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Abstract: This paper presents a novel metaheuristic optimization algorithm inspired by the geomet-
rical features of circles, called the circle search algorithm (CSA). The circle is the most well-known
geometric object, with various features including diameter, center, perimeter, and tangent lines. The
ratio between the radius and the tangent line segment is the orthogonal function of the angle opposite
to the orthogonal radius. This angle plays an important role in the exploration and exploitation
behavior of the CSA. To evaluate the robustness of the CSA in comparison to other algorithms, many
independent experiments employing 23 famous functions and 3 real engineering problems were
carried out. The statistical results revealed that the CSA succeeded in achieving the minimum fitness
values for 21 out of the tested 23 functions, and the p-value was less than 0.05. The results evidence
that the CSA converged to the minimum results faster than the comparative algorithms. Furthermore,
high-dimensional functions were used to assess the CSA’s robustness, with statistical results revealing
that the CSA is robust to high-dimensional problems. As a result, the proposed CSA is a promising
algorithm that can be used to easily handle a wide range of optimization problems.

Keywords: algorithms; circle search algorithm; metaheuristics; numerical optimization; optimization
methods

MSC: 49J55; 93E20

1. Introduction

Human life is becoming more intelligent, and the surrounding systems are growing, which
is resulting in higher complexity and cost. Optimization algorithms are important in addressing
these complex systems and maintaining the trade-off between quality and cost. In the past
decades, conventional optimization algorithms, such as the Nelder and Mead algorithm [1] and
the Hooke and Jeeve algorithm [2], have been used to solve small nonlinear problems. However,
these algorithms suffer from several disadvantages, such as (1) their dependency on the initial
conditions of the optimization problem; (2) their accuracy being based on the differential
equation solver in the existing tools; and (3) their possibility of getting stuck at a local minimum
point rather than the global minimum point, especially when the problem under study is a
heavy nonlinear or nonconvex problem. Accordingly, metaheuristic algorithms have emerged
as a viable option for solving complex problems. These algorithms are population-based and
stochastic algorithms, which use the principle of random operators. Metaheuristic algorithms
have a significant potential to solve constrained and nonlinear problems, which consider the
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optimization problem as a black-box problem. In addition, metaheuristic algorithms can be
classified into three main categories on the basis of the manner of inspiration: biology-based,
nature-based, and physics-based.

Biology-based algorithms simulate the behavior of creatures in reproduction and
evolution, swarming, or in search of food. The genetic algorithm (GA) [3] and particle
swarm optimization (PSO) method [4] were two of the most popular stochastic algorithms
that emerged in the last decades [5]. The GA is based on organisms reproducing their best
offspring, whereas the PSO is based on bird and fish swarming. These two algorithms are
regarded as the most commonly used algorithms. Following that, numerous algorithms
emerged to mimic the evolution and swarming behavior of other creatures, including
differential evolution (DE) that mimics the species evolution [6], artificial bee colony (ABC)
that simulates bees foraging [7,8] and ant colony optimization (ACO) that stimulates ants’
bio-communication in order to find the lowest path between the colony and food [9]. The
bat algorithm (BA) mimics the echo positioning behavior of bats [10], symbiotic organisms
search (SOS) replicates organisms’ symbiotic interaction techniques for survival and re-
production in an ecology [11], and butterfly optimizer (ABO) replicates the mate-finding
approach of several butterfly species [12]. The salp swarm algorithm (SSA) simulates salps’
swarm behavior while traversing and foraging in the seas [13], the artificial gorilla troops
optimizer (GTO) mimics the society of silverback gorillas [14], the grasshopper optimizer
(GOA) mimics the grasshoppers’ swarming behavior [15], and the moth–flame optimizer
(MFO) simulates the flight of moths in a straight line toward the moon [16].

Other biology-based algorithms mimic the hunting behavior of wild creatures, includ-
ing the hunting search algorithm (HuS), which mimics the hunting process of wild animals,
such as lions and tigers, that surround a prey and catch it [17]; grey wolf optimization
(GWO), which mimics the hierarchical order of grey wolves’ herd to hunt prey [18]; the
whale optimization algorithm (WOA), which mimics the spiral hunting of humpback
whales [19], and the Harris hawks optimizer (HHO), which mimics hawks’ collaboration to
pounce on prey [20]. Moreover, the coyote optimizer algorithm (COA) mimics the social
environment of these species of wolves [21], and the marine predators algorithm (MPA)
mimics the Levy and Brownian motions of oceanic predators as well as the ecological
interaction between predators and prey [22]. There are other biology-based algorithms,
such as dolphin echolocation [23], the social spider algorithm [24], the shuffled frog-leaping
algorithm [25], the honey badger algorithm [26], the cuckoo search algorithm [27], the
artificial butterfly optimizer [12], the bird mating algorithm [28], the tunicate swarm algo-
rithm [29,30], the pity beetle algorithm [31], the spotted hyena optimizer [32], and golden
eagle optimization [33].

Nature-based metaheuristic algorithms imitate the regular natural performance of
plants, water, and so on. The sunflower optimizer (SFO) simulates the position tracking
behavior of sunflowers [34], the tree seed algorithm (TSA) imitates the relationship between
trees growth and their seeds [35], and the flower pollination algorithm (FPA) simulates
the pollination process of flowers [36]. The water cycle algorithm (WCA) simulates the
water flow from rivers and waterways to the sea [37], the water evaporation optimizer
(WEO) simulates the evaporation of a small number of the water components to a solid
surface with varying water content [38], and the heat transfer search (HTS) mimics the
interaction of heated molecules with each other and with their surroundings in order to
achieve thermal equilibrium [39]. There are other nature-based metaheuristic algorithms,
such as farmland fertility [40], the water strider algorithm [41], and the rain optimization
algorithm [42].

Physics-based metaheuristic algorithms mimic the famous physical theories and phe-
nomena [43]. The gravitational search algorithm (GSA) mimics the rule of gravity and
masses interactions [44,45], the Lichtenberg algorithm (LA) mimics the Lichtenberg fig-
ures patterns [46], and Henry gas solubility optimization (HGSO) mimics Henry’s rule
of dissolved gases [47–49]. Thermal exchange optimizer (TEO) mimics the heat exchange
between objects and surroundings [50], the colliding bodies optimizer (CBO) mimics the
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state of two collided moving objects before and after collision [51], and the atom search
optimizer (ASO) mimics the interaction forces between atoms [52]. Charged system search
(CSS) simulates the electrostatics Coulomb law and the mechanics Newtonian laws [53],
the ray optimization algorithm (ROA) simulates the traveling light from the bright medium
to dark medium [54], and the transient search optimizer (TSO) simulates the transient
response of electrical circuits that include the energy storage devices [55]. There are other
physics-based metaheuristic algorithms, including Galactic swarm optimization [56], the
central force optimizer [57], the ions motion algorithm [58], the newton metaheuristic
algorithm [59], the gradient-based optimizer [60], atomic orbital search [61], chaos game
optimization (CGO) [62], and the simulated annealing algorithm [63].

All metaheuristic algorithms compete to find the optimal solution; even a little change
in the answer may result in substantial cost savings. All of these algorithms, however,
started in their simplest form and were later enhanced or hybridized with other algorithms.
The metaheuristic algorithms that can be applied easily and efficiently have attracted
researchers to widely utilize them. PSO is one of the most utilized, hybridized, and
modified to solve a broad range of optimization problems [64]. GWO, WOA, TSO, and SSA
are modified and applied to design an optimal control system for wind power plants [65–69].
TSO, HHO, COA, and SFO are applied to estimate the electrical parameters of photovoltaic
modules [70–74]. At the same time, the no-free-lunch theorem states that no algorithm
can solve all problems [75], wherein one algorithm can efficiently solve a certain problem
while failing to solve another problem. This encourages researchers to model new effective
algorithms that can solve more optimization problems. Table 1 summarizes the most recent
emerging metaheuristic algorithms, and it can be indicated that there is a need for new
competitive and effortless algorithms.

Table 1. State of the art metaheuristic algorithms.

Algorithm Name Reference Classification Mimicking

Orca predation algorithm OPA [76] Biology-based
(hunters) The orcas’ hunting habit.

Komodo mlipir algorithm KMA [77] Biology-based Komodo dragons and miliper foraging
and reproduction

Integrated
optimization algorithm IOA [78] Evolutionarily based

Follower search, leader search, wanderer
search, crossover search, and role learning are

all terms used to construct IOA

Reptile search algorithm RSA [79] Biology-based
(hunters) Crocodiles’ hunting habit

African vultures optimization AVOA [80] Biology-based African vultures’ feeding and
navigational behaviors

Elephant clan optimization ECO [81] Biology-based Elephants’ clan behavior.

