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 

Abstract— High order Power-Flow (PF) solution methods are 

techniques with higher convergence rate than the standard Newton-

Raphson (NR). This feature normally provokes that less iterations 

are necessary for achieving the required convergence tolerance. This 

advantage enables important computational savings in realistic large 

scale power systems, since some expensive computations may be 

avoided. This paper develops and analyzes a novel family of multistep 

PF solution techniques. The introduced solution paradigm just 

involves a LU decomposition along other cheap computations each 

iteration. In addition, it is proved that its convergence order is equal 

to the number of steps considered. A comparison with other high 

order PF techniques available in the literature, reveals that the 

introduced paradigm is more efficient when more than three steps 

are taken. Hence, two PF methods with fourth and fifth convergence 

rate are developed and validated in twelve systems under different 

demand conditions. Results prove that the developed PF solution 

methods are able to notably outperform NR and the other high order 

PF solvers proposed in the literature. 

 

Index Terms— Power-Flow analysis, High order methods, 

Computational efficiency, Large realistic power systems. 

I. INTRODUCTION 

PF is a nonlinear problem that plays a key role in power 

systems analysis [1]. Planification purposes, security analysis 

or control, optimal power flow analysis, along with serving as 

starting point for dynamic simulations, are some examples of 

the huge variety of applications of PF in power system analysis. 

The solution of PF problem by NR was firstly proposed in 

[2]. Given the advantage of preserving Jacobian sparsity, NR 

became fully competitive [3]. Although nowadays NR can be 

considered as the most standard PF method, the solution of PF 

equations has attracted huge attention during decades by 

developing different techniques and formulations. Interested 

readers can find comprehensive literature reviews about this 

topic in [4]-[6]. 

NR has quadratic local convergence. An iteration of NR 

involves a LU decomposition along the solution of a linear 

system and a function evaluation. While the solution of the 

linear system and function evaluation do not suppose a 

significant computational cost, the LU decomposition is, by far, 

the heaviest computation involved in the solution of the PF 

problem using NR [7]. Computational cost of a LU 

decomposition is O(𝑛3), being 𝑛 the number of variables 

involved. Consequently, it becomes the most predominant 

aspect in the overall computational performance of NR in large-

scale realistic systems. 

Unlike NR, high order methods have convergence rate 

greater than two. Hence, this kind of techniques are usually able 

to save some iterations in comparison with NR. Thus, high 

order techniques might reduce the computational cost of a PF 

calculation by saving some calculations. It is worth mentioning 

that this sentence is only true if the considered method does not 

involve heavy calculations. Since NR is widely considered as 

the most standard PF solver, any other methodology which just 

requires a matrix factorization each iteration should be 

considered efficient enough, in the sense that it presents similar 

computational burden in comparison with NR. 

To the best of our knowledge, only references [8], [9] have 

studied the application of high order methods to PF analysis. In 

[8], several high order methods previously developed in [10]-

[12], were applied to PF analysis. On the other hand, the 

nonlinear solver proposed in [13], was adapted to systems of 𝑛 

nonlinear equations and applied to solve the PF problem in [9]. 

Table I summarizes the main computations involved each 

iteration of the referenced methods. From this table, it can be 

concluded that only the Darvishi’s 3rd order and the Predictor-

Corrector can be considered efficient. Moreover, the Jarrat’s 4th 

order method implies the solution of a matrix system, which has 

a cost O(𝑛3𝑛). 
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TABLE I 
MAIN COMPUTATIONS OF DIFFERENT HIGH ORDER PF SOLUTION METHODS 

Method 
Convergence 

order 

Functions 

evaluations 

LU 

decompositions 

Linear systems 

solved 

Matrix 

systems solved 

Darvishi’s 3rd order [8], [10] 3 2 1 2 0 

Jarrat’s 4th order [8], [11] 4 1 2 1 1 
Sharma’s 5th order [8], [12] 5 2 2 2 0 

Predictor-Corrector [9], [13] 1 + √2 1 1 1 0 

 

Therefore, developing efficient high order PF solution 

methods may still be a hot topic and needs further research. In 

this paper, we address this issue by developing a novel family 

of multistep PF solution methods. It is demonstrated that the 

developed paradigm achieves 𝑁𝑡ℎ order of convergence (where 

𝑁 is the total number of steps considered). In addition, only one 

LU decomposition along with 𝑁 − 1 linear system solutions 

and function evaluations, are required each iteration. Thus, the 

developed approach can be considered efficient. Different PF 

solution techniques for 𝑁 = 4 and 𝑁 = 5 are compared with 

NR and the high order methods [8], [9], using twelve systems 

under different demand scenarios. 

Remainder of this paper is organized as follows. The novel 

family of PF solution methods is introduced in Section II. 

Convergence analysis of the developed PF solution paradigm is 

carried out in Section III. The developed paradigm is compared 

with other PF solvers from a computational efficient 

perspective in Section IV. In Section V, numerical results with 

discussion are presented. Finally, the paper is concluded in 

Section VI. 

