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[bookmark: _Hlk531879545]Abstract – Based on Continuous Newton’s method, any well-assessed numerical scheme can be adapted for solving the Load-Flow (LF) problem. So far, LF techniques based on 4th order Runge-Kutta formula (RK4) and Adams-Bashfort’s methods (AB) have been proposed. However, there is a huge variety of numerical methods whose adequacy for solving the LF problem has not been explored yet. This paper tries to fill this gap by proposing several LF solvers based on Runge-Kutta (RK) formulas. Thus, several LF techniques based on Midpoint (MP), 3rd order Heun (H3), Simpson 3/8 (S3/8) and an accelerated 3rd order Runge-Kutta (ARK3) formulas are proposed. The performance of the proposed LF techniques is assessed using several medium and large-scale ill-conditioned power systems. The proposed techniques are compared with RK4, AB and other robust LF methods.  In addition, their scalability and influence of the loading level are analyzed. The obtained results prove that the proposed LF techniques are faster than RK4 and robust enough to successfully tackle medium and large-scale ill-conditioned power systems. As main conclusion, it is proved that lower order methods might be as robust as higher order ones but more efficient. Therefore, its usage with respect higher order methods (e.g. 4th order ones), should be frequently preferable.
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1. Introduction
It is well known that the LF analysis is essential for power system operation, improvement and future expansion since it is conducted to calculate the voltage magnitudes and angles at system buses [1, 2]. The solution of LF problem is obtained by solving a set of nonlinear equations employing some well-assessed numerical iterative scheme. Efficiency of LF calculation has been notably improved by developing Newton-Raphson method (NR) [3], which has a quadratic convergence, since then, several LF techniques and formulations have been developed [4-8].
When LF equations are ill-conditioned, the aforementioned techniques may fail to find the solution. Consequently, several robust LF techniques have been proposed [9-11]. In [9], a robust LF method has been proposed, which is basically a truncated version of NR. In this method, the NR corrector vector is modified during the iterative process, by calculating an optimal multiplier in order to ensure the convergence. This method rarely diverges but it is frequently very slow. This approach has been widely referenced and used as benchmark in multiple publications (see e.g. [7, 10]). Moreover, its philosophy has been considered for developing other robust techniques [12-14].
Continuous Newton’s method (CN) [15], has been adapted for solving LF problem and a novel LF technique based on RK4 has been proposed in [10]. This technique has been tested using 1254-bus ill-conditioned system, showing good performance. In [16], the computational burden of RK4 has been tackled by combining it with the Broyden’s method. Following the CN’s principle, several LF techniques based on Adams-Bashforth’s (AB) formulation have been proposed in [17].
Levenberg’s method is a popular minimization technique that has been exploited for solving the optimal power flow [18], state estimation [19] and recently LF problem [11, 20, 21]. In [20], the standard Levenberg and Levenberg-Marquardt’s methods have been tested for solving a large-scale system, some convergence problems and a high-dependency with the value of the so-called damping factor have been founded. Recently, the potential merits of Levenberg’s method for solving the LF problem in case of ill-conditioned systems have been proved by developing sophisticated schemes [11, 21].
Despite that most of systems can be categorized as well-conditioned, ill-conditioned cases are currently more frequent [22]. Consequently, developing novel robust LF solvers is a hot and important topic. This paper is focused on ill-conditioned power systems. The ill-conditioning of LF equations is still challenge for most robust techniques, especially when the size of the system is large. Several well-known LF techniques are not efficient enough to manage large vectors and matrix computations. In order to clarify, the main contributions of this paper are summarized below: 
· Proposing several efficient LF techniques (MP, H3, S3/8 and ARK3) based on RK formulas. 
· Comprehensive comparison among different RK load flow techniques (standard RK4 and proposed MP, H3, S3/8 & ARK3) is presented 
· The performance of proposed LF techniques is validated using several medium and large-scale ill-conditioned power systems. In addition, their performance is assessed in case of well-conditioned systems 
· The scalability of proposed techniques to power systems which consist of more than 20,000 buses is analyzed. 
· The performance of proposed techniques is compared with other standard and robust LF techniques.
· Potential applications of proposed LF techniques for power system analysis are discussed.
Remainder of this paper is organized as follows. The LF in polar coordinate, NR and CN are outlined in Section 2. Section 3 presents an overview about the ill-conditioned power system. The proposed LF techniques are presented in Section 4. Section 5 presents the obtained results. Finally, the main conclusions are presented in Section 6.
