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Abstract

A family of hypercomplex algebras in four dimensions (4D) is proposed to devise
adaptive filters. Such a family, called S-quaternions, has multiplication rules for
the complex units that depend on a parameter 8, and this family contains, as
particular cases, both standard Hamilton quaternions and split quaternions.
In this framework, two notions of properness for random vectors are introduced
and their implications on the statistical processing involved are analyzed. Then,
statistical tests to check properness in practice and a method to select the
best algebra where the properness conditions could hold are provided. Also,
proper adaptive filters are suggested and row and column updating problems
are studied. The main advantage of the techniques proposed compared with
the standard ones is that a notable reduction in the computational burden is
achieved. Finally, simulation examples validate the proper adaptive filters and
demonstrate that our scheme performs better than the traditional quaternion
domain.

Keywords: Adaptive Filters, S-Quaternions, Cayley-Dickson Algebras, First

and Second-Order Properness.




1. Introduction

Hypercomplex algebras based techniques play an increasingly prominent role
in the development of solutions for signal processing problems [I} 2, B} 4]. Hyper-
complex algebras generalize the system of complex numbers by incorporating
different amounts of imaginary units and different multiplication rules. No-
tably, the Cayley-Dickson (CD) algebras has gained special importance in sig-
nal processing. The CD construction is a recursive process that, by starting out
from real numbers, defines higher-dimensional algebras by doubling the pre-
vious smaller ones. Complex numbers, standard (Hamilton) quaternions, and
octonions are the most common CD algebras due to the fact that they are the
only ones that provide normed division systems. However, these requirements
are unnecessary in some applications, and the interest in other algebras is in-
creasingly [B] 6] [7, 8, ©9]. Among them, 4D hypercomplex algebras are generally
sufficient in practical applications of signal processing methods [I0].

The great advances in technology, biomedicine, robotics, and environmental
sciences have meant that adaptive filtering techniques for multidimensional sig-
nals have become highly required and significant. Although the real or complex
fields are the dominant frameworks for developing adaptive filtering algorithms
[11} 12], hypercomplex algebras have also recently shown their potential useful-
ness [13], 14, 15 16]. In this goal, (standard) quaternions have demonstrated
their effectiveness in problems related to 3D or 4D signals and they constitute
the most frequent hypercomplex algebra used in adaptive filtering practice (see,
e.g., [17, 18, [19] 20} 211, 22|, 23] 24]).

In the last decade, widely linear (WL) processing has turned out to be the
most suitable type of processing in the quaternion domain [25]. However, for
quaternion-valued signals with special second-order statistical properties, WL
processing reduces to either semi-WL (SWL) or strictly linear (SL) processing,
giving rise to algorithms with reduced computational cost [26]. Specifically,
SWL and SL processing are used when the quaternion signal presents some

properness properties. Quaternion adaptive filtering under properness condi-



tions has been studied, e.g., in [I7, 19, 20, 27].

Properness is actually an interesting statistical property that depends on
the hypercomplex algebra considered. In this sense, a signal cannot be proper
in the quaternion framework, but can be under a different hypercomplex en-
vironment. Moreover, multiple 4D CD algebras exist that could be considered
as alternatives to quaternions, with each one of them own (different) properties
[8]. For example, unlike the quaternion algebra, the split quaternions contain
zero divisors, nilpotent elements, and nontrivial idempotents [28]. Thus, the
choice of specific algebras that allow for efficient adaptive filtering becomes an
important task [1l [2]. In fact, quaternions do not always get the best results
possible in terms of performance, as we will see later.

Motivated by the above, a general family of 4D hypercomplex algebras is
proposed as analysis framework for devising adaptive filtering algorithms. Such
a family, called S-quaternions, has multiplication rules for the complex units de-
pending on a real parameter 8 and contains, as particular cases, the quaternions
(8 = —1) as well as the split quaternions (8 = 1), among others. In this setting,
two concepts of properness for random vectors are introduced and the associ-
ated statistical processing is analyzed. The methodology proposed shows that
properness properties constitute an effective approach to remarkably reduce the
computational costs of the algorithms. Then, by taking advantage of the degree
of freedom given by parameter 3, estimations of  for which it is more probable
to achieve the properness conditions are suggested. Thus, parameter 5 not only
offers generality, but also flexibility. Additionally, statistical tests for checking
the properness conditions in practice are also developed. Finally, adaptive filters
under properness conditions are proposed. For these filters, recursive updating
formula for when a new independent variable (row) or a new observation (col-
umn) become available are given. It is worth highlighting that the mathematical
development of these algorithms has required the introduction of new metrics in
B-quaternions and an analysis of their relationships. Simulation examples show
the effectiveness of the approaches proposed and the inability of the standard

quaternion system to operate accurately in some scenarios.



The main contributions in this paper can be summarized as follows:
(1) Two types of properness for S-quaternion random vectors are defined.

(2) The optimal (WL) estimator is introduced and calculated under the above
two properness conditions, showing their computational advantages in

these settings.

(3) Statistical tests are provided to check in practice whether data are proper,

and a form to estimate (8 is proposed.
(4) Adaptive filters are studied under the two properness conditions above.

(5) Recursive updating methods when new information is available are sug-

gested.

(6) Simulations of theoretical results confirm that the superior performance of
the proposed techniques over the standard quaternion ones, under proper-

ness conditions.

The rest of the paper is arranged as follows. Section 2 briefly reviews the
main aspects of the S-quaternion domain and introduces the mathematical tools
that allow us to define different types of projections useful in adaptive filtering.
Section 3 presents the concepts of properness, the associated processing and
solutions to some classic estimation problems under properness conditions. Sec-
tion 4 deals with the tasks of devising proper adaptive filters and their updating
when new variables or observations are available. This section also addresses two
problems of interest: estimating the best value of 8 to fulfil properness, if pos-
sible, and checking the properness conditions from sample information. Section
5 is devoted to experimental results and comparison with existing approaches.
Finally, Section 6 concludes the work. In order to improve readability, all com-
plementary results and technical proofs have been deferred to the Appendixes

A-E.



1.1. Notation

Throughout the whole paper, we use boldface uppercase letters to represent
matrices, boldface lowercase letters for column vectors, and lightface lowercase
letters for scalar quantities. Superscript “T” denotes the transpose and the real
part of a S-quaternion will be denoted by R{-}. Additionally, the notation R and
Qp is used to denote the real field and the S-quaternion algebra, respectively.
A € RP*? (respectively, A € @qu) means that A is a real (respectively, a /-
quaternion) p X ¢ matrix, and similarly r € RP (respectively, r € Qg) means that
r is a p-dimensional real (respectively, a S-quaternion) vector. L3(2) denotes
the space of second-order random vectors in R*. §,; is the Kronecker delta
function, which is equal to one if [ = n, and zero otherwise. E[-] is the statistical
expectation operator, 0,x, denotes the p x ¢ zero matrix, I, stands for the
identity matrix of dimension p and “®” is the Kronecker product. Furthermore,
all the random variables are assumed to have zero-mean.

Finally, Table [I] summarizes the main symbols used in this paper.

2. Review of the 8-Quaternion Domain

This section introduces the basic concepts in the S-quaternion domain and

establishes some properties of interest.

Definition 1. A random wvariable x € Qg is defined as x = a + ib + jc + kd
where a,b,c,d € R are random variables and the imaginary units (i,j, k) satisfy

the following multiplication rules:

10|k

i -1 k| —j
k| B | -Bi

k|l j|pi]| B

with 8 € R —{0}.