II. DEVELOPED FAMILY OF PF SOLUTION METHODS 

A. Brief description of the PF problem and its solution using 

NR 

Typically, the PF formulation in polar coordinates is 

preferred, due to the size of the system is reduced compared 

with the rectangular form [14]. In this case, the PF problem can 

be formulated as a set of 𝑛 nonlinear equations as follows: 

 

𝐠(𝒙) = 𝟎 (1) 

 

where, 𝒙 ∈ ℝ𝑛 is the vector of unknowns and 𝒈:ℝ𝑛 ↦ ℝ𝑛 are 

nonlinear, smooth equations defining the active and reactive 

power balance at network buses (see Appendix A for details).  

NR supposes the most standard technique for solving the PF 

equations (1). This method proceeds for a generic 𝑘𝑡ℎ iteration 

as follows: 

 

𝒙(𝑘+1) = 𝒙(𝑘) − [𝐠′(𝒙(𝑘))]
−1
𝐠(𝒙(𝑘)) (2) 

 

where, 𝐠′(𝒙) = ∇𝒙
𝑇𝐠(𝒙) ∈ ℝ𝑛×𝑛 is the Jacobian matrix 

associated with (1). Typically, the algorithm stops when the 

maximum mismatch is lower than a given convergence 

tolerance 𝜀 ∈ ℝ+. This condition can be expressed as follows: 

 

‖𝐠(𝒙)‖∞ ≤ 𝜀 (3) 

 

where ‖∙‖∞ is the infinity norm. 

B. Developed multistep PF solution paradigm 

The novel family of multistep high order PF solution 

methods is obtained on the basis of the following result [15], 

[16]. 

 

Theorem 1. Let 𝐟𝟏(𝒙) and 𝐟𝟐(𝒙) be fixed point functions of the 

nonlinear equation 𝐠(𝒙) = 𝟎. Let the iterative methods 

𝒙(𝑘+1) = 𝐟𝟏(𝒙) and 𝒙(𝑘+1) = 𝐟𝟐(𝒙) be of order 𝑝1 and 𝑝2, 

respectively. Then, the convergence order of the iterative 

method corresponding to the fixed point function 𝐟 =
𝐟𝟏(𝐟𝟐(𝒙) ) is 𝑝1𝑝2 

 

A direct application of this theorem yields to nest two NR 

algorithms (2). Thus, it would be obtained a fourth order 

method. However, this technique would require two LU 

decompositions each iteration. Consequently, it would not be 

efficient. Alternatively, Jacobian matrix may be taken fixed 

and, therefore, LU decomposition can be reused several steps. 

This is the basis of multistep (or multipoint) methods [10]. 

Obtained algorithm generally presents lower convergence order 

than 𝑝1𝑝2, however, this is normally offset by a high degree of 

efficiency. 

On the basis of this idea, we develop a family of PF solution 

methods of the form: 

 

𝒙(𝑘) = 𝒚1
(𝑘)

 (4a) 

𝒚𝑖
(𝑘)
=

1

𝑖−1
∑ 𝒚𝑗

(𝑘)𝑖−1
𝑗=1 − 𝑖[𝐠′(𝒙(𝑘))]

−1
𝐠 (

1

𝑖−1
∑ 𝒚𝑗

(𝑘)𝑖−1
𝑗=1 ) , for 𝑖 =

2,3… ,𝑁 (4b) 

𝒙(𝑘+1) =
1

𝑁
∑ 𝒚𝑗

(𝑘)𝑁
𝑗=1  (4c) 

 

Table II presents the main computations involved in an 

iteration of the algorithm (4). As can be seen, this technique can 

be considered efficient. Also, it is worth mentioning that some 

computations can be avoided, for example, it should be 

observed that: 

 

∑ 𝒚𝑗
(𝑘)𝑖−1

𝑗=1 = 𝒚𝑖−1
(𝑘)
+ ∑ 𝒚𝑗

(𝑘)𝑖−2
𝑗=1  (5) 

 

The second term of the right hand side of (5) may be reused 

from the previous step (𝑖 − 1). For the sake of completeness, 

Fig. 1 shows the flowchart of the developed methodology for 

solving the PF equations (1). 
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TABLE II 
MAIN COMPUTATIONS OF THE DEVELOPED FAMILY OF PF SOLUTION METHODS 

Computation 

Nº of 

computations 

per iteration 

Functions ev. 𝑁 − 1 
LU decomp. 1 

Linear syst. solv. 𝑁 − 1 
Matrix syst. solv. 0 

 

 
Fig. 1. Flowchart of the developed PF solution paradigm. 

  

III. CONVERGENCE ANALYSIS OF THE NOVEL FAMILY OF PF 

SOLUTION METHODS 

In this section, we demonstrate that the developed multistep 

PF solution paradigm, can achieve 𝑁 order of convergence. 

 

Theorem 2. Let 𝐠: D ⊆ ℝ𝑛 ↦ ℝ𝑛 be sufficiently differentiable 

at each point of an open neighborhood 𝐷 of 𝒓 ∈ ℝ𝑛, this is a 

solution of the system 𝐠(𝒙) = 𝟎. Let us suppose that 𝐠(𝒙) is 

continuous and nonsingular in 𝒙. Then, the sequence {𝒙(𝑘)}
𝑘≥0

 

obtained using the developed PF solution algorithm (4) 

converges to 𝒓 with order 𝑁. 