2. Outlines of LF problem
LF problem in polar coordinate is raised as the following set of nonlinear equations [24]:
 	(1)
where:
·  and  are the active and reactive power mismatches at bus  respectively,
·  and  are the injected active and reactive power at bus  respectively,
·  are the complex voltage at bus 
·   is the  element of admittance matrix,
·  is the total number of buses,
·  is the LF state vector forming by the nodal voltage angles at PV and PQ buses and the nodal voltage magnitudes at PQ buses.
·  is the LF vector of controllable variables forming by voltage magnitude and angle at slack/s bus/es, the injected nodal active powers at PV and PQ buses, the injected nodal reactive powers at PQ buses and the voltage magnitudes at PV buses.
Since (1) is a set of  nonlinear equations, they cannot be directly solved and a numerical iterative scheme must be used. Thus, an approximate solution of (1) is obtained at  iteration, which characterized by an error  as follows:
	(2)
NR is the most standard technique for solving the LF problem. A generic  iteration of NR for solving the LF problem is defined as follows:
 	(3)
 	(4)
where,  is the LF Jacobian matrix and  stands for the inverse operator. NR has some good properties such as its simplicity and quadratic convergence, however, its features are lost when the initial guess is far away of the solution.
2.1. Brief description of Continuous-Newton’s method
The CN transforms the set of nonlinear equations given in (1) into a set of autonomous differential equations (which can be integrated using numerical methods), by introducing the dummy variable . Thus, equations (2)-(4) can be modified as follows:
 	(5)
 	(6)
where,  denotes the first partial derivatives with respect to . One can easily note that the solution of (1) is now reached when . 
In [10], CN has been successfully adapted for solving the LF problem by defining the following function for convenience.
 	(7)
where, . As can be observed, only explicit numerical methods are suitable and computational efficient for solving the LF problem due to they do not need to compute the Jacobian matrix of (7) [10].
3. Ill-conditioned systems
The set of LF equations given in (1) may be ill-conditioning due to some of the following facts [21, 25]:
· When the loading level of the system is high and close to the maximum loadability point.
· When the R/X ratio of the system is high.
· High ratio of long-to-short line reactance for lines terminating on the same bus.
· Selecting the slack bus.
· Installation of some AC/DC devices.
 In this case, the solution of LF problem still exists, however, it is not reachable using standard techniques like NR. Actually, the failure of standard techniques is due to its sensitive with respect to the initial guess used for initializing the iterative procedure. Thus, the iterative technique diverges when the considered initial point is outside of the so-called Region of Attraction (ROA) [26]. Obviously, a numerical iterative method likely diverges if the ROA is narrow, it occurs when the system is ill-conditioned, in this case, a flat initial guess may cause divergence. Several robust LF techniques have been proposed to solve the LF problem in this case [9-14, 17, 20, 21].
It is worth to mention that a numerical method might fails for finding the LF solution despite that the considered initial point is inside of the ROA. It mainly happens due to the initial point is not close enough to the solution and, hence, the algorithm tends to be too slow.
The condition of a nonlinear problem can be determined by its condition number, which can be calculated as follows [27]:
 	(8)
where,  stands for the Frobenius norm.
4. Developed LF techniques 
In this section, several LF techniques are developed based on CN’s principle and different RK formulas, indeed, a 4th order (S38), a 2nd order (MP) and a 3rd order (H3) RK formulas are proposed for solving the LF. RK methods in its canonic form are firstly described. Secondly, they are adapted for solving the LF problem in a generalized formulation. Thirdly, the ARK3 is described. Finally, an adaptive step size scheme is proposed.
4.1. Runge-Kutta formulas
Based on the set of autonomous differential equations (5), RK methods can be used to compute the following point  using information of several intermediate points as follows:
 	(9)
where,  is the number of stages, is the time step and  (see Appendix 1). For the sake of clarify, a generic RK procedure with  is depicted in Fig. 1.
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Fig 1 Runge-Kutta’s generic procedure with 
As can be seen,  intermediate values of  are calculated in the current point  and  intermediate points. Then, the following point  is computed using the information of intermediate points by pondering the value of  in them.
4.2. Adaptation of RK formulas for solving LF problem
Given the guidelines of CN, computing  is analogue to update the LF state vector (i.e. calculating ). Hence, the formulation of RK method in LF problem can be written as follows:
 	(10)
where,  is the step size and  are calculated as follows:
 