Two well-known 4D hypercomplex algebras are obtained as particular cases

of B-quaternions: the standard (Hamilton) quaternion algebra when 8 = —1 and



Table 1: Summary of used symbols

Symbol Meaning

x" Transpose of x”, v =1,j,k

xHa a-Hermitian transpose, x(®)', of x

X, Real vector formed with the components of x € (@g

X Augmented S-quaternion vector formed by x € Qg and its auxiliary vectors x',xJ, x¥
Ala a-Hermitian transpose, A", of a matrix A € ngq

Yxy(a,B) Elxy'™], for x € Q, y € Q}, a, 8 € R — {0}

Yx(a, )  Elxx"], for x € Q}, a, B € R — {0}

Yy (B) Elxy"-2] forx € Q}, y € Qf, fe R— {0}, v=1,2

YTYL(B) Elxxs-2v] forx € QF, e R - {0}, v=1,2

Y5, (8)  Elxy™], for x € Qf, y € Q}, 8 € R— {0}

T3(B) E[xx"], for x € Qf, 8 € R — {0}

Y4 (8) Sample autocorrelation matrix of x € Q% for 8 € R — {0}, v = 1,2
(x,y)1 EzyM], for x,y € Qp, B >0

(z,y)2 Ezy—1)], for z,y € Qs, <0

()3 Elay®), for 2,y € Qg, B0

<x,y>=1 xyO forx,yeQl >0

<x,y = xyY forx,yeQ?, <0

O« Closed linear subspace associated to x € Qg

Ca Closed linear subspace associated to A = {x1,...,X;, } with x; € Qg
Ca, Closed linear subspace associated to A, = {x;,---,X,} with x; € Q5
CAP Closed linear subspace associated to ./lp ={X1:- s Xp> xh, ..., X’;} with x; € Qf
&31 Projection of ¢ € Qj onto the set C4, under the metrics d,, v = 1,2
&32 Projection of ¢ € Qj onto the set CAp under the metrics d,, v = 1,2
£ Error associated to &’3, i=1,2,v=12

I Q; estimator of y € Qg respect to x € QF, i =1,2

i Error associated to g%, i = 1,2

€Sfﬁo Aproximate error associated to §% € Qg,, i =1,2, and v = 1,2

T QWL estimator of y € Qg respect to x € Qj

et Error associated to 7%t




the split quaternions if 3 = 1 [8 [29]. Obviously, S-quaternion multiplication
cannot satisfy the commutative law, although this product is associative and
distributive over addition.

The following auxiliary S-quaternions will be necessary:
d
a:(o‘):a—ib—&—jg—&—k—, acR—{0}
@ «a
' =a+ib—jec—kd
P =a—ib+jc—kd
2 =a—ib—je+kd

x(il)

xx(=1"
The auxiliary S-quaternions satisfies the next properties.

The inverse of z € Qg is 27! =
Property 1. For xz,y € Qg it follows that
1. (&) =2, v=ijk
2. ()2 =¥, vy, ve,vs =1,),k, 11 #£ e £ s
3. a¥y” = (zy)¥, v=1,j,k
4o (@) t=("hr, v=igk
5. (zy) @ =y @@ with a =1, -1

Now, we extend some concepts to the vector setting. Consider a random

vector x = [z1,...,xp]" € Qg where z; = a; + ib; + je; + kd;, with a;, b;, ¢;
and d;, i = 1,...,p, real random variables. Then, the auxiliary vectors are:
x¥ = [2¥,...,ay]", for v =1,j,k, and x(*) = [xga), . ,a:,(,a)]T, with o # 0. We

denote the a-Hermitian transpose of x as xfie £ x(@" In a similar way, the
a-Hermitian transpose of a matrix A € ngq can be defined as Afe = A(@)",

The inverse of S-quaternion matrices is briefly studied in

Consider two random vectors x € QZ and y € Qqﬁ, we define the function:

Txy(av B) = E[XyHQL a,feR - {O} (2)



and we denote Yy (a, 3) £ Yyxx(a, 3). Three special cases are of interest:

T}lcy(ﬁ)é‘rxy(lvﬁ) Tiy(ﬂ)érxy(_laﬁ) Tiy(ﬁ)é'rxy(ﬁvﬁ) (3)

Similarly, when x and y coincide, we use the notation Y%(3) & Y% (8), v =
1,2,3.

The real vector associated to x € (@’6’ is

x, = [aT, b, c", d"|" (4)

with a = [a1,...,a,]", b= [b1,...,b,]", c =[c1,...,¢p)"  and d = [dy, ..., d,]".
Furthermore, the augmented vector of x is

X = [XT,XkT,XiT,ij]T (5)

The following relationship between the augmented vector and the real vector

can be established

X = TpXy, (6)
where T, = B® I, with
1 i ] k
1 -i - k
B= !
1 i —j -k
1 -i j =k

From Property |1} it is easy to prove the following result.

Property 2.
Tx(a76) Txxk (aaﬁ) Txx‘ (O‘76> Txx’ (a,ﬁ)
k k k k
Tx(Oé,ﬂ) _ ‘r)i(xk(avﬁ) ‘irx(aaﬁ) Txxil (O{,ﬁ) ﬂrixxl (avﬁ) (7)
Txxi (Oé,ﬂ) Txxj (Oé,/}) TX(Oé?ﬂ) Txxk (O[,ﬂ)
Yool B) Yi(B) Y .(ap) Yiap)

The functions Y (a, 8) and Yxxv (e, 8), v = i,j,k, can be obtained from

Table (see [Appendix A)) in terms of the correlation functions (denoted by
Y) of the components of x, (4.



Remark 1. By setting a to 1, -1 or § in , we get the corresponding matrices
for T;(ﬁ), 1 =1,2,3, respectively. Also, following the same procedure in Table
we obtain the expressions for X' (B) and X! . (B), i =1,2,3, v = i,j,k,

in terms of the correlation functions of the components of x,..

2.1. Some Concepts in Approximation Theory

A fundamental problem in signal processing is obtaining the projection of a
desired random variable from a set of measurements. In order to successfully
carry out this task, the choice of appropriate metrics is a crucial matter. Thus,
we aim to introduce some metrics of great significance for our work. Two kinds

of metrics are analyzed: stochastic and deterministic. We start with the first

type.
Let z,y € Qg be random variables, we define the products

(@, yh = ElzyM], v8>0

(@.y)2 = Elzy™V], V5 <0 (8)
with y™@), y(=1) and y® given in ().

Property 3. For any random variables x,y,u,v € Qg and deterministic coef-

ficients A\, o, p,0 € Qg, 7,0 € R, it follows that
1 (2, )57 = (y, )., v=1,2

2. (Az+ ay,yu+ov), = My(z,u), + No{x,v), + ay(y,u), + adl{y,v),, v=
1,2,3

3. (Az+ay, pu+0v), = Mz, u), pB72) + X, v),0072) + ay, u), pB =) +
aly,v), 002, v =12

4. (z,z), =0=2=0, v=1,2,3

5 (z,y), =0< (y,z), =0, v=1,23



Definition 2. Let z,y € Qg be random variables, then we define the following
metrics:

dy(z,y) =z —yll,, v=1,23 (9)
where ||z|? = R{(z,z),}, v=1,2,3.

Given a random vector x € Q’B’, the closed linear subspace Gy associated to
x is the set of elements of the form Zle a;x;, with x; the ith component of x
and «; € Qp deterministic coefficients. Following a reasoning similar to [7], the
existence and uniqueness of the projection of a given random variable y € Qg
onto the set Gy under the metrics @ is assured. This projection will be denoted
by 9., v = 1,2,3. Moreover, g3, is the projection of y onto the set Gx if, and
only if, (y — gy, ), = 0, Vz € Gx. As a consequence, if {d1,...,9,} is a basis
of Gy then,

Uy = Xr: hiv; (10)
i1

where the deterministic coefficients h; € Qg are calculated from the system

<y1§j>vzzhi<’§i7ﬁj>m jzl,...,’l”, V:17273 (11)
=1

The projections g, are different for v = 1,2,3. Actually, g3 is the most
interesting one since the metric space of -quaternion random variables (Qg, d3)
is isomorphic to the space of second-order random vectors in R*, L3(€). Such an
isomorphism is determined by the relation @ However, the product (-, )3 does
not satisfy Properties[3]1 and [3]3 which could be a possible source of difficulties,
especially in theoretical derivations. Taking into account these shortcomings,
the products (-, -),, ¥ = 1,2, are more convenient to use than (-, -)s. A detailed
analysis and discussion will be given in Subsection [3.2]

The second type of metrics has a deterministic nature.

Definition 3. Let x,y € QZ, be two deterministic vectors. We define the fol-
lowing products:
<x,y=1=xyM, V>0

(12)
<X,y o = xTy(_l), VB <0

10



with y(®, o =1, -1, defined in .

Property 4. For any deterministic vectors X,y,u,v € Q’ﬁ’ and deterministic
coefficients A\, a, p,0 € Qg, it follows, for v =1,2, that

1. <x,y =2 V. X >,

2. < Xx+ay,pu+0v=,=\<x,u>-, pB=) L\ < x, v+, B2

+a<yur-, pB~2 o<y v, 662
3. <x,x>=,=0&x=0,x
Definition 4. Letx,y € Qg be two deterministic vectors. We define the metric
dy(x,¥) =[x = ¥|o, v=1,2 (13)
where |x|2 = R{< x,x =, }, v=1,2.