 

Proof. From Taylor expansion of 𝒈(𝒚𝟏
(𝑘)
) and 𝒈′(𝒚𝟏

(𝑘)
) about 𝒓 

we have: 

 

𝐠(𝒚𝟏
(𝑘)
) ≈ 𝐠′(𝒓) [𝒆𝟏

(𝑘)
+ 𝑪𝟐𝒆𝟏

(𝑘)2
+ 𝑪𝟑𝒆𝟏

(𝑘)3
+ 𝑪𝟒𝒆𝟏

(𝑘)4
] +

𝐎 (𝒆𝟏
(𝑘)5
) (6) 

𝐠′(𝒚𝟏
(𝑘)
) = 𝐠′(𝒓) [𝑰 + 2𝑪𝟐𝒆𝟏

(𝑘)
+ 3𝑪𝟑𝒆𝟏

(𝑘)2
+ 4𝑪𝟒𝒆𝟏

(𝑘)3
] +

𝑶 (𝒆𝟏
(𝑘)4
) (7) 

 

where, 𝑪𝒋 = (1 𝑗!⁄ )[𝐠′(𝒓)]−1𝐠(𝑗)(𝒓) ∈ ℝ𝑛×𝑛, 𝑗 = 2,3, …, and 

𝒆𝟏 = 𝒚𝟏 − 𝒓 ∈ ℝ
𝑛 

Inversion of (7) yields (see [16]): 

 

[𝐠′(𝒚𝟏
(𝑘)
)]
−1
= [𝑰 − 2𝑪𝟐𝒆𝟏

(𝑘)
+ (4𝑪𝟐 −

3𝑪𝟑)𝒆𝟏
(𝑘)2
] [𝐠′(𝒓)]−1 + 𝑶(𝒆𝟏

(𝑘)3
) (8) 

 

where, 𝑰 ∈ ℝ𝑛×𝑛 is the identity matrix. Now, taking 𝑖 = 2 we 

have: 

 

𝒚𝟐
(𝑘)
− 𝒓 = 𝒚𝟏

(𝑘) − 2[𝐠′(𝒚𝟏
(𝑘))]

−1
𝐠(𝒚𝟏

(𝑘)) − 𝒓 = −𝒆𝟏
(𝑘) +

2𝑪𝟐𝒆𝟏
(𝑘)2 − 4(𝑪𝟐

2 − 𝑪𝟑)𝒆𝟏
(𝑘)3 − 2(−4𝑪𝟐

3 + 7𝑪𝟐𝑪𝟑 −

3𝑪𝟒)𝒆𝟏
(𝑘)4 − 2(−8𝑪𝟐

4 + 16𝑪𝟐
2𝑪𝟑 − 6𝑪𝟐𝑪𝟒 − 3𝑪𝟑

2)𝒆𝟏
(𝑘)5 +

𝐎(𝒆𝟏
(𝑘)6) (9) 

 

At this point we can write: 

 
1

2
∑ 𝒚𝑗

(𝑘)2
𝑗=1 − 𝒓⏟        

𝒆𝟐
(𝑘)

= 𝑪𝟐𝒆𝟏
(𝑘)2 − 2(𝑪𝟐

2 − 𝑪𝟑)𝒆𝟏
(𝑘)3 − (−4𝑪𝟐

3 +

7𝑪𝟐𝑪𝟑 − 3𝑪𝟒)𝒆𝟏
(𝑘)4 − (−8𝑪𝟐

4 + 16𝑪𝟐
2𝑪𝟑 − 6𝑪𝟐𝑪𝟒 −

3𝑪𝟑
2)𝒆𝟏

(𝑘)5 +𝐎(𝒆𝟏
(𝑘)6) (10) 

𝐠 (
1

2
∑ 𝒚𝑗

(𝑘)2
𝑗=1 ) ≈ 𝐠′(𝒓) [𝒆𝟐

(𝑘)
+ 𝑪𝟐𝒆𝟐

(𝑘)2
+ 𝑪𝟑𝒆𝟐

(𝑘)3
+

𝑪𝟒𝒆𝟐
(𝑘)4
] + 𝐎 (𝒆𝟐

(𝑘)5
) (11) 

 

Now, for 𝑖 = 3 we have: 

 

𝒚𝟑
(𝑘)
− 𝒓 =

1

2
∑ 𝒚𝑗

(𝑘)2
𝑗=1 − 3[𝐠′(𝒚𝟏

(𝑘))]
−1
𝐠 (

1

2
∑ 𝒚𝑗

(𝑘)2
𝑗=1 ) − 𝒓 =

−2𝑪𝟐𝒆𝟏
(𝑘)2 + 2(5𝑪𝟐

2 − 2𝑪𝟑)𝒆𝟏
(𝑘)3 − (−35𝑪𝟐

3 + 35𝑪𝟐𝑪𝟑 −

6𝑪𝟒)𝒆𝟏
(𝑘)4 + (74𝑪𝟐

4 − 100𝑪𝟐
2𝑪𝟑 + 18𝑪𝟐𝑪𝟒 + 12𝑪𝟑

2)𝒆𝟏
(𝑘)5 +

𝐎(𝒆𝟏
(𝑘)6) (12) 

1

3
∑ 𝒚𝑗

(𝑘)3
𝑗=1 − 𝒓⏟        

𝒆𝟑
(𝑘)

= 2𝑪𝟐
2𝒆𝟏
(𝑘)3 + (−9𝑪𝟐

3 + 7𝑪𝟐𝑪𝟑)𝒆𝟏
(𝑘)4 +

(30𝑪𝟐
4 − 44𝑪𝟐

2𝑪𝟑 + 10𝑪𝟐𝑪𝟒 + 6𝑪𝟑
2)𝒆𝟏

(𝑘)5
+ 𝐎(𝒆𝟏

(𝑘)6) (13) 

