(1) (DAMT | p(1) i - - (1) (1) (1)
ql]5+1 - AlsqusA]s +B QWS ]s +m1}15 (1 _d)i)(] _¢J')Di15(qij,s+731j,s\s 1 73us|s\s 1

6
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_75]'(i,15)\7;|s—1)D}:s + Bij1s + %};’1,5 + Bijp,s + %};2,5 + Bijz s + sBJB s T Bijas + B} jid,s? (21)
where
Aij1,s = &ﬂ}i&j@jq)is(ﬁis - Ei)qﬁf,i(ﬁj,s - Ej)T s T Qi P, sQ,fs T4 (1= @)1 — )Py sHi s

XPU s\s 1H]Ts¢]Ts + d‘}i(l - (}j)qbi,s(Hl‘,s - El)p,gls)|5|s 1H] s ] s + aj¢](1 — ¢,)¢, ng s

T

Xpﬂ s\sls 1(HJS _EJ) jS’

_ — 2(1) A(M.5(1) T 5T
Bij1,s = O‘J'(P]A qu s(HJS - EJ) +(1- ¢J)A Pz] s|s|s— 1Hj s¢js’

A0 (1) (1) T
Bijps = (1 - ¢1)A' (qu s ij, sls\s—l)Dj s?
%ij&s = SU 5%y 57
Bin . = a:di(1— )D: (H; « — E)(gth) — A D 1= &)1 — & )P: IEI (01
ij4s = Ol¢1( ¢]) is(His z)(q,'j,S 'Pfj,sms_]) i.s +( oi ¢]) i,s 15(7)], slsls—1
(1) T
Pu s|s— l)D‘s'

The initial value is qlS = qus = diag{[lr, 0IV~'(momy + Po)(VT) '[Io, 01", 0}. In Eq. (21), the covariance 731(] sls—1 =

E{xV# 7 |} can be calculated by the following Lemma 4.

Proof. See Appendix A3 ®

3.3. DFFs for the augmented systems

3.3.1. Design of LFs

Theorem 1. For augmented subsystems (14), (15) and (16) under Assumptions 4-6, the LFs and one-step predictor for states
Xi(;) and Xi(j) are given by:

‘)ez(;\)s = "’ei(.;?s—l + Gigséis, =0, (22)
5(1) A1) - M 5(1) ST o]

‘Xl SH1s = (Ai, + (1 - ¢') '5)‘)(1 sls 1 + Gl s+1s€is, S = 0; X; 0-1= I:([I”I oV 710) 0 ] s (23)
Xz(i\)s = (AEZ) +(1- ¢1)Dz s) ,s|5 1+ Lisis&is, s>0, (24)

where g; 5 is the innovation sequence, G; s, Gist1)s and L; g are the gain matrices. They are calculated by the subsequent text,
respectively.
The gain matrices G;s, Gist1s and L; g are, respectively, calculated by:

Gi Sls = 7Dl(ll)s 1HT Ht s]’ (25)
Gist1)s = !A 1)7’, 15‘)5 1HTS - &ifﬁiﬁi,sqa?(ﬁi.s —E)" + &B1,5Sis + Cins + &i(iiDi,s(ngls)
7)1 s\s 1)(Hi5 _Ef)T} Hl sl’ (26)
lS|5 = {A 15‘5 1HT - &iq_bil:li,sq“ (I_:Ii,s - Ei)T + &iéz,ssi,s + €il,s + ai&iDi,s(qg,ls)
_Pl(ls\s 1)(1:’1l s El) } Hl_sl’ (27)
where
m
Cins = (@ — &2(1+ @) Pis(His — Ealy (His — B + aiis Y 1 tr(os ")
=1
+&i®i,sQ,;,s +( ¢1) zsvts fl?s_lﬁ,'j:s +5[i(;5id)i,s( i,s _E)Pl(l?s 1HT
+&i($i¢i¢sl:1i,s ,‘(,5|s_1(H1 s E) . (28)

Specially, @; s can be rewritten as:

0

] 1 29
aiHi,s+lBl,sRi,s:‘i,s1i| >

®i,s = Di,sGi,s|s + |:
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Proof. See Appendix A4 ®

3.3.2. Computation of cross-covariance matrices

Theorem 2. The filtering error covariance P and the prediction error covariance P for state X( ) are computed as:

i,s|s i,s+1|s
1 1
7Di(,s|)s PI(S|)S 1 — Gigis &, SGt slss S =0, (30)
(1) AT aT (1) T
Pi,5+1|5 - A1 57)1 5|s 1A1 st d)lA] 57)1 s\s 1 + ¢’Hl SPI s\s lAl st ¢1H‘ sP; \Sls— 1H',s

+Bl~5Qw,sBl,s + ¢’iEiQW,SEi + ¢iB],5Qw,SEi + ¢iEiQw,sBl,s
m
+iE Y T (0o ET + s + (65 — $2)(His — Di)(al) — Pl ) (His — Do)
I=1
+Gi,s+1\sEi,sGZS+1\s + {@n,s —Dips — Dizs + Digs — Diss — Dips + %B,s} + {*}T s> 0;
oy = diag{lln, 01V~"Po(V")""[I, OI", 0}, 1)
where
Dirs = AidiAr, 5731 S|S (His — E‘f)T@TS +(1 — A 57’:(15\5 ]HT o,
Dizs = A 1)Pt(]SI)s 1H1Tst S+1s &f‘z’fgi-spi(,]s?sq(ﬁi.s - Ei) Gi,s+1ls,
Dizs = @iB1sSisClys 1
Digs = &ip?Pis(His — El)( IS‘S ; —qE?)(I:I,;S — D),
Diss = €, sG,-TH”S,
Die.s = idi(His — D, s)( IS‘S 11— qE]s))(Ijl,-s - E'i)TGiTH”s.