Consider a set of deterministic vectors A = {x1,...,X,;,} with x; € Qg. We
define the closed linear subspace C 4 associated to A as the set whose elements
are of the form ) ;" | a;x; with a; € Qg deterministic coefficients. Let y € Qg
be a deterministic vector then, the projection of y onto the set C4 under the
metrics is denoted by y,, v = 1,2. The existence and uniqueness of such
projections is proved in a similar way as indicated above. Moreover, y, is the
projection of y onto the set C4 if, and only if, <y —y,,x >=,=0,Vx € C4. As

a consequence, if {¥,...,9,} is a basis of C4 then,
T
Vo= hiv; (14)
i=1
where the deterministic coefficients h; € Qg are obtained from the system

<y 05 my= 3 hi <09, j=1...1,  v=12

i=1
3. Theoretical Proper Framework

In general, the aforementioned isomorphism between the spaces (Qg,ds)
and L3(9) implies the equivalence between the real processing and the WL -

quaternion processing. The WL processing requires to operate with augmented

11



vectors X and augmented second-order statistics Yx(a, §) given by and @,
respectively. However, by imposing some restrictions on Yz («, ) we can reduce
the computational burden in the adaptive filtering algorithms as we will see
later. This idea leads to the theoretical proper framework in which we develop

the S-quaternion signal processing.

3.1. First and Second-Order Properness

In this section, two kind of properness are introduced: first and second-order
properness which generalize the concepts of Q-properness and CX-properness,

respectively, to the S-quaternion setting.

Definition 5. A random vector x € Qg is said to be Péo -proper (respectively,
Néo-pmper) if there exists a value By > 0 (respectively, Bo < 0) such that
YL . (Bo) (respectively, X2..(Bo)), v =1,j,k, vanish.
In like manner, two random vectors x € le and'y € Qgg are cross Pﬂlo—
roper (respectively, cross N} -proper) if there exists a value By > 0 (respec-
proper (resp y 50 ~PTOD i

tively, By < 0) such that T,lcyu (Bo) (respectively, Tiyu (Bo)), v =1,],k, vanish.

By applying the results in Table [A77] the first-order properness conditions
can be characterized in terms of the components of the real vector (4)) (see Table

2). Next, we introduce the notions associated with the second-order properness.

Pgo-properness conditions Néo-properness conditions
Bo >0 Bo <0
Ta = Tb = /BOTC1 Tc = Td Ta = Tb = 760’1.01 Tc = Td
—Yi, =Yab =BoYea, —Toq="Tea Yop = —Yab = BoYea, —Yoq="Tea
Yic = Yac = —Yba = —Ypqg ~Yoe = Yac = —Tba = Ty
Yoq = Yad = Tbe = Ty ~Yaq = Yad = The = —The

Table 2: First-order properness conditions.

12



Definition 6. A random vector x € Qg s said to be Pgo -proper (respectively,

Néo -proper) if there exists a value By > 0 (respectively, By < 0) such that the
YL .. (Bo) (respectively, X2 .(B0)), v =1,j, vanish.

In like manner, two random vectors x € le and y € ng are cross PBQO—
proper (respectively, cross NEO -proper) if there exists a value By > 0 (respec-

tively, Bo < 0) such that the T,l(yy (Bo) (respectively, Tiyy (Bo)), v =1,j, vanish.

Similarly, in Table [3]| we give the conditions on the real vector that charac-

terizes the second-order properness.

Pgo—propcrncss conditions Ngo—propcrncss conditions
Bo >0 Bo <0
Ya=pBoYa, Yy =pBoYe Ya=—-B0Ya, Yr =—BoYc
Yab = —B0Yeq;  Yac = —Tha Yab = foYea,  Yac = Yha
Yad = Yoqr  YThe = Yhe Yada = —Yaq:  YThe = —The

Table 3: Second-order properness conditions.

Remark 2. Notice that the Q-properness concept introduced in [25] for the
standard quaternion algebra is the particular case of N1, -properness given here.
Also, the Ck-properness notion suggested in [30] is the particular case of N2, -

properness.

3.2. Proper Processing

We have previously highlighted the importance of selecting a suitable metric
to find the projection. Now, this question is analyzed in a deeper way. Specifi-
cally, we aim to obtain the estimate of a desired random variable y € Qg from a
set of random measurements x € Qg by using a proper methodology. For that,
we exploit the isomorphism between (Qg,ds) and L3(£2). Thus, and unless oth-
erwise specified, we will use dz to find both the projection and its associated
error. Afterwards, we determine the existing relationships between the three

metrics in (9) under properness conditions.

13



Definition 7. Consider a random variable y € Qg and a random vector x €
Qg. The projection of y onto the closed linear subspace Gy, denoted by 9%, is
called the @, estimator of y respect to x. Also, the @y estimator of y respect to

x, denoted by %, is defined as the projection of y onto the set Gx with
X = [x7,x]" (15)

Finally, the projection of y onto the set Gz, where X is the augmented vector

given in , 1s called QWL estimator of y respect to x and it will be denoted by

G,
These concepts are easily extended to the vectorial case. For example, the
Q estimator of the random vector y € Qf respect to x is y% = ..., yar]t,

where g}?l is the projection of the jth component of y onto the set Gy.

The following result gives the expressions for the QWL, Q; and Q5 estimators
and establishes the relationships between them under properness conditions. It
should be noted that, only when properness properties are assumed, all the
derivations and calculations are restricted to a particular algebra associated to

Bo. Otherwise, the results hold for any S-quaternion algebra.

Theorem 1. Consider a random variable y € Qg and a random vector x € @g.

Then,
1. The QWL estimator of y respect to x is obtained as
G = 1;x + Lx¥ + lgxt + 1%/

where the deterministic vectors 1] € Qg are computed through the equation

—1

11, 15,13, 1] = Ty (B)Y5  (8) (16)

QWL

Furthermore, §¥* is independent of the value of (8, i.e., its real vector

QWL

g is ddentical in any B-quaternion algebra considered. Similarly, its

associated error, given by
™ =y — ™3, (17)

is also independent of the value of 3.

14



2. The @, estimator of y respect to X is calculated as
7% = fx
where the deterministic vector fT Qg is computed through the equation
£=T5(8)Y% () (18)
3. The @y estimator of y respect to x is obtained as
% = gx + hx*

where the deterministic vectors g',h" € Qj are computed through the
equation

g, h] = Y3.(0)YL (8) (19)

4. €W < % < @ oith % = |y — %3, i =1,2.

5. Ifx is Péo -proper (respectively, Néo -proper) then, the coefficients in

are computed as

1 —1 k
Mgy L2g5 1365 Lag, ] = [TZX(BO)TZ (Bo), Xy (Bo) (TZ (ﬂO)) :

-1

o 00) (T G0)) X 0) (12 ) | v=1.2 20

Moreover, if y and X are cross Pﬁl0 -proper (respectively, N éo -proper) then,

AQHL _

7 :&01 .

6. If x is P,B20 -proper (respectively, Ngo -proper) then, the coefficients in
are obtained as

i

1t s Voo Las] = [C(B0) 5 (Bo), Yo (B0) (X5 (B)) 1, v =12

Moreover, if y and x are cross PBZO -proper (respectively, N go -proper) then,

G — 40

ProOF. See [Xppendi -]
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Remark 3. Theorem |1 shows that, unlike §* and §% whose real vectors de-

pend on the B-quaternion algebra involved, 9"

always has the same real vector
independently of 8. Likewise, the computational complexity of the QWL estima-
tor can be notably reduced whenever properness conditions are fulfilled (compare
with and ) More importantly, this reduction in computational

burden cannot be attained in the real domain.

As noted above, the product (-, -)3 associated to the metric d3 does not verify

Properties [3]1 and [3}3, and this fact can cause difficulties to obtain §%" and

6CJWL ~ QWL

in some situations. However, we establish a relationships between ¢*"~ and
the projections computed by means of the metrics d,, v = 1,2, as well as the

relationships between their associated errors under properness conditions.
Corollary 1.

