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Abstract. With the advance of communication infrastructures and the necessity of increasing the 

efficiency of energy systems, electricity networks are evolved towards more decentralized 

architectures and operational schemes. In this context, microgrid clusters are emerging as a 

valuable framework for optimal integrating renewable sources, demand response initiatives, and 

storage systems. When the cluster is competitive, the different agents partaking in the cluster 

compete for trading energy with others, for which an upstream agent (coordinator) sets nodal 

prices in a similar way to conventional energy markets. This paper is focused on this aspect by 

developing a novel price setting mechanism for islanded microgrid clusters based on an original 

equilibrium problem with an equilibrium constraints structure. The new proposal concerns about 

privacy issues, for which an original diagonalization algorithm is proposed by which only 

boundary information is transferred from microgrids to the coordinator. Moreover, uncertainties 

from renewable generation and demand are accommodated using interval notation and equivalent 

scenarios. The overall problem is raised as a bi-level model, which is further linearized and 

transformed into a single-level framework tractable by off-the-shelf solvers. A 4-microgrid cluster 

integrated into a 9-bus network serves as an illustrative case study. The impact of uncertainties is 

profusely studied, showing that total energy exchanged among microgrids can decrease by 61 % 

when the influence of uncertain parameters is notable. Other relevant aspects are discussed, and 

the practicability of the new proposal is demonstrated by analysing its computational 

performance. Moreover, the developed tool is further validated on a medium-scale network 

involving a large number of microgrids. 
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Nomenclature 

Indices (Sets) 

𝑖,𝑗 (𝕄)   Microgrid 

𝑡 (𝕋)   Time 

𝜔 (Ω)   Scenario 

𝑚, 𝑛 (Ψ)  Bus 

𝑛 ∈ Ψ𝑖   ith microgrid connected to the nth bus 

𝑚 ∈ Ψ𝑛  mth bus connected to the nth bus across a power line 

𝑟𝑒𝑓   Reference bus 

Superscripts 

𝑃2𝑃, 𝑏𝑢𝑦/𝑠𝑒𝑙𝑙  Energy imported/exported from/to other microgrids 

𝑁𝑆   Non-served 

𝐷𝐺   Distributed generation 

𝑅𝐸𝑆   Renewable generation 

𝐵𝐸𝑆, 𝑐ℎ/𝑑𝑐ℎ  Battery storage in charging/discharging mode 

(⋅)   Maximum value of a variable or parameter 
(𝑘)/(𝑙)   Outer/Inner loop iteration counter 

Constants and parameters 

𝐶𝐼   Confidence interval [pu] 

Δ𝑡   Time step [h] 

𝐶   Cost [$/pu∙h] 

𝑎, 𝑏, 𝑐   Fuel cost of distributed generators [$/h, $/pu∙h, $/pu²∙h] 

𝑅𝐷/𝑅𝑈   Downward/Upward ramping rate [pu] 

𝜂   Efficiency [pu] 

𝐁   Susceptance matrix of the network [pu] 

𝑀   Large positive number ~105 [-] 

𝜖𝑀𝐺/𝜖𝐸𝑃𝐸𝐶  Outer/Inner loop convergence threshold [-] 

Decision variables 

𝑝   Power [pu] 

𝑦   Commitment status [Binary] 

𝜀   Energy [pu∙h] 

𝛼   Bid/Offer price [$/pu∙h] 

𝜃   Nodal angle [rad] 

𝜉   Auxiliary variable for linearization of complementarity terms [Binary] 

Decision variables (dual problem) 

𝜇𝑃2𝑃,𝑏𝑢𝑦/𝜇𝑃2𝑃,𝑠𝑒𝑙𝑙 Dual variable from minimum importable/exportable power [-] 

𝜇
𝑃2𝑃,𝑏𝑢𝑦

/𝜇
𝑃2𝑃,𝑠𝑒𝑙𝑙

  Dual variable from maximum importable/exportable power [-] 

𝜁/𝜁   Dual variable from maximum power flow through lines [-] 

𝛾/𝛾   Dual variable from minimum/maximum nodal angle [-] 

𝛾𝜔,𝑟𝑒𝑓,𝑡   Dual variable from reference angle [-] 

𝜆   Nodal price [$/pu∙h] 

  



1 - Introduction 

1.1 - Context and motivation 

With the advance of communication infrastructures and the necessity of decarbonizing the 

electricity sector, distribution systems are evolved towards active architectures in which 

consumers actively partake in the operation of the network [1]. In such context, microgrids (MGs) 

appear as an invaluable framework for optimal integrating renewable energy sources (RESs), 

storage systems, and demand response (DR) at low-, and medium-voltage scales [2]. A group of 

MGs can interact among themselves when located in the same geographical area and 

interconnected across power lines. This emerging paradigm is known as MG cluster (MGC) and 

calls up for new operational and economic models that enable the optimal coordination of the 

different agents involved [3]. In such systems, new concepts such as peer-to-peer (P2P) energy 

trading are gaining importance [4], thus enabling energy transactions among MGs improving the 

efficiency of the cluster. 

Motivated by the more active interactions among MGs, new operational tools are necessary 

which allow fair and effective trading mechanisms. In this regard, the figure of the MGC 

coordinator becomes necessary to establish the trading mechanisms and set energy prices in the 

cluster. This upcoming agent requires the use of new computational tools that, unlike existing 

methods, consider the preferences of peers within a competitive environment besides privacy 

concerns. This paper is focused on the role of the MGC coordinator and her importance in 

encouraging users to partake in P2P energy trading within the cluster. To this end, a new price 

setting mechanism with privacy consideration under uncertainty is developed. 

1.2 - Related works 

The concept of MGC is relatively new and became to be seriously studied in the mid-2010s 

[5]. Nevertheless, the importance of optimally coordinating groups of MGs was previously 

identified, although those original works normally recurred to the term ‘multi-microgrid’, which 

refers to a group of MGs that interact in different ways without necessarily exchanging energy 

under a fair and effective market mechanism. Jalali et al. [6] developed a decision-making 

framework for distribution system operations in the presence of MGs. This reference proposes a 

game-based bi-level optimization scheme to model the interactions among the network and the 

MGs connected to it, focusing on the role of DR initiatives. In [7], a two-level clearing mechanism 

was developed in which the distribution network operator acts as the leader, operating the grid 

and calculating the trading prices, while interconnected MGs act as followers in a Stackelberg-

based paradigm. A two-stage mechanism for coordinating distribution networks and MGs was 

established in [8], considering uncertainties in renewable generation and loads using robust sets 

and the column-and-constraint generation algorithm is used for converting the original nonlinear 

problem into a mixed-integer-linear programming (MILP). In [9], a four-layer mechanism was 

developed, for local P2P trading in MGs. Then, energy transactions among agents are performed 



on the basis of heuristic mechanisms, showing that P2P may help to improve the local balance in 

the grid. 

In [10], a mathematical programming with equilibrium constraints (MPEC) stochastic model 

was introduced for optimal coordination of distribution network and MGs. In this model, the 

distribution network operator deals with decisions in day-ahead and real-time scenarios, 

modelling the uncertainties through stochastic modelling. Zhou and Ai [11], introduced the 

concept of combined cooling-heating MGCs, and developed a clearing strategy for such 

frameworks based on different consensus and distributed algorithms. In [12], a hierarchical bi-

level optimization framework was developed for optimal coordination of MGs, considering the 

figure of an aggregator, who concerns about interactions among agents in a cooperative way. A 

day-ahead scheduling mechanism for cooperative energy communities was proposed in [13]. The 

new proposal accounts for privacy concerns by exchanging limited information within a 

distributed framework, for which a methodology based on alternating direction of multipliers was 

developed. Zhou, et al. [14] developed two different algorithms for solving the coordination 

problem among MGs and the distribution network operator. In this regard, column-and-constraint 

generation and target cascading algorithms are applied in a decentralized manner, incorporating 

uncertainties via robust modelling. Likewise, a decentralized algorithm based on alternating 

direction of multipliers was applied in [15] for islanded multi-MGs systems. Rodrigues, et al. [16] 

proposed a battery sizing methodology for P2P trading platforms. The new methodology was a 

manageable MILP and was applied to a campus building exhibiting good results. In [17], a MPEC 

model was developed for optimal coordination in non-cooperative MGCs connected through 

AC/DC networks, incorporating uncertainties using robust optimization solved by column-and-

constraint generation algorithm. Naebi, et al. [18] proposed an equilibrium problem with 

equilibrium constraints (EPEC) framework, for optimal bidding strategy of multi-MGs in 

distribution networks.  