 
 

 	(11)
where,  (see Appendix 1). As can be seen,  order RK method needs to evaluate  up to  times per iteration, which implies that LF Jacobian matrix needs to be factorized  times per iteration. This supposes the main computational burden when a RK formula is adapted for solving the LF problem. In the following subsections, the developed RK-based solvers are deeply explained.
4.3. Simpson’s 3/8 rule for solving LF problem
The S3/8 is a 4th order RK method. Its adaptation to the LF problem following the guidelines facilitated in section 4.2 is as follows:
 	(12)
 	(13)
 	(14)
 	(15)
 	(16)
4.4. Midpoint’s rule for solving LF problem
The MP is a 2nd order RK method. Its adaptation to the LF problem following the guidelines facilitated in section 4.2 is as follows:
 	(17)
 	(18)
 	(19)
4.5. 3rd order Heun’s method for solving LF problem
The H3 is a 3rd order RK method. Its adaptation to the LF problem following the guidelines facilitated in section 4.2 is as follows:
 	(20)
 	(21)
 	(22)
 	(23)
4.6. Accelerated 3rd order Runge-Kutta method for solving LF problem
In this subsection, the ARK3 introduced in [28], is adapted for developing a novel methodology more suitable for solving the LF problem. ARK3 follows a different formulation than standard RK methods described in the previous subsection. Instead of (11), ARK3 proceeds as follows:
At 
 	(24)
 	(25)
 	(26)
For 
 	(27)
 	(28)
 	(29)
where, , ,  and  are defined following the guidelines facilitated in [28] and reported in Table 1.


Table 1 Parameters of proposed ARK3
	
	

	
	

	
	

	
	


4.4. An adaptive mechanism for step size calculation 
Now, let us consider how the step size  should be tuned. Generally, this parameter should be small for ensuring the convergence, then it can be enlarged for accelerating the convergence. Thus, the most logical behavior is to fix this parameter small enough at first iterations and, progressively, it should grow in order to reduce the total number of iterations. In [10], an adaptive mechanism based on half-step method has been used. In a similar way, in this paper we consider the following rule:
 	(30)
 
 	(31)
where,  is a security factor,  and  are damping coefficients,  and  are the minimum and maximum step sizes, respectively. 
Tuning these parameters is strongly case-dependent and no universal guidance can be given. However, Table 2 presents the recommend values based on the personal experience and heuristic criteria.
Table 2 Parameters values of rule (31)
	
	

	
	

	
	

	
	

	
	

	
	



For the sake of clarify, Fig. 2 shows the solution process of LF problem using the proposed techniques (MP, H3, S3/8 and ARK3).
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Fig 2 Flowchart of proposed MP, H3, S3/8 (upper) and ARK3 (bottom) LF techniques
On the other hand, Table 3 presents the order and number of functions evaluations per iteration of proposed LF techniques and RK4.
Table 3 Characteristics of different RK methods
	