1. If x is Pgo-proper and y and X are cross Péo-proper, i = 1,2, then, the
projection of y onto the set Gy for i =1 (equivalently, onto the set Gx for

i = 2) under the metric dy coincides with 9 and

QWL __ Bo+1 ~QWL||2
e = Yy—vy
el LRt
2. Similarly, if x is Néo -proper and y and X are cross Néo -proper, i = 1,2,
then, the projection of y onto the set Gx for i =1, (equivalently, onto the
set Gx, for i = 2) under the distance do coincides with §% and
QWL _ ‘BO| +1 || _ ,gQWLng
2|Bo|
As a consequence, the shortcomings that ds presents are overcome by com-
puting both §% and ¢ using either d; or do. This approach for the proper

processing is shown schematically in Fig.

Remark 4. Although the proper processing offers an interesting reduction in
computational burden, the issue of computing T,’(l(ﬁo) or T;’-;l(ﬂo) should be

addressed, especially when these functions vary with time as occurs in dynamical

16



Under Bo-quaternion

properness conditions

Péo -properness N, éo -properness
Calculate the projection of Calculate the projection of
yonto Gx (i = 1) or G« yonto Gx (i = 1) or G«
(i = 2) under the distance d (i = 2) under the distance da

9% coincides with this projection. Moreover,
¥ = Lol ||y — ™7, with v = 1 for

Pgo-properness and v = 2 for Ngo-properness

Figure 1: Flow chart of the approach proposed.

systems. In this regard, in filtering, one-stage prediction and
fized-interval smoothing algorithms are suggested under first and second-order
properness conditions, in the case that the signal can be modeled via a state-space

model.

4. Proper Adaptative Filters

In practice, the functions in are usually unknown and need to be esti-
mated from sample data. Furthermore, they can also vary with time when a
random signal must be estimated. In this section, we address both shortcomings
and tackle, from a sample perspective, the estimation problems analyzed above.

Notice that, in a first stage, it should be necessary to assess if the available
data come from a proper random vector and then, a sample estimation algorithm

should be applied. For this purpose, in statistical hypothesis tests

to experimental check the properness properties are designed, and an estimation
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of parameter (3 is provided. Next, adaptive sample algorithms to approach the
proper estimators 4%, i = 1,2, suggested in Subsection are analyzed in both
first and second-order properness cases.

Suppose we take random samples from y € Qg and x € Q, denoted by
Y1)+ Ym) and X1y, ..., X(p), respectively. Our goal is to solve the following

adaptive filter problems:
1. First-order properness case.
Find T € Q7 such that minimizes the following cost function:
) n - - (3—2v)
nin R {Z (y(i) - qu(i)) (y(i) - qu(i)) } ;. v=12 (21)
v i=1

f,

2. Second-order properness case.

Find g7, h} € Q% such that minimize the following cost function:

n B ~ (3—2v)
. - k - k
nglfIll R { E (y(i) — 8uX(i) — hvx(i)) (y(i) —8uX(i) ~ h”X(i)) }

(22)

with v =1, 2.

In order to solve these adaptive filter problems, we introduce two projection
problems which are equivalent to and . Denote x ;) the jth component
of x(; and consider the vectors ¢, x; € Qf with jth components, ¢; = y;

and x;; = X(js), ¢ = 1,...,p, j = 1,...,n. Consider also the matrices X =

. X
(X1, xp)" € QZX" and X = - € Qépxn, and assume they have full

column rank. Thus, the projections of ¢ onto the sets C4, and C A, under the

metrics d,, in (13), with A, = {x4,... ,Xp) and A, ={x1,. - ,Xp,xll‘, .. ,Xlzj ,

are given by

Q1

p
&V = Z ~V,iXi (23)
~Qs 1;1 u 7
&S = daxi + D huaxt (24)
i—1 i=1

2
Li=1,2,v=1,2.

. . . e ’“Qi
respectively, and their associated errors are £% = ’C -q,
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Remark 5. The quantities &Si, fy,i, Guis Bv,i and 53 depend also on the num-
ber of variables p and on the number of observations n. For simplicity of nota-
tion, this dependence will be included only when necessary. For example, fw(n)
will specify that the coefficient fl,,i is computed from n observations and f,,,i(p)

that is obtained from p variables.

The following two results establish the closed relation between the adaptive

filter problems and , and the projection problems and .

Theorem 2.

1. The solution of is unique and is given by

£, = ¢TXf-2 (XX H-2v)=L =12 (25)

Moreover, £, = [fi,’l, ceey fu,p} where fu,zﬁ 1=1,...,p, are the coefficients

m .

2. The associated error of é’il is given by
§ =R{CCC TR, v=12 (26)

ProoF. Sec ppendix £

Remark 6. If x is Pﬁlo -proper and y and X are cross Péo -proper then, for suf-
ficiently large n and under first and second-order ergodicity conditions, fl)/go (n)
approaches fg,, where f1 g,(n) and fs, denote the vectors in and in (18],
respectively, computed with the product associated to fy. Also, by denoting

-0 _ 1Bol+1% -
61/?30 (n) - 2|BO|” é.117160 (n), v=1,2 (27)

it follows that, when n grows, 6%50 (n) approaches €% given in . Alterna-

tively, fa g, (n) ~ f5, and €g?50 (n) ~ ¥ in the Nj -properness case.

Theorem 3.

19



1. The solution of 18 unique and it is given by

8. B,) = TR (XKoo =12 (28)

MOT’@OU@?", [gua hV] = |:§V,17 e agl/,pa hu,h ceey Eu,p} where gu,i; hu,i; 1=
1,...,p, are the coefficients in .

2. The associated error of 552 is given by
& =R {7 (g X)) v=12 (29)
3 % <gh y=1,2.
PROOF. The proof is similar to that of Theorem

Remark 7. Similarly to Remark @ under ergodicity conditions, if x is PB20'
proper and y and x are cross Pj -proper then, (&1 g, (n),hy g, (n)] = (4., N3],
for sufficiently large n, where g1 g,(n), hy g, (n) denote the vectors in and
g3, hp, the vectors in all computed with the product associated to By. Also,

6%[30 (n) ~ ¥ given in with

1 -
e, () = e, () (30)

Similar observations can be made in the NEO -PTOPETNESS CaSE.

Remark 8. The computational costs associated to and are of order
O(p3) and O(8p?), respectively.

Two problems associated with the updating of the matrix X usually appear
in practice. On the one hand, a new row can be added to X, i.e., a new
independent random variable is available. Such a scenario appears, for example,
in the filtering or one-stage prediction problems. On the other hand, a new
column can be added to X, i.e., new data from the independent random variables
are incorporated to our study. In both cases, a method for updating the vectors
and in a simple and efficient way is needed. Next, we provide recursive

updating algorithms that alleviate the computational burden involved.
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4.1. Row Updating

We study first the row updating problem for the adaptive filter associated
to (2I). The projection of ¢ onto Cy4,,, with Ay41 = {x1,... s Xp+1) 18 now
denoted by &31 (p + 1), its associated error by €% (p + 1) and the vector
by f,(p + 1). Likewise, the projection of X;.1 onto the set C4, with A; =
{X1,---,X;} is denoted by x% (i +1).

Following a similar reasoning to that used in the proof of Proposition 5.2.2

of [31] and taking into account Property |4|and , we get the following result.

Lemma 1. The projections 5(31 (1+1), v=1,2, can be recursively computed

through the expression:
i

X0+ 1) =) (@) (X — XS +1-7),  i>1 (31)
j=1

with X% (1) = 0,,x1 and where

k—1
lyik(i) = ( < X1 Xap1 v — szj(i)wy,jlfkf?(k))yr%}w k=1,...,i-1

5=0
(32)
with 1,;(1) == X1, X1 =0 T8 and
i—1
T == Xit1) Xig1 ~v — le’,i—j(i)ﬂvajlt(f;?jy) (2) (33)
7=0

with the initial condition m,0 =< X1, X1 >v-

Theorem 4. The projections &fl (p+1), v=1,2, can be recursively computed

as: y -
G+ D)= bui(Xproy— X (0 +2- 7)) (34)
j=1
where

k—1

Guptli—k = ( < ¢ Xk mv — Z¢u,p+1j7ru,jl£?k__2;)(k)> W;}c, k=1,...,p
j=0

(35)

with ¢ppr1 =< €, X1 >v ﬂ;(l), l,;(i) and m,; calculated in and ,

respectively.
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Moreover, the associated error of (:’Zl (p+1) is given by

P
551 (p + 1) = R{ = Cv C =y = Z ¢V,p+1*j7rl/,j¢l(/?p_f1’/)—j} (36)

=0
ProOF. See [Xppendi 3

Corollary 2. The following assertions hold for v =1,2:

1L+ =0 0) + X+ 1)

2. E8(p+1)=ED(p) — duamupiiy

3 foprr-i@+1) = =Xy foprioirs 0+ Dlopir; (5) + duinr
fori=1,...,p, with f,,7p+1(p +1) = ¢,1 and where f,,,i(p) are given in

29).