The filtering error cross-covariance P

and the prediction error cross-covariance Pl among the ith and the jth sensor

1 ij,s|s ij,s+1]|s
i # j for states X; and X( ) are computed as:
(1) (1) = T (1) T
Pijsis = Pijsis—1 T Gi,s\s‘:‘f]‘,scj,sls - Gi,slsH' sPij.sis—1 7)1] s|s— lHj SG] ssr S = 0, (32)

(1) i0p T | 5D T o T
Pyjsris = Ai u s|s A+ B B+ Wiis + Gisi11s8iisGl g1 + Dijts + Dfiys — Dias
@ ©U35_® — Dijas — ®]l45+%ij35+%l35’ s = 0;

Ji2,s Jji3,s
Pio_y = diag]{[ln, O1V~"Po(VT)""[I, 01", 0O}, (33)
where
=~ 7 A 5MT I T (1) 5(1) T 4T
Dij1,s = O‘J’¢1A Pﬂ sls\s 1(HJ15 - Ej) + (1= ¢J)A Pu sls— 1HJ Sq)JS’

_ a1 T ~T
Dijs _A Pusls 1Hj SG] s+1]s?

Dis =« B S,JSG

s+1\s’
(1) T
@ij4,s = alaj¢l sQn s, s+l\s +(1 ¢1)q§’ SHI SPI] Sls— 1HJ SGJ s+1ls
1
+a; ¢1 IS(HI s — E )7’15 s)|s\s 1 GJ s+1js*

The filtering error covariance P2 and the cross-covariance PU sIs

i sls among the ith and the jth sensor (i # j) for state ij) are
computed as:

(2) A 1 3 (1) -
P sls = Alspi,s\sflA;s + ¢1A2 sP; JSls— 1 + (le' 57)1 s\s 1A2 s+ ¢'Hl 57)1 s\s lHl?,-s
+B, SQVfV Bl + BisEiQly E + ¢fBz,sQW,S | + GiEQy B)
+¢1 Z H(l)tr(Qs )E + Q(11 ,S ((271 - d_’,z)(lzlls - Di,s)(qg,ls) - ,5‘5 1)(H1 s 15)T
=1
T T
+L;, sls i, sLi sls + [eil s— Cis+ CE3s — Cigs — Ciss — Cips + ©i4,s} + [*} , (34)
(2) A1) 2 1 R(IT = T
Pisis = Ais Piisis—11j.s Q\;]v sBis s + Lisis Sijsky g + Eijns + 611 s

8
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—Cijp s — e};z,s + 35 + @13 s — Cijas — @};4.5 = Cijss — 6};55’ =
where
Ei1s = aidiAa, 5731 s\s 1(st - E,) zs +(1- ¢1)A2 57)1 S\S 1HT cp’TS’
1
@iz,s = A Pl(s|)5 1H1T5L1Ts\s a,¢1H1 57)1 SIS 1(Hi’s _Ei)TLIS‘S’
QB,S = aiBz,ssi,s
Cigs = &iBZ,sSi,SL}:s\s’
Cis,s = €i1,sL;r,s\s’

- 213 1 1
615»5 = ai¢i(Hi5 - )(Pi(s\)s 1 qf s))(H' s ) L;rs\s’

= 2 a@2) 57 ” T A2 (1) T 5T
Cjj1s = ajd)JArs ji, sls\s 1(Hjs EJ) cz)j +(1- ¢J)A Py sls— ll_Ij sd)]s’

22 ) (1) TT
Cips = A Pij sjs— lHJ sLjsise
Ciss = &BL Sy @],

1,5°
Qf,'j4_ys = Ol]B Sl] SL] sls?

injs,s = &i&jq)i,sQ,LsLj,qs ( ¢l)¢l SHl 573,] sls— 1HJT5L]TS\5
+@$i®i5(His — EP, usls\s 1H]TSL]TS‘S

The correlation matrices Pz(s|s and 7915]3? (i # j) between Xl S‘s and Xj(s|)s are computed as:
P = Pl AL + &P ls|s 1(H,3 EY ol +(1—gyPl_ Hlel —p0 AL
+@iiGisis(His — EYPL_ Al — Gy gsHisP! AT — &GigsSTBY  — GigsCh
— &G sjs(Hi s — Ef)(PELfS L= )(Hfs —Dis) +G;, SBEI» A (36)
P = Pl A + @b P (i — BY 0+ (1 =GP, Al
—GigsH; P AT — &GigsST BT — @G S‘SQM T

—(1 ¢])st|er SPU5|5 1H]Ts j.s O‘J‘ﬁJGlSISHIS jzs|s\s I(HLS_EJ')TQ)JTS
+Gi,s\sdij,sLj,5‘5~ (37)

Proof. See Appendix A5 H

Next, a useful result used in the foregoing derivation is given.

Lemma 4. The cross-covariance P\ = IE{ a0 pr } can be given as below:

us+1\s+1\s i,s+17%,s+1]s
(1) _ a5 1 (1) 1) HOPY R
Pij,s+1|s+1|$ - Ai.s PU s|s|s— 1A] s + sBUl s A 1] s|s|s— IHJ SGj S+1|s B QW SBj s
+§Bij3 s Qij3,5 + D],] s + %ﬁis + mij] s Dij4 s (1 - ¢1) is ( i, 5‘5‘5 1
(1) (nr T 7 T ~T .
_7)1 JS|s— 1)Aj.s + sBjr4s (1—¢i)D 15(7)1] s|s|s—1 7)11 ss— I)HJ SG_] s+1fss S =0;
—(1 _
Pioor_1 = diag{[n, 01V"Po(v")""[I,, 01", 0}. (38)

Proof. See Appendix A6 B

Remark 5. From the definition of X, = [x], = 1] it is clear that the LF £} has the computatlonal order of
magnitude O((n; + m;)?) according to Theorems 1 and 2. Furthermore it can be easily seen that the LF )q ) with low

computational cost can be calculated by the linear combination of X, X, S‘s Compared with the augmented frlters presented

in [31,47] with the computational order of magnitude O((n; + 3m;)?), it is obviously deduced that the LFs designed in this
paper possess lower complexity and the computational cost can be further reduced.