Cooperation search algorithm CoSA [82] Human-learning-based The behaviors of teamwork in
contemporary business

Group teaching optimization GTOA [83] Human-learning-based The relationship between the instructor and
his or her pupils

Mayfly algorithm MA [84] Biology-based Mayfly flying and mating behavior

Search and rescue
optimization algorithm SAR [85] Human-learning-based The study of human behavior during search

and rescue missions

This article proposes a novel metaheuristic algorithm, called CSA, which can be cate-
gorized as a geometry-based metaheuristic algorithm. Within this category, the sine cosine
algorithm (SCA) is a geometry-based method that emulates sinusoidal waveforms [86].
Geometry is the science that deals with the characteristics of figures in space, such as their
dimensions, relative position, distance, form, and size. The circle is the most frequently
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used geometric figure because it possesses unique characteristics such as a diameter, a
perimeter, a center point, and a tangent line. The radius that crosses the tangent point is
perpendicular to the tangent line, and the orthogonal function is the ratio of the radius to
the perpendicular tangent line. The orthogonal function varies significantly with a tiny
angle change, which may speed up the CSA exploration phase.

The major contributions of this work are listed below:

1. Introducing a novel geometry-based optimization method, called CSA.
2. Presenting a mathematical model for the proposed CSA, including the states of

exploration and exploitation processes.
3. Applying the proposed CSA and other comparative algorithms to determine the

optimal solution of 23 well-known functions and three engineering design issues
4. Applying the CSA to solve high-dimensional functions (100 and 1000 dimensions).
5. Testing the superiority and significance of the CSA in comparison with other algo-

rithms, performed by using a variety of statistical tests, including the mean, standard
deviation, rank test, and p-values.
The rest of the paper is structured as follows: Section 2 provides the specifics of
the inspiration and the modeling of the CSA. Section 3 shows and contrasts the
optimum results of the 23 standard functions that are obtained using the CSA and
other experienced algorithms. Section 4 illustrates the use of the CSA to optimally
design three well-known engineering issues. Section 5 provides a short conclusion
regarding this study.

2. Circle Search Algorithm
2.1. Background

The geometrical circle is a fundamental closed curve with the same distance between all
points and the center. As shown in Figure 1, the diameter is defined as the line connecting two
points on the curve that intersect the center (xc). The radius (R) is the line that links any point on
the circle to the center. The perimeter of a circle is equal to the length of the curve that surrounds
it. As observed in Figure 1, the tangent line segment is a straight line that intersects the circle
at a single point (xt) and is perpendicular to the radius intersecting this point. According to
Pythagorean equations, the orthogonal function (Tan) of the right triangle is the ratio between
the radius and the perpendicular tangent line segment. It is obvious that the radius is defined as
the distance between xt and xc, whereas the tangent line segment is the distance between points
xt and xp; then, the orthogonal function (Tan) is expressed as in the following equations:

Tan(θ) =
xt − xc

xp − xt
(1)

xt − xc = (xp − xt)× Tan(θ) (2)

xt = xc + (xp − xt)× Tan(θ) (3)
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2.2. CSA Formulation

The CSA looks for the optimum answer inside random circles in order to broaden
the scope of the search area. Using the center of the circle as a target point, the angle of
the contacting point of the tangent line and the circumference of the circle progressively
decreases until it approaches the center of the circle, as shown in Figure 2a. Due to the
possibility that this circle has been trapped in the local solution, the angle at which the
tangent line touches the point is altered at random, as shown in Figure 2b. The touching
point Xt is considered the search agent of the CSA, and the center point Xc is assumed to
be the best position in the algorithm. As shown in Figure 2, the CSA updates the search
agent in response to the movement of the touching point toward the center. Nevertheless,
to prevent the CSA from being stuck in a local solution, the contact point will be updated
randomly by changing the angle in a random manner. The main steps of the CSA optimizer
are explained below:
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Step 1: Initialization: This step is important in the CSA, where whole dimensions of
each search agent should be equally randomized, as depicted in Algorithm 1. Most of the
previous published code randomizes the dimensions unequally, which sometimes make
the algorithms surprisingly obtain the best results. Then, the search agents are initialized
between the upper limit values (UB) and lower limit values (LB) of the search space as in
Equation (4):

Xt = LB + r× (UB− LB) (4)

where r is a random vector that lies between [0, 1].
Step 2: Update search agent position: the position of the search agents Xt is updated

according to the evaluated best position Xc as shown in Equation (5):

Xt = Xc + (Xc − Xt)× tan(θ) (5)

where the angle θ plays an important role in the exploration and exploitation of the CSA
and can be calculated as follows:

θ =

{
w× rand Iter > (c×Maxiter) (escape from local stagnation)
w× p otherwise

(6)

w = w× rand− w (7)

a = π − π × (
Iter

Maxiter
)

2
(8)

p = 1− 0.9× (
Iter

Maxiter
)

0.5
(9)
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where rand is a random number lies between 0 and 1, Iter stands for the iteration counter,
Maxiter represents the maximum number of iterations, and c is a constant between 0 and 1
that represents the percentage of maximum iterations. Equation (7) shows that the variable
w changes from −π to 0 during the increasing of the iterations number. The variable a
changes from π to 0 according to Equation (8). The variable p changes from 1 to 0 as in
Equation (9). Accordingly, the angle θ changes from −π to 0.

There are two cases can be achieved for the CSA as follows:

1. Case 1: Iter > (c.Maxiter): this case means that the angle θ = w× rand all the time,
which can applied to improve the exploration process of the CSA and escape the
local stagnation.

2. Case 2: Iter < (c.Maxiter): this case makes the angle θ = w× p all the time, which can
be used to improve the exploitation process of the CSA.

The pseudo code of the CSA is summarized in the Algorithm 2. Furthermore, Figure 3
exhibits the flowchart of the CSA.

Algorithm 1 Initialization of the CSA

Input LB and UB.
Do for all search agents

r = random number between [0, 1].
Use Equation (4) to initialize the search agent Xt.

End Do

Algorithm 2 Pseudo-code of the CSA

Initialize the search agents Xt using Algorithm 1
Input the constant value c, Iter = 0, and Maxiter
While Iter less than Maxiter

Use Equation (8) to find the value of a
Do for all search agents

Use Equation (7) to find the value of w
Use Equation (9) to find the value of p
Use Equation (6) to find the value of the angle θ

Use Equation (5) to update the search agent Xt
if the updated search agents are out of the boundaries then set search agents equal to the boundaries
find the fitness function f(Xt)

End Do
Evaluate the f(Xt) with the stored best solution f(Xc)

Update f(Xc) and Xc
Iter = Iter + 1

End While
Output f(Xc) and Xc
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3. Computational Complexity of the CSA

The Big O Notation can be used to quantify the runtime of the CSA. The initial-
ization is based on one loop as described in Algorithm 1, so it requires O(N), where N
denotes the search agents’ number. The computational complexity of the update pro-
cess is O(Maxiter× N × D). The computational complexity of the fitness evaluation
is O(Maxiter× N). Therefore, the total complexity is O(N(1 + Maxiter× D + Maxiter),
where the computational complexity of the CSA is O(N ×Maxiter× D).

4. Experimental Results and Discussion

In this article, the optimization processes were performed using MATLAB R2019b,
Windows 10 64 bits on Core i7, 16 GB RAM PC to find the best solution of the famous 23
standard functions.

4.1. Standard Functions

These standard functions are well known and used widely as benchmark functions,
including the unimodal, multimodal, and fixed-dimension multimodal functions. Table 2
shows the list of the unimodal functions (F1–F7), which have one optimal best solution, and
they were used to check the deep exploitation of the optimization algorithms. Tables 3 and 4
list the non-fixed multimodal functions (F8–F13) and fixed dimensions of the multimodal
functions (F14–F23), which trap the algorithms into many local optimal solutions. These
multimodal functions are used to examine the exploration of the algorithms and their
ability to escape from the local optima.
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Table 2. Unimodal standard famous functions.

Function Expression Dimension (d) Solution Space Best Solution

F1 f (x) =
d
∑

i=1
xi

2 30, 100, 1000 [−100, 100]d 0

F2 f (x) =
d
∑

i=1
|xi|+

d
∏
i=1
|xi| 30, 100, 1000 [−10, 10]d 0

F3 f (x) =
d
∑

i=1
(

i
∑

j=1
xj)

2

30, 100, 1000 [−100, 100]d 0

F4 f (x) = maxi{|xi|, 1 ≤ i ≤ d} 30, 100, 1000 [−100, 100]d 0

F5 f (x) =
d
∑

i=1
[100(xi+1 − xi

2)
2
+ (xi − 1)2] 30, 100, 1000 [−30, 30]d 0

F6 f (x) =
d
∑

i=1
(xi + 0.5)2 30, 100, 1000 [−100, 100]d 0

F7 f (x) =
d
∑

i=1
i.xi

4 + random[0, 1) 30, 100, 1000 [−1.28, 1.28]d 0

Table 3. Multimodal standard famous functions.