Remark 9. The algorithms provided in Theorem [J] and Corollary [ can be
adapted to the second-order properness case. For that, note that we have two
new rows associated to p + 1: X;H and Xl;f_l. Thus, let &52 (2p + 2) be the
projection of ¢ onto CAQ,,+2 with A2p+2 = {x1,---» Xerl?Xll(? e ,X;H}, and
denote by €% (2p + 2) its associated error and by [&,(2p + 2),h, (2p + 2)] the
vector for the two new rows added.

The following steps are necessary for this adaptation:
Step 1: Define the set {ni}?ﬁf asm; =X; and My, gy = Xk, i=1,...,p+1.
Step 2: Apply Lemma to {m;} P12

Step 3: Obtain 652 (2p+2), €%2(2p+2) and [g,(2p + 2),h,(2p + 2)] by combining
Step 2 and Corollary[3

Remark 10. The computational cost of the algorithm given in Theorem []] is

2 2).

of order O(p*n Similarly, the computational cost of the algorithm in the

second-order properness case is of order O(4p®n?).
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4.2. Column Updating

Let us start by the first-order properness case. The new column is denoted
by Kn41. The vector ¢ and the matrix X are now denoted by ¢(n) and X(n),

respectively, when n observations are available. Then,

X(n 4+ 1) = (X(0), k) and Clnt 1) = [ ¢ (37)

Yn+1)
Also, the vector in is denoted by f,(n) and define the matrix P, (n) =
(X (n)XH—2v(n)) "' v =1,2.
Theorem 5. The vector f'l,(n +1), v=1,2, is computed as:

H.

B(n ot 1) =B+ (vourn) ~ BMRoin) W RTTPUm) (38)
with A (n) = (1 kBB () +1)_1 and
P,(n+1)=P,(n) — P,(n)knp1 A (n)kE2 P, (n) (39)
PROOF. See[Appendix E.4]

Remark 11. A similar algorithm can be suggested for the second-order proper-

ness case. For that, denote by [&,(n), h,(n)], the matriz X by X(n) and

define the matriz Pl,(n) = (X(n)XHS*ZV (n)) , v =1,2. Then, by replacing
f,(n) and P,(n) in Theorem@ by [8,(n), h,(n)] and P, (n), respectively, we get

the desired result.

Remark 12. The computational cost of the algorithm given in Theorem[5 is of

order O(p*n) and that of the algorithm for the second-order properness case is

O(4p*n).
In Fig. 2] we summarize the concepts studied in this subsection.
4.8. Summary of the Proposed Methodology

The methodology proposed, can be summarized by the following basic steps:
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Proper adaptive filters

Cost Function

Cost Function

f‘u :CTXH:;,QV (XXH3,2V)71
& =R {¢7¢
_ CT (?DX)HB_QV }

¥ Y

Row Updating;: Column Updating:

Apply Corollary Apply Theorem

Under first-order properness and ergodic-

ity (n sufficiently large):

fl’ﬁo (n) ~ fﬁo

&g ()

1 =0 +1
with &5 (n) = ';fg'omgu 5 () v =1

for Péo-properness and v = 2 for Néo—

properness

[gwflu] :CTXH?’*z” (XXHB—zp)fl
b :R{CTC@*M
=% ([gw ]X)H3_2”}

v ¥

Row Updating: Column Updating:

Apply Remark [9] Apply Remark

Under second-order properness and er-

godicity (n sufficiently large):

[gl’yﬁu (n)7 BV,BO (n)] ~ [gﬁo, hﬁo}

() ~

‘Jifyﬁo( ),v=1

for Pﬁo-properness and v = 2 for NEO—

with quﬁ (n) =

properness

Figure 2: Scheme of the proper adaptive filters.

Step 1. Use the properness tests presented in to check first-order

and second-order properness properties and estimate the value of 3, which

includes the following sub-steps:
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Step 2.

Step 3.

1.1.

1.2,

1.3.

1.4.

Fix a false-alarm probability c.

Check the first order-properness conditions given in (D.1]) by means

of the following decision rule:
reject Ho if ¢, (x(1y, ..., X(n)) > X%—a,ny

with ¢, (X(1),-- ., X)), ¥ = 1,2, given in (D.2)), n1 = 6p* +p — 1,
ne = 6p? +3p—1, and where X%—a,ny is the percentil of a chi-squared
probability distribution.

If Hy is rejected, check the second order-properness conditions given

in (D.5) by means of the following decision rule:
reject Ho if ¥, (x(1),. .., X)) > Xia,nu
with ¢, (x(1), ..., X)), v = 1,2, given in (D.6), n1 = 4p* — 1, and

no = 4p* +2p — 1.

The suitable value of By is obtained from (D.4) (first-order) or (D.7))

(second-order).

In Fig. ] choose the left branch (cost function (21I)) in the first-order

properness case, or the right branch (cost function ) in the second-

order properness case.

Update new information by applying Corollary (row updating) /Theorem

(column updating) in the first-order properness case, or Remark |§| (row

updating) /Remark [11] (column updating) in the second-order properness

case.

5. Numerical Results

This section is devoted to the evaluation of the algorithms proposed using

simulated data. The presentation is divided into three parts. Firstly, the proper-
ness tests devised in are assessed. Second, the performance of the
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proper adaptive filters suggested in Subsection [4]is analyzed. Finally, a bench-
mark example is considered to compare our methodology with other methods

existing in the literature.

5.1. Example 1: Properness Tests

Consider a random vector x = [z1,x2]" € Q% such that the real vectors of

21 and x4 given by have the following covariance matrices:

and cross-covariance matrix:

08 —04 —05 0.6
04 08 6, 05

—05 6 02 —0.1
6 65 01 0.2

T =

X1rX2p

Two B-quaternion algebras are considered: the algebras associated to the

values By = 4 and [y = —4, and four cases are studied:

1. Case 1: 60 = 4, 91 = 1, 92 = 94 = 95 = 0.6 and 93 =0.5.
x is Pj-proper (Table [2) and the GLRT statistic ¢1(X(1), ..., X)) con-
verges to a x2(25) distribution (Theorem .

2. Case 2: 60 = —4, 91 = O7 92 = 95 = —0.6, 94 = 0.6 and 93 = —0.5.
x is N1 -proper (Table[2) and the GLRT statistic ¢ (X(1),-++»X(n)) con-
verges to a x2(29) distribution (Theorem .

3. Case 3: 60 = 4, 91 = 1, 92 = 0.6, 93 = 0.5 and 94 = 95 =—1.

x is P?-proper (Table 3) and the GLRT statistic ¢1(x1), ..., X)) con-
verges to a x2(15) distribution (Theorem E[)
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4. Case 4: B() = —4, 91 = 07 92 = —0.6, 93 = —0.5, 6‘4 = —1 and 95 =1.

x is N2 -proper (Table 3) and the GLRT statistic 12(x(1), ..., X(n)) con-
verges to a x?(19) distribution (Theorem E[)

On the one hand, the behavior of the cumulative distribution functions
(CDFs) of ¢, (x(1, - - -, X(n)) and 9, (X(1), - - -, X(n)), ¥ = 1,2, is studied in terms
of the sample size n. For that, and through Monte Carlo simulations, 2000 val-
ues of the statistics ¢, (x(1), ..., X)) and ¥, (X(1), ..., X)), ¥ = 1,2, have been
generated for n = 50, 100, 250. The corresponding empirical CDF's are displayed
in Fig. 3] This figure shows, for all the properness cases considered, the rapid
convergence of the empirical CDF's to the target chi-squared distributions.

P} -proper Case N} -proper Case

T T | 1
) 2
—n=50
08 n=100 0%
—n=250 2
e
04t 04
02
0 , , . . .
0 10 0 E) ) 5 () [} 0 10 2 % 4 5 F) [ )
Wilks' Statistic Wiks' Statistic
P -proper Case N2 proper Case
1 . 1 .
92
T 1 o8t —*(19)
X(15) D
_ n=>50
—n=i0 n=100
n=1001 7 T —n=2%0] |
—n =250 2
i
04t
02t
. . . . , .