Remark 6. From the augmented state vectors ' = [x] . 2] and 2 =[x, 2[]", the subsystem states x; ,
and x; s can be given by x;; = T 4, 1 ) and Xps = TZX(Z where Ty = [I;; 0] and T, = [Iy, 0] Accordingly, the LFs and
estimation error covariance matrlces for the reduced-order subsystems can be obtained by X xl s|s =T Xl(ll)s, fzsls TZXERS,

9
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(1 _ (1) +1 p2) _ (2) +T (1,2) _ (1.2) T ; f_ s (1) _ p(1) 2 _ p@
Piquls = T17>,.j.S|STl s P,.jys‘s = T2Pij,s|st and PU!S‘S = T17>',.j,5‘S T,, especially when i = j, we define Pi,sls = Pﬁ.,sls, Pi,s|s = Pii,s|s
and Pl(]s‘s2 ) = Pi(i?;lzs). It is obvious to see that the LFs X; s and the corresponding covariance matrices P;y for the original

' (1) (1.2)
T A \
singular systems can be described as & 5s = V [&fls)lg QEZSE] and P g5 =V [ (l;']s) ”(Szlj i| VT, respectively.
' ? ? P P:
i,s|s i,s|s

3.3.3. DFF weighted by matrices

Theorem 3. For the reduced-order subsystems (5), (6) and (7) with multiple sensors, we have the reduced-order optimal
fusion filters

~(k ~
XE),;s = AI{,SNk,s\s, k=1,2,

T
1 _ 14 ST ST ST T
where Ays = (ez;k Ek,slse"k) 1e€k21<,s|s’ Nk,s\s = I:X(Lzls X(Z,ils U XEV.)S\S] v By = [I”k T I“k] , and esls =
[Pi(jks)|s] whose ny, x ny sub-block in the (i, j) place is Pi(jks)|s' The error covariance of )?g‘ils is computed by:
’ Nnjy xNny, ’ ’
(k) __ (T -1 -1
P0,5|s - (enk Ek,s|se"k) ’

and we have Pé’fgls < P{’js

(i=1,2,...,N)

Proof. From the optimal fusion estimation algorithm presented in [20], the proof is complete readily. ®

3.4. DFF for the original systems

Theorem 4. For the original multi-sensor singular systems (1), (2) and (3), the DFF has the following form:

;
3 _ ST 5(2)T
Xoss =V [XO,S|5 Xo,s|s] .

The covariance of Xo s is calculated by:

(1) (1,2)
P -V PO,s|s PO.s\s VT
0,s]s — ’
s1s P(Z.l) P(Z)

0,ss 0,s|s

(1

P:D between )?0’)‘3 and )?E)%z‘s are calculated by:

and 0.5l

. . . 1,2
where the filtering error covariance matrices Pé s‘s)

(1.2) _ (T y—1 —1,T y—1 -1 T y—1 -1
P0,5|s _(enlxl,s\senl) en121,s|5212q5\522,s\sen2(enz22,s|se"2) ’

1.2 2,1)T 1.2
where P((J sls) = P(() sls) and Y55 = I:Pi(js|s)] .
’ ’ ’ NnyxNnjy

, T L
Proof. From the transformation x; = V [x]; X ]", we can prove it easily. —m

Remark 7. Generally, the MSIFE algorithms can be categorized into two types: the centralized fusion estimation
algorithm [32] and the distributed fusion estimation algorithm [20]. Specifically, the centralized fusion filter is designed
based on augmented measurements from all sensors. Meanwhile, the centralized fusion estimation algorithm has high
estimation accuracy, however, it is worthwhile to note that the proposed algorithm also has expensive computational
cost because of the utilization of the augmentation approach. Once there is a faulty sensor existed in the communication
environment, the centralized fusion filter will appear failure. In order to improve the reliability and reduce computational
cost of the centralized fusion filter, the DFF based on the distributed matrix-weighted fusion algorithm is constructed
to perform the state estimation in this paper. Moreover, it should be noticed that the new DFF is developed based on
the projection theory, and then the proposed DFF algorithm is optimal. In particular, it can be known that the DFF
has the computational order of magnitude O((Nn;)3) by virtue of Theorem 3. In addition, the DFF with a distributed
parallel structure is more convenient to realize the fault detection and isolation, which has stronger robustness and higher
flexibility.

10
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The distributed optimal fusion filtering scheme for the singular systems is given by the following steps.

Algorithm 1: The recursive algorithm for distributed fusion filter of the singular systems

i,0-1 = 73ij,0|—1 = 77:']‘,0|0\—1 =
diag{[In, 01V="Po(VT) (I, 017, 0}, ¢y = gy = diag{[ls, OV ~"(mrorr + Po)(V")~'[I, 01", 0}, where i, j
=1,2,---,N,i#j, 00 = mon] + Po.
Step 2. Compute the second moment o by (8) and the innovation ¢; ¢ by (17).
Step 3. Compute the innovation covariance matrices Z;s and &y s by (18) and (19), the gain matrices G; s by (25),

Gis+1js by (26), Li 55 by (27), the second moments qgs) and qulz for augmented state Xi(,;) by (20) and (21).
by (30), P{y, = ThPLgTT, Pl3), by (34), Pi3, =

A T -
Step 1. Set the initial values £(y) | = [([1,11 01V-—1mo)" oT] Py () ()

Step 4. Compute the filtering error covariance matrices Pl

is|s isls™ 1 "is|s is|s
2 1 1 1 2 2 2 -
szi(ys‘)stT, 731'(1',3\5 by (32), Pi(j,s)ls = Tlp,gj,s)'sTlT. Pi(j.s)\s by (35), Pi(j,s)\s = sz,'(j,s)hTzT- the prediction error
covariance matrices Pi(.1s)+]\s by (31), Pgls) s by (33), the correlation matrices Pfllf) by (36), Pfl‘sz) = Tlpfylsisz)Tz ,
(1,2) (1.2) _ (1.2)T
Pijsis by (37), and Pij,sls = TﬂDUYS'S T,.
Step 5. Compute the LFs 2?,(;‘)5 by (22), fcf?ls =T ;\?,(1‘)5 /’?i(ﬁl)s by (24), 5(525)‘5 = T2)2i(.§\)s- and the local predictor /’\?if;l]h by (23).