Function Expression Dimension (d) Solution Space Best Solution

F8 f (x) =
d
∑

i=1
xi sin(

√
|xi |) 30, 100, 1000 [−500, 500]d −418.9829 × d

F9 f (x) =
n
∑

i=1
[xi

2 − 10 cos(2πxi) + 10] 30, 100, 1000 [−5.12, 5.12]d 0

F10 f (x) = −20 exp(−0.2

√
1
d

d
∑

j=1
xj)− exp( 1

n cos(2πxj)) + 20 + e 30, 100, 1000 [−32, 32]d 0

F11 f (x) = 1
4000

d
∑

i=1
xi

2 −
d

∏
i=1

cos( xi√
i
) + 1 30, 100, 1000 [−600, 600]d 0

F12

f (x) = π
d {10 sin(πy1) +

d
∑

i=1
(yi − 1)2[1 + 10 sin2(πyi+1)] + (yd − 1)2}

+
d
∑

i=1
u(xi , 10, 100, 4)

yi = 1 + xi+1
4

u(xi , a, k, m) =

 k(xi − a)m xi > a
0 −a < xi < a
k(−xi − a)m xi < −a

30, 100, 1000 [−50, 50]d 0

F13
f (x) = 0.1× {10 sin2(3πx1) +

d
∑

i=1
(xi − 1)2[1 + sin2(3πxi + 1)]

+(xd − 1)2[1 + sin2(2πxd)]}+
d
∑

i=1
u(xi , 5, 100, 4)

30, 100, 1000 [−50, 50]d 0

Table 4. Fixed-dimension multimodal standard famous functions.

Function Expression Dimension (d) Solution Space Best Solution

F14 f (x) = ( 1
500 +

25
∑

i=1

1

i+
2
∑

j=1
(xi−aij )

6
)−1

2 [−65, 65]d 1

F15 f (x) =
11
∑

i=1
[ai −

xi (bi
2+bi x2)

bi
2+bi x3+x4

]
2

4 [−5, 5]d 0.00030

F16 f (x) = 4x1
2 − 2.1x1

4 + 1
3 x1

6 + x1x2 − 4x2
2 + 4x2

4 2 [−5, 5]d −1.0316

F17 f (x) = (x2 − 5.1
4π2 x1

2 + 5
π x1 − 6)

2
+ 10(1− 1

8π ) cos(x1) + 10 2 [−5, 5]d 0.398

F18
f (x) = [1 + (x1 + x2 + 1)2(19− 14x1 + 3x1

2 − 14x2 + 6x1x2 + 3x2
2)]×

[30 + (2x1 − 3x2)
2 × (18− 32x1 + 12x1

2

+48x2 − 36x1x2 + 27x2
2)]

2 [−2, 2]d 3

F19 f (x) = −
4
∑

i=1
ci exp (−

3
∑

j=1
aij(xj − pij)

2

) 3 [1, 3]d −3.86
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Table 4. Cont.

Function Expression Dimension (d) Solution Space Best Solution

F20 f (x) = −
4
∑

i=1
ci exp (−

6
∑

j=1
aij(xj − pij)

2

) 6 [0, 1]d −3.32

F21 f (x) = −
5
∑

i=1
[(X− ai)(X− ai)

T + ci ]
−1

4 [0, 10]d −10.1532

F22 f (x) = −
7
∑

i=1
[(X− ai)(X− ai)

T + ci ]
−1

4 [0, 10]d −10.4028

F23 f (x) = −
10
∑

i=1
[(X− ai)(X− ai)

T + ci ]
−1

4 [0, 10]d −10.5363

4.2. Comparative Algorithms

The CSA performance was compared with eight algorithms—the PSO, GWO, SSA,
SCA, WOA, HHO, CGO, and TSO algorithms. The PSO and GWO algorithms are the
most used algorithms, so they can be considered as the benchmark algorithms for all new
algorithms. The WOA, CGO, and TSO algorithms are recent algorithms, which are applied
widely due to their straightforward coding and application. The SSA and HHO are recent
algorithms and have good capability to avoid being stuck in local optima. The SCA is a
geometry-based algorithm, where the proposed CSA is also classified as a geometry-based
algorithm. The settings of the applied algorithms in this paper are displayed in Table 5,
which were tuned on the basis of the related literature. All algorithms had the same
maximum number of iterations (500), and the search agents were 30 in number.

Table 5. Parameters of the applied algorithms.

Algorithm Parameters

Proposed CSA w decreased from 1.5 to 0 and constant c = 0.75 for F1–F13 and c = 0.3 for F14–F23

PSO Inertia weight w decreased from 0.5 to 0.3, c1 = 2, and c2 = 2

GWO The parameter a changed from 2 to 0

SSA Probability update was 0.5

SCA Constant a = 2 and probability update was 0.5

WOA The parameter a changed from 2 to 0, b = 1

HHO The decreasing energy E1 changed from 2 to 0

CGO α, β, and γ were random numbers

TSO The parameter a changed from 2 to 0

4.3. Statistical Analysis

Statistical analysis was carried out for 30 independent runs for all applied algorithms.
For obtaining a fair comparison, the same initial population was used for all compared
algorithms. The mean and standard deviation were the most used statistical tests to show
the superiority of the algorithms to obtain the best minimum for different runs. Tables 6–8
show the minimum, mean, standard deviation (std), and ranks for all applied algorithms
and functions. The best achieved mean solution was bolded for visual inspection, wherein
the CSA obtained the best mean solution for 21 out of 23 functions. Furthermore, the
standard deviations of the results of 30 independent runs for all functions were very small,
especially for the Shwefel function (F8), where all algorithms obtained very big standard
deviations for this function. The sum of individual ranks showed that the CSA obtained
the first rank, whereas the SSA obtained the second rank. The balance between exploitation
and exploration abilities of the algorithms can be tested using two contrary functions
(Rosenbrock function (F5) and Rastrigin function (F9)), wherein most of the algorithms
failed to solve both of them. However, the proposed CSA successfully obtained the best
minimum solution for both.
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Table 6. Statistical results of the optimized standard functions with d = 30.

GWO SCA SSA HHO WOA PSO TSO CGO CSA

F1

Avg. 5.7838 × 10−38 6.5806 × 10−11 9.5464 × 10−08 1.4759 × 10−109 6.6351 × 10−69 4.6281 × 10−07 1.0826 × 10−03 1.1934 × 10−136 9.5326 × 10−219

STD. 9.1734 × 10−38 2.7669 × 10−10 5.2552 × 10−08 8.0839 × 10−109 3.6342 × 10−68 1.0552 × 10−06 3.9713 × 10−03 4.7846 × 10−136 0.0000 × 1000

Min 1.1944 × 10−40 1.9641 × 10−15 3.3386 × 10−08 0.0000 × 1000 6.6909 × 10−86 2.3249 × 10−10 8.9536 × 10−08 0.0000 × 1000 2.9648 × 10−278

F2

Avg. 1.8357 × 10−22 3.1710 × 10−08 2.6003 × 10−01 3.4043 × 10−53 6.7368 × 10−50 5.3551 × 10−04 8.4374 × 10−06 1.7566 × 10−71 1.3380 × 10−92

STD. 3.6643 × 10−22 4.5318 × 10−08 1.8497 × 10−01 1.2317 × 10−52 3.3959 × 10−49 8.9901 × 10−04 1.2036 × 10−05 7.9508 × 10−71 7.3287 × 10−92

Min 1.1603 × 10−23 1.1753 × 10−09 4.5012 × 10−03 9.7243 × 10−172 1.1799 × 10−57 2.8776 × 10−06 6.5020 × 10−07 0.0000 × 1000 3.4777 × 10−140

F3

Avg. 1.2328 × 10−08 1.0265 × 10−07 3.0191 × 1002 5.3195 × 10−78 1.7475 × 10−01 1.0393 × 1003 3.9684 × 1002 1.0135 × 10−98 3.5072 × 10−192

STD. 3.2665 × 10−08 3.1441 × 10−07 4.7355 × 1002 2.0975 × 10−77 4.9298 × 10−01 9.4985 × 1002 1.0181 × 1003 2.6061 × 10−98 0.0000 × 1000

Min 3.4277 × 10−12 9.8383 × 10−13 1.1474 × 1000 4.6827 × 10−103 7.1459 × 10−08 3.8895 × 10−02 4.5120 × 10−04 0.0000 × 1000 1.2646 × 10−274

F4

Avg. 5.7254 × 10−01 1.0814 × 1000 1.0281 × 1000 1.5750 × 10−119 4.8675 × 10−02 3.0927 × 1000 7.2259 × 10−01 6.5523 × 10−59 1.2504 × 10−98