 

Repeating for 𝑖 = 4 and 𝑖 = 5, one can check that: 

 

𝒆𝟒
(𝑘)
= 4𝑪𝟐

3𝒆𝟏
(𝑘)4 + 𝐎(𝒆𝟏

(𝑘)5) (14) 

𝒆𝟓
(𝑘)
= 8𝑪𝟐

4𝒆𝟏
(𝑘)5 + 𝐎(𝒆𝟏

(𝑘)6) (15) 

 

Thus, we can deduce for a generic 𝑁 

 

𝒆𝑵
(𝑘)
= 𝒆𝟏

(𝑘+1)
= 2𝑁−2𝑪𝟐

𝑁−1𝒆𝟏
(𝑘)𝑁 + 𝐎(𝒆𝟏

(𝑘)𝑁+1) (16) 

 

Therefore, from (16) we can observe that the developed PF 

solution paradigm (4) converges with order 𝑁, and the proof is 

completed. □ 

IV. COMPARISON WITH OTHER HIGH ORDER PF SOLUTION 

METHODS 

Other high order PF solution methods have been proposed in 

[8], [9]. In this section, a comparison of these methodologies 

with the developed PF solution paradigm is addressed. To do 

that, we can use the following efficiency index [17]: 

 

𝐹𝐸𝐼 = 𝑝
1
𝐶𝑂⁄  (17) 

 

(0)

Initialization

, 2, 0N k x

Update and factorize 

the Jacobian matrix

( ) ( )

1

Take
k kx y

2i 

Solve (4b)

i N

1i i 

Update the state 

vector using (4c)

Converge (3)STOP

1k k 

YES

YES

NO

NO
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where, 𝑝 ∈ ℝ+ is the order of convergence and 𝐶𝑂 stands for 

the total computational cost of an iteration in terms of flops. In 

this regard, the following theorem is generally used to estimate 

the cost of a LU decomposition [16]. 

 

Theorem 2. The number of products and quotients required for 

solving 𝑞 linear systems of equations with the same matrix of 

coefficients, using LU factorization, is: 

 

𝑜(𝑛, 𝑞) =
1

3
𝑛3 + 𝑞𝑛2 −

1

3
𝑛 (18) 

 

It is also suitable to take into account the computational cost 

of each function evaluation 𝑜(𝐠) and Jacobian evaluation 𝑜(𝐠′), 
hence, the total computational cost of an iteration can be 

estimated as follows: 

 

𝐶𝑂 = 𝑜(𝐠) + 𝑜(𝐠′) + 𝑜(𝑛, 𝑞) (19) 

 

Theorem 3. For the developed PF solution methods, we have 

𝐹𝐸𝐼 = 𝑁

1
1

3
𝑛3+𝑁𝑛2+

3𝑁−4

3
𝑛⁄

 

 

Proof. The developed PF solution paradigm requires 𝑁 − 1 

function evaluations along a Jacobian factorization each 

iteration. In addition, it requires to solve 𝑁 − 1 linear systems 

using the same LU decomposition, consequently: 𝐶𝑂 =

(𝑁 − 1)𝑛 + 𝑛2 +
1

3
𝑛3 + (𝑁 − 1)𝑛2 −

1

3
𝑛 =

1

3
𝑛3 + 𝑁𝑛2 +

3𝑁−4

3
𝑛 □ 

 

Fig. 2 shows the value of (17) for various values of 𝑁 along 

with the value of this index for the standard NR and the other 

high order methods considered in [8], [9]. As can be seen, the 

Darvishi’s 3rd order method and the developed paradigm with 

𝑁 = 3 shows the same computational cost. Superiority of the 

developed paradigm with respect to the other methods is 

achieved for 𝑁 > 3. Nevertheless, it can be seen that the 

computational efficiency is not significantly enhanced for 𝑁 >
5. For those reasons, we have limited the analysis to 𝑁 = 4 and 

𝑁 = 5. For these values, the developed method achieves fourth 

and fifth convergence rate, respectively. 

V. NUMERICAL RESULTS 

In this section, the developed PF solution paradigm is 

validated using twelve test systems. 

A. Studied Systems 

For numerical experiments, we have considered various 

systems available at MATPOWER’s database [18]-[21]. Table 

III reports the studied systems along with their assigned number 

and main characteristics. 

Certainly, System #1 cannot be considered a large realistic 

system. However, it is a standard IEEE system which is well-

known and widely reported. Thus, it has been included in order 

to fully validate the developed methods. 

 
Fig. 2 Efficiency index (17) for various PF solution methods. 

 

B. Considered PF methods 

In order to validate the developed PF solution paradigm, 

various high order techniques along with the standard NR have 

been considered. Table IV reports the studied PF methods along 

the nomenclature considered. 

All considered PF methods have been coded in 

MATPOWER v7.0 [18] following the guidelines provided in 

their references. In all cases, a flat start has been taken and 𝜀 =
10−6 has been imposed as convergence criterion. 

C. Comparison of the number of iterations 

Firstly, the considered PF methods have been compared in 

terms of total number of iterations. In this regard, the highest 

convergence rate should be reflected in the fastest convergence. 