In [19], a hierarchical framework was developed for optimal coordination of DC MGCs, 

considering optimal response of controllers against power fluctuations through droop curves. The 

overall optimization problem is then solved in a distributed manner under uncertainties.  

Nezamabadi and Vahidinasab [20] proposed an optimal bidding strategy for strategic MGs in 

competitive P2P environments based on a MPEC optimization model, considering risk-averse 

strategies through enforcing the conditional value-at-risk. In [21], a decentralized model for 

electric-heat-cool MGCs was developed. The optimization problem is based on the different 

owners of each MG within the cluster, for which a decentralized solution methodology based on 

alternating direction of multipliers is employed. A bi-level solution methodology for optimal P2P 

trading among MGs connected to distribution networks was developed in [22]. This reference 

proposed two distributed algorithms for optimal power allocation throughout the network based 

on the theoretical optimal behavior of buyers and sellers. Sheikhahmadi, et al. [23] established an 



EPEC mechanism for optimal participation of multi-MGs systems in local energy and reserve 

markets considering the presence of interruptible loads. A risk trading mechanism for 

communities was developed in [24]. In this reference, via chance-constrained formulation, the 

different prosumers in a community can manage the conservativeness assumed in day-ahead 

decisions via financial products. In [25], a coordinated framework for day-ahead and intra-day 

decision-making in local energy communities was developed. As in [13], the new methodology 

accounts for limited information exchanging within a distributed algorithm whereas uncertainties 

in intra-day decisions are managed via scenarios.  

Table 1 - A summary of the literature review 

Refs. System Model Uncertainties Privacy 

[6, 12] Multi-MGs Bi-level No No 

[7, 8, 14] Multi-MGs Bi-level Robust No 

[9] MG Single-level No No 

[10] Multi-MGs Bi-level Stochastic No 

[11] MGC Consensus Chance-constrained No 

[13] Community Single-level No Yes 

[15] Multi-MGs Bi-level No Yes 

[16] MG Single-level No No 

[17] MGC Bi-level Robust No 

[18, 23] Multi-MGs EPEC No No 

[19] MGC Bi-level Robust Yes 

[20] Multi-MGs Bi-level Interval No 

[21] MGC Decentralized Stochastic Yes 

[22] Multi-MGs Decentralized No Yes 

[24] Community Single-level Stochastic Yes 

[25] Community Single-level Chance-constrained No 

Present MGC EPEC Interval Yes 

1.3 - Research gaps and contributions 

This paper addresses the issue of optimal pricing in islanded MGCs under uncertainties. To 

this end, an EPEC approach is raised, which solves the bi-level problem associated to each 

participant sequentially using diagonalization. As result, the equilibrium nodal prices are obtained 

together with the optimal bidding strategy of each MG partaking in the cluster. The overall 

problem is formulated as a MILP, for which each bi-level individual problem is transformed into 

a single-level one using its Karush-Kuhn-Tucker (KKT) conditions and further linearized through 

different tricks. Uncertainties from RESs and inelastic demand are modelled using interval 

notation and equivalent scenarios [20]. One of the main advantages of the present work with 

respect others is the limited amount of information that must be transferred from MGs to the upper 

level managed by a coordinator.  In contrast to other works that recur to iterative algorithms and 

nonlinear formulations, privacy of users is ensured in this work by only exchanging boundary 

information with the cluster coordinator, which is very suitable for competitive platforms where 

interests of individuals may be conflictive. 

In the rest of this paper, Section 2 overviews the proposed MGC structure and its price setting 

mechanism, and introduce the uncertainties modelling used in this paper. Section 3 describes the 



operational model of each MG, which is essential for the developed setting process, which is 

formally introduced in Section 4 from the original bi-level nonlinear problem to the resulting 

single-level MILP. Section 5 describes the privacy-aware diagonalization-based solution 

algorithm. Section 6 presents a case study with results. Lastly, Section 7 concludes the paper. 

2 - Preliminaries 

 
Fig. 1 - Sketch of the proposed cluster structure 

2.1 - The proposed cluster framework 

For solving the pricing problem in islanded MGCs, we propose a two-level structure as 

depicted in Fig. 1. Let us assume that n MGs with different owners are connected to the same 

network (typically at medium-voltage level). Furthermore, each MG encompasses on-site 

renewable and distributed generators (DGs), storage systems and local demand (flexible and non-

flexible), which are managed by the different MG operators. Daily, each MG can partake in local 

energy trading under nodal prices. This task is performed by the cluster coordinator, who also 

ensures safe and reliable supplying to all the users connected to the network. This agent daily 

performs the price setting process and schedules the energy transactions among peers, ensuring 

that the market result is technically feasible and maximizes the collective welfare. In the proposed 

structure, MGs are assumed to be reluctant to share information with other agents. In this regard, 

we assume that only boundary information (maximum exchangeable energy and bidding/offering 

price) can be shared with the coordinator, while the rival MGs cannot receive information from 

other peers. Note that this information is the minimum necessary to perform a fair market 

mechanism and usually shared in energy markets [26]. 

2.2 - Uncertainties modelling 

In the price setting process described above there are two main sources of uncertainties. On 

the one hand, renewable generation is uncertain in nature as it strongly depends on weather 

parameters (wind speed, temperature and solar irradiance). On the other hand, non-flexible 

demand depends on human decisions which are actually random. Although these two 

uncertainties can be forecasted with acceptable accurateness, their actual realization can deviate 



from predicted values and impact notably in the final result. In this regard, we assume that MG 

operators and cluster coordinator are keen on obtaining an uncertainty-aware result that takes into 

account possible deviations from predicted values. 

To cope with uncertainties, there exists multiple approaches in the literature. Broadly, 

uncertainty models are classified into probabilistic and robust [27]. Probabilistic approaches (also 

called stochastic) are based on generating a large number of scenarios for possible uncertainties 

realization. Then, the most probable result is calculated. In this sense, probabilistic approaches 

are not, in general, able to reproduce risk-averse or risk-seeker results. On contrary, robust models 

seek for the worst/best realization of uncertainties. Among the most popular robust approaches, 

one can find the information gap decision theory and interval notations [28, 29]. These 

approaches, although quite useful, may complicate the formulation of the problem leading to 

nonlinear models unsolvable by off-the-shelf solvers. In order to overcome the issues of each 

methodology, we propose to use an interval-based model derived from stochastic approaches [20], 

which is explained below. 

Let us represent the uncertain parameter 𝜑 as an interval number by its expected value E(𝜑) 

and the corresponding confidence interval 𝐶𝐼 ∈ ℝ+, as follows [28]. 

𝜑 ∈ [E(𝜑) − 𝐶𝐼 ⋅ E(𝜑), E(𝜑) + 𝐶𝐼 ⋅ E(𝜑)] (1) 

The notation above is sketched in Fig. 2 and has been successfully applied in different 

optimization problems under uncertainty [28, 30]. However, the interval notation (1) cannot be 

easily accommodated in MILP problems (bi-level frameworks and iterative algorithms have been 

proposed in the literature [30, 31]). To easily manage the model (1) and preserve the linear feature 

of the mathematical formulation, we transform the interval number (1) into three equi-probable 

scenarios, as follows [20]. 