STD. 1.0996 × 1000 2.5084 × 1000 8.5943 × 10−01 8.6266 × 10−119 1.3524 × 10−01 2.9911 × 1000 6.7465 × 10−01 1.2075 × 10−58 6.8486 × 10−98

Min 4.2053 × 10−08 9.9628 × 10−05 2.8062 × 10−02 8.0269 × 10−181 6.5725 × 10−06 2.8062 × 10−02 6.0508 × 10−03 0.0000 × 1000 3.0109 × 10−139

F5

Avg. 2.5381 × 1001 7.0200 × 1001 2.5675 × 1001 1.8902 × 10−06 8.5474 × 1000 1.9573 × 1001 1.1420 × 1001 1.5351 × 1001 0.0000 × 1000

STD. 1.5260 × 1001 1.3659 × 1002 2.4616 × 1001 1.0192 × 10−05 1.2854 × 1001 2.3932 × 1001 1.2831 × 1001 5.4322 × 1000 0.0000 × 1000

Min 7.5169 × 10−02 7.5169 × 10−02 9.3447 × 10−04 0.0000 × 1000 2.3611 × 10−07 4.2949 × 10−05 4.6622 × 10−03 3.2114 × 10−06 0.0000 × 1000

F6

Avg. 5.4155 × 10−01 5.3173 × 1000 2.0211 × 10−07 2.8436 × 10−07 1.3848 × 10−02 4.7315 × 10−07 4.8451 × 10−01 1.8244 × 10−18 0.0000 × 1000

STD. 3.5419 × 10−01 8.0594 × 10−01 3.5045 × 10−07 1.4406 × 10−06 2.4111 × 10−02 8.7532 × 10−07 4.2675 × 10−01 5.9259 × 10−18 0.0000 × 1000

Min 2.8333 × 10−04 1.2272 × 1000 2.4022 × 10−08 0.0000 × 1000 7.5679 × 10−08 5.0032 × 10−09 3.5827 × 10−02 6.2486 × 10−24 0.0000 × 1000

F7

Avg. 1.3202 × 10−03 4.7389 × 10−04 4.0651 × 10−02 1.0839 × 10−04 1.2714 × 10−03 2.7046 × 10−02 2.5284 × 10−03 4.6345 × 10−04 3.8180 × 10−04

STD. 6.4299 × 10−04 4.4640 × 10−04 4.0466 × 10−02 1.0664 × 10−04 2.4965 × 10−03 2.5014 × 10−02 2.8216 × 10−03 3.4197 × 10−04 6.6990 × 10−04

Min 2.8985 × 10−04 4.5957 × 10−06 2.1466 × 10−03 1.3803 × 10−05 7.2309 × 10−07 7.7340 × 10−04 1.1353 × 10−04 7.3420 × 10−05 2.6012 × 10−05

F8

Avg. −1.1269 × 1004 −1.1117 × 1004 −1.2096 × 1004 −1.2569 × 1004 −1.2427 × 1004 −1.2071 × 1004 −1.2223 × 1004 −1.2451 × 1004 −1.2569 × 1004

STD. 1.6040 × 1003 1.5893 × 1003 1.2285 × 1003 2.3541 × 10−09 6.5709 × 1002 1.2389 × 1003 9.5254 × 1002 6.4871 × 1002 1.9404 × 10−12

Min −1.2557 × 1004 −1.2551 × 1004 −1.2569 × 1004 −1.2569 × 1004 −1.2569 × 1004 −1.2569 × 1004 −1.2569 × 1004 −1.2569 × 1004 −1.2569 × 1004

F9

Avg. 4.1807 × 1001 4.0559 × 1001 9.9496 × 1000 0.0000 × 1000 1.8948 × 10−15 3.0214 × 1001 2.2908 × 1000 0.0000 × 1000 0.0000 × 1000

STD. 3.5269 × 1001 4.2016 × 1001 1.4311 × 1001 0.0000 × 1000 1.0378 × 10−14 3.3687 × 1001 1.2547 × 1001 0.0000 × 1000 0.0000 × 1000

Min 0.0000 × 1000 0.0000 × 1000 2.3251 × 10−08 0.0000 × 1000 0.0000 × 1000 2.7281 × 10−08 1.7390 × 10−08 0.0000 × 1000 0.0000 × 1000
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Table 6. Cont.

GWO SCA SSA HHO WOA PSO TSO CGO CSA

F10

Avg. 1.1978 × 10−01 2.5187 × 10−01 9.4409 × 10−01 8.8818 × 10−16 5.0330 × 10−15 9.1797 × 10−01 1.3331 × 10−01 2.7830 × 10−15 8.8818 × 10−16

STD. 6.5604 × 10−01 9.5974 × 10−01 1.2595 × 1000 0.0000 × 1000 2.9626 × 10−15 1.9652 × 1000 7.2493 × 10−01 1.8027 × 10−15 0.0000 × 1000

Min 7.9936 × 10−15 6.1332 × 10−09 4.1912 × 10−05 8.8818 × 10−16 8.8818 × 10−16 8.9230 × 10−06 7.4523 × 10−06 8.8818 × 10−16 8.8818 × 10−16

F11

Avg. 3.7391 × 10−03 2.1526 × 10−07 1.8495 × 10−02 0.0000 × 1000 0.0000 × 1000 1.1234 × 10−02 6.6144 × 10−02 0.0000 × 1000 0.0000 × 1000

STD. 1.0062 × 10−02 1.1396 × 10−06 1.4792 × 10−02 0.0000 × 1000 0.0000 × 1000 1.3511 × 10−02 1.5859 × 10−01 0.0000 × 1000 0.0000 × 1000

Min 0.0000 × 1000 3.2196 × 10−15 4.8962 × 10−04 0.0000 × 1000 0.0000 × 1000 2.9305 × 10−09 1.8765 × 10−08 0.0000 × 1000 0.0000 × 1000

F12

Avg. 1.2064 × 1000 1.4563 × 1000 1.9961 × 10−02 1.0540 × 10−08 3.7369 × 10−04 7.9748 × 10−01 7.4001 × 10−03 1.3909 × 10−20 1.5705 × 10−32

STD. 2.5890 × 1000 2.4947 × 1000 7.7080 × 10−02 3.8589 × 10−08 1.1984 × 10−03 1.7667 × 1000 1.2526 × 10−02 6.6394 × 10−20 5.5674 × 10−48

Min 1.6660 × 10−05 2.1551 × 10−04 4.8395 × 10−07 6.3387 × 10−21 2.1843 × 10−09 3.6269 × 10−13 1.3758 × 10−06 1.0149 × 10−25 1.5705 × 10−32

F13

Avg. 2.3921 × 10−01 1.8630 × 1000 4.0527 × 10−01 7.6694 × 10−07 2.4754 × 10−03 2.3928 × 10−01 1.5123 × 10−01 2.2315 × 10−02 1.3498 × 10−32

STD. 2.3561 × 10−01 9.1497 × 10−01 1.5566 × 1000 3.5053 × 10−06 6.0994 × 10−03 1.2677 × 1000 1.5863 × 10−01 5.2790 × 10−02 5.5674 × 10−48

Min 5.3035 × 10−04 3.4038 × 10−02 7.9766 × 10−06 1.3498 × 10−32 2.8468 × 10−09 1.1833 × 10−10 6.0890 × 10−05 8.1780 × 10−24 1.3498 × 10−32

F14

Avg. 3.2156 × 1000 1.9345 × 1000 1.0643 × 1000 9.9800 × 10−01 9.9800 × 10−01 1.0311 × 1000 9.9800 × 10−01 9.9800 × 10−01 9.9800 × 10−01

STD. 3.8889 × 1000 9.9707 × 10−01 2.5219 × 10−01 1.5699 × 10−10 1.3046 × 10−08 1.8148 × 10−01 1.7835 × 10−07 0.0000 × 1000 1.7494 × 10−16

Min 9.9800 × 10−01 9.9800 × 10−01 9.9800 × 10−01 9.9800 × 10−01 9.9800 × 10−01 9.9800 × 10−01 9.9800 × 10−01 9.9800 × 10−01 9.9800 × 10−01

F15

Avg. 4.0459 × 10−04 5.7433 × 10−04 6.4506 × 10−04 3.2725 × 10−04 3.2225 × 10−04 4.6375 × 10−04 3.7770 × 10−04 3.3801 × 10−04 3.0806 × 10−04

STD. 1.1637 × 10−04 2.5944 × 10−04 3.3345 × 10−04 2.2421 × 10−05 2.5146 × 10−05 2.4872 × 10−04 1.7279 × 10−04 1.6718 × 10−04 7.8742 × 10−07