Step 6. Compute the reduced-order fusion filters )Acgfils, k=1, 2, by Theorem 3.

Step 7. Compute the DFF X, s for the original singular systems by Theorem 4.
Step 8. Let s = s+ 1, return to step 2.

4. An illustrative example

Consider the singular systems with three sensors as (1) and (2), where the related parameters are set as:

1 0 00 1 -01 -2 07 —0.1sin(s) 0.5
0010 1 0 0 0.1 0.1 0.1
M=1o0 0 0 o'®=| 22 —11 -36 1 |'5=| o1 02|
0 00O 0.4sin(2s) —0.5 4 1 —0.4 0
c._Jo8 1 -1 —02] . _fo6 03 0 2] . _[O5cs(s) 1 —06 2
=105 0 2 sin@s)|’ 2|02 1 1 053>~ —-01 —-04 04 11|
We choose the nonsingular matrices
10 00 1000
0100 0 010
U=1lo 01 0['V=]|0o 10 0
0 0 0 1 0 0 0 1

Then, we have the following standard form:

L OffXist1| _ [Piis Pras||Xis n Tis -
0 Ofx2541 D15 P || X2 Tos| ¥

X .
Zis = I:Ci(;) Ci(,i):l |:X;z:| +fi(x57 ‘é;_i,s) + 01’,35 i=12,3

where x;; € R? and x,; € R? denote the reduced-order state vectors, z;; € R? represents the sensor measurement
output, @y is the process noise, and ;s is the measurement noise.
The function fi(x, &; ) is given as follows:

fil£1) = |03 | [0-25ign (1% L0 + 0.3sign(Re )R£3 -+ 0.45ign(Rs %555
—;—0.5_Sign()_€4,s))_<4,s§z(l,ls)]’
Fatec £2.) = | g | [035ign(Ry )%, £ + 0.dsign(Re )R 52 -+ 0.551gn(Rs %3557
-;-0.6_Sigrl(?_<4,s)?_<4,s§z(1,zs)]’

[0.3] Loz P P
Fsss £35) = | o2 | [0-1518n(R 5% 5E1 + 0.25ign(Rz 52,555, + 0.45ign(Rs )X 58570

+0.6sign(%a s )Xa s . |.
11
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True value and fusion filter

True value | 7
—#— DFF

-1k L L L . 1
0 10 20 30 40 50 60
s/step

Fig. 1. The first component of the true state x, and its fusion filter X .
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Fig. 2. The second component of the true state x; and its fusion filter Xo .

where X, ; and 5,(2 (I=1,2,3,4;i =1, 2, 3) represent the Ith component of x; and &; ;, respectively. 5,(? is uncorrelated
Gaussian white noise with zero mean and unity variance. We can easily get

. _[05][05]" , _[o4][o4]" . _[03][03]
'=lo3[(03] *"27 |o5(|05] " T 04|04’
Iy = diag {0.04, 0.09, 0.16, 0.25}, I'; = diag {0.09, 0.16, 0.25, 0.36} , I'; = diag {0.01, 0.04, 0.16, 0.36} .

In the simulation, we simulate the collection of 60 data points and the initial value is a zero-mean Gaussian variable
with Py = I4. Other parameters are chosen as Qs = 0.2, Q; ; = 0.01L, Qf ; = 0.02I, Q}; = 0.03l;, @& = 0.5,
@ = 0.6,a3 = 04, B = 05, B, = 0.4 and B3 = 0.6. From the values of random variables ;s and i, it is not
difficult to see that the packet on time receiving probabilities are Prob{as = 1} = 0.5, Prob{azs = 1} = 0.4 and
Prob{ass = 1} = 0.6, the one-step delay receiving probabilities are Prob{as = 0,151 = 0, B15 = 1} = 0.125,
Prob{ezs = 0, 0251 = 0, f2s = 1} = 0.064 and Prob{ass = 0, 0351 = 0, B35 = 1} = 0.216, and the compensation
probabilities are Prob{es = 0,(1 — aq5-1)B1s = 0} = 0.375, Prob{ezs = 0,(1 — a25-1)B2s = 0} = 0.336 and
Prob{ass = 0,(1 — a35_1)Bss = 0} = 0.384. From Theorems 1, 3, and 4, the LFs X; g5 and DFF Xqg; can be obtained.
Furthermore, we can obtain the cross-covariance matrices between any two sensor subsystems by Theorem 2. The
simulation results are given in Figs. 1-10.

The proposed DFF is shown in Figs. 1-4, which can be seen that the state can be well estimated by the proposed DFF.
To further show the performance of DFF algorithm, the mean square errors (MSEs) are plotted in Figs. 5-8 to evaluate the

12



J. Hu, C. Wang, R. Caballero-Aguila et al.

True value and fusion filter

True value | o
—#— DFF

L L

0 10 20 30 40 50 60
s/step

Fig. 3. The third component of the true state x; and its fusion filter Xg 5.

1.5 1

True value and fusion filter

True value
—*— DFF

0 10 20 30 40 50 60
s/step

Fig. 4. The fourth component of the true state x; and its fusion filter Xo 5.