𝜑 = {

E(𝜑) − 𝐶𝐼 ⋅ E(𝜑)

E(𝜑)                       

E(𝜑) + 𝐶𝐼 ⋅ E(𝜑)
 (2) 

 
Fig. 2 - Illustration of the interval modelling and its transformation in equivalent scenarios 

Indeed, each uncertainty is thus defined by its expected value together with its minimum and 

maximum bounds given by the confidence interval. When different uncertainties are involved, 

the resulting scenarios must be coherent. It means that equivalent scenarios of different 

uncertainties respond to the worst or best realization of each parameter, regardless each scenario 



is given for the upper and lower bound of each parameter. To better illustrate this point, let us 

consider the two sources of uncertainties involved in our problem, i.e. renewable generation and 

non-flexible demand. To use the uncertainty model (2), one should relate the bounds of each 

uncertainty so that the worst/best realization of uncertainties is captured. For our cluster, DGs 

have an associated fuel cost while renewable generation is assumed to be free. Therefore, 

assuming the total cost of the cluster as the objective function, it is clear that the most pessimistic 

conditions would be given when the highest demand coincides with the lowest renewable 

generation. Under these conditions, distributed generators will be called more frequently to satisfy 

the demand, which is scarcely satisfied through renewable generators because their low expected 

potential. This intuitive interpretation can be easily adopted for deducing the most optimistic 

conditions, which would be given when the non-flexible demand is minimum and the renewable 

generation is maximum. Note that these similar conclusions were already drawn in [20] and allow 

to discard other intermediate scenarios, which will always yield a total cost between the two 

bounds calculated by the methodology explained above. This way, a risk-averse/seeker result can 

be obtained without needing of recurring to interval or other more complex notations. This 

evidence is empirically demonstrated in Section 6. 

3 - MG operational model 

As described in Section 5, the developed price setting mechanism needs to previously define 

each MG as buyer or seller each time period. To this end, the day-ahead optimal energy 

management of each MG (3)-(18) needs to be solved assuming known nodal prices. 

max
𝐗𝑖
𝑀𝐺
∑ {

Δ𝑡

|Ω|
⋅ ∑ {

𝛼𝑖,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
) − 𝐶𝑖

𝑁𝑆 ⋅ 𝑝𝑖,𝜔,𝑡
𝑁𝑆

−𝐶𝑖,𝜔,𝑡
𝐷𝐺 − 𝐶𝑖

𝐷𝑅 ⋅ (𝑝𝑖,𝜔,𝑡
𝐷𝑅

− 𝑝𝑖,𝜔,𝑡
𝐷𝑅 )

}𝑡∈𝕋 }𝜔∈Ω  (3) 

Subject to: 

𝐶𝑖,𝜔,𝑡
𝐷𝐺 = 𝑦𝑖,𝑡

𝐷𝐺 ⋅ 𝑎𝑖
𝐷𝐺 + 𝑝𝑖,𝜔,𝑡

𝐷𝐺 ⋅ 𝑏𝑖
𝐷𝐺 + (𝑝𝑖,𝜔,𝑡

𝐷𝐺 )
2
⋅ 𝑐𝑖

𝐷𝐺; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (4) 

{
𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

+ 𝑝𝑖,𝜔,𝑡
𝐷𝐺 + 𝑝𝑖,𝜔,𝑡

𝑅𝐸𝑆 + 𝑝𝑖,𝜔,𝑡
𝐵𝐸𝑆,𝑑𝑐ℎ +

𝑝𝑖,𝜔,𝑡
𝑁𝑆 = 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 + 𝑝𝑖,𝜔,𝑡
𝑁𝐶 + 𝑝𝑖,𝜔,𝑡

𝐷𝑅 + 𝑝𝑖,𝜔,𝑡
𝐵𝐸𝑆,𝑐ℎ

; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (5) 

𝑝𝑖,𝜔,𝑡
𝑁𝑆 ≥ 0;∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (6) 

𝑦𝑖,𝑡
𝐷𝐺 ⋅ 𝑝𝑖

𝐷𝐺 ≤ 𝑝𝑖,𝜔,𝑡
𝐷𝐺 ≤ 𝑦𝑡

𝐷𝐺 ⋅ 𝑝𝑖
𝐷𝐺
; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (7) 

𝑅𝐷𝑖
𝐷𝐺 ≤ 𝑝𝑖,𝜔,𝑡

𝐷𝐺 − 𝑝𝜔,𝑡−1
𝐷𝐺 ≤ 𝑅𝑈𝑖

𝐷𝐺; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋\𝑡 = 1 (8) 

𝑝𝑖,𝜔,𝑡
𝑅𝐸𝑆 ≤ 𝑝𝑖,𝜔,𝑡

𝑅𝐸𝑆
; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (9) 

𝑝𝑖,𝜔,𝑡
𝐵𝐸𝑆,𝑥 ≤ 𝑝𝑖

𝐵𝐸𝑆
; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 ∧ 𝑥 ∈ {𝑐ℎ, 𝑑𝑐ℎ} (10) 

𝜀𝑖,𝜔,𝑡
𝐵𝐸𝑆 = 𝜀𝑖,𝜔,𝑡−1

𝐵𝐸𝑆 + Δ𝑡 ⋅ (𝜂𝑖
𝐵𝐸𝑆 ⋅ 𝑝𝑖,𝜔,𝑡

𝐵𝐸𝑆,𝑐ℎ −
𝑝𝑖,𝜔,𝑡
𝐵𝐸𝑆,𝑑𝑐ℎ

𝜂𝑖
𝐵𝐸𝑆 ) ; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋\𝑡 = 1 (11) 

𝜀𝑖
𝐵𝐸𝑆 ≤ 𝜀𝑖,𝜔,𝑡

𝐵𝐸𝑆 ≤ 𝜀𝑖
𝐵𝐸𝑆

; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (12) 



𝜀𝑖,𝜔,𝕋[1]
𝐵𝐸𝑆 = 𝜀𝑖,𝜔,|𝕋|

𝐵𝐸𝑆 = 𝜀𝑖
𝐵𝐸𝑆

; ∀𝜔 ∈ Ω (13) 

𝑝𝑖,𝜔,𝑡
𝐷𝑅 ≤ 𝑝𝑖,𝜔,𝑡

𝐷𝑅 ≤ 𝑝𝑖,𝜔,𝑡
𝐷𝑅

; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (14) 

𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑥 ≤ 𝑝

𝑃2𝑃
; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 ∧ 𝑥 ∈ {𝑏𝑢𝑦, 𝑠𝑒𝑙𝑙} (15) 

0 ≤ 𝑝𝑖,𝜔,𝑡
𝐵𝐸𝑆,𝑐ℎ ⊥ 𝑝𝑖,𝜔,𝑡

𝐵𝐸𝑆,𝑑𝑐ℎ ≥ 0;∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (16) 

0 ≤ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⊥ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 ≥ 0;∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (17) 

𝑦𝑖,𝑡
𝐷𝐺 ∈ {0,1}; ∀𝑡 ∈ 𝕋  (18) 

where 𝐗𝑖
𝑀𝐺 is the vector of decision variables for the ith MG within the cluster and ⊥ denotes 

orthogonality. Note that the problem above must be solved ∀𝑖 ∈ 𝕄. 

The objective function of the MG operational model seeks to maximize the monetary revenue 

by trading energy in local markets, discounting the non-served, DR and fuel expenditures of DGs, 

which are defined as a quadratic function in (4) [31]. On the other hand, (5) is the MG power 

balance while (6) ensures that the non-served power is positive. The power and ramp limits of 

DGs are represented in (7) and (8), respectively. The maximum generation of RESs is limited by 

(9) whereas (10) upper bounds the power exchanged by storage systems to rated values. The state-

of-charge of storage systems is modelled with (11) being limited by (12), while (13) fixes the total 

initial and final energy stored. The DR initiatives are modelled by (14), considering curtailment 

programs, while (15) limits the power that can be traded with the cluster through P2P exchanges. 

Lastly, (16) imposes complementarity in the charging and discharging processes of batteries, (17) 

avoids that the ith MG can simultaneously partake as a buyer and a seller, and (18) imposes 

integrity in the commitment statuses of DGs. 

As mentioned, the model (3)-(18) assumes that nodal prices are known, which is unrealistic 

since the MGs in the cluster are price-takers and nodal prices are fixed by the coordinator after 

the price setting process. In the developed solution methodology, this is solved by iteratively 

updating the nodal prices (see Section 5). It is also worth noting that the continuous variables in 

(3)-(18) are defined over the dimension 𝜔, which has size three for accommodating the equivalent 

scenarios derived from the interval notation described in Section 2. This way, uncertainties from 

renewable generation and inelastic demand are handled. 