50 60 70 0 10 20 40 50 60

30 40 30
Wilks' Stafistic Wikks’ Statistic

Figure 3: Convergence of the empirical CDF's to the target chi-squared distributions.

On the other hand, we assess the accuracy of the estimations of Sy for several
values of n. Table [4| depicts the 95% confidence intervals (CIs) for 5y obtained
from 2000 simulated runs, where the maximizations in and have
been made using the optimization toolbox in Matlab. As can be expected, the

amplitudes of the Cls become narrower as n grows.
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n 50 100 250

Case 1 | [3.0378,5.295] | [3.2929, 4.8229] | [3.5755, 4.5407]
Case 2 | [-5.3537, -3.0251] | [-4.8633,-3.266] | [-4.5621, -3.5617]
Case 3 | [3.0274, 5.2808] | [3.305, 4.7978] [3.5799, 4.525]
Case 4 | [-5.3252, -3.0012] | [-4.8502, -3.2906] | [-4.5502, -3.5673]

Table 4: 95% Cls for Bo.

5.2. Example 2: Proper Adaptive Filters

In order to investigate the performance of the framework proposed, we carry
out a comparative analysis between the theoretic proper processing addressed
in Subsection [3.2] and the proper adaptive filters. To this end, we conduct a
simulation example in which the QWL errors and their corresponding approx-
imated errors provided by the adaptive methodology are compared. Likewise,
we illustrate the adaptation of the algorithms suggested to the row and column
updating cases. Finally, we show that the standard quaternion domain is not
always the best hypercomplex algebra for solving adaptive filter problems since,
as we will see, it fails to give accurate estimations under general properness
conditions.

We consider the following state-space model:

Tep1 = fop +ug
(41)
Yt = Tt + V¢
with f = 0.164i0.4—j0.24+k0.32 € Qg, and where ¢, u; and v; are independent

[-quaternions random variables whose real vectors have covariance matrices

Y4, given by and

2 0 0 0 04 0 0 0
0 3 0 0 0 04
Tut,,wuw = 1 6ts; ‘rvt,«vw = 5155’
00 £ o0 0 0 01 0
00 0 & 0 0 0 01
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The state-space model is analyzed in two different frameworks: the
algebras associated to the values By = 4 and By = —4, and where we also
assume first and second-order properness conditions. From this model and for
each of the above scenarios, we compute the filtering errors, e®-(¢), and the
fixed-interval smoothing errors for m = 9, €™ (¢|9), which are compared with
the approximate errors and (30), denoted by é?,fﬁo (t) for the filtering case
and by €Q; 5o (t|9) for the smoothing case. Such approximated errors are obtained
from 10000 trajectories generated by Monte Carlo simulation. The standard
quaternion algebra is also considered and their approximated errors &' ;(t)
and €y’ _;(t/9) are calculated.

The results corresponding to the filtering problem (row updating) are de-
picted in Fig. [4|and those associated to the smoothing problem (column updat-
ing) in Fig. 5| Both figures study four cases of properness: two of first-order,
P} and N1, and two of second-order, PZ and N2,. Tables 4 and 5 explain the
contents of such figures. For instance, the first row in Table [5| indicates that
the subfigure (a) of Fig. [|is obtained by setting #; = 3 = 1 in the covariance
matrices associated to model and thus, from Table 2| z¢, u; and v, are
P}-proper. Hence, Theorem |§| (T@ in can be used to obtain the
optimal error €™ (¢). Additionally, following the left branch of the scheme in
Fig. [2, we have calculated €$714(t) via the recursion in Corollary ( The ap-
proximate error €gffl (t) is obtained through SL standard quaternion techniques.
Note that we compare the error €Sffl(t) associated to the standard quaternion
estimate é’g?fl(t) (and not égf_l(t)) with the error €c13,14(t) associated with é’?;(t)
since both estimates have identical computational cost. On the other hand, the
third row in Table [5|indicates that the subfigure (c¢) of Fig. |4|is obtained by tak-
ing 81 = —1 and 03 = 8 in the system and this fact entails a PZ-properness
case. Now, four errors are computed: W:(¢) from Remark (, EA0)
by using Remark @ 63?_1(15) via the SWL standard quaternion methodology,
and Egh(t) from Two comments are in order. First, error €$j4(t) allows us
to evaluate the loss in performance due to a Pj-properness treatment of the

problem. Second, similarly to the above case, we consider €32_, (¢) in the anal-
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ysis since &3?4(75) and é’g?_l(t) have identical computational complexity. Similar

interpretations can be made for the rows of Table [f] corresponding to Fig. [

Figure (4
Subfig. Case Properness eqw%(.t) &5 () &4 (t) e, (t)
(a) 01 =0,=1 P} 6 a2 SL stand.
M) | 6 =0,0,=1 N, g A | SL stand.
© |6=-1,6,=38 p? {13 | Ry | SWLstand. | P
d) | 6.=0,6,=8 N2, 13 | B9l | SWL stand. | P

Table 5: Properness properties analyzed in the subfigures of Fig. E| and the form in which the

errors are calculated for the filtering problem.

Figure |5
Subfig. Case Properness | €% (t.|9) ey _1(19) 6?,}50 (t]9)
(a) 01 =0,=1 P} SL stand.
(b) 61 =0,0,=1 Nt, SL stand.
(c) 01 =-1,0,=8 P} SWL stand.
(d) 0, =0,0,=8 N2, SWL stand. 5

Table 6: Properness properties analyzed in the subfigures of Fig. E] and the form in which the

errors are calculated for the smoothing problem.

Fig. shows, in all the cases studied, that €Sf50 (t) is very close to ¥ (¢),
i.e., the adaptive filters suggested, Z’Sfﬁo (t), are able to provide an accurate
estimation performance very close to the optimal estimator. Also, since for all
t, €S’;50 (t) < €gf_1(t) then, &SLﬁU (t) outperform &3_1(15) for fp=—4or4,i=1,2
and v = 1,2. Therefore, we have shown that, if the properness conditions hold
in a B-quaternion algebra with By # —1 then, the standard quaternion algebra
is not the best setting to address the adaptive filtering problem. Also, under
second-order properness conditions (subfigures c) and d)), we observe, as
expected, that €%, (t) < €?,f/30 (t), for all ¢, and thus, 63?50 (t) is the preferable

.80
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(a) P} -proper Case

(b) N ;;prupm Case

1 T T T
*EQWL(t) *EQWL(t)
1) (o)
—dh —&h ()
- S m S e e
(©) Pf,py‘oper Case (d) N -proper Case
—diLy) — L)
a1 )
—ah) —& )
() &
T — — =

Figure 4: Comparative study between the theoretic proper processing and the proper adaptive

filters for the filtering case.

estimator. Similar interpretations apply to Fig.

5.8. Example 3: Proper Adaptive Filters vs. Standard Quaternion Filter

In this example, our aim is to contrast the results obtained using the pro-
posed method and those existing in the literature. In particular, the proper
adaptive filtering approach suggested in Section [d]is compared with the quater-
nion standard filtering methodology [17], for different S-quaternion algebras and
properness scenarios.