Table V reports the total number of iterations employed by the 

considered PF methods in the studied systems at base case 

scenario. 4N always converged earlier than NR, PC and 4J. It 

frequently converged in less iterations than 3D. As expected, 

4N occasionally required an extra iteration compared with 5S. 

On the other hand, 5N always converged in less iterations than 

NR, PC, and 4J. In addition, it occasionally converged earlier 

than 3D and 5S. It is worth mentioning that 3D diverged in the 

Systems #6 and #12. 

It is observed that 4J occasionally needed more iterations 

than 3D, which is intriguing since 4J presents higher 

convergence rate than 3D. This is due to the strong local 

convergence of 4J. The System #8 serves to illustrate that. Fig. 

3 plots the convergence characteristics of different methods in 

this system. From this figure, it can be observed that 4J 

performs similarly to PC at the beginning of the procedure. In 

other words, 4J badly performs far away from the solution. In 

this case, 5S also presents local convergence since its 

convergence properties are deteriorated when it evolves far 

away from the solution. This explains why 5N occasionally 

converged earlier than 5S (oppositely, in other scenarios 5S 

outperforms 5N as it will be discussed later).
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TABLE III 
STUDIED TEST SYSTEMS 

Syst. 

No. 
Name 

Buses  Branches Generators Load 
𝑛 

MW MVar 

#1 case57 57 80 7 1250.8 336.4 106 

#2 case_ACTIVSg500 500 597 90 7750.7 2066.8 943 
#3 case1354pegase 1354 1991 260 73059.7 13401.4 2447 

#4 case_ACTIVSg2000 2000 3206 544 67109.2 19014.3 3607 

#5 case2383wp 2383 2896 327 24558.4 8143.9 4438 
#6 case2736sp 2736 3504 420 18074.5 5339.5 5237 

#7 case2737sop 2737 3506 399 11267.2 3953.2 5280 

#8 case2746wop 2746 3514 514 18962.1 5534.5 5141 
#9 case2746wp 2746 3514 520 24873 7146.5 5127 

#10 case2869pegase 2869 4582 510 132437.3 29007.8 5227 

#11 case3120sp 3120 3693 505 21181.5 8723.2 5991 
#12 case9241pegase 9241 16049 1.445 312354.1 73581.6 17036 

 
TABLE IV 

CONSIDERED PF SOLUTION METHODS 
Nom. Method Ref. 

NR Standard NR [2] 

PC Predictor-Corrector [9] 
3D Darvishi’s 3rd order [8] 

4J Jarrat’s 4th order [8] 

5S Sharma’s 5th order [8] 

4N Developed 𝑁 = 4 Present 

5N Developed 𝑁 = 5 Present 

 
TABLE V 

COMPARISON OF THE TOTAL NUMBER OF ITERATIONS AT BASE CASE SCENARIO 
No. NR PC 3D 4J 5S 4N 5N 

#1 4 3 3 3 2 2 2 

#2 4 3 3 3 2 2 2 

#3 5 4 3 4 2 3 2 
#4 5 4 3 4 2 3 2 

#5 4 4 3 4 2 2 2 

#6 6 5 * 5 3 3 3 
#7 5 4 4 4 2 3 2 

#8 6 5 4 5 3 3 2 

#9 6 5 4 5 3 3 2 
#10 5 4 3 4 2 3 2 

#11 5 5 4 5 2 3 2 

#12 6 5 * 5 3 3 3 

* Diverged 

 
Fig. 3 Convergence characteristics of System #8 (case2746wop) at base case 

scenario. 
 

The performance of tested PF methods with reactive limits 

has been also analysed. In that sense, the strategy described in 

[22] has been used for considering the generators’ reactive 

limits. Table VI reports the total number of iterations of the 

studied methods at this scenario. In this case, similar 

conclusions as for the base case scenario can be extracted. 

Next, let us examine how the loading level affects the 

convergence features of different PF methods. To do that, let us 

increase the active and reactive power injected at PQ buses and 

the active power injected at PV buses by multiplying them by a 

real factor namely loading level (𝜆). Fig. 4 shows the iteration 

counters at different loading levels. As expected, the 

convergence becomes slow as the loading level grows. In this 

case, as in the base case scenario, the highest convergence rate 

typically implies the lowest iteration counter, thus, 5S, 4N and 

5N usually converged in less iterations than remainder methods. 

As expected, 5S and 5N sometimes saved an iteration in 

comparison with 4N, especially for high loading levels. Finally, 

5N eventually outperformed 5S in the Systems #6, #7, #8, #9, 

#11 and #12 while the later occasionally offered the best 

performance in the Systems #1, #2 and #5. Nevertheless, these 

two techniques typically performed similarly since they present 

same convergence order. 
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Fig. 4 Total Number of Iterations for different loading levels 

 

 

Regarding high loading conditions, the so-called limit load 

case is especially relevant since it supposes the most demand 

scenario. To represent this case, let us increase 𝜆 in steps of 

0.0001 pu until all considered methods diverge. Then, the 

immediately lower loading level is taken, e.g., in System #10, 

𝜆 = 1.1418 pu since 𝜆 = 1.1419 pu gives rise the divergence. 