4 - Nodal price model 

4.1 - Upper level: optimal bidding/offering strategy 

The price setting model is raised as a bi-level optimization framework, as usually [32], whose 

structure is depicted in Fig. 3. In the upper level, the optimal bidding/offering strategy of the ith 

MG partaking in the cluster is defined after solving the following optimization problem. 

max
𝐗𝑖
𝑈𝐿∪𝛼𝑖,𝑡

∑ {
Δ𝑡

|Ω|
⋅ ∑ {𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

)}𝑡∈𝕋 }𝜔∈Ω  (19) 

Subject to 

𝛼𝑖,𝑡 ≥ 0;∀𝑡 ∈ 𝕋 (20) 



where 𝐗𝑖
𝑈𝐿 is the vector of decision variables of the upper level of the ith MG. As seen, the problem 

above seeks the optimal market strategy for maximizing the revenue of the MG, for which the 

offering/bidding price is taking as a variable. 

 
Fig. 3 - Structure of the proposed bi-level model and the resulting single-level problem 

4.2 - Lower level: price setting 

In the lower level, the cluster coordinator sets nodal prices taking the network into 

consideration, for which the following optimization model is solved. 

max
𝐗𝑝𝑟𝑖𝑚𝑎𝑙
𝐿𝐿

∑ ∑ ∑ {𝛼𝑖,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙)}𝑡∈𝕋𝑖∈𝕄𝜔∈Ω  (21) 

Subject to: 

{
∑ 𝐁[𝑛,𝑚] ⋅ (𝜃𝜔,𝑛,𝑡 − 𝜃𝜔,𝑚,𝑡)𝑚∈Ψ𝑛

+∑ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙)𝑖∈Ψ𝑛 = 0

: 𝜆𝑛,𝜔,𝑡; ∀𝜔 ∈ Ω ∧ 𝑛 ∈ Ψ ∧ 𝑡 ∈ 𝕋 (22) 

𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

≤ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

: 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

, 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (23) 

𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 ≤ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙
: 𝜇𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 , 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (24) 

−𝐹[𝑛,𝑚] ≤ 𝐹𝜔,[𝑛,𝑚],𝑡 ≤ 𝐹[𝑛,𝑚]: 𝜁𝜔,[𝑛,𝑚],𝑡, 𝜁𝜔,[𝑛,𝑚],𝑡; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧𝑚, 𝑛 ∈ Ψ ∧ 𝑡 ∈ 𝕋  (25) 

𝐹𝜔,[𝑛,𝑚],𝑡 = 𝐁[𝑛,𝑚] ⋅ (𝜃𝜔,𝑛,𝑡 − 𝜃𝜔,𝑚,𝑡); ∀𝜔 ∈ Ω ∧ 𝑛,𝑚 ∈ Ψ ∧ 𝑡 ∈ 𝕋 (26) 

−𝜋 ≤ 𝜃𝜔,𝑛,𝑡 ≤ 𝜋: 𝛾𝜔,𝑛,𝑡 , 𝛾𝜔,𝑛,𝑡; ∀𝜔 ∈ Ω ∧ 𝑛 ∈ Ψ\𝑛 = 𝑟𝑒𝑓 ∧ 𝑡 ∈ 𝕋 (27) 

𝜃𝜔,𝑟𝑒𝑓,𝑡 = 0: 𝛾𝜔,𝑟𝑒𝑓,𝑡; ∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (28) 

where 𝐗𝑝𝑟𝑖𝑚𝑎𝑙
𝐿𝐿  collects the primal variables of the lower level. The lower level seeks to maximize 

the collective welfare given in (21) while ensures the reliability of the network. Thus, (22) 

represents the nodal balance, (23) and (24) limits the power that can be traded by MGs, (25) limits 

the power flow across branches as calculated by (26), while (27) imposes limits in the nodal 

angles, being fixed at the reference bus by (28). Note that in constraints (22)-(28), the 

corresponding dual variables are given at the right-hand side of each equation. 

4.3 - MPEC 

The bi-level problem presented in Section 4.1 and Section 4.2 cannot be solved directly. 

Instead, the lower level problem is transferred to the upper level by its KKT conditions as shown 

in Fig. 3, resulting in the following single-level MPEC framework. 



Maximize: (19) 

Subject to (20), (22)-(28) and 

−𝛼𝑖,𝑡 − 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

+ 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

+ 𝜆𝑛∈Ψ𝑖,𝜔,𝑡 = 0; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (29) 

𝛼𝑖,𝑡 − 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 + 𝜇𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙
− 𝜆𝑛∈Ψ𝑖,𝜔,𝑡 = 0; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (30) 

∑ {
𝐁[𝑛,𝑚] ⋅ (𝜆𝑛,𝜔,𝑡 − 𝜆𝑚,𝜔,𝑡 + 𝜁𝜔,[𝑛,𝑚],𝑡

−𝜁𝜔,[𝑚,𝑛],𝑡 − 𝜁𝜔,[𝑛,𝑚],𝑡 + 𝜁𝜔,[𝑚,𝑛],𝑡)
}𝑚∈Ψ𝑛 − 𝛾𝜔,𝑛,𝑡 + 𝛾𝜔,𝑛,𝑡 = 0; ∀𝜔 ∈ Ω ∧ 𝑛 ∈ Ψ\𝑛 =

𝑟𝑒𝑓 ∧ 𝑡 ∈ 𝕋 (31) 

∑ {
𝐁[𝑟𝑒𝑓,𝑚] ⋅ (𝜆𝑟𝑒𝑓,𝜔,𝑡 − 𝜆𝑚,𝜔,𝑡 + 𝜁𝜔,[𝑟𝑒𝑓,𝑚],𝑡

−𝜁𝜔,[𝑚,𝑟𝑒𝑓],𝑡 − 𝜁𝜔,[𝑟𝑒𝑓,𝑚],𝑡 + 𝜁𝜔,[𝑚,𝑟𝑒𝑓],𝑡)
}𝑚∈Ψ𝑟𝑒𝑓 + 𝛾𝜔,𝑟𝑒𝑓,𝑡 = 0;∀𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (32) 

0 ≤
𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑥

⊥ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑥

− 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑥)

𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑥 ⊥ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑥
≥ 0;∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 ∧ 𝑥 ∈ {𝑏𝑢𝑦, 𝑠𝑒𝑙𝑙} (33) 

0 ≤
𝜁𝜔,[𝑛,𝑚],𝑡 ⊥ (𝐹𝜔,[𝑛,𝑚],𝑡 + 𝐹[𝑛,𝑚])

𝜁𝜔,[𝑛,𝑚],𝑡 ⊥ (𝐹[𝑛,𝑚] − 𝐹𝜔,[𝑛,𝑚],𝑡)
≥ 0; ∀𝜔 ∈ Ω ∧𝑚, 𝑛 ∈ Ψ ∧ 𝑡 ∈ 𝕋 (34) 

0 ≤
𝛾𝜔,𝑛,𝑡 ⊥ (𝜃𝜔,𝑛,𝑡 + 𝜋)

𝛾𝜔,𝑛,𝑡 ⊥ (𝜋 − 𝜃𝜔,𝑛,𝑡)
≥ 0; ∀𝜔 ∈ Ω ∧ 𝑛 ∈ Ψ\𝑛 = 𝑟𝑒𝑓 ∧ 𝑡 ∈ 𝕋 (35) 

{
 

 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑥, 𝜇𝑖,𝜔,𝑡

𝑃2𝑃,𝑥
,

𝜁𝜔,[𝑛,𝑚],𝑡, 𝜁𝜔,[𝑛,𝑚],𝑡,

𝛾𝜔,𝑛,𝑡, 𝛾𝜔,𝑛,𝑡 , 𝛾𝜔,𝑟𝑒𝑓,𝑡

≥ 0;∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧𝑚, 𝑛 ∈ Ψ ∧ 𝑡 ∈ 𝕋 ∧ 𝑥 ∈ {𝑏𝑢𝑦, 𝑠𝑒𝑙𝑙}  (36) 

The feasibility of the original lower level is ensured by including in the constraints (22)-(28). 