Table 1
The values of random variables.
& @ @ Bili=1,2,3)
Case 1 0.2 0.5 0.6 0.5
Case 2 0.4 0.5 0.6 0.5
Case 3 0.4 0.5 0.7 0.5
B B2 Bs ai(i=1,2,3)
Case 4 0.2 0.5 0.6 0.5
Case 5 0.4 0.5 0.6 0.5
Case 6 0.4 0.5 0.7 0.5
1 1000

algorithm performance, where the MSEs of 1000 times (i.e., 1555 2=y (X; — Xi )* with i = 0, 1,2, 3) are for LFs when

i =1, 2,3 and DFF when i = 0. In Figs. 5-8, it is not difficult to see that the MSEs of the DFF are always below the LFs,
which can be shown that the proposed fusion algorithm in this paper has better estimation performance. In particular,
the comparison of traces of covariance matrices for DFF and LFs are exhibited in Fig. 9, which can be obviously observed
that the DFF and LFs have the following accuracy relationship: tr(Pg ss) < tr(P;s5). To sum up, it is easily derived that the
presented filter with compensation strategy has better accuracy to estimate the system state.

In addition, in order to analyze the influences of the RTDs and PDs on the performance of the DFF. The concrete values
of random variables are chosen in Table 1. In Fig. 10, the traces of the distributed fusion filtering error covariances are
portrayed under different probabilities. Specifically, it can be concluded that the traces of the distributed fusion filtering

13
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MSEs
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Fig. 5. MSEs of the first component of state x; for LFs and DFF.

MSEs

6 X 10" . i

5F 4
X
af ]

WM

;ﬁ@zé
3r / 4
W‘; ek
¥
2 4
o
J
*ﬁ"

/ LF1
T stk LF2 ||

# LF3

! — % — DFF

0 % L 1 1 L 1
0 10 20 30 40 50 60
s/step

Fig. 6. MSEs of the second component of state x; for LFs and DFF.
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Fig. 7. MSEs of the third component of state x; for LFs and DFF.
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MSEs

Fig. 10. Comparison of traces of covariance matrices for DFF with different values of @; (i=1,2,3) and §; (i=1,2, 3).
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Fig. 8. MSEs of the fourth component of state x; for LFs and DFF.

Traces of covariances

Fig. 9. Comparison

Traces of covariances

Traces of covariances

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

[—B—LFI —+—LF2 —5—LF3 —%—DFF

0.1

0

20 30 40 50
s/step

60

of traces of covariance matrices for LFs and DFF.

A |+Case1 —&— Case 2 o Case3|
01 L L 1 1 N
0 10 20 30 40 50 60
s/step

[—p—Cased ——Case Case 6
0.1 . L I n n
0 10 20 30 40 50 60
s/step

15



J. Hu, C. Wang, R. Caballero-Aguila et al.
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Fig. 11. Comparison of MSEs for DFF and CIFF in [48].
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Fig. 12. Comparison of traces of covariance matrices for DFF and DFF in [29].

error covariances become smaller with increasing & (i = 1,2, 3) and fixed B; (i = 1,2, 3). On the other hand, when
the value of o; (i = 1,2, 3) is fixed, the traces of the filtering error covariances become smaller as B,» i=123)
decreases. Hence, the proposed fusion filter performs better for higher on time receiving probability and lower one-step
delay receiving probability.

To further verify the effectiveness of the proposed distributed fusion filtering algorithm, the comparison experiments
are exhibited in Figs. 11-12. Specifically, the comparison of MSEs for DFF in this paper and covariance intersection fusion
filter (CIFF) in [48] is given in Fig. 11, which can be seen that the estimation accuracy of the proposed DFF is better
than CIFF. The main reason for this result is that the CIFF can effectively avoid computing the cross-covariance matrices.
In addition, in order to demonstrate the superiority of the prediction compensation strategy in this paper, the accuracy
comparison experiment is provided in Fig. 12 with respect to the prediction compensation strategy in this paper and
zero-input compensation strategy in [29], which can be clearly observed that our proposed compensation strategy has
better accuracy than [29] due to the fact that the prediction compensator uses all information received previously.

5. Conclusions

In this paper, we have investigated the MSIFE problem for TVSSs subject to RTDs and PD compensations. The singular
systems have been converted into two nonsingular subsystems by employing the singular value decomposition method.
Then, the LFs and corresponding estimation error covariances are derived based on new augmented systems by means
of the projection theory. Subsequently, the matrix-weighted DFF has been presented for the original singular systems
by utilizing the state transformation. In the simulation, we have shown that the DFF outperforms the LFs and we have
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analyzed the influences of RTDs and PDs on the DFF accuracy. Compared with the existing literature, the major features of
the proposed DFF can be summarized as follows: (1) In contrast with the zero-input and hold-input schemes, the proposed
prediction compensation strategy has better precision due to the fact that the historical measurement information has
been used to compensate the impacts; (2) The LFs have been presented in the linear minimum variance sense, which has
better accuracy than the suboptimal Kalman-type recursive filter; and (3) The DFF gives better performance on estimation
accuracy compared with the existing covariance intersection fusion algorithm. In future work, we will extend our DFF
algorithm to more complicated singular systems such as the systems with censored measurements, the state-saturated
systems, and the networked systems under communication constraints.
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Appendix

A.1. Proof of Lemma 1

Proof. Firstly, substituting x1 = V [x] ., x5 ,]" into o541 = E {x41xT,,}, we easily obtain (8). Then, substituting
(5)into 01541 =E {stHX;S“} and using Assumptions 4-6 and x; s L@, (9) can be proved as follows:
T
O1s+1 = Al,sE{xl,sx.l{’S}A;s + Bl,sE{wswsT}B;s + {AI,SE{XI,SZD_ST}BY{.S} + {*}
= Al,sQl,sA-{,g + B1,3Qw,sBT1-,5~

Similarly, substituting (5) and (6) into @12.5+1 = E{X1541%5,;} and substituting (6) into @351 = E{xas41%),,}, we
obtain (10) and (11). =