Loading levels considered at limit load scenario are reported in 

Appendix B (Table XII). The total number of iterations at limit 

loading scenario is reported in Table VII. As can be seen, 4N 

and 5N required less iterations than NR, PC, 3D and 4J in all 

tested systems. On the other hand, 5S typically converged 

earlier than 4N. 

It is observed that 5S occasionally outperformed 5N with 

reactive limits enforcement and heavy loading conditions. Let 

us deeply analyze the System #3 in order to study this behavior. 

Fig. 5 plots the convergence pattern of both 5S and 5N in this 

system at limit load scenario. As can be seen, both methods 

performed with approximately quadratic convergence until 

fourth iteration. After that, convergence is accelerated (it is 

observed that 5N achieves fifth convergence rate at fifth 

iteration). In this case, 5S performed slightly better than 5N 

after fourth iteration, which allows reaching the required 

convergence tolerance earlier. This particular behavior is 

characteristic of local convergence, in other words, 

convergence features are only achieved in the vicinity of the 

solution. This pattern is observed in most of iterative methods 

(also for NR). Reader can also check that convergence behavior 

is strongly case dependent, for example, at base case scenario 

5N occasionally required less iterations than 5S (see Fig. 3). 

Further analysis of convergence behavior of the developed 

techniques is out of scope of this work. Interested readers can 
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find a deep analysis about the convergence of the iterative 

nonlinear solvers in [23] and references therein. 
TABLE VI 

COMPARISON OF THE TOTAL NUMBER OF ITERATIONS WITH REACTIVE LIMITS  
No. NR PC 3D 4J 5S 4N 5N 

#1 4 3 3 3 2 2 2 

#2 9 8 6 8 5 5 5 
#3 10 9 7 9 5 6 5 

#4 13 12 8 12 7 8 7 

#5 13 12 10 12 7 8 7 
#6 11 10 * 10 6 6 6 

#7 11 10 7 10 5 6 5 

#8 16 15 11 15 9 10 8 
#9 15 13 10 13 7 8 6 

#10 12 10 8 11 5 7 6 

#11 13 13 11 13 7 8 7 
#12 13 12 * 12 7 7 7 

* Diverged 

TABLE VII 

COMPARISON OF THE TOTAL NUMBER OF ITERATIONS AT LIMIT LOAD 

SCENARIO 
No. NR PC 3D 4J 5S 4N 5N 

#1 9 8 7 7 5 6 5 

#2 10 9 8 8 5 6 6 

#3 11 9 8 8 5 6 6 
#4 9 7 6 7 4 5 4 

#5 10 8 7 7 5 6 5 

#6 12 9 8 9 6 6 6 
#7 11 9 8 9 5 6 6 

#8 11 9 8 9 5 6 5 

#9 12 9 8 9 5 6 5 
#10 9 8 7 7 5 5 5 

#11 12 9 8 9 6 6 6 

#12 10 8 7 8 5 5 5 

 

 
Fig. 5 Convergence characteristics of 5S and 5N in the System #3 

(case1354pegase) at limit load scenario. 

 

D. Comparison of the execution time 

The total computational time is one of the most relevant 

indicators for comparing PF methods, due to its importance for 

online industry tools. Nevertheless, it can be difficult to 

measure due to it strongly depends on the coding language, 

machine used, parallel computational activities, etc. In this 

regard, all simulations have been run under Windows 10 on a 

3.4 GHz Intel Core i7-8750H CPU 2.2 GHz personal laptop 

(16.00 GB RAM). In addition, the reported results have been 

obtained as the mean value of 5000 simulations, in order to 

minimize the influence of other computational activities. 

Table VIII reports the execution time of the different 

considered PF methods at base case scenario. Typically, 4N 

outperformed NR, PC, 3D, 4J and 5S. Only in those infrequent 

cases where 3D and 4N employed the same number of iterations 

(Systems #3, #4 and #10), the former was more efficient. 4N 

was also more efficient than 5N in the Systems #1, #2, #5 and 

#6 while 5N was the winner in the remainder systems. 

Comparison of the execution time in case of considering the 

reactive limits and at limit load scenario are reported in Tables 

IX and X, respectively. With reactive limits, 4N was the most 

efficient methodology in the Systems #1, #2, #6 and #12, while 

5N was the winner in the remainder Systems. As at base case 

scenario, 3D diverged in the Systems #6 and #12. With limit 

load conditions, 4N was the most efficient method in the 

Systems #2, #3, #6, #7, #10, #11 and #12, while the developed 

5N outperformed the other considered methods in the 

remainder systems. 

Fig. 6 shows the computation time of an iteration of different 

PF methods at limit load scenario. Clearly, NR, PC, 3D, 4N and 

5N present the most efficient behaviour since they need a LU 

decomposition each iteration. Oppositely, an iteration of 4J is 

much heavier due to it needs to solve a matrix system. In the 

case of 5S, it is computationally more expensive due to it 

requires two matrix factorizations each iteration. From Fig. 6, 

it is also observed that an iteration of 4N is heavier than that of 

NR, PC and 3D. This is due to 4N requires to solve three linear 

systems along with three function evaluations, while NR only 

needs to solve a linear system and a function evaluation. On the 

other hand, PC and 3D require to solve two linear systems. PC 

also needs a function evaluation while 3D computes two 

function evaluations. For the same reasons, an iteration of 5N 

is heavier than that of 4N, since the former requires to solve 

four linear systems and four function evaluations.  