	Order
	Function evaluations

	RK4
	4
	4

	S3/8
	4
	4

	MP
	2
	2

	H3
	3
	3

	ARK3
	3
	2



As can be seen, despite the proposed ARK3 is a 3rd order method, it just needs two function evaluations per iterations (therefore two Jacobian matrix factorizations are required), which should be reflected in a lower computational burden compared with H3. On the other hand, RK4 and proposed S3/8 only differ in the value of their coefficients.
5. Simulations and Results
In this section, the proposed LF techniques are validated using different test systems with several scenarios as follows: 
5.1. Ill-conditioned test systems
During this subsection, the robustness of proposed LF techniques is validated using the following ill-conditioned test systems:
· IEEE 300-bus modified test system [29, 30].
· 3375-bus test system. It is a snapshot of Polish transmission system in the winter 2007-08 evening peak [31].
· 9241-bus modified test system. It is a portion of the European Transmission system from the PEGASE project [32, 33].
· 10595-bus system. It is created by combining the 9241-bus system and the 1354-bus portion of the European Transmission system from the PEGASE project [32, 33].
· 12110-bus system. It is created by combining the 9241-bus system and the 2869-bus portion of the European Transmission system from the PEGASE project [32, 33].
· 18482-bus system. It is created by duplicating the 9241-bus system [32, 33].
In fact, 3375-bus, 10595-bus, 12110-bus and 18482-bus systems are naturally ill-conditioned, while remainder systems are naturally well-conditioned. Nevertheless, their conditions are intentionally deteriorated by modifying their R/X ratio and deteriorating the flat initial guess (the initial voltage magnitudes at PQ buses are modified by adding a real factor). All the modifications on these systems are presented in Table 4. During all simulations,  has been imposed as convergence criterion.
Table 4 Modifications done to convert well-condition systems to ill-conditioned cases
	
	300-bus
	3375-bus
	9241-bus
	10595-bus
	12110-bus
	18482-bus
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	Flat
	Flat
	Flat

	 (8)
	
	
	
	
	
	



Table 5 presents the total number of iterations and computation time in seconds (in parenthesis), of all proposed LF techniques besides other well-known methods in case of solving the ill-conditioned systems. All proposed techniques have been programmed and executed by modifying the original code of MATPOWER 6.0 software [34]. All simulations have been run under Windows 10 on a 3.4 GHz Intel Core i5-7500 CPU personal computer. It is worth to mention that the computation time has been calculated as the mean value of 50 simulations, in order to minimize the influence of other computation activities. For RK4, the adaptive rule (19) has been also used, in order to test all techniques in similar conditions.
Table 5 Comparison of various LF methods for solving ill-conditioned test systems
	
	300-bus
	3375-bus
	9241-bus
	10595-bus
	12110-bus
	18482-bus

	Newton-like methods
	Standard NR
	Diverge
	Diverge
	Diverge
	Diverge
	Diverge
	Diverge

	
	[8]
	Diverge
	Diverge
	Diverge
	Diverge
	Diverge
	Diverge

	Iwamoto [9]
	Fail*
	Fail*
	Fail*
	Fail*
	Fail*
	Fail*

	Levenberg [20]
	Fail*
	Fail*
	Fail*
	Fail*
	Fail*
	Fail*

	Levenberg-Marquardt [20]
	Fail*
	Fail*
	Fail*
	Fail*
	Fail*
	Fail*

	High-order Levenberg-Marquardt [11]
	Fail*
	Fail*
	Fail*
	Fail*
	Fail*
	Fail*

	Runge-Kutta methods
	RK4
	26 (0.2111)
	28 (2.2682)
	28 (7.2169)
	27 (7.9864)
	27 (9.1908)
	27 (14.8395)