A.2. Proof of Lemma 2

Proof. According to the projection theory, we get
gis = Vis — jji,s\s—l
= FIf,sX{}) + aisfilXs, &is) + Qisnis — ﬁi,s)?ifzﬁs_1
= (s — @)(His — EDAY 4 a fi(xe, i) + i + His B0 (39)
Substituting (39) into &;; = E{e; e[} yields
Eis = Ef(ens — @)(His — ENA 2 (His — B (s — @)} + Bfon i, &) (%6, isdetis)
+E{aismisniseis} + E{Ifli,s/'\?-m xr ISI,TS} + [E{(Oti,s — &)(Hys — Ei)X,-(,:)ﬁT(Xs, Eis)eis)

i,s|s—1"i,s|s—1
+E{ (s — & )(His — ENX 0T sois} + Ef(os — @&)(His — EDa Y& ALY

i,s “Vi,s|s—1

17
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T
‘HE{ai,sfi(xSs Ei,s)ni?:sai,s} + E{ai,sfi(XSa %-ls)Xl(RST 1HT } + E{O‘l sMis ,5|5 1HT }} + {*} s

for which, utilizing IE{a,;s - &i} = 0, Assumptions 4-6 and ]E{ lsls 1 S} = 0, we deduce (18). Similarly, (19) can be
proved. H

A.3. Proof of Lemma 3

(1) (T
Proof. Substituting (14) into g, , = E{x{},, A1)

}, we have
Qi = BIAL DAL + (B IWWIBYT} + BB, &) (%5 &5 )E] 61s)
S B{(1 = DA D1 — 0] + [BAAOWE )
FE{ADV AV (x, 6 )E] dis) + Bivs + Bias + E{BLYWiofT (%5, &0 )E b1} + Biss
+E{BIW R0 D1 — g1} + E{gisEfi(x, &s)el @1 — i)}
(B0, AT DL — 619 + Buas) + {*}T (40)
According to X.(U 1 Wi, Assumptions 4-6 and E{a,-,sqb,',s(l — q),;s)} =0, it is readily known that

{A(UX(])WTB ]S)T} — 0’

E{A X R (x5, §90E] dis} =0,
E{B{ Wi off (%, &5)E] ¢is} = 0,
E{B{)Wi ;&0 Dl (1—¢i5)} =0,
{

E{¢isEifi(xs, 515)5, s(pl 5( - ¢i,s)} =0,
E{isEifi(s. £.5) g0 DI(1— ¢is)} =0

[n addition combining A\Y = Ay + ¢isHis, BY = Bis 4 ¢isHis, Assumptions 4-6, XI(:|)S L= A X,(;‘)S , and
(1) . ' ’ *
ls\s 1 1 Xlsls 1 yleld
a
{A(UX(])X};)TAI S)T} Al Sql sAl s + ¢'H' Sq(UHl s + ¢1 SAl Sql s Hl s + d)l SH' Sql sAg— s?

{B(UW WthBfls } = Bl,SQW,sBl,s + d"'EiQW,sEi + ¢iB1,SQW,s i +¢iEiQW,sBl,sv

E{ i sEifi(xs, &5 )] (%5, &is)E] @is) = diEi »_ 11 tr(os I,

=1
E{(1 — ¢io)Dis Xl g R4 DI(1 = ¢i)} = (1 — gDis(aly — PV, _,)DL.
Subsequently, we have
Wins = E{(1 — i) Pisise] (@ (1— piss)}.
Birs = E{AL X Vel @] (1 - ¢19)),
Bips = E[A}) X(”Xf}ﬁf D1 = ¢i0)}
Biss = E{BIW; el @] (1 - ¢;)).
Bias = E{(1— ¢i5)® ”slsx,iﬁf DI (1 = ¢is)}.-

Combining innovation sequence (17) and Xl(:|)s 1 = X“) - Xf;)s 1» it is not difficult to derive the terms 2;; s and

Bis(k = 1,2, 3,4). Then, the relationship (20) is true. Slmllarly, substituting (14) into qu 1 = IE{ ,SHXJ(PL} yields
the following equations:
¢i SEiﬂ(st Eis)f‘r(xw gj,S)E'T(pj,s = 0,
E{ j
(1) (1) Tg (T _
E{A % W/B} =0,
IE{A(”X“), (%s. &.5)E] ¢} = 0,
E{BYWiof (%, ) ¢1.5) = 0,
1 mr
E{B YW1 DI (1 - ¢;)} =0,
18
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E{ i sEifi(x;. aax}iﬁf DI(1—¢0)} =0,
]E{¢1 sEifi(xs, Ezs) Ej s ]5( - ¢js)} =0,
(1) (1) (1)T nr A(D (D AMT

E{AY D TATY = AqDAT)T
E{B| 1)W WTB(1 }_B“)Qg, BT

(
sPjs
IE 1_¢15)D15 ,5‘5 1 ]:‘)ST 1DT( _¢j5)}
5(1) (1T
= (1 - ¢l)( ¢J)D15(qys +P1] sls—1 Pu s|s|s—1 _Pﬂ s|s|s— l)D}:s'
Further, we have
{ ¢zs)d)15815 s ]5( ¢js)}
{A(] Xz(:)ngsd)st(l ¢j15)}’
(1) (1) (T
(A x5 % s 1Dfs( — 5},

%02 s=E
Bizs = E B(UW,S el @1 (1— ¢15)}.
Bijas = E{(1— ¢i6)Piseist gy Dl (1— i)}

Consequently, it can be concluded that (21) is true, and this proof is complete. H

A.4. Proof of Theorem 1

Proof. Taking projection of both sides of (14) and (15) yields (22), (23) and (24) directly, where the gain matrices G; s,
Gis+1js and L; 55 are computed as follows:

Giss = {4 el } &1, (41)
Giseris = B{X e} 21 (42)
Liss = Blaglel )5 (43)
Subsequently, substituting (17) into (41), and using E{e;s — &} =0, £ ; L 1| and x{} L n;s, we have
(1,1 M gr
E{Xzs 15} Pz ,S|s— lH',S'

Then, utilizing the augmented state (14), we obtain
]E{Xz(grl ] } - IE{A(UXI(P ITS} + IE{ (1)W1(: IS} + E{d’z SELf(XS’ EIS) 15}
'HE{(l - ¢i,s)(pi,58i.s‘91,5} {(1 — ¢is)Di, SX, 5‘5 15,T3}