On the other hand, (29)-(32) are the stationary conditions derived from the Lagrangian function 

of (19) (see Appendix A), while (33)-(35) are the complementarity constraints of the dual 

problem. Lastly, (36) imposes positiveness in dual variables. 

Note that in other similar works (e.g. see [17]), the upper level is extended by incorporating 

the model (3)-(18) and those constraints are included in the MPEC to ensure its feasibility. 

However, in the proposed cluster, the MPEC above is performed by the coordinator while each 

MG operator runs her own operational model as described in Section 3. This way, if the 

constraints (3)-(18) are included in the MPEC, privacy of MG owners is no longer preserved as 

the coordinator needs to access to confidential information (e.g. data of flexible demands or DGs). 

This is the reason why we did not include the model (3)-(18) in the MPEC problem above, while 

its feasibility is ensured yet by iteratively updating the upper bounds in (23) and (24), as explained 

in Section 5. 

4.4 - MILP 

The MPEC problem given in Section 4.3 is nonlinear due to the bilinear terms in (19) and the 

complementarity constraints (33)-(35). To linearize the function (19), the Strong duality theorem 



is applied to transform it into its equivalent linear function (37) as detailed in Appendix B. On the 

other hand, the complementarity constraints are linearized using the big-M method [33]. After 

applying these linearization tricks, the MPEC model given in Section 4.3 can be replaced by the 

following MILP. 

max
𝐗𝑖
𝑈𝐿∪𝐗𝑝𝑟𝑖𝑚𝑎𝑙

𝐿𝐿 ∪

𝛼𝑖,𝑡∪𝐗𝑑𝑢𝑎𝑙
𝐿𝐿 ∪𝚪

∑

{
  
 

  
 

Δ𝑡

|Ω|
⋅ ∑

{
  
 

  
 ∑ {

𝛼𝑗,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙) −

𝜇𝑗,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ 𝑝𝑗,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝜇𝑗,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

⋅ 𝑝𝑗,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙} −𝑗∈𝕄

𝑗≠𝑖

∑ {
∑ {𝜋 ⋅ (𝛾𝜔,𝑛,𝑡 + 𝛾𝜔,𝑛,𝑡)} +𝑛∈Ψ𝑖

∑ {𝐹[𝑛,𝑚] ⋅ (𝜁𝜔,[𝑛,𝑚],𝑡 + 𝜁𝜔,[𝑛,𝑚],𝑡)}𝑛∈Ψ𝑖,(𝑚∈Ψ𝑛)

}𝑖∈𝕄

}
  
 

  
 

𝑡∈𝕋

}
  
 

  
 

𝜔∈Ω  (37) 

Subject to (20), (22)-(36) and 

0 ≤ 𝑢𝑣1 ⊥ 𝑢𝑣2 ≥ 0 ≡

{
 
 

 
 𝑢𝑣1 ≥ 0, 𝑢𝑣2 ≥ 0     

𝑢𝑣1 ≤ 𝑀 ⋅ 𝜉𝑣             

𝑢𝑣1 ≤ 𝑀 ⋅ (1 − 𝜉𝑣)

𝜉𝑣 ∈ {0,1}                

; ∀𝑣 ∈ {(31) − (33)} (38) 

where 𝐗𝑑𝑢𝑎𝑙
𝐿𝐿  is the vector of the lower level dual variables while 𝚪 encompasses the auxiliary 

binary variables 𝜉’s. Note that there are still nonlinearities in the MG operational model (3)-(18). 

In this case, the quadratic function (4) can be linearized using its piecewise approximation, as 

described in [34], while the method (38) is also valid to linearize the complementarity constraints 

(16) and (17). 

5 - Solution algorithm based on diagonalization 

In competitive MGCs, preserving the privacy of users may be crucial. It is reasonable to think 

that the different agents partaking in the cluster would be reluctant to share some information with 

others. In this regard, we develop in this section a privacy-aware EPEC solution methodology. 

There exists different algorithms and methodologies that account for privacy issues, some of 

them were already reviewed in Section 1.2. Most of developed methodologies recur to distributed 

algorithms, in which each agent is responsible of running some calculations of the optimization 

procedure. Typically, these calculations only involve data referred to the agent itself, whereas 

data from others is neglected or directly estimated. Within this kind of algorithms, the alternating 

direction of multipliers is very popular [13, 15, 21]. However, this methodology might entail 

computationally issues as it involves some nonlinear terms that require the use of specific solvers. 

To solve such issue, we developed a fully MILP methodology based on diagonalization, in which 

only maximum exportable/importable power and bidding/offering prices are shared with the 

cluster. Note that sharing this kind of data is not problematic normally, as it corresponds with 

typical information shared in competitive energy markets. 

5.1 - EPEC 

EPEC-based frameworks are very popular for seeking equilibrium operating conditions 

among competitive agents [35]. Basically, an EPEC framework consists on solving the equivalent 

MPEC problem for each agent, concerning for equilibrium constraints among them. For 



simplicity, Fig. 4 shows a conceptual scheme of EPEC problems involved 𝑁 agents. Keeping this 

in mind, an EPEC structure seems suitable for the price setting problem for the MGC described 

in Section 2. Indeed, in this cluster, different MGs compete with others on a perfect market 

framework. Thus, the overall optimization model presented in Section 4 is converted to its 

equivalent EPEC framework, by which the MPEC problem for each MG partaking in the cluster 

is solved and interact with the other optimal offering strategies, as said (39). 

solveMPEC𝑖 ; ∀𝑖 ∈ 𝕄 (39) 

 
Fig. 4 - Conceptual scheme of an EPEC framework involving 𝑁 agents 

5.2 - Privacy-aware diagonalization algorithm 

In general, there exists two approaches for solving EPEC frameworks. On the one hand, each 

MPEC problem can be transferred by its KKT conditions thus forming a unique optimization 

framework where the nodal price is set [18]. On the other hand, diagonalization algorithms can 

be employed, where each MPEC is solved sequentially assuming fixed strategies of the rival 

players [36]. In this paper, diagonalization has been used due to the following reasons: 

• The first approach may result computationally expensive especially if the number of MGs 

is large and scenarios are considered for uncertainties, which would hinder its 

applicability in generic stochastic environments. 

• The first approach requires perfect knowledge of all the data regarding each MG, which 

clearly entails privacy issues. 

The proposed diagonalization-based algorithm is summarized in the flowchart of Fig. 5 and 

fully described by the steps 1-6 below, involving two loops whose convergence criteria are given 

by 

‖[
𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦(𝑘)

− 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦(𝑘−1)

𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙(𝑘)

− 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙(𝑘−1)

] [𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦(𝑘)

, 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙(𝑘)

]⁄ ‖

∞

≤ 𝜖𝑀𝐺 (40) 

‖
𝚫(𝑙)−𝚫(𝑙−1)

𝚫(𝑙)
‖
∞
≤ 𝜖𝐸𝑃𝐸𝐶 (41) 

where 𝚫 encompasses the offering/bidding prices of all the MGs within the cluster. 

1. Initialize the outer iteration counter 𝑘 = 1 and establish tolerances 𝜖𝑀𝐺 ∈ ℝ+ and 

𝜖𝐸𝑃𝐸𝐶 ∈ ℝ+. 

2. Each MG operator solves her operational model (3)-(18). As result, each operator 

communicates her buyer/seller role together with the maximum importable/exportable 

power to the coordinator. 



3. Sort the MGs (see Section 5.3) and initialize the inner loop iteration counter 𝑙 = 1. 

4. The cluster coordinator solves the MPEC problem (20), (22)-(38) for each MG in the 

order established. After running each MPEC problem, the optimal offering strategy of 

each MG is updated as 𝛼𝑖,𝑡 = 𝜆𝑛∈Ψ𝑖,𝜔,𝑡. 

5. If 𝑙 = 1, then set 𝑙 = 𝑙 + 1 and go to step 4. Otherwise, check the convergence criteria of 

the inner loop (41). If (41) is met, then go to step 6, otherwise, set 𝑙 = 𝑙 + 1 and go to 

step 4. 