	
	S3/8
	26 (0.2111)
	28 (2.2682)
	28 (7.2169)
	27 (7.9864)
	27 (9.1908)
	27 (14.8395)

	
	MP
	33 (0.1487)
	36 (1.4896)
	36 (4.7126)
	34 (5.2154)
	34 (6.0399)
	34 (9.4266)

	
	H3
	22 (0.1397)
	23 (1.4015)
	23 (4.4819)
	23 (5.0985)
	23 (5.8884)
	23 (9.1152)

	
	ARK3
	23 (0.1093)
	23 (0.9904)
	23 (3.1414)
	23 (3.6163)
	23 (4.2702)
	23 (6.6827)


* It did not converge in 50 iterations
From Table 5, it can be observed that Newton-like methods diverge due to the initial guess points are lied outside of the ROAs. On the other hand, Levenberg’s methods fail to converge in 50 iterations. RK methods are able to successfully converge in all considered systems, mainly due to they are less sensitive to the initial guess. The proposed ARK3 is the fastest technique while the proposed MP technique employs many iterations, nevertheless, it is quite efficient since it only factorizes the Jacobian matrix two times per iteration. As it was hoped, RK4 and S3/8 perform equally. However, the proposed techniques are faster than RK4 in all cases.
5.2. Comparison of RK techniques with fixed step size 
In this subsection, RK techniques are compared without considering the effect of step size. This comparison can be achieved by making the step size a fixed value which equals to  during the iterative process. Table 6 presents the number of iterations and computation time of different RK techniques with fixed step size in case of solving the aforementioned ill-conditioned systems.
Table 6 Comparison of various RK techniques with fixed step size ()
	
	300-bus
	3375-bus
	9241-bus
	10595-bus
	12110-bus
	18482-bus

	Runge-Kutta methods
	RK4
	49 (0.3874)
	53 (4.3171)
	53 (13.7061)
	51 (15.1583)
	51 (17.3428)
	51 (28.1194)

	
	S3/8
	49 (0.3874)
	53 (4.3171)
	53 (13.7061)
	51 (15.1583)
	51 (17.3428)
	51 (28.1194)

	
	MP
	51 (0.2283)
	55 (2.2572)
	55 (7.1734)
	53 (7.9670)
	53 (9.1065)
	53 (14.7098)

	
	H3
	44 (0.2742)
	48 (2.8958)
	48 (9.3120)
	46 (10.3217)
	46 (11.7947)
	46 (19.1728)

	
	ARK3
	47 (0.2147)
	51 (2.1528)
	51 (6.7450)
	49 (7.5256)
	49 (8.6066)
	49 (13.9810)



From Table 6, it can be observed that the proposed H3 is less efficient than MP. This is due to the fact that H3 technique needs one more matrix factorization per iteration. To explain this fact, let us refer to results obtained with adaptive step-size and fixed step-size (Tables 5 and 6, respectively) in case of 3375-bus test system. At the first situation, the H3 has factorized the Jacobian matrix up to 69 times, while MP needs to 72 factorizations. With a fixed step size, H3 factorizes the Jacobian matrix up to 144 times while MP needs to 110 times. For similar reasons, ARK3 is faster than MP. However, the proposed techniques are still faster than RK4 in all cases.
5.3. Scalability of proposed techniques
The proposed H3 is considered more scalable than MP despite it needs one more matrix factorization per iteration. This fact is compensated since H3 normally needs less iterations. To illustrate that, Fig. 3 shows the computation time of proposed techniques in case of solving the aforementioned ill-conditioned systems. It is also extrapolated to a number of buses higher than 20,000. It can be done if let us suppose that total number of iterations is kept when the size of the system is enlarged. As can be seen, the trending line of the proposed MP is steeper than that shown by the H3. Obviously, ARK3 is the most scalable since it is 3rd order but only needs two function evaluations per iteration. It is worth to mention that the proposed MP, H3 and ARK3 would be much more efficient than the RK4 for very large-scale systems (even 10 seconds faster in the case of ARK3).
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Fig 3 Required computation time of proposed LF techniques (number of buses higher than 20.000) 
5.4. High loading level effect 
The performance of proposed LF techniques is also checked at different loading levels. In this case, the loading level of 3375-bus test system is increased by multiplying the active and reactive loads at PQ buses and the active loads at PV buses by a real factor . Remainder ill-conditioned test systems have not been considered since they are very near to their maximum loadability points. Table 7 presents the total number of iterations employed by different RK techniques at different loading levels.
Table 7 Number iterations of various RK techniques for solving 3375-bus system at different loading levels
	 [pu]
	RK4
	S3/8
	MP
	H3
	ARK3