For this purpose, we consider the following versatile equation of motion
looked at [32], which can be used in a variety of situations including bearings-
only and rotation tracking:

99 _
ot

0¢ _

¢7 at 7“7

(42)

where u represents the input of the system, and ¢ is the variable of interest with

rate of change ¢. Equation enables the following discrete-time state-space
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(a) P};pmpcr Case
T T T o

{b) N -proper Case

(¢) P4 -proper Case

—egw%tw) ] — k()
i “e(tl9) J Ofi &2, (t9)
—h() 1 —& (1)
o i & )

R

Figure 5: Comparative study between the theoretic proper processing and the proper adaptive

filters for the fixed-interval smoothing case.

model:

Xi4+1 :FXt—FGU,t, t= 1,,100 (43)

. T L . 1 AT
with x¢ = [+, ¢¢] , and initial condition xg = 02x1. Moreover, F =
0 1
AT?/2
and G = , where AT = 0.1 represents the sampling interval, and
AT

uz is a [S-quaternion white noise whose real vector has this covariance matrix:

3Bl 0 0 0
0 3 0 0
‘rutrusr = |BO| Ots
0 0 3 0
0 0 0 3

By way of illustration, we examine two first-order properness scenarios: Péo
and Néo, and three different S-quaternion algebras in each scenario: [y = 5,
Bo = 20, and Sy = 10000 in the Pgo—proper setting, and By = —5, By = —20,
and Sy = —10000 in the Nj -proper setting.
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Then, we assume that the observations are obtained from the equation

Yt =Xt +Vy (44)

where v; = [vlt,vgt]T is a -quaternion white noise vector, such that the real

covariance matrices associated to vi; and vg; are of the form

Bl 0 0 A
0 A0
Yo 0, = ol Sisy i=1,2
0 A 1 0
A 0 0 1

In this setting, the following two cases are analyzed:

e Case 1. Pﬂlo-proper scenario: A =2, and Y, 4,., = O04x4

e Case 2. Nég-proper scenario: A = 0, and

—0.580] 0.7180] 0 —0.9
—0.7|60| —0.5/6] —0.9 0
Tvurvzsr = 6ts
0 0.9 0.5 —0.7

0.9 0 0.7 0.5

For the above-mentioned cases, the filtering errors 633,30 (t), v = 1,2, given
in are compared with their counterparts in the quaternion domain, i.e.,
the quaternion strictly linear (QSL) filtering errors, denoted by €¥(¢), and
computed from the quaternion standard filter [I7]. As a measure of com-
parison, the differences between both errors, DFE, g, (t) = ¥(t) — €S?Bo (1),
are calculated for the different values of 3. These differences are displayed
in Fig. |§| for Sy = 5,20,10000 in a Pﬁlo—proper scenario (subfigure (a)), and
Bo = —5,—20,—10000 in a Néo—proper scenario (subfigure (b)). Note that the
behavior of these differences stabilizes for values of |3y| > 10000.

As expected, under Péo, as well as IV 50 ~properness conditions, the proposed
methodology produces better estimators than the quaternion standard filters
(DE, g,(t) > 0). In addition, in the Pﬁlo—proper scenario, the maximum differ-

ence is reached when [y = 5, whereas in the N, éo—proper scenario, the greatest

advantage of our methodology is achieved for 5y = —10000.

33



0.1

0.08

0.06

0.04

0.02

! '
‘ (a) Pﬁ,—pmpcr‘ Case

(b) N -proper Case
T 0.1 T T T T

—b=5
=2
— Gy = 10000|

0.08

0.06

0.04

0.021

Figure 6: Difference between the standard QSL and proper adaptive filtering errors.

6. Conclusions

The S-quaternion domain has been suggested as a framework for developing
new recursive adaptive filters. This family of 4D hypercomplex algebras contains
a wide variety of number systems, including quaternions and split quaternions,
where the desired properness properties could be attained. The reduction in
computational complexity is the major advantage of the proper algorithms.
Also, simulation examples have shown the superiority of some 4D hypercomplex
algebras over the standard quaternions. As a conclusion, the choice of the
best algebra for processing a hypercomplex signal depends on their resultant
statistical properties, and ignoring this issue would mean missing out on the
opportunity of enhancing the effectiveness of the algorithms.

It is worth mentioning that, as indicated in Section [ the application of
the proposed adaptive filters requires the existence and computation of inverses
in and . To address this drawback, ill-conditioned matrices should
be dealt with biased regression methods, which is one of the ongoing research

challenges.
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Appendix A. Expressions of Y, (a,3) and Y o (a, 3)

Yx(a,B) =Ya+ YTb + g‘rc + grd

B B

+i( = Yab + Yop — “Yea+ Yia)

(e

! 1
+J(;Tac +Yoe — - Yoa — Yha)

1 T 1 T
+k(g‘rad + Tad + ETbc + Tbc)

Y. (@ 8) = Tat Yo 2re— Py
(e (e

+i( = Yab + Yop + grcd - grld)

. 1 T 1 T
+J( - E’rac + Yoo + ;de - de)

1 T 1 T
+k( - ;‘rad + Tad - ETbc + Tbc)

Y@, B) ="Ya—Tp + E'rc - ETd
« «

B B

+i(‘rab + ‘r;b + ;‘rcd + Tzd)

[0

. 1 T 1 T
+J(ETM +Tac+ —Yoa + YToa)

1 T 1 T
+k( - g‘rad + Tad + a‘rbc - Tbc)

Y, o k(a,8) =YXa— Yy — érc + E'rd
(e} «

(bt P Py
« o
1 1
+i( - Yac+ Yo - o Toa + Tha)

1 T 1 T
+k(;‘rad +Yaa — ;Tbc —Yhe)

Table A.7: Expressions for Yx(a,8) and Yxxv (a, ), v = i,j,k, in terms of the correlation

functions of the components of x,.

Appendix B. Inverse of B-quaternion matrices

We give a procedure to obtain the inverse of a matrix by using the Schur

complement. Let M € Qgﬂwﬂ be the matrix

A B
C D

with A € QgXP, Be ngq, Ce Q%XP and D € @%Xq. If D is invertible then,

—(A-BD-'C) 'BD!
D!+D-'C(A-BD"'C) 'BD"!

(A-BD-'C)™"
~-D-!C(A-BD-'C)~

-1 _
M - 1
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Property 5. Consider the matrices A € ng, B c ngq, C ¢ Q%Xq and
Dc (@%Xp. Suppose that A and C are invertible then,

(A+BCD) '=A"'—A'B(C"'+DA'B) 'DA"!
The next result can be proved from Property
Property 6.
1. If A cQp B eQf then, (AB) = B A with o =1, 1.

2. If A e QY7 then, (A)"' = (A1), v=1ijk

Appendix C. Proper State-Space Models: Estimation

In this section, we consider two state-space models from which efficient algo-
rithms for filtering, one-stage prediction and fixed-interval smoothing are sug-
gested. Firstly, we study the first-order properness case and subsequently, we
analyze the second-order case.

Consider a random signal vector x; € Qg, t € N. Assume that x; cannot be

observed directly but it is observed through the equation
Yt =Xt + Vi, t>1

with v, € Q’ﬁ’ a white noise independent of x;. Suppose that the signal verifies
the state model

Xt+1 = FtXt + Uy, t> 0

where F; € ngp is deterministic and u; € Q’B’ is a white noise independent of

X and vy.

Filtering and one-stage predictor

Our first aim is to devise the filter and the one-stage predictor of x; on
the basis of the information provided by the observations {yi,...,¥y:} under
properness conditions. These estimates are denoted by X% (¢|¢) and W (t+1]t),
respectively. From Properties[3]1 and [3]3, Corollary [T] and the classical Kalman

filter we can state the following result.
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Theorem 6. Suppose that xg, u; and v; are Péo -proper (respectively, Néo-

proper), such that X% . (Bo) = Quids and X4, (Bo) = Ry s, v = 1,2.

uils ViVs

Taking v = 1 for the Pﬁl0 -proper case and v = 2 for the Néo -proper case then, the
filter and the one-stage predictor can be obtained, under the product associated
to Bo, as
XE(t + 1]t) = FoxP(t)t)
P = FtLtF€1372V +Qu
Kit1 =Py (Pryr + Ru,t+1)71 (C.1)
X+ 1t + 1) = X5 + 1) + Kegr [yeer — X5 (¢ + 1))

Lit1 =P —KipiPigs

fort > 1, and with X¥*(0|0) = 0,1 and Lo = X% (o).

Moreover, the error associated to the ith component of x;41,1=1,...,p, is
given by
. Bol +1 .
Pt 1) = [z — S+ 1t + 1)]E = | 20'6 Rl ()}
0
N Bo| +1 o
(e 11) = e — 285+ 10013 = B R (0.

where ly11(3,1) and piy1(i,1) are the (i,1)-th entries in the matrices Lyyq and

P41, respectively.

Fized-interval Smoothing

Our second objective is to compute the fixed-interval smoother of x; based
on future data. Specifically, we estimate x;, ¢ < m, from the information
contained in the set {y1,...,y} under properness conditions. This estimator
will be denoted by X% (¢|m).

Taking into account Properties[3]1 and [3}3, Corollary [T]and the Rauch-Tung-

Striebel formulas [I1] we have the following result.

Theorem 7. Under the conditions of Theorem @ taking v = 1 for the Pﬁlo—

proper case and v = 2 for the Néo -proper case, then the fized-interval smoother
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1s obtained for t < m through the following recursions
xP(tim) = P (t[t) + Dy (XP(t + 1m) — ¥ (¢ + 1]t))
J; =Ly + Dy (Jip1 — Pyya) D

where the computations are all performed whith the product associated to By.
Also, Dy = LFE2P.L and X9 (t)t), X9 (t 4+ 1|t), Ly and Py given in

t+1
€.