6. If 𝑘 = 1, then set 𝑘 = 𝑘 + 1 and go to step 2. Otherwise, check the convergence criteria 

of the outer loop (42). If (42) is met, then stop, otherwise, set 𝑘 = 𝑘 + 1 and go to step 

2. 

 

Fig. 5 - Flowchart of the proposed privacy-aware diagonalization algorithm 

As seen in Fig. 5, the proposed algorithm preserves the privacy of each user as they only 

transfer the maximum exportable/importable power together with their bidding/offering price. In 

addition, this information is not shared with rivals, ensuring that privacy concerns do not 

discourage MGs to participate in the market mechanism. Furthermore, feasibility of the MG 

operational model is ensured by updating the bounds in (23) and (24) after running the step 2. 

5.3 - Practical considerations 



It is important to note that at step 4 of the developed algorithm, the bidding/offering price of 

each MG equals to the nodal price. However, while the nodal price spans over Ω, the 

bidding/offering price is not defined for each scenario. To solve this issue, we assume that MG 

risk strategy is previously agreed with the coordinator, in the sense that the considered nodal price 

would depend on the risk position of the MG (neutral, averse or seeker). Thus, if a MG adopts a 

risk-seeker strategy, 𝜔 at step 4 corresponds with the best-scenario for uncertainties, taking 

equivalent decisions for risk-neutral and risk-averse peers. Note that within this framework, each 

MG can individually adopt its own strategy while previously agreed with the coordinator. 

Diagonalization algorithms present two issues that should be considered for successful 

application of the algorithm developed above. On the one hand, the order in which the MPEC 

problems are solved may impact on the final solution. Actually, it is observed that diagonalization 

tends to favour to the first peer analysed in the algorithm, being possible to result in inefficient 

market mechanisms [18]. To solve this problem, we propose to firstly analyse that MG with the 

lowest bidding/offering price. This way, the algorithm ensures to favour to the most economical 

agent, thus leading the algorithm to the a priori most beneficial solution for all the peers partaking 

in the cluster. On the other hand, the algorithm occasionally tends to oscillate between two 

possible solutions for a large number of iterations. When this particular behaviour is detected, the 

algorithm immediately stops and chooses that solution with the highest collective welfare. 

Lastly, the optimal offering/bidding strategy of each MG must be fixed at the beginning of 

the algorithm. Empirical evidences showed us that taking the marginal price of each MG as initial 

offering/bidding strategy often gives good results, leading to convergence in few iterations. 

6 - Case study 

This section presents a case study with twofold purpose: 

• Validate the developed price-setting model. 

• Analyse different relevant aspects like the performance of the proposed diagonalization 

algorithm, its computational tractability and the impact of uncertainties. 

The developed MILP problem has been coded under Matlab R2021a and solved using Gurobi 

[37]. The optimization problem was solved over a 24-h time horizon, as usual in day-ahead energy 

markets, taking 1-h for time resolution. Moreover, it is assumed that MGs agree a risk-averse 

strategy with the coordinator when equalling their bidding/offering strategies to the nodal prices 

(step 4 of the developed algorithm), at least other is specified. 

6.1 - Illustrative 9-bus 4-MGs case  

6.1.1 - Input data 

For illustrative purposes, the 9-bus 4-MGs cluster depicted in Fig. 5 is studied. The MGs are 

directly connected to a 9-bus network [38], whose relevant data are collected in Table 2. Data 

regarding DGs and storage systems are collected in Tables 3 and 4, respectively, while Fig. 6 



shows the expected renewable generation together with the non-flexible and flexible demands in 

each MG (the minimum dispatchable flexible demand is fixed at 80 % of its expected value). 

 
Fig. 5 - The 9-bus 4-MGs system considered in simulations 

Table 2 - Network data 

Branch Res. [Ω] Induct. [Ω] Susc. [Ω-1] Capacity [kVA] 

1-4 0 0.58 0 20,000 

4-5 0.17 0.92 0.16 15,000 

5-6 0.39 0.17 0.36 15,000 

6-3 0 0.6 0 7,000 

6-7 0.12 0.1 0.21 9,000 

7-8 0.85 0.72 0.15 9,000 

8-2 0 0.63 0 7,000 

8-9 0.32 0.16 0.31 5,000 

Table 3 - Data of DGs 

MG 𝒑
𝑫𝑮

 [kW] 𝒑𝑫𝑮 [kW] 𝒂𝑫𝑮 [$/h] 𝒃𝑫𝑮 [$/kWh] 𝒄𝑫𝑮 [$/kWh²] 𝑹𝑫𝑫𝑮/ 𝑹𝑼𝑫𝑮 [kW] 

1 12,000 0.1 ⋅ 𝑝
𝐷𝐺

 0.6 0.05 0.03 0.5 ⋅ 𝑝
𝐷𝐺

 

2 10,000 0.1 ⋅ 𝑝
𝐷𝐺

 0.6 0.04 0.02 0.5 ⋅ 𝑝
𝐷𝐺

 

3 12,000 0.1 ⋅ 𝑝
𝐷𝐺

 0.6 0.04 0.02 0.5 ⋅ 𝑝
𝐷𝐺

 

4 12,000 0.1 ⋅ 𝑝
𝐷𝐺

 0.6 0.07 0.03 0.5 ⋅ 𝑝
𝐷𝐺

 

Table 4 - Data of storage systems 

MG 𝜺
𝑩𝑬𝑺

 [kWh] 𝒑
𝑩𝑬𝑺

 [kW] 𝜺𝑩𝑬𝑺 [kWh] 𝜼𝑩𝑬𝑺 [%] 

1 10,000 0.2 ⋅ 𝜀
𝐵𝐸𝑆

 0.25 ⋅ 𝜀
𝐵𝐸𝑆

 95 

2 5,000 0.2 ⋅ 𝜀
𝐵𝐸𝑆

 0.25 ⋅ 𝜀
𝐵𝐸𝑆

 95 

3 5,000 0.2 ⋅ 𝜀
𝐵𝐸𝑆

 0.25 ⋅ 𝜀
𝐵𝐸𝑆

 95 

4 3,000 0.2 ⋅ 𝜀
𝐵𝐸𝑆

 0.25 ⋅ 𝜀
𝐵𝐸𝑆

 95 

 
Fig. 6 - Expected renewable generation (top), non-flexible (middle) and flexible (bottom) demand 

6.1.2 - Checking the robustness of the uncertainty model 

Firstly, let us check the robustness of the proposed interval-based uncertainty modelling 

described in Section 2. This model aims at capturing extreme realizations for uncertainties, so that 

the results obtained can be risk-averse, risk-seeker or risk-neutral assuming that uncertainties take 



their most pessimistic, optimistic or expected values, respectively. To check that this uncertainty 

model is actually robust, we compare the maximum exportable and importable energy obtained 

with our approach and the traditional stochastic approach. In this sense, we generate a set of 

random scenarios within the interval [E(𝜑) ⋅ 0.75, E(𝜑) ⋅ 1.25], which is equivalent to take 𝐶𝐼 =

0.25. Then, the results obtained are compared with the interval notation for the same confidence 

interval in Fig. 7. As seen in this figure, the results obtained with the considered interval notation 

always corresponded with more extreme realizations of uncertainties. Indeed, the exportable 

energy was notably higher for the risk-seeker scenario, which denotes that more renewable 

potential is assumed to be available in the cluster. In contrast, the exportable energy was lower in 

case of assuming risk-averse conditions for the same reasons. It is also worth noting that the 

opposite behaviour is observed for the importable energy, as expected. On the other hand, similar 

results were obtained in the stochastic and risk-neutral cases, which remarks that stochastic 

methodologies are actually probabilistic rather than robust. Thus, with the results in Fig. 7 it is 

clear that the considered interval approach is able to reproduce robust results by only considering 

extreme values of uncertainties, thus discarding that other intermediate scenarios could yield 

worse results. 