Based on the innovation sequence (17) and Remark 3, we have the following equations:

(1) (1) T (1) 2T
{A Xzs lS}_Ai,S ls|s l _a¢l 1561,5( _Ei)v
1
{B( )Wzs zs} = aiBLsSi,h

E{aisEifi(xs, $is)8,Ts} =0,
E{(1 — ¢is)Dis R 0s_rel ) = aipiDis(q) — P )(His — B
Furthermore, we have
Cins = E{(1 — ¢i.s)Piseise] ),

thus, it is not difficult to see that (26) is true. Similarly, substituting (17) into (43), we can prove that (27) is true. In
addition, using (14) and E{we]} = aiR; s, we get

Kis1s = (Al SE{Xl s€i, } + aiB1sRi s) )
thus (29) can be derived. =

A.5. Proof of Theorem 2

Proof. In order to prove it clearly, we take the following steps to prove this theorem.
Step 1: Let us derive the filtering error covariance 771( sls and the cross-covariance Pu ofs*
yields the filtering error equation

Gi,s\ssi,s- (44)
19
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Next, substituting (44) into P!

isls

L =E{& DA, we get

i,s|s 1s|s

i,s|s—1

(1 (1) ~ ()T T
Pigs =E{% sls— 1)(: s\s 1} + E{GigseiselGis) — {B{GisiseisXigs 1} | — 1*{ -
) o SRS PP
Combining & | L & with E{x; el } = GigsZis, we have

E{S'S/Y;(s\)s l} - "’lSG

i,s]s?

then (30) can be proved easily. Similarly, based on innovation sequence (17), we have

E{en 80} = Foml!)

s|s—1 ij,s|s—1°

thus we can deduce (32).
Step 2: We are ready to provide the recisions of the prediction error covariance 771( s:—1|s and the cross-covariance 77,5 S) s
From (23), the local prediction error equation for state ifs) can be computed as follows:

B = AVED | BOWis + giEfi(xs. i) + (1 — dis)Piseis
+(¢i,s - ¢1)( is — Dl s)/\/,(;s 1 Gi,s+l|s‘9i,s~ (45)

Substituting (45) into P!

(1) ST
ls+1\s = ]E{X & } we get

i,5+1]si,s+1]|s
(1) (1) $(1) ST 41T (1) T p(T
Pl Ss+1s T E{A Xl ,S|s— 1X1 ,S|s— 1A } + IE{Bi,s W’ SWI SBz s }
+E{¢iSEiﬁ(X57 &is) 'T(XSs Eis)E'T(Pis} + E{(l — & s)(pi,sgi,ssz_-sdjgs(l - ¢i,s)}
¢ts ¢z st_Dis) ,5‘5 1 ,1‘): 1(1:115_D15) (¢i.s_(5i)}

+E st+1\58158,g l$+1|S lE A(UX(U wT gr

i,s]s—1 lS i,s }

+

+E{(
{
E{AL &g of] (x5, 6B i) + E{AYA el (@l (1 - i)
E{ADED R (His — Dis) (15 — d1))
]E{Afls)zq;‘)s 184, st+1|s}+E{BmWafl (X, &5)E{ pis}
E{BOWisel @11 — i)} + E{BOW, A (His — Dis) (¢is — 1))
{8

{

{

{

{

+

+

s s|s—1
—E}B 1s)Wl 5‘91 s xs+1\s} + E{¢z sEifi(xs, &, s)gl:s(pl.T,s( - ¢i,s)}

+E
—E

¢1 SE (Xs, Ez s ‘X,(;‘ST 1(1:11',5 - Di,s) (¢'i,s - Q_Sl)}
¢ sEifi(Xs, 51 s i 5+1\5} {(] - ¢i,s)¢i,58i,s‘9}:sczs+1|s}
+E(1 — ¢i5)Pisei, S')(l S|s 1(H1 s DLS)T(‘pi,s - d_)z)}

—E{( ¢IS_¢1)(HIS_DIS) ,S‘s 1815G15+1|5}}+ {*}T

It can be derived from A(. = A1 s+ o0 SH, s and 20

i,s|s—

(1) 5(1)
Xi. Xlsls 1 that

(00 pOr A7
E{Ai Xsls 1Xso1Ais )

i i,s]s—1
1 1)
= A1 57)1 s|s lATl-s + ¢1H1 57)1(5|)s 1 + {¢1A1 Spt(s\s 1 } { }
E{(¢i.s — @i)(His — Dis) A0, 12«}13{ ((His = Do) (s — 1))
= (¢_5: _(;5;'2)(_1’5 _Dis)(qps) fl?s_l)(l:li.s _Di,s)Ty
]E{Gz s+1|581 58, SG, 5+]‘5} = Gi,s+1|sEi,sG£s+1|s~
Besides, based on Assumptions 4-6, we have the following equations
(1) $(1) ()T
E{A XlS|S 1 lSBIS } =0,
E{AYED Tk 60E ¢is} =0,
{A(l)Xl(:RS 1)(1(:|)ST 1(1:11'3 - Dis) (¢i,s - &l)} = 07

=

E B(])Wz SfT(x57 &is) E @i, s} =0,
E{B ) Wis {0 (His — Dis) (s — )} =0,

isls—1
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E{¢isEfi(xs, &is)el s @{(1 = ¢is)} = 0,
{¢1 sEifi(%s, &i. 5)5, s zs+1|s} =0.
In addition, we have
Dins = B{AL L el @l (1- i)},
Dis = E{ALVF Y el Gl )
Dizs = E{Bl Wisel Gl iqis)-
Dias = E{(1 — ¢i5)Piseis Xy gn 1 (His — Dis) (s — 1)}
Diss = E{(1 — ¢is)Piseise] G| H”s}
Diss = E{(¢1.s — ¢i)(His — Dys) AL ,s\s 115G s s )
Accordingly, it is easy to derive the terms Djs (k = 1,2, ..., 6). Then, the relationship (31) is true.
Substituting (45) into Plgls) s = E{Xl(l)ﬂlsé\?j(}f]ls} it is not difficult to obtain that the following terms are true:
(A0 T AT = AR, A
E{B)w;W/ B} = B)q,, B
{Gi,s+1ls‘91 s€j, sG] s+]|s} = Gis+1)s 57, st s1s
Further, we have