Min 3.0749 × 10−04 3.3338 × 10−04 3.0769 × 10−04 3.0751 × 10−04 3.0784 × 10−04 3.0749 × 10−04 3.0758 × 10−04 3.0749 × 10−04 3.0749 × 10−04

F16

Avg. −1.0316 × 1000 −1.0315 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000

STD. 7.0549 × 10−08 8.7695 × 10−05 4.0464 × 10−14 3.0122 × 10−09 3.6944 × 10−09 6.6486 × 10−16 1.5990 × 10−05 6.7752 × 10−16 4.6137 × 10−09

Min −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000 −1.0316 × 1000

F17

Avg. 3.9789 × 10−01 4.0100 × 10−01 3.9789 × 10−01 3.9789 × 10−01 3.9790 × 10−01 3.9789 × 10−01 3.9791 × 10−01 3.9789 × 10−01 3.9789 × 10−01

STD. 5.3714 × 10−06 3.2491 × 10−03 7.3008 × 10−15 5.2004 × 10−06 1.7830 × 10−05 0.0000 × 1000 2.2182 × 10−05 0.0000 × 1000 5.2398 × 10−08

Min 3.9789 × 10−01 3.9811 × 10−01 3.9789 × 10−01 3.9789 × 10−01 3.9789 × 10−01 3.9789 × 10−01 3.9789 × 10−01 3.9789 × 10−01 3.9789 × 10−01

F18

Avg. 3.0000 × 1000 3.0000 × 1000 3.0000 × 1000 3.0000 × 1000 3.0001 × 1000 3.0000 × 1000 2.9715 × 1001 3.0000 × 1000 3.0000 × 1000

STD. 4.1823 × 10−05 3.5195 × 10−05 1.8243 × 10−13 6.0229 × 10−07 4.6026 × 10−04 9.9301 × 10−16 5.0596 × 1000 9.3663 × 10−16 4.9599 × 10−06

Min 3.0000 × 1000 3.0000 × 1000 3.0000 × 1000 3.0000 × 1000 3.0000 × 1000 3.0000 × 1000 3.0032 × 1000 3.0000 × 1000 3.0000 × 1000

F19 Avg. −3.8616 × 1000 −3.8507 × 1000 −3.8628 × 1000 −3.8583 × 1000 −3.8518 × 1000 −3.8628 × 1000 −3.8040 × 1000 −3.8628 × 1000 −3.8625 × 1000
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Table 6. Cont.

GWO SCA SSA HHO WOA PSO TSO CGO CSA

STD. 2.2933 × 10−05 3.1389 × 10−01 5.5503 × 10−02 1.0806 × 10−01 3.4871 × 10−02 7.1334 × 10−02 9.1886 × 10−03 5.8273 × 10−02 4.1813 × 10−02

Min −3.3220 × 1000 −3.0564 × 1000 −3.3220 × 1000 −3.1993 × 1000 −3.3217 × 1000 −3.3220 × 1000 −3.3211 × 1000 −3.3220 × 1000 −3.3220 × 1000

F21

Avg. −8.3916 × 1000 −6.8959 × 1000 −1.0153 × 1001 −9.8130 × 1000 −9.8109 × 1000 −8.9697 × 1000 −1.0128 × 1001 −1.0153 × 1001 −1.0153 × 1001

STD. 2.1174 × 1000 2.2821 × 1000 5.5169 × 10−11 1.2933 × 1000 1.2928 × 1000 2.1819 × 1000 2.7575 × 10−02 6.7923 × 10−15 1.4067 × 10−07

Min −1.0152 × 1001 −1.0152 × 1001 −1.0153 × 1001 −1.0153 × 1001 −1.0153 × 1001 −1.0153 × 1001 −1.0153 × 1001 −1.0153 × 1001 −1.0153 × 1001

F22

Avg. −8.9990 × 1000 −7.2308 × 1000 −1.0227 × 1001 −9.8713 × 1000 −9.8701 × 1000 −8.3816 × 1000 −1.0391 × 1001 −1.0403 × 1001 −1.0403 × 1001

STD. 2.2109 × 1000 2.4640 × 1000 9.6292 × 10−01 1.6218 × 1000 1.6214 × 1000 2.7339 × 1000 1.0467 × 10−02 1.3601 × 10−15 3.3477 × 10−05

Min −1.0402 × 1001 −1.0394 × 1001 −1.0403 × 1001 −1.0403 × 1001 −1.0403 × 1001 −1.0403 × 1001 −1.0403 × 1001 −1.0403 × 1001 −1.0403 × 1001

F23

Avg. −8.6580 × 1000 −7.2350 × 1000 −9.8216 × 1000 −1.0175 × 1001 −1.0354 × 1001 −8.7432 × 1000 −1.0518 × 1001 −1.0358 × 1001 −1.0536 × 1001

STD. 2.5993 × 1000 2.5826 × 1000 1.8535 × 1000 1.3719 × 1000 9.8705 × 10−01 2.5794 × 1000 2.0234 × 10−02 9.7874 × 10−01 2.7028 × 10−05

Min −1.0536 × 1001 −1.0536 × 1001 −1.0536 × 1001 −1.0536 × 1001 −1.0536 × 1001 −1.0536 × 1001 −1.0536 × 1001 −1.0536 × 1001 −1.0536 × 1001

Table 7. The p-values of the null hypothesis t-test of CSA versus other algorithms.

GWO SCA SSA HHO WOA PSO TSO CGO

F1 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 6.0350 × 10−03 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.9209 × 10−06

F2 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 5.0383 × 10−01 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 2.3534 × 10−06

F3 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 3.1817 × 10−06

F4 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 3.7243 × 10−05 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 2.3534 × 10−06

F5 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.5625 × 10−02 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06

F6 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.3183 × 10−04 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06

F7 5.3070 × 10−05 6.5641 × 10−02 1.7344 × 10−06 1.7088 × 10−03 3.3269 × 10−02 1.7344 × 10−06 5.7924 × 10−05 1.3194 × 10−02

F8 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 6.2500 × 10−02 2.5631 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.2383 × 10−06

F9 2.5631 × 10−06 2.5596 × 10−06 1.7344 × 10−06 1.0000 × 1000 1.0000 × 1000 1.7344 × 10−06 1.7344 × 10−06 1.0000 × 1000

F10 1.4383 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.0000 × 1000 2.1912 × 10−05 1.7344 × 10−06 1.7344 × 10−06 6.3342 × 10−05
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Table 7. Cont.

GWO SCA SSA HHO WOA PSO TSO CGO

F11 1.2500 × 10−01 1.7344 × 10−06 1.7344 × 10−06 1.0000 × 1000 1.0000 × 1000 1.7344 × 10−06 1.7344 × 10−06 1.0000 × 1000

F12 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06

F13 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 2.7016 × 10−05 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.7300 × 10−06

F14 1.7344 × 10−06 1.7344 × 10−06 1.0231 × 10−05 1.8435 × 10−04 1.7344 × 10−06 1.0000 × 1000 1.7344 × 10−06 5.0000 × 10−01

F15 2.8434 × 10−05 1.7344 × 10−06 1.9209 × 10−06 6.3391 × 10−06 2.8786 × 10−06 3.3173 × 10−04 3.5152 × 10−06 3.1123 × 10−05

F16 3.8822 × 10−06 1.7344 × 10−06 1.7344 × 10−06 8.9443 × 10−04 4.1140 × 10−03 1.7344 × 10−06 2.1266 × 10−06 1.7344 × 10−06

F17 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 5.2165 × 10−06 1.9209 × 10−06 1.7344 × 10−06 1.9209 × 10−06 1.7344 × 10−06

F18 3.0650 × 10−04 1.2453 × 10−02 1.7344 × 10−06 2.1630 × 10−05 1.1499 × 10−04 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06

F19 1.4936 × 10−05 1.7344 × 10−06 1.7344 × 10−06 9.3157 × 10−06 1.1265 × 10−05 1.7344 × 10−06 2.3534 × 10−06 1.7344 × 10−06

F20 1.5658 × 10−02 1.7344 × 10−06 5.7924 × 10−05 1.7344 × 10−06 1.1748 × 10−02 3.0861 × 10−01 1.4795 × 10−02 7.3433 × 10−01

F21 1.7344 × 10−06 1.7344 × 10−06 1.7344 × 10−06 1.3591 × 10−01 2.6033 × 10−06 6.6858 × 10−01 1.7344 × 10−06 6.0496 × 10−07

F22 1.7344 × 10−06 1.7344 × 10−06 3.1123 × 10−05 1.7988 × 10−05 9.3157 × 10−06 3.8202 × 10−01 2.1266 × 10−06 1.7300 × 10−06

F23 1.7344 × 10−06 1.7344 × 10−06 1.4795 × 10−02 1.9729 × 10−05 3.1123 × 10−05 6.4352 × 10−01 1.7344 × 10−06 3.1123 × 10−05
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Table 8. Statistical results of the optimized standard functions with d = 100.