The error associated to the components x4, 1 = 1,...,p, is given by
. [Bol +1 L
" (tm) = |lzw — 2 (m)|I3 = WR{%(ZJ)}

where ji(i,1) is the (i,4)-th entry in the matriz J;.

Remark 13. Similar algorithms to those suggested in Theorems [¢] and [7 can
be devised for the second-order properness case. Suppose X; can be modelled via
the state model

X1 = Gyxg + g, t>0

with X; given in , G; € QZBpXQp and vy a white noise independent of Xy and
vi. Assume that xq, us and vy are either Pgﬂ -proper or Ngo -proper, such that
Y%, a.(B0) = Eyidis and X%, (Bo) = W, 10rs. Then, X¥(t + 1[t) , X9 (t]t)
and X% (t|m) can be obtained by interchanging the vector y; by y: and the

matrices Fy, Qu¢ and Ry by G¢, By and W, ¢ in Theorems|[6 and [}

Remark 14. The computational complezities of the algorithms proposed for
the first and second-order properness cases are of orders O(p3n) and O(8p3n),
respectively, with n the number of observations. Howewver, the cost is of order

O(64p3n) when a QWL methodology is used.

Appendix D. Properness Tests

Tools to check the properness properties in practice are needed. More con-
cretely, we aim to test whether a random vector x € Q’é satisfies any of the

properness conditions from the information supplied by a random sample. We
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start studying the first-order proper case. We have two objectives: 1) test if
X is Pﬁlg-proper (or N, éo-proper) and 2) estimate the suitable value of 5y under
which such properness properties could be satisfied by x, if possible. To this

end, we consider the following statistical hypothesis test:

Hy : 3 By such that x is Pﬁlo—proper (respectively, x is N, éo—proper) (D)
D.1

H, : % By such that x is Pﬁlo-proper (respectively, x is Néo—proper)

Following a similar proof to that of Theorem 1 in [7], the next result can be

proved.

Theorem 8. Given n independent and identically distributed random samples
X(1)s--->X(n) 0f a Tandom vector x € Qg such that x, follows a Gaussian dis-
tribution, then the generalized likelihood ratio test (GLRT) for (D.1)) (v =1 for

the case of Péo -properness and v = 2 for the case of Néo -properness) is given

by

Gu(X(1)1- - K(m)) = -1 [m (det(’i‘,’{(ﬁg))) — In (det(, (50)))} . v=1,2

(D.2)
where the determinant is computed under the product associated to [y,
Y4(Bo) = TpyXx, T2, v=1,2 (D.3)
with 'i‘xr the sample autocorrelation matriz and
v . AU ~ vk ~ Vi ~Uj
X5, (B0) = ding (T (B0). T (50), T (B0). T (B)), v =1,2
The parameter By can be estimated as
Bo = max |:C1 . [In (det(X'g, (8))) + 4pH , v=1
B8>0 2 1 (D.4)
n 9 ’
Bo = max [cl -3 [In (det(X7 (8))) + 4p]} , v=2

with ¢; = —2npIn(27) + npIn(16/5]).

Also, assuming that Hy is true, the distribution of the statistics ¢1(X(1), - -, X(n))
and ¢2(X(1y, - .-, X(n)) tend to a chi-squared distribution with degrees of freedom
equal to 6p® + p — 1 and 6p® + 3p — 1, respectively, as the sample size tends to
infinity.
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We consider now the case of second-order properness. Similarly to the above
case, we pursue the twofold objective of: 1) testing if x is Pgo-proper (or N, EO—
proper) and 2) estimating the suitable value of 8y under which Pj - or Nj -
properness properties could be satisfied by x, if possible. For that, consider the
hypothesis test problem as follows:

Hy : 3 g such that x is Pgo—proper (respectively, x is Ngo—proper)

(D.5)

H, : % o such that x is Pgo—proper (respectively, x is Ngo—proper)

Then, both objectives are achieved in the next result.

Theorem 9. Given n independent and identically distributed random samples
X(1)s - - ->X(n) Of a random vector x € Qg such that x, follows a Gaussian distri-
bution, then the GLRT statistic for (D.5|)(v =1 for the case of Pgo -properness

and v = 2 for the case of Ngo -properness) is given by

X1y, Xny) = = [In (det(T4(B))) — In (det(X, (Bo))] . v=1.2
(D.6)

where the determinant is computed under the product associated to P, T;(BO)

is given in (D.3)) and
Y, (B0) = ding (T2(5), 15 (B0), v =1.2

with X given in ,

The parameter By can be estimated as

n 1
Bo = max [cl -3 [In (det( Yy, (8))) + 4pH , v=1 o
n 9 ’
Bo = max [cl -3 In (det(TQ2 (8))) + 4pH , v=2
with ¢; = —2npIn(27) + npIn(16/5]).
Also, assuming that Hy is true, the distribution of the statistics VY1 (X 1y, . .., X(n))
and VY2(X(1), - . ., X(n)) tend to a chi-squared distribution with degrees of freedom

equal to 4p? —1 and 4p?+2p—1, respectively, as the sample size tends to infinity.
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Appendix E. Proofs of the Theorems

Appendiz E.1. Proof of Theorem]]
Firstly, from and (11)), follows. Also, 4% and €% are indepen-

dent of the value of 8 due to the fact that the space of random S-quaternions
(Qgp,d3) and L3(Q) are isomorphic and then, the QWL and the real processing
are equivalent.

The expressions and are obtained in a similar way as (16)).

The proof of point 4 is immediate since Gx C Gx C Gx.

Next, point 5 is proved under the Pﬁlo—properness condition. The proof of

the N éo—proper case is similar. From and @ we get

Tg:’c(ﬁo) = [17 i7j7 k]‘r}’rxTﬂHBO) T?—((ﬁo) = ETXT%HBU (E 1)
Tix(B0) = (1,13, K Xy x, T, Yi(Bo) =T, ¥x T

Assume that x is only Péo—proper. Then, from , (E.1)), Definition [5| and
(7), we have that

1 -1
(160 dago 1305 Lagy) = Xix (Bo)Xs  (Bo) = Yyx(Bo) Yk (Bo)
= [ X1 (80): X e (Bo)s X1y (B0): X s (Bo)]
—1 1 1 L1
diag Ty (o), T2 (B0), T2 (80). XY ' (B0))  (E:2)
and taking Property |§| in into account we get . Finally, if y

and x are also cross Pﬁlo—proper, by applying Deﬁnitionto (E.2)), we have that
Z}QWL — y”Ql .

The proof of point 6 is similar to that of the previous point.

Appendiz E.2. Proof of Theorem[d

Denote the components of f, in by fui, i = 1,...,p. Thus, solving
the adaptive filter problem is equivalent to solve the optimization problem:
min Fo {581 }, and hence, it is equivalent to find the projection & ?,1 given in .

Then, by using and Property @1 in [Appendix B| we get and .
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Appendiz E.3. Proof of Theorem/[]
Define
X, (1) = x; — X3 (9)
then, {X,(i)}?"] is a orthogonal basis of C,,,. Hence, follows from ([14).
Also,

<R+ 1) === G+ 1)K (k+ 1) == bupiramig, 0Sk<p
(E.3)
with m,, =< X, (k+ 1), X, (k + 1) =, given in (33).
By using and Property can be rewritten as

k—1
— . 3—2v
¢V,p+1*k7rl/,kt == CaXIchl ~y — Z < C7Xu(.7 + 1) ~v l,(,,kfj)af)
j=0

and thus, is obtained from (E.3)).
Finally, from and the ortogonality of the set {)Zl,(l)}fill, we have .

Appendiz E.4. Proof of Theorem[5

From (37), we get P '(n+ 1) = P (n) + mnﬂniif“. Then, by setting
A=P;'n),B=kps1,C=1and D= niﬁf” in Propertyof ,
we obtain .

Now, from and , we have

f,(n+1)=¢"n+ 1)X%-2(n + )P, (n +1)
= (X2 (0) + gy KT ) P+ 1)
£ (n) ~ B ()i ()R Py (1)
+ ynen) (1= R0 P ()R A (n) ) /2P ()
o () Kn 1 A (N) BT P (1) + Yy A (n) Ky 2 Py (1)

and follows.
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