	1.05
	28
	28
	36
	23
	23

	1.10
	28
	28
	36
	23
	23

	1.13
	28
	28
	36
	23
	23

	1.14
	28
	28
	36
	23
	23

	1.15
	28
	28
	36
	23
	23

	1.16
	Diverge
	Diverge
	Diverge
	Diverge
	Diverge



From Table 7, it can be observed that RK techniques are not significantly affected by this parameter. In fact, they converge at the same number of iterations for all loading levels. All techniques diverge when   since at this point, the maximum loadability point is surpassed and the LF problem has not real solution.
5.5. Well-conditioned test systems
Despite that RK techniques are conceived for ill-conditioned systems, it may be interesting to test their performance in case of well-conditioned systems. To do that, the performance of the proposed techniques and RK4 are tested for solving standard IEEE 118-bus and 300-bus test systems [29, 30], 1354-bus and 2869-bus portions of European Transmission system from the PEGASE project [32, 33]. Results for these systems using a flat initial guess are reported in Table 8.
Table 8 Total number of iterations (computation time [s]) of various RK techniques in case of well-conditioned systems
	
	118-bus
	300-bus
	1354-bus
	2869-bus

	Runge-Kutta methods
	RK4
	24 (0.1207)
	24 (0.1998)
	27 (0.8990)
	27 (2.1365)

	
	S3/8
	24 (0.1207)
	24 (0.1998)
	27 (0.8990)
	27 (2.1365)

	
	MP
	29 (0.0857)
	29 (0.1372)
	34 (0.5821)
	34 (1.3152)

	
	H3
	21 (0.0845)
	21 (0.1362)
	23 (0.5773)
	23 (1.2461)

	
	ARK3
	21 (0.0643)
	22 (0.1102)
	23 (0.4114)
	23 (0.9428)



The proposed methods are still efficient. They are able to solve the 2869-bus system in less of one second (ARK3). For medium-scale systems, all of them have consumed less than one second. The main drawback of RK methods in these systems is that they need many iterations to converge, nevertheless, this issue can be minimized by employing the strategy outlined in [10]. In this strategy, standard NR is used when . This strategy has been adapted for the proposed techniques and RK4, while their results in case of the aforementioned well-conditioned systems are presented in Table 9. As can be seen, the total number of iterations and, consequently, the computation time, can be drastically reduced using this strategy.
Table 9 Total number of iterations (computation time [s]) of various RK techniques in case of well-conditioned systems with acceleration strategy
	
	118-bus
	300-bus
	1354-bus
	2869-bus

	Runge-Kutta methods
	RK4
	12 (0.0543)
	13 (0.0979)
	17 (0.5384)
	17 (1.1960)

	
	S3/8
	12 (0.0543)
	13 (0.0979)
	17 (0.5384)
	17 (1.1960)

	
	MP
	13 (0.0382)
	14 (0.0656)
	18 (0.3022)
	18 (0.6714)

	
	H3
	11 (0.0406)
	12 (0.0726)
	15 (0.3622)
	15 (0.8470)