 
Fig. 6 Comparison of the iteration time at limit load scenario. 

 

Due to NR is frequently considered as the standard PF 

solution method, it is interesting observe the computational 

saving offered by the developed PF methods with respect this 

technique. In this regard, Fig. 7 shows the speedup ratio of the 

developed PF methods compared with NR. As can be noted, the 

developed methods are able to notably outperform NR in all 

studied systems. Superiority is typically more remarkable with 

5N, in large scale systems and at limit load scenario. It is worth 

mentioning that the developed methods are able to improve 

more than twice the computational time offered by NR in some 

cases. 
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Fig. 7 Speedup ratio of the developed PF methods with respect to NR 

 

E. Influence of the R/X ratio 

A system’s R/X ratio may affect the performance of a PF 

method [9]. Normally, more iterations or instability are 

experienced when the overall R/X ratio is increased. Table XI 

reports the total number of iterations required by the developed 

4N and 5N for solving the studied systems at different R/X 

ratios. A comparison with the base case scenario (Table V) is 

also reported. As can be checked, the developed PF methods are 

barely affected by the R/X ratio, since they only required an 

extra iteration in a few cases compared with the base case 

scenario. 

VI. CONCLUSIONS AND FUTURE WORKS 

In this paper, a novel family of multistep PF methods have 

been developed. The introduced solution paradigm is able to 

reach 𝑁𝑡ℎ order of convergence, where 𝑁 is the total number of 

steps considered. In addition, the introduced paradigm can be 

considered efficient as only one LU factorization is required 

each iteration. 

 The developed solution paradigm has been compared with 

the standard NR and the other high order PF methods 

considered in the literature, using a well-known efficiency 

index. Superiority of the developed paradigm for 𝑁 ≥ 4 with 

have been proved.  

The developed solution paradigm has been validated for 𝑁 =
4 (4N) and 𝑁 = 5 (5N) using twelve test systems under 

different demand scenarios. Results exhibited by the developed 

4N and 5N were very promising and competitive. 

Future works should study the applicability of the introduced 

solution paradigm in other related problems such as 

Continuation Power-Flow [24] or contingency analysis [25]. 

 

 

 

 

 

TABLE VIII 

COMPARISON OF THE EXECUTION TIME [ms] AT BASE CASE SCENARIO 
No. NR PC 3D 4J 5S 4N 5N 

#1 7.8 6.9 7.1 33.2 8.6 5.5 5.8 
#2 14.1 12.2 13.1 229.1 14.0 9.3 9.8 

#3 43.2 35.9 29.2 3069.2 35.3 29.6 22.6 

#4 84.5 71.5 57.3 7635.0 71.0 58.4 42.8 
#5 60.3 61.9 51.5 10432.0 61.2 38.0 39.6 

#6 109.2 93.3 -- 17871.0 110.1 63.4 64.1 
#7 92.8 77.0 83.4 14639.0 76.8 64.5 48.3 

#8 108.0 93.0 80.6 17309.0 109.0 63.7 47.4 

#9 98.7 85.4 77.6 17189.0 102.1 60.9 45.3 
#10 99.2 82.2 69.0 20385.0 83.0 71.5 52.0 

#11 100.6 103.4 93.6 22779.0 84.9 72.4 52.6 

#12 400.2 341.5 -- 351530.0 416.0 241.4 247.6 

 

TABLE IX 
COMPARISON OF THE EXECUTION TIME [ms] WITH REACTIVE LIMITS 

No. NR PC 3D 4J 5S 4N 5N 

#1 7.8 6.9 7.1 33.2 8.6 5.5 5.8 

#2 33.5 31.9 26.4 628.7 34.2 25.3 25.8 

#3 86.9 81.4 68.2 6822.6 86.6 62.2 54.6 
#4 228.0 221.6 158.6 24492.0 251.3 161.4 155.5 

#5 207.5 198.4 176.5 33390.0 223.5 154.3 143.0 

#6 205.6 194.2 -- 36470.0 228.6 138.3 142.8 
#7 208.2 195.5 151.0 37273.0 192.7 139.3 125.3 

#8 294.9 286.1 234.5 55062.0 330.5 222.3 190.0 

#9 278.5 249.5 209.5 46215.0 261.3 182.5 147.5 
#10 247.8 219.3 183.8 55657.0 209.5 172.4 156.1 

#11 273.6 283.0 258.3 60904.0 296.0 203.8 187.0 

#12 901.0 841.9 -- 866720.0 963.1 560.7 593.8 
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TABLE X 
COMPARISON OF THE EXECUTION TIME [ms] AT LIMIT LOAD SCENARIO 

No. NR PC 3D 4J 5S 4N 5N 

#1 18.0 18.4 18.2 77.7 21.5 17.4 16.0 

#2 31.0 29.7 30.4 566.4 33.2 24.6 25.8 

#3 91.0 78.3 71.5 6000.0 84.4 56.0 58.5 
#4 157.1 128.0 115.0 13264.0 143.5 97.0 86.4 

#5 141.5 116.8 109.2 17812.0 140.8 96.0 83.0 

#6 212.0 164.7 154.8 31024.0 211.2 121.0 127.1 
#7 196.7 165.3 156.4 32229.0 180.3 121.8 127.5 

#8 193.6 162.3 154.1 30242.0 176.5 119.8 106.0 

#9 196.7 152.2 144.4 30136.0 165.6 113.0 100.9 
#10 177.6 160.7 148.7 35546.0 194.2 114.2 116.2 

#11 239.8 185.2 173.5 40635.0 236.3 136.5 142.0 

#12 680.0 552.6 487.0 574000.0 661.4 371.7 387.0 

TABLE XI 
ITERATION NUMBERS WITH HIGH R/X RATIOS 

No. 