Function Test CSA PSO SSA SCA GWO

F1

Best 4.05207 × 10−66 1.40909 × 10−02 8.41001 × 10−02 7.65220 × 10−05 1.15671 × 10−16

Mean 9.49793 × 10−37 3.23392 × 1001 1.98479 × 1001 4.22900 × 10−01 2.72480 × 10−14

Std 5.20184 × 10−36 4.83756 × 1001 2.80619 × 1001 9.12128 × 10−01 3.45607 × 10−14

F2

Best 1.79982 × 10−33 1.51649 × 10−01 3.28652 × 10−01 9.66793 × 10−05 4.82345 × 10−10

Mean 2.92106 × 10−22 3.89166 × 1000 4.75249 × 1000 3.31250 × 10−03 6.43809 × 10−09

Std 1.53426 × 10−21 4.88194 × 1000 3.71882 × 1000 3.35433 × 10−03 4.85863 × 10−09

F3

Best 6.77086 × 10−66 2.43120 × 1001 2.58477 × 1002 3.09196 × 10−04 5.83050 × 10−01

Mean 1.18525 × 10−40 8.05289 × 1004 2.33034 × 1004 4.24039 × 1000 1.82227 × 1002

Std 6.39505 × 10−40 3.84529 × 1004 3.16829 × 1004 6.62382 × 1000 2.88485 × 1002

F4

Best 5.64112 × 10−36 1.97453 × 10−01 1.96642 × 10−01 1.97453 × 10−01 1.97453 × 10−01

Mean 3.81723 × 10−22 2.62001 × 1000 9.88436 × 10−01 2.62001 × 1000 2.59439 × 1000

Std 1.83964 × 10−21 2.72100 × 1000 7.22522 × 10−01 2.72100 × 1000 2.71903 × 1000

F5

Best 0.00000 × 1000 8.09021 × 10−01 1.15830 × 1000 1.80961 × 1000 1.80961 × 1000

Mean 0.00000 × 1000 3.38351 × 1003 4.75416 × 1002 4.89317 × 1003 1.26269 × 1002

Std 0.00000 × 1000 1.14975 × 1004 9.22158 × 1002 1.39892 × 1004 1.65257 × 1002

F6

Best 0.00000 × 1000 9.17634 × 10−05 3.55921 × 10−04 1.76154 × 10−03 8.62047 × 10−04

Mean 0.00000 × 1000 3.30019 × 1001 1.32821 × 1001 2.93302 × 1001 7.17494 × 1000

Std 0.00000 × 1000 5.13931 × 1001 1.86246 × 1001 2.88694 × 1001 3.74740 × 1000

F7

Best 4.23203 × 10−06 1.54553 × 10−02 4.83797 × 10−03 3.57837 × 10−04 3.66995 × 10−03

Mean 4.00859 × 10−04 1.86225 × 10−01 1.41949 × 10−01 1.01286 × 10−01 8.42239 × 10−03

Std 4.78167 × 10−04 1.75616 × 10−01 1.17454 × 10−01 2.46964 × 10−01 4.68636 × 10−03

F8

Best −4.18983 × 1004 −4.18952 × 1004 −4.18914 × 1004 −4.18464 × 1004 −4.18464 × 1004

Mean −4.18983 × 1004 −3.96372 × 1004 −4.03440 × 1004 −3.75470 × 1004 −3.82785 × 1004

Std 2.96014 × 10−11 4.49162 × 1003 3.63037 × 1003 5.82693 × 1003 5.27419 × 1003

F9

Best 0.00000 × 1000 3.27575 × 10−03 8.23333 × 10−03 3.73030 × 10−05 3.25244 × 10−06

Mean 0.00000 × 1000 8.27521 × 1001 4.28287 × 1001 1.24652 × 1002 1.51656 × 1002

Std 0.00000 × 1000 7.32871 × 1001 4.87230 × 1001 1.19664 × 1002 1.11244 × 1002

F10

Best 8.88178 × 10−16 7.84248 × 10−02 2.24259 × 10−02 8.35089 × 10−04 1.59905 × 10−09

Mean 8.88178 × 10−16 2.88503 × 1000 1.76283 × 1000 1.31387 × 1000 9.57690 × 10−01

Std 0.00000 × 1000 2.62189 × 1000 1.12465 × 1000 2.18567 × 1000 2.49990 × 1000

F11

Best 0.00000 × 1000 4.25764 × 10−03 5.71780 × 10−02 3.41024 × 10−06 0.00000 × 1000

Mean 0.00000 × 1000 1.52847 × 1000 9.20741 × 10−01 2.27770 × 10−01 1.55201 × 10−03

Std 0.00000 × 1000 1.66071 × 1000 5.63135 × 10−01 2.79365 × 10−01 5.96126 × 10−03

F12

Best 4.71163 × 10−33 1.97180 × 10−04 1.12509 × 10−03 5.24202 × 10−03 1.23122 × 10−04

Mean 4.71163 × 10−33 1.01808 × 1000 4.60484 × 10−01 1.64094 × 1000 1.44908 × 1000

Std 1.39185 × 10−48 1.49538 × 1000 1.11625 × 1000 1.78266 × 1000 2.82336 × 1000

F13

Best 1.34978 × 10−32 3.52700 × 10−05 2.58636 × 10−04 7.25952 × 10−04 4.19563 × 10−04

Mean 1.34978 × 10−32 1.45863 × 1001 2.90656 × 1000 2.47516 × 1001 2.72461 × 1000

Std 5.56740 × 10−48 2.21891 × 1001 5.27444 × 1000 4.78364 × 1001 2.82642 × 1000

In addition, the null hypothesis t-test with 5% significance level was used to validate
the significance level of the results of the CSA versus other algorithms. The significance
level revealed that there was a significant comparison between the achieved results by the
CSA and the results of the comparative algorithms. This can be measured by comparing
the results of the CSA for 30 independent runs with the results of other algorithms, e.g.,
CSA vs. GWO. If the p-value of the t-test was less than 0.05, then there was a significant
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comparison between the CSA and the other algorithms. However, if the p-value was
higher than 0.05, then there was no significant comparison between the CSA and the other
algorithms. Table 7 shows the obtained p-values of the CSA versus other algorithms for
the 30 independent runs. Most of the p-values were less than 0.05, except 8 values out of
92 values.

4.4. High-Dimensional Functions

To investigate the CSA’s behavior with high-dimensional problems in further detail,
the CSA was tested for benchmark functions (F1–F13) with 100 and 1000 dimensions. The
statistical results of all algorithms are shown in Table 8, including the best minimum,
mean, and standard deviation. It is obvious that the CSA was resilient and consistently
produced the best results for all high-dimensional functions. Additionally, the standard
deviation demonstrated the CSA’s durability and stability in 30 independent experiments.
On the other hand, the compared algorithms were not resilient against high-dimensional
algorithms with a large standard deviation. Additionally, the 1000 dimensions ensured the
suggested CSA’s robustness. The results of all algorithms and functions are summarized in
Table 9. It is obvious that the CSA is resilient and produces the best minimal results, with a
very low standard deviation in comparison with other algorithms.

Table 9. Statistical results of the optimized standard functions with d = 1000.

Function Test CSA PSO SSA SCA GWO

F1

Best 1.74114 × 10−68 7.86330 × 10−01 8.69625 × 10−01 9.85563 × 10−01 1.28824 × 10−03

Mean 6.75805 × 10−43 2.57658 × 1004 1.87823 × 1003 3.13124 × 1004 6.86880 × 1001

Std 3.69123 × 10−42 5.49528 × 1004 4.45580 × 1003 6.67314 × 1004 1.47024 × 1002

F2

Best 4.94485 × 10−35 1.70351 × 1000 1.86340 × 1000 2.11466 × 1000 7.00593 × 10−04

Mean 2.44060 × 10−21 2.85661 × 1002 9.02285 × 1001 4.69947 × 1001 4.62960 × 10−02

Std 1.33304 × 10−20 2.42764 × 1002 7.96943 × 1001 2.46857 × 1001 3.27695 × 10−02

F3

Best 7.28940 × 10−62 1.44335 × 1006 7.08473 × 1003 3.52592 × 1004 3.55999 × 1005

Mean 4.45675 × 10−39 9.83821 × 1006 5.17443 × 1006 8.89991 × 1005 1.07487 × 1006

Std 2.13852 × 10−38 3.95888 × 1006 4.61038 × 1006 6.68057 × 1005 3.87543 × 1005

F4

Best 9.39244 × 10−41 2.82903 × 10−02 2.82903 × 10−02 2.82903 × 10−02 2.82903 × 10−02