 
Fig. 7 - Comparison of the maximum exportable (top) and importable (bottom) energy obtained with the 

considered interval notation and traditional stochastic approach 

6.1.3 - Impact of uncertainties 

Now, the impact of uncertainties is analysed. Although the optimization framework presented 

throughout this paper relies on scenario-based foundations, we present the results for the three 

different scenarios considered namely risk-seeker (favourable realization of uncertainties), risk-

neutral (expected profiles) and risk-averse (unfavourable realization of uncertainties). Thereby, 

Fig. 8 plots the maximum exportable/importable energy of all MGs for various values of the 

confidence interval. As observed, the maximum exportable energy grew with the interval in the 

risk-seeker scenario (+57 %), while the importable energy remained almost constant disregarding 

the value of the confidence interval. In contrast, the exportable energy decreased in the risk-

neutral (-7 %) and risk-averse (-61 %) scenarios, observing different trends for the importable 

energy. This is due to the actual realization considered for uncertainties, since in the risk-seeker 

scenario the renewable generation increases and the demand is reduced, the exportable energy 



will increase consequently, while the opposite behaviour is observed in the risk-averse scenario 

due to the realization of uncertainties. Similar conclusions can be extracted when analysing the 

total energy exchanged among MGs, which is plotted in Fig. 9. As seen in this figure, the impact 

of uncertainties varies with the scenario. In this way, while the total energy exchanged increases 

with the confidence interval in the risk-seeker scenario (+40 %) it decreased in the risk-averse 

situation (-89 %). 

 
Fig. 8 - Maximum exportable (top) importable (bottom) energy for various scenarios and values of the 

confidence interval 

 

Fig. 9 - Total energy exchanged among MGs for various values of the confidence interval 

Fig. 10 plots the energy exchanges among MGs with 𝐶𝐼 = 0.05 and 𝐶𝐼 = 0.25. With 𝐶𝐼 =

0.05, MG1 exports energy to MG2 during night, due to the high renewable penetration in MG1 

during this period. During midday, MG3 and MG4 normally became seller and replaced MG1 

exporting energy to MG2. This is due to MG3 and MG4 install PV generation, which notably 

increases during morning and reach its peak production at 12:00 h. It can be clearly observed that 

energy exchanged was notably lower in the risk-averse scenario when compared with the risk-

seeker situation, especially during afternoon due to the pessimistic realization of renewable 

generation in MG3 and MG4. However, MG1 still exported much energy to MG2 during night. 

This is due to, despite the negative impact of uncertainties, surplus generation was still high due 

to the low night demand. In addition, non-flexible demand of MG2 increased in the risk-seeker 

scenario, leading that more energy is demanded from this MG. On the other hand, when 𝐶𝐼 =

0.25, most of the transactions occurred during midday in the risk-seeker scenario, while energy 

exchanged was almost null in the risk-averse consideration. 



 
Fig. 10 - Power transactions among MGs with 𝐶𝐼 = 0.05 (top) and 𝐶𝐼 = 0.25 (bottom) in the risk-seeker 

(left), risk-neutral (middle) and risk-averse (right) scenarios 

Now, let us analyse how the uncertainties impact on the nodal prices in Fig. 11. As observed, 

the average nodal price increased with the confidence interval, only observing marginal variations 

between scenarios when 𝐶𝐼 = 0.25. This is principally due to bottlenecks in network, which 

hindered the possibility of exchanging energy among buses throughout the network. This is more 

clearly observed in Fig. 12, where the average nodal price for each hour of the day is plotted in 

different situations. As seen, prices were normally equal throughout the network when the 

confidence interval is low. This is due to, when the influence of uncertainties is marginal, 

branches are not congested and any bus throughout the grid can trade energy with any other. In 

contrast, nodal prices varied throughout the network as the confidence interval increases. In fact, 

nodal prices were normally higher in the risk-seeker scenario and especially during afternoon. 

This is due to, despite high renewable generation observed during these hours, most of the energy 

cannot be exported due to branch congestion, thus limiting the actual exportable capacity of some 

MGs.  

 
Fig. 11 - Average nodal prices for different values of the confidence interval 



 
Fig. 12 - Hourly average nodal prices for different scenarios and values of the confidence interval 

6.1.4 - Algorithm analysis 

Now, the algorithm described in Section 5 is analysed. Fig. 13 plots the evolution of 

offering/bidding prices of each MG. As observed, when the impact of uncertainties is marginal 

(low values of the confidence intervals) all the offering/bidding prices evolved to be equal, as 

already pointed out in Fig. 13. However, the heterogeneity of prices as the confidence interval 

grows, denoting that some branches throughout the network may experience congestion, leading 

to price splitting. 

 
Fig. 13 - Evolution of offering/bidding prices of each MG for various values of the confidence interval 

Fig. 14 shows the evolution of the maximum exportable energy of MG1. As observed, when 

the confidence interval is low and therefore the impact of uncertainties is not critical, this 

parameter tended to increase as the algorithm evolved, which demonstrates that our proposal is 

able to foster the participation of peers in energy trading. In contrast, when the confidence interval 

is higher, the opposite trend was observed since the impact of uncertainties is more notably and 

pessimistic profiles affect to the risk-neutral and risk-averse scenarios. In Fig. 12 it is clearly 

observed the oscillatory pattern that occasionally presented the developed algorithm, for which a 

simple remedy strategy was proposed in Section 5.3. 



 
Fig. 14 - Evolution of the maximum exportable energy in MG1 

6.2 - Further validation on the IEEE 33-bus system 

Next, we further validate the developed tool on a larger system. In this case, we consider the 

well-known IEEE 33-bus case, whose network parameters can be found in [38]. To keep the 

model comparable to the previously analysed 9-bus case, we consider 15-MGs in total, connected 

to the 33-bus network as depicted in Fig. 15. For simplicity, we took the same data for MGs 

reported in Tables 2-4.  

 

Fig. 15 - The modified IEEE 33-bus case with 15 MGs 

In Fig. 16, we compare the maximum exportable energy in the 9-, and 33-bus cases. As 

expected, the exportable energy was much higher in the 33-bus case, due to the presence of more 

MGs partaking in the cluster. In fact, the exportable energy was a 25 % higher in the 33-bus case, 

approximately keeping the proportionality ratio between the two cases (4 MGs vs 15 MGs). In 

Fig. 16 it is also observed that the confidence interval had a similar impact on this network, 

decreasing the exportable energy in the risk-averse case when comparing with the risk-neutral 

and risk-seeker strategies. The number of MGs and number of branches impact directly on the 

resulting nodal price, as seen in Fig. 17. Indeed, the average nodal pricing was higher in the 33-

bus case. This is due to branch congestion is more frequent as the size of the network increases, 

leading to more isolated sub-systems within the clusters with higher nodal prices. 



 
Fig. 16 - Comparison of the maximum exportable energy in the 9-, and 33-bus cases 

 
Fig. 17 - Comparison of the average nodal price in the 9-, and 33-bus cases 

6.3 - Assessing computational burden 

In order to demonstrate the practicability of the developed algorithm, we analyse its 

computational burden in Table 5. This analysis is presented differentiating relevant procedures 

within the algorithm. As seen, the outer loop is the costliest part of the developed algorithm. This 

is due to this step requires to solve the MG operational model each iteration. From our experience, 

this loop may require a large number of iterations, especially due to oscillatory patterns. 

Nevertheless, this issue can be partially remedied using the strategy proposed in Section 5.3. On 

the other hand, the solution of the MG operational model and the inner loop have very few impact 

on the overall computational performance. In total, the execution of the algorithm does not usually 

take more than 15 minutes to be executed in the 4-MGs cluster studied in this section. As 

expected, the total computational time exponentially increased in the 33-bus case. This increment 

is not only due to the network size and larger number of MGs involved, but also to the increasing 

number of iterations typically required to reach convergence, which is in concordance with other 

iterative procedures devoted on analysing medium-, and large-scale networks [39]. In total, the 

algorithm took approximately 1.5 hours by average, resulting acceptable for a day-ahead tool. 

Moreover, it should be noted that some parts of the developed algorithm are highly parallelizable, 

as e.g. the MG operational model, which can be solved for each MG operator in parallel. 