Resistances increased 

by 20% 

Impedances reduced by 

20% 

4N 5N 4N 5N 

#1 2 (+0) 2 (+0) 2 (+0) 2 (+0) 
#2 2 (+0) 2 (+0) 2 (+0) 2 (+0) 

#3 3 (+0) 2 (+0) 3 (+0) 2 (+0) 

#4 3 (+0) 2 (+0) 3 (+0) 2 (+0) 
#5 2 (+0) 2 (+0) 2 (+0) 2 (+0) 

#6 4 (+1) 3 (+0) 4 (+1) 3 (+0) 
#7 3 (+0) 2 (+0) 3 (+0) 2 (+0) 

#8 3 (+0) 3 (+1) 3 (+0) 3 (+1) 
#9 3 (+0) 3 (+1) 3 (+0) 3 (+1) 

#10 3 (+0) 2 (+0) 3 (+0) 2 (+0) 

#11 3 (+0) 2 (+0) 3 (+0) 2 (+0) 

#12 4 (+1) 3 (+0) 3 (+0) 3 (+0) 

In parenthesis is reported a comparison with respect the 

base case scenario (Table IV) 
 

 

APPENDIX A: PF FORMULATION IN POLAR COORDINATES 

 

The polar form of PF equations is typically preferred since 

size of the system is reduced relative to the rectangular form 

[14]. In this case, voltage angles at PV and PQ buses, along 

voltage magnitudes at PQ buses form the state vector as: 

 

𝒙 = [𝜹𝑷𝑽|𝜹𝑷𝑸|𝑽𝑷𝑸]
𝑇
 (20) 

 

where, 𝜹𝑷𝑽 ∈ ℝ
𝑛𝑔 is the vector of voltage angles at PV buses, 

𝜹𝑷𝑸 ∈ ℝ
𝑛𝑔 is the vector of voltage angles at PQ buses and 

𝑽𝑷𝑸 ∈ ℝ
𝑛𝑙 is the vector of voltage angles at PQ buses. On the 

other hand, 𝑛𝑔 ∈ ℕ and 𝑛𝑙 ∈ ℕ represent the total number of 

PV and PQ buses, respectively. 

The nonlinear relationships between the power nodal 

injections and nodal voltages are given by [26]: 

 

𝐠(𝒙) = {
𝐠𝑷, For all buses
𝐠𝑸, For PV buses

 (21) 

𝑔𝑃𝑖 = 𝑃𝑖
𝑠𝑐ℎ − ∑ |𝑉𝑖|

𝑛𝑙+𝑛𝑔
𝑗=1

|𝑉𝑗||𝑌𝑖𝑗| cos(𝜃𝑖𝑗 − 𝛿𝑖 + 𝛿𝑗) (22) 

𝑔𝑄𝑖 = 𝑄𝑖
𝑠𝑐ℎ − ∑ |𝑉𝑖|

𝑛𝑙
𝑗=1 |𝑉𝑗||𝑌𝑖𝑗| sin(𝜃𝑖𝑗 − 𝛿𝑖 + 𝛿𝑗) (23) 

 

where, 𝑃𝑖
𝑠𝑐ℎ ∈ ℝ and 𝑄𝑖

𝑠𝑐ℎ ∈ ℝ are the active and reactive 

power injected at 𝑖𝑡ℎ bus, respectively. 𝑉𝑖∠𝛿𝑖 ∈ ℂ is the 

complex voltage at 𝑖𝑡ℎ bus. 𝑌𝑖𝑗∠𝜃𝑖𝑗 ∈ ℂ is the 𝑖𝑗𝑡ℎ element of 

the admittance matrix. 𝑛𝑙 ∈ ℕ is the total number of PQ buses 

and 𝑛𝑔 ∈ ℕ is the total number of PV buses. 

APPENDIX B: LIMIT LOADING LEVELS 

In this paper, the studied systems have been studied at base 

case and limit loading conditions. Furthermore, the loading 

level of the system has been modified using the following 

expressions: 

 

𝑃𝑖
𝑠𝑐ℎ = 𝜆𝑃𝑖

𝑠𝑐ℎ       for PQ and PV buses (24) 

𝑄𝑖
𝑠𝑐ℎ = 𝜆𝑄𝑖

𝑠𝑐ℎ      for PQ buses (25) 

 

where 𝜆 ∈ ℝ+ is the loading level. Table XII reports the loading 

levels considered in simulations. 
 

TABLE XII 

LOADING LEVELS CONSIDERED AT LIMIT LOAD SCENARIO 
Syst. 

No. 
𝜆[𝑝𝑢] 

Syst. 

No. 
𝜆[𝑝𝑢] 

#1 1.7855 #7 2.1097 

#2 1.5646 #8 1.6129 

#3 1.3139 #9 1.4516 
#4 1.0236 #10 1.1418 

#5 1.3463 #11 1.5653 

#6 1.6671 #12 1.0767 
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