	
	ARK3
	11 (0.0343)
	12 (0.0577)
	15 (0.2674)
	15 (0.5918)


5.5. Discussion on potential applications of proposed techniques
As previously mentioned, ill-conditioned systems are becoming more frequent. However, the obtained results prove the robustness of proposed LF techniques for managing the ill-conditioned systems. Moreover, they are very efficient and the accelerated strategies can be easily included to reduce the total number of iterations. Hence, they may be used in a wide variety of power system analysis applications, for instance:
· In the Continuation Power Flow Analysis [35], the initial guess is obtained each step using a predictor scheme. Nevertheless, corrector stage is likely to fail if the initial guess is not good enough. The proposed LF technique have shown good performance in badly-initialized cases, therefore, they could be successfully used in the Continuation Power Flow Analysis. Similar issues can be found in other applications like Quasi-Static Time series [36, 37].
· In security analysis, multiple LF problems have to be quickly solved in stressed conditions. In this situation, condition of the system is degraded and robust LF techniques should be used in order to successfully obtain a solution. Applicability of the proposed techniques in this analysis is promising.
· Smart grid and online applications. These applications are in need for efficient LF techniques. Standard LF methods offer good performance if the system is well-conditioned. However, robust techniques have to be used if the condition of the system is poor. Most of robust LF methods are not much efficient, therefore, the proposed LF techniques may suppose an important contribution for these applications.
· Despite that the proposed techniques are not competitive with NR in well-conditioned systems, using simple acceleration techniques they may offer an acceptable performance. This advantage besides their simplicity, suppose that the proposed techniques may be used widespread. 
6. Conclusions
In this paper, several LF techniques based on RK formulas have been proposed and compared with standard RK4. The performance of the proposed techniques (S3/8, MP, H3 and ARK3) have been checked using several medium and large-scale ill-conditioned systems, and well-conditioned test systems under different scenarios. The obtained results show that the RK methods are more suitable for solving the ill-conditioned systems due to they are less sensitive to the initial guess. However, the proposed MP, H3 and ARK3 techniques are more efficient than RK4 due to they need less matrix factorizations. Both RK4 and S3/8 perform equally since they are 4th order methods. On the other hand, it has been demonstrated that the proposed H3 and ARK3 techniques may be rightly scaled to systems with more than 20.000 buses. Consequently, the usage of high order methods (e.g. the RK4 proposed in [10]), is not always justified since other lower order methodologies (like remainder proposed methods), offer acceptable robustness and superior efficiency. Therefore, usage of lower order methods should be preferable.
In order to show the valuable contribution of this work, several potential applications of proposed RK-based methods in power system analysis have been also discussed.
Appendix: Butcher’s Tableau of different RK methods
This appendix presents the RK-parameters of proposed techniques and RK4. Generally, these parameters are collected by a mnemonic arrange called Butcher’s Tableau. The generic structure of Butcher’s Tableau is presented in Table A1.
Table A1 Generic structure of Butcher’s Tableau
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Tables A2-A5 present the RK-parameters for RK4 and the proposed S3/8, MP and H3, respectively.
Table A2 Butcher’s Tableau of the RK4
	0
	
	
	
	

	1/2
	1/2
	
	
	

	1/2
	0
	1/2
	
	

	1
	0
	0
	1
	

	
	1/6
	1/3
	1/3
	1/6



Table A3 Butcher’s Tableau of the S3/8
	0
	
	
	
	

	1/3
	1/3
	
	
	

	2/3
	-1/3
	1
	
	

	1
	1
	-1
	1
	

	
	1/8
	3/8
	3/8
	1/8



Table A4 Butcher’s Tableau of the MP
	0
	
	

	1/2
	1/2
	

	
	0
	1



Table A5 Butcher’s Tableau of the H3
	0
	
	
	

	1/3
	1/3
	
	

	2/3
	0
	2/3
	

	
	1/4
	0
	3/4
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