Mean 4.97072 × 10−23 3.13296 × 1000 1.47575 × 1000 3.13296 × 1000 3.01621 × 1000

Std 2.35097 × 10−22 2.36133 × 1000 1.34765 × 1000 2.36133 × 1000 2.28900 × 1000

F5

Best 0.00000 × 1000 1.11144 × 1002 1.10805 × 1002 1.13580 × 1002 1.13580 × 1002

Mean 0.00000 × 1000 3.96596 × 1006 1.47830 × 1005 4.84064 × 1006 1.08327 × 1006

Std 0.00000 × 1000 1.44863 × 1007 7.61203 × 1005 1.75361 × 1007 4.23453 × 1006

F6

Best 0.00000 × 1000 1.11552 × 1000 1.18127 × 1000 1.37640 × 1000 1.16202 × 1000

Mean 0.00000 × 1000 9.06200 × 1003 1.26919 × 1003 1.13358 × 1004 1.43531 × 1002

Std 0.00000 × 1000 1.17632 × 1004 2.22354 × 1003 1.46871 × 1004 1.19839 × 1002

F7

Best 1.34248 × 10−05 2.95314 × 10−02 3.36464 × 10−03 8.28122 × 10−03 5.86957 × 10−03

Mean 2.40186 × 10−04 3.51020 × 1001 7.03426 × 10−01 3.98208 × 1001 8.03855 × 1000

Std 2.09618 × 10−04 1.65495 × 1002 1.69178 × 1000 1.89489 × 1002 2.83190 × 1001

F8

Best −4.18983 × 1005 −4.18978 × 1005 −4.18978 × 1005 −4.18977 × 1005 −4.18977 × 1005

Mean −4.18983 × 1005 −3.87824 × 1005 −3.88408 × 1005 −3.84621 × 1005 −3.84898 × 1005

Std 1.18405 × 10−10 4.42563 × 1004 4.34900 × 1004 4.69810 × 1004 4.68726 × 1004

F9

Best 0.00000 × 1000 4.15359 × 10−01 4.65994 × 10−01 5.27444 × 10−01 5.27444 × 10−01

Mean 0.00000 × 1000 1.34989 × 1003 4.44170 × 1002 1.47652 × 1003 1.47580 × 1003

Std 0.00000 × 1000 1.02977 × 1003 4.18444 × 1002 1.10934 × 1003 1.10745 × 1003
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Table 9. Cont.

Function Test CSA PSO SSA SCA GWO

F10

Best 8.88178 × 10−16 1.17690 × 10−01 1.21822 × 10−01 1.30832 × 10−01 9.76292 × 10−04

Mean 8.88178 × 10−16 4.07750 × 1000 2.10393 × 1000 4.24648 × 1000 2.82129 × 1000

Std 0.00000 × 1000 2.78347 × 1000 1.56515 × 1000 2.84110 × 1000 3.32683 × 1000

F11

Best 0.00000 × 1000 1.54060 × 1000 5.76886 × 10−01 1.65931 × 1000 4.45692 × 10−03

Mean 0.00000 × 1000 1.40518 × 1002 1.45067 × 1001 1.74547 × 1002 7.56728 × 10−01

Std 0.00000 × 1000 1.93782 × 1002 3.49974 × 1001 2.45555 × 1002 6.70865 × 10−01

F12

Best 4.71163 × 10−34 3.49707 × 10−05 2.95159 × 10−05 3.53593 × 10−05 3.22334 × 10−05

Mean 4.71163 × 10−34 4.61458 × 1000 1.15674 × 1000 4.71509 × 1000 2.37655 × 1000

Std 8.69906 × 10−50 7.79023 × 1000 2.17639 × 1000 8.25036 × 1000 3.71613 × 1000

F13

Best 1.34978 × 10−32 1.24017 × 1000 1.07560 × 1000 1.37886 × 1000 1.05795 × 1000

Mean 1.34978 × 10−32 2.66755 × 1002 2.86286 × 1001 2.83343 × 1002 2.02468 × 1002

Std 5.56740 × 10−48 4.21627 × 1002 2.54245 × 1001 4.39341 × 1002 3.96828 × 1002

4.5. Computational Time

In some applications, the computational speed and simplicity of the optimization
algorithm are critical. As a result, the CPU time for the proposed CSA and other algorithms
is measured during the optimization of high-dimensional functions. As shown in Table 10,
the CSA outperformed the PSO and required less CPU time than all other algorithms for
all functions. However, GWO and SSA required higher CPU time. Additionally, Table 11
compares the CPU times of each algorithm, revealing that the CSA ran very fast and almost
had half the CPU time of the GWO. The results have proven that the CSA is more efficient
and faster than the compared algorithms.

Table 10. CPU time for high-dimensional functions at d = 100.

CSA PSO SSA SCA GWO

F1 0.178432 0.190542 0.302927 0.20064 0.282661

F2 0.12315 0.159538 0.228658 0.195575 0.239618

F3 0.568033 0.611411 0.721536 0.730838 0.698834

F4 0.12295 0.188939 0.239374 0.196382 0.251754

F5 0.156947 0.170969 0.235264 0.209225 0.246743

F6 0.115594 0.169406 0.215389 0.193195 0.227015

F7 0.275001 0.305304 0.393652 0.364141 0.403618

F8 0.14028 0.223961 0.268633 0.246461 0.294057

F9 0.122207 0.160593 0.262984 0.209103 0.27208

F10 0.133938 0.175045 0.255505 0.214336 0.264772

F11 0.13927 0.173938 0.255895 0.230421 0.256377

F12 0.526553 0.582185 0.667134 0.6323 0.678474

F13 0.512411 0.559926 0.652665 0.616762 0.688092

Sum 3.114766 3.671757 4.699616 4.239379 4.804095

Rank (1) (2) (4) (3) (5)

Table 11. CPU time for high-dimensional functions at d = 1000.

CSA PSO SSA SCA GWO

F1 0.864606 0.920696 1.411428 1.526312 1.954178

F2 0.8211 0.927257 1.691217 1.690701 2.304578

F3 9.746041 9.914311 9.757791 9.416562 9.929068

F4 0.712832 0.857485 1.391238 1.644103 2.219137
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Table 11. Cont.

CSA PSO SSA SCA GWO

F5 0.784051 0.858395 1.423493 1.550448 2.002662

F6 0.764518 0.883734 1.460421 1.610766 1.972805

F7 1.450708 1.453512 2.155236 2.387385 2.742038

F8 0.970483 1.17946 1.778078 2.079184 2.718625

F9 0.904283 1.135896 1.676209 1.895193 2.421654

F10 0.918339 1.132918 1.680022 1.861007 2.290501

F11 1.024792 1.171338 1.809926 2.044052 2.410413

F12 2.495781 2.802061 3.292436 3.421013 4.016006

F13 2.471004 2.700387 3.175498 3.381912 4.266181

Sum 23.92854 25.93745 32.70299 34.50864 41.24785

4.6. Convergence Speed

For finding a fair comparison between the convergence speed of the CSA and the
convergence speed of other algorithms, the same initial populations were used for all
algorithms. Figure 4 shows that all convergence curves started from the same point, where
the convergence curve (red line) of the proposed CSA converged to the minimum value
faster than other algorithms. This fast convergence speed of the CSA was due to the
behavior of the Tan function with the variations of the angle.
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Further statistical analysis was conducted using a box plot to show the minimum,
maximum, and median of the results of 30 independent experiments. Figure 5 exhibits the
statistical analysis for four selected functions (F5, F12, F16, and F22), where the deviation
between the minimum and maximum for the proposed CSA was very small for all functions.
However, other algorithms exhibited wide deviation between the minimum and maximum
values for 30 independent runs.
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5. Real-World Engineering Problems

The principal goal of this section is to evaluate the performance of the proposed CSA
using constrained engineering problems, including welded beam, pressure vessel, and
tension spring designs. The CSA, PSO, SSA, SCA, and GWO algorithms were applied to
obtain an optimal design of these problems. The number of the population of all algorithms
was 100, and the iteration number was 10,000. The statistical results were obtained for
30 independent runs.