Qijl,s = E{A(] X(] &; ¢T( - (pj,s)}’ 91]25 = E{A Xl(:\s 1‘9] stTs+1|s}

i,s|s—1%j,s ¥ j,s
Dyss = E{BIWisel Gl 1), Dias = B{(1 = ¢1.)®iseise] Gl yys)
ij3,s = s€j,sYjs+1)s ij4,s = Dis i,5€1,5€j sUj 5115
from which we can ea511y obtain that the terms D5 (k =1, 2, 3, 4) are true Then, we can prove (33).
Step 3: Let us present the recursions of the ﬁltermg error covariance P, sls and the cross-covariance PU sls* Subtracting

(24) from x? we get the filtering error for X’ 1_5 ) as follows:

is?
Xx(i\s - A ‘Xt(s\s 1 + B(‘Z)Wi s+ d)isElfi(xs» Si.s) + (1 - ¢i,s)(pi,551,s
+(ois — ¢l)(H1 s —Di, s) 15|5 1 — Ligséis, (46)

thus (34) and (35) can be proved.
Step 4: We are ready to derive the correlation matrices Pfllf) and 73U S‘S From (44) and (46), we can obtain Pfllf) =

IE{X“)XQ) } as follows:

i,s]s“™,s|s
(1,2) (1) S(DT A (2)T (1) T p(2)T (1) T T
Pl ,S|s = E{Xz s|s 1Xz ,S|s— 1A } +]E{Xz s|s— IWI Sst } + E{Xl s|s— lf' (XS’ gI‘S)Ei ¢iv5}
1 1) I It
'HE{ 15\5 18,5¢T( _¢i,s)} {‘X‘l(g‘)s 1/\/1(5\5 1(H15 _st) (dis — ¢1)}
T ST 42T T p(2)T
_E{ xs\s 1 tsLl sls} - IE{GiSlS‘s' s Jsls— 1A } E{GNSS,SWl SBIS }

{Gz sls€i, sf (%s, &i, s)ET(pz s} - {Gi,s|55i,55'T i ( - (pis)}
_E{Gi,slsgi,s ,',5‘5,1(1'11‘,5 - Di,s)T(¢i,s - (}z)} + ]E{Gl sls€i,s€j, SL, s|5}
Then, in light of Assumptions 4-6, we have the following zero-terms:

E{X(]) WT B(Z)T} — 0 ]E{‘)(,(;‘s ]ij(xSa Ei,S)E‘T(pi‘,S} — O

is|s—1""i,s7i,s
E{X,(lﬁs 1)(1(;'5 1(1:115 _Dzs) (¢15 d_)z)} - O ]E{Gl s\sszsf (X51$lS)E ¢ls} -
Further, we have
AT =Pl AP

is|s—1%,s >

¢ls)} = &1451' i,5|5_1(Hi,s - Ei)T(p,‘T (] - ¢z) ,s‘s 1HT ¢,Ts’

zar

lS|S 17%,s|s—1

ﬁﬁ

i, s|s

T (1) T T
zs|s 181 st sls} 73'1 ,S|s— le st ,sls?

=

AT - 2 0 T
i,s|s—1 i,s|s— IA is ai¢iciv5|5(Hi s El) i s\s 1Hl s?
E

Gisis€i, sW B; Z)T} = &'Gi,SISSiT:SBZ,s’
E Gl s\sglle 5|5 ‘1(Hl s Di,s)T(¢i,s - (Z)l)} = &i‘iici,sls(HLs El)( 15|5 1 qals))(l:]i,s - Di,s)Tv

(s
(s
(s
E{Gispseistian AL} = GisHis PV
{ 1Bl
{
E{GissiseisLigs} = Gisis sk gis-
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Consequently, it is readily known that the relationship (362

Similarly, substituting (44) and (46) into P{\;2) = E{ &}, #2}, based on Assumptions 4-6, we have
E{ & WiEL] =0,
E{ z:|)s i (%5, §.5)E] dy.s} = 0,
{Xz(ll)s 1)‘}(;): 1(1:1 - ]S) (¢Js ‘Z’J)} =0
E{Gisseiff’ xs,g,s)E T¢js} =0,
{ 13|sgls s|s I(HJS Dj,s) (Bis — ‘;51')} =0
Further, we get
E{ T B AL | = P A
E{Xz(;)s 1815¢T (1- ¢1'S)} = &f‘pﬂ)ji,slslsﬂ(ﬁf’s - Ef)T(pjT +( ¢1)Pzgls)ls 1HT (DJTS’
E{Xz(ll)s 1 JSLJ SIs} 151s)|s 1HT L] sls?
E{Gusers&ge 1A7S | = GitshisPygs 1A
E{Gigseis Wi B2} = aiGisisSh B
E{Gisistisel @ (1 — )} = &i&,-cis|sq,;f @/ +(1 #)Gi. S|SH, Pis 1HJTSQ>T
+a;iGi sisHi s Pl s (His —EY @,

L

IE{Gi,slsgl s€j sk,

SIs}

Gisis Zij, sL sls®

Thus, (37) can be proved, which completes the proof of this theorem.

A.6. Proof of Lemma 4

G X(I)X(l)T

Proof. Substituting (14) and (45) into pU
(1) (1) .T A0
{A Xlsgjs js+1\s} A E{ j,8|s—1
o(1) (1)T (1)T
IE{(‘l — ¢is)Dis is\s—l‘)c}' sls—lAj,s }
1
E{(l - ¢i,s)D1 s)(,(s‘)s 1€ GJ 5+1|5} = (1
it is not difficult to obtain that (38) is true.
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