Table 5 - Computational performance of the developed algorithm 

Part of the algorithm 
Average time [s] Average no. of iterations 

9-bus 33-bus 9-bus 33-bus 

MG operational model 55 55 -- -- 

Iteration of the outer loop 78 460 7 8 

Iteration of the inner loop 73 400 2 3 

7 - Conclusion 

A nodal pricing mechanism for islanded MGCs has been presented. The optimization problem 

is raised as a bi-level model which is transformed into a single-level MPEC using the KKT 



conditions of the lower level and further linearized using different linearization tricks. The new 

proposal concerns about privacy issues, for which an original diagonalization algorithm has been 

developed in which only boundary information is transferred from MGs to the coordinator. 

Uncertainties from renewable generation and non-flexible demand have been accommodated 

using interval notation and equivalent scenarios, which results in a light computational framework 

solvable by off-the-shelf solvers. 

A case study was performed on a benchmark 4-MG cluster integrated in a 9-bus network. The 

results served to analyse the impact of uncertainties in the final results, especially in the total 

energy exchanged among MGs, which may be reduced with the value of the confidence interval 

by 61% in the risk-averse scenario. The performance of the developed algorithm has been also 

analysed, showing that the new proposal encourages the participation of MGs in energy trading, 

at least when the impact of uncertainties is not notable. These illustrative results were confirmed 

on a larger network involved 15 MGs. In addition, it was show that computational burden of the 

proposed methodology is not critical and does not suppose a barrier for the practical application 

of the developed procedure. 

Future works should be focused on extending the ideas drawn in this paper to other related 

problems where privacy concerns suppose a critical aspect. 

Appendix A - Lagrangian function of (19) 

The Lagrangian function of (19) is given in (A1), from which the stationary constraints (29)-

(32) can be easily derived by taking the first partial derivatives of (A1) w.r.t. 𝐗𝑝𝑟𝑖𝑚𝑎𝑙
𝐿𝐿 . 

ℒ(𝐗𝑝𝑟𝑖𝑚𝑎𝑙
𝐿𝐿 , 𝐗𝑑𝑢𝑎𝑙

𝐿𝐿 ) = ∑ ∑

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

∑

{
 
 

 
 𝛼𝑖,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

) −

𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 ⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙

+𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

)

+𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

⋅ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙
) }

 
 

 
 

𝑖∈𝕄 +

∑ {
𝜁𝜔,[𝑛,𝑚],𝑡 ⋅ (𝐹𝜔,[𝑛,𝑚],𝑡 − 𝐹[𝑛,𝑚])

−𝜁𝜔,[𝑛,𝑚],𝑡 ⋅ (𝐹𝜔,[𝑛,𝑚],𝑡 + 𝐹[𝑛,𝑚])
}𝑛,𝑚∈Ψ +

∑ {
𝛾𝜔,𝑛,𝑡 ⋅ (𝜃𝜔,𝑛,𝑡 − 𝜋) −

𝛾𝜔,𝑛,𝑡 ⋅ (𝜃𝜔,𝑛,𝑡 + 𝜋)
}𝑛∈Ψ + 𝛾𝜔,𝑟𝑒𝑓,𝑡 ⋅ 𝜃𝜔,𝑟𝑒𝑓,𝑡 +

∑ 𝜆𝑛,𝜔,𝑡 ⋅ {
∑ 𝐵[𝑛,𝑚] ⋅ (𝜃𝜔,𝑛,𝑡 − 𝜃𝜔,𝑚,𝑡)𝑚∈Ψ𝑛

+∑ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙)𝑖∈Ψ𝑛

}𝑛,(𝑚∈Ψ𝑛)
}
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝑡∈𝕋𝜔∈Ω  (A1) 

Appendix B - Linearization of (19) 

Subsequent steps detail the process of linearizing the bi-linear term 𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅

(𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
) appeared in (19) to finally result in the linear function (37). Applying 

Strong duality theorem to (19) yields 



∑ ∑ ∑ {𝛼𝑖,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
)}𝑡∈𝕋𝑖∈𝕄𝜔∈Ω =

∑ ∑ ∑

{
 
 

 
 −𝜇𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
− 𝜇𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙
⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙

−∑ {𝜋 ⋅ (𝛾𝜔,𝑛,𝑡 + 𝛾𝜔,𝑛,𝑡)}𝑛∈Ψ𝑖

−∑ {𝐹[𝑛,𝑚] ⋅ (𝜁𝜔,[𝑛,𝑚],𝑡 + 𝜁𝜔,[𝑛,𝑚],𝑡)}𝑛∈Ψ𝑖,(𝑚∈Ψ𝑛) }
 
 

 
 

𝑡∈𝕋𝑖∈𝕄𝜔∈Ω  (B1) 

From (29) and (30) one has 

{
𝛼𝑖,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 ⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 +

𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 = 0
; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (B2) 

{
−𝛼𝑖,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
− 𝜇𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
+

𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

+ 𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

= 0
; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (B3) 

From complementarity condition (33), the following equality holds 

{
𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑥

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑥 = 𝜇𝑖,𝜔,𝑡

𝑃2𝑃
⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑥

𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑥 ⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑥 = 0
; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 ∧ 𝑥 ∈ {𝑏𝑢𝑦, 𝑠𝑒𝑙𝑙} (B4) 

Replacing (B4) into (B2) and (B3) yields 

{
 

 𝛼𝑖,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 +

𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

−

𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 = 0

;∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (B5) 

{
 

 −𝛼𝑖,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

+

𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

+

𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

= 0

; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (B6) 

Rearranging (B5) and (B6) one obtains 

𝛼𝑖,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 = 𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (B7) 

−𝛼𝑖,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

= −𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

; ∀𝑖 ∈ 𝕄 ∧ 𝜔 ∈ Ω ∧ 𝑡 ∈ 𝕋 (B8) 

Replacing (B7) and (B8) into (B1) yields 

∑ ∑

{
 
 

 
 𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

)

−𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

− 𝜇𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ 𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

+∑ {𝛼𝑗,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
)}𝑗∈𝕄

𝑗≠𝑖 }
 
 

 
 

𝑡∈𝕋𝜔∈Ω =

∑ ∑ ∑

{
 
 

 
 −𝜇𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
− 𝜇𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙
⋅ 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙

−∑ {𝜋 ⋅ (𝛾𝜔,𝑛,𝑡 + 𝛾𝜔,𝑛,𝑡)}𝑛∈Ψ𝑖

−∑ {𝐹[𝑛,𝑚] ⋅ (𝜁𝜔,[𝑛,𝑚],𝑡 + 𝜁𝜔,[𝑛,𝑚],𝑡)}𝑛∈Ψ𝑖,(𝑚∈Ψ𝑛) }
 
 

 
 

𝑡∈𝕋𝜔∈Ω𝑖∈𝕄  (B9) 

Rearranging (B9) one finally has 



∑ {
Δ𝑡

|Ω|
⋅ ∑ {𝜆𝑛∈Ψ𝑖,𝜔,𝑡 ⋅ (𝑝𝑗,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
− 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑠𝑒𝑙𝑙)}𝑡∈𝕋 }𝜔∈Ω = ∑

{
  
 

  
 

Δ𝑡

|Ω|
⋅𝜔∈Ω

∑

{
  
 

  
 ∑ {

𝛼𝑗,𝑡 ⋅ (𝑝𝑖,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙 − 𝑝𝑖,𝜔,𝑡

𝑃2𝑃,𝑏𝑢𝑦
) +

𝜇𝑗,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

⋅ 𝑝𝑗,𝜔,𝑡
𝑃2𝑃,𝑏𝑢𝑦

+ 𝜇𝑗,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙

⋅ 𝑝𝑗,𝜔,𝑡
𝑃2𝑃,𝑠𝑒𝑙𝑙} +𝑗∈𝕄

𝑗≠𝑖

∑ {
∑ {𝜋 ⋅ (𝛾𝜔,𝑛,𝑡 + 𝛾𝜔,𝑛,𝑡)} +𝑛∈Ψ𝑖

∑ {𝐹[𝑛,𝑚] ⋅ (𝜁𝜔,[𝑛,𝑚],𝑡 + 𝜁𝜔,[𝑛,𝑚],𝑡)}𝑛∈Ψ𝑖,(𝑚∈Ψ𝑛)

}𝑖∈𝕄

}
  
 

  
 

𝑡∈𝕋

}
  
 

  
 

 (B10) 
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