5.1. Welded Beam

The SCA was used to optimally design the famous welded beam design, which
is shown in Figure 6. The objective is to reduce the manufacturing cost of the welded
beam by finding its optimum design factors. The optimal design is subjected to many
restrictions, such as shear stress (τ), bending stress (σ), buckling load (Pc), deflection (δ),
and other restrictions. The formulations of objective function and its constraints are stated
in Equation (9). The design factors x = [x1, x2, x3, x4] = [h, l, t, b] refer to thickness of weld,
length, height, and thickness of the bar, respectively. Table 12 lists the optimal design
factors that were achieved by the CSA and other algorithms. It is obvious that the CSA
obtained the lowest cost compared with PSO, SSA, SCA, and GWO algorithms. Moreover,
the standard deviation of 30 runs’ results of the CSA was low, and thus the CSA was stable
at all 30 runs. Therefore, the CSA was considered robust enough to be used in real-world
engineering problems.

x = [x1 x2 x3 x4]⇒ min f (x) = 1.10471x1
2x2 + 0.04811x3x4(14.0 + x2)

g1(x) = τ − τmax ≤ 0 and g2(x) = σ− σmax ≤ 0
g3(x) = δ− δmax ≤ 0 and g4(x) = x1 − x4 ≤ 0
g5(x) = P− Pc ≤ 0 and g6(x) = 0.125− x1 ≤ 0
g7(x) = 0.10471x1

2 + 0.04811x3x4(14.0 + x2)− 5.0 ≤ 0

(10)
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The range of variables is
0.1 ≤ x1 ≤ 2
0.1 ≤ x2 ≤ 10
0.1 ≤ x3 ≤ 10
0.1 ≤ x4 ≤ 2

where
P = 6000 lb; L = 14 in; E = 30× 106 psi; G = 12× 106 psi
τmax = 13600 psi; σmax = 30000 psi; δmax = 0.25 in

M = P(L + x2
2 ); R =

√
x2

2

4 + ( x1+x3
2 )

2
; τ′ = P√

2x1x2
; τ′′ = MR

J
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J = 2
√
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2
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2
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R + τ′′ 2

Pc = 4.013 E
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√
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3x6
4
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Table 12. Optimal design of welded beam.

CSA PSO SSA SCA GWO

h 0.205729639786 0.205729639786 0.205723211955 0.205811043402 0.205724311092

l 3.470488665628 7.092414276557 7.092727008708 7.380674589109 7.092527090825

t 9.036623910358 9.036623910358 9.036624222889 8.972002667140 9.036803373437

b 0.205729639786 0.205729639786 0.205729638416 0.208874244972 0.205728938896

Minimum cost 1.724852308597 2.218150861764 2.218172785211 2.273030395508 2.218180086668

Average cost 1.724853828957 2.218150861764 2.244245629001 2.291353653772 2.218198907121

Std. 0.000004807757 0.000000000000 0.052784172626 0.010496471904 0.000013807448

5.2. Pressure Vessel

In this application, the target was to design the cheapest and optimal formation of a
pressure vessel, as depicted in Figure 7. The formulation of cost function and its constraints
are shown in Equation (10). The design factors of the vessel were the thicknesses of the shell
and head (Ts and Th) and the inner radius and length of the vessel (R and L) without bounce.
Table 13 lists the optimal design factors of the pressure vessel that were obtained by the
CSA and other algorithms, including PSO, SSA, SCA, and GWO algorithms. It was obvious
that the CSA was competing with other algorithms to find the best minimum; however, the
GWO algorithm obtained better mean and standard deviations for 30 independent runs.

x = [x1 x2 x3 x4] = [Ts, Th, R, L]
min f (x) = 0.6224x1x3x4 + 1.7781x2x3

2 + 3.1661x1
2x4 + 19.84x1

2x3
g1(x) = −x1 + 0.0193x3 ≤ 0
g2(x) = −x2 + 0.00954x3 ≤ 0
g3(x) = −πx3

2x4 − 4
3 πx3

3 + 1296000 ≤ 0
g4(x) = x4 − 240 ≤ 0

(11)
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Figure 7. Cylindrical vessel design. 

Table 13. Optimal design of pressure vessel. 

 CSA PSO SSA SCA GWO 
Ts 0.77816864138 0.7781686414 0.79357920102 0.78922547613 0.007781787 
Th 0.38464916263 0.3846491626 0.39226677976 0.40639993523 0.003846530 
R 40.3196187241 40.3196187241 41.1180752663 40.6926147876 40.319922618 
L 200.000000000 200.000000000 189.175939539 196.033601579 200.000000000 
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5.3. Tension Spring 
The objective here was to optimally design the tension spring with the lowest weight, 

as displayed in Figure 8. The mathematical formulations of the weight function and the 
restriction functions are displayed in Equation (11). The main four restriction functions 
were deflection, shear stress, surge wave frequency, and outer diameter. The optimal de-
sign factors were the mean coil diameter (D), wire diameter (d), and the active coils’ num-
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Table 13. Optimal design of pressure vessel.

CSA PSO SSA SCA GWO

Ts 0.77816864138 0.7781686414 0.79357920102 0.78922547613 0.007781787

Th 0.38464916263 0.3846491626 0.39226677976 0.40639993523 0.003846530

R 40.3196187241 40.3196187241 41.1180752663 40.6926147876 40.319922618

L 200.000000000 200.000000000 189.175939539 196.033601579 200.000000000

Minimum cost 5885.33277362 5885.33277362 5912.20652171 6004.52071673 5885.46666087

Average cost 6011.55334154 6013.40373404 6191.42556961 6198.38074830 5974.52840595

Std 175.417988776 179.129462647 307.601967961 116.552624682 79.439547307

The range of variables
0 ≤ x1 ≤ 99
0 ≤ x2 ≤ 99
10 ≤ x3 ≤ 200
10 ≤ x4 ≤ 200

5.3. Tension Spring

The objective here was to optimally design the tension spring with the lowest weight,
as displayed in Figure 8. The mathematical formulations of the weight function and the
restriction functions are displayed in Equation (11). The main four restriction functions
were deflection, shear stress, surge wave frequency, and outer diameter. The optimal design
factors were the mean coil diameter (D), wire diameter (d), and the active coils’ number
(N). Table 14 lists the optimal design factors of the tension spring coil that were obtained
by the CSA and other algorithms, including PSO, SSA, SCA, and GWO algorithms. It was
obvious that the proposed CSA was competitive in obtaining the best minimum weight of
the tension spring and low average of the results of 30 runs.

x = [x1 x2 x3] = [D, d, N]⇒ min f (x) = x1
2x2(x3 + 2)

g1(x) = 1− x2
3x3

71785x1
4 ≤ 0 and g2(x) = 4x2

2−x1x2
12566x1

3(x2−x1)
+ 1

5108x1
2 − 1 ≤ 0

g3(x) = 1− 140.45x1
x3x2

2 ≤ 0 and g4(x) = x1+x2
1.5 − 1 ≤ 0

(12)
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Table 14. Optimal design of tension coil spring.

CSA PSO SSA SCA GWO

D 0.0517190259 0.0516975399 0.0500000000 0.0500000000 0.0517410542

d 0.3574390430 0.3569217527 0.3174254133 0.3155229746 0.3579696634

N 11.2468029380 11.2770151263 14.0277750624 14.4243340035 11.2159545387

Min. weight 0.0126652492 0.0126652341 0.0127190578 0.0129556368 0.0126652949

Avg. weight 0.0126789335 0.0133988758 0.0127190585 0.0131845009 0.0126662267

Std 0.0000327544 0.0015508356 0.0000000011 0.0001295549 0.0000011609

The range of variables

0.05 ≤ x1 ≤ 2 & 0.25 ≤ x2 ≤ 1.3
2.00 ≤ x3 ≤ 15

6. Conclusions and Future Work

This article introduced a novel geometry-based metaheuristic algorithm dubbed the
circle search algorithm (CSA). This approach is inspired by the circle’s extraordinary
features, particularly the relationship between the tangent line and the orthogonal radius,
which is represented by the tan function of the opposing angle to the radius. The CSA
exploration is represented by numerous random circles that search for the optimal answer in
a variety of directions. The CSA is exploited by decreasing the radius and opposing angle of
the tangent point until it reaches the center point. The CSA effectiveness was demonstrated
using 23 standard renowned functions and compared with the performance of other well-
known algorithms, including the PSO, SSA, SCA, and GWO algorithms. The unimodal
functions demonstrated that the CSA is more capable of deepening exploitation than other
methods. The multimodal functions validated the CSA capacity to explore and escape from
local optima. Convergence curves were used to visually inspect the CSA convergence rate.
Furthermore, the proposed algorithm was tested with high-dimensional problems, and its
results outperformed the other compared algorithms. Moreover, the computational time
of the CSA had the shortest value among the algorithms. Numerous statistical tests were
conducted to determine the suggested CSA superiority and significance in comparison with
other algorithms. The mean, standard deviation, rank test, and t-test for null hypothesis
were used to examine the 30 independent runs’ results. These statistical tests established
the suggested CSA resilience in comparison with other algorithms, where more than 90% of
p-values were less than 0.05. To provide additional validation, the CSA method was applied
to three well-known, real-world engineering problems, namely, welded beam, pressure
vessel, and tension spring. In conclusion, researchers are encouraged by the acquired
results to apply the CSA to solve a variety of real-world engineering optimization problems.
In future works, the CSA will be applied to renewable energy modeling, power system
operation and control, control applications, microgrids, and smart grid applications.
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