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Abstract: The management of large point clouds obtained by LiDAR sensors is an important topic in
recent years due to the widespread use of this technology in a wide variety of applications and the
increasing volume of data captured. One of the main applications of LIDAR systems is the study of
the temporal evolution of the real environment. In open environments, it is important to know the
evolution of erosive processes or landscape transformation. In the context of civil engineering and
urban environments, it is useful for monitoring urban dynamics and growth, and changes during
the construction of buildings or infrastructure facilities. The main problem with change detection
(CD) methods is erroneous detection due to precision errors or the use of different capture devices at
different times. This work presents a method to compare large point clouds, based on the study of
the local fractal dimension of point clouds at multiple scales. Our method is robust in the presence of
environmental and sensor factors that produce abnormal results with other methods. Furthermore, it
is more stable than others in cases where there is no significant displacement of points but there is a
local alteration of the structure of the point cloud. Furthermore, the precision can be adapted to the
complexity and density of the point cloud. Finally, our solution is faster than other CD methods such
as distance-based methods and can run at O(1) under some conditions, which is important when
working with large datasets. All these improvements make the proposed method more suitable than
the others to solve complex problems with LiDAR data, such as storage, time series data management,
visualization, etc.

Keywords: LiDAR; point cloud comparison; fractal dimension; box counting

1. Introduction

Point clouds obtained from LiDAR scans have become an essential tool in fields such
as civil engineering, urban planning, archaeology, geology, and even autonomous driving.
The adoption of this technology in such a variety of fields has led to a rapid evolution of
the technology, procedures and support software. Technology has improved to the point of
reaching scanning speeds of up to one million points per second, with precision in the range
of 3–5 mm. Due to this rapid escalation, efficient methods for its storage, transmission,
visualization, editing, analysis and comparison, among others, are required. Change
detection (CD) of terrestrial information is fundamental in many topics: environmental
monitoring and landscape transformation, climate change, disaster assessment, urban
dynamics, etc. Typically, change detection has been solved using different techniques on
sets of images taken at different times. Then, image-processing methods (such as classic
ones based on deep learning) are used [1]. However, they all have the same problems: the
images usually have differences due to changes in weather, seasonal variations, and, in
general, changes in lighting intensity between the two images due to changes in color and
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not due to changes in geometry. For this reason, images have currently been replaced by
point clouds because the resolution obtained with these is higher than that obtained with
images. So, change detection of point clouds (3DCD) is one of the major topics in remote
sensing, and it refers to the process of identifying differences in the state of an object or
phenomenon by observing it at different times [2].

Usually, the methods used in 3DCD can be classified into two categories [3]: volumetric
grid methods and point-based methods. The first type of solution converts the point cloud
into a grid-based volumetric structure, and then uses some methods to compare the grids.
The second category uses the point cloud and some criteria to detect the CD: distance,
normal, etc. Unlike image-based methods, where deep learning-based techniques are
promising, DL-based 3DCD methods are still under development. This is due to the
absence of a network that extracts general features and takes into account the difference in
data structure between 2D images and 3D point clouds. Another important issue in point
clouds is the huge size of the datasets. Because of this, the Open Geospatial Consortium
(OGC) Testbed-14, in the Point Cloud Data Handling Engineering Report [4], identifies
some applications and tasks that need spatially accelerated accesses, including change
detection. In this case, the use of hierarchical structures to speed up the performance of the
algorithms is very usual (see [5,6]).

Current and most widespread approaches focus on the analysis of individual geomet-
ric features such as the distance between points of the compared clouds. However, the
natural uncertainty of the scanning process implies that the points do not always have the
same density or spatial coordinates. This can cause, for example, significant inconsistencies
if distance-based methods are used, which will produce very imprecise results if the clouds
do not have similar densities. Moreover, when using hierarchical structures, the CD prob-
lem is hardest for distance-based methods because it is necessary to study the differences
between every node of the hierarchical structure for every point cloud.

This paper presents a new approach for locating and identifying the differences
between two overlapping point clouds, presumably taken at different moments, using a
mixed approach of volumetric methods and point-based methods. This method has the
following innovations. First, it uses the fractal dimension (FD), which is a more invariant
measure that captures a high-level feature of a set of points as is the complexity of its
distribution in 3D space. As it is a morphological metric, FD is useful to identify similarities
and differences in partially sampled objects as is often the case with point clouds. Second,
the algorithm uses a hierarchical spatial data structure, which allows parallel processing
of point clouds. Because of this, the box-counting dimension (BCD) is estimated on the
internal nodes of the structure using the intermediate results for the child nodes, which
dramatically improves performance. These intermediate levels of detail, provided by the
hierarchical structure, are not used by other approaches. Moreover, we can precompute the
FD of every node of the hierarchical data structure of every point cloud, storing it as an
additional attribute of the node. Therefore, the calculation of CD between point clouds can
be solved in O(1) because the FD is invariant to rigid transformations and depends only on
the size and geometry of the boxes used in the hierarchical decomposition.

Our method has several advantages over the state of the art. It is robust in the presence
of environmental and sensor factors that produce abnormal results with other methods. It
is more stable than others in cases where there is no significant displacement of points but
there is a local alteration of the structure of the point cloud. Furthermore, the precision can
be adapted to the complexity and density of the point cloud. Finally, our solution is faster
than other CD methods such as distance-based methods and can run at O(1) under some
conditions, which is important when working with large datasets.

The document is organized as follows. In Section 2, different approaches in the
scientific literature for the comparison of point clouds are shown. Section 3 explains the
fractal dimension (FD) and its use for the characterization of point clouds. Our algorithm
estimates the FD of a point cloud using the box-counting method and uses it for comparing
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point clouds. Section 4 describes the experimentation performed to test this new method
and a discussion of the results. Finally, Section 5 presents the conclusions and future work.

2. Previous Work

Two point clouds of a target structure, captured through LiDAR scanning at different
times, differ in a natural way due to the sources of uncertainty implicit in the scanning
process derived from the use of a different sensor technology or survey planning (different
number of scans or scanning positions). Apart from this, more significant changes have their
origin in human activities, geological processes or natural disasters. Detecting these changes
is relevant in a wide variety of applications, such as map updating [7,8], environmental
monitoring [9] or disaster detecting and analyzing [10,11].

Change detection is one of the major topics in remote sensing, and as a result, has
received considerable attention in remote and close-range sensing in the last decades,
driven by its importance [12]. Traditionally, most approaches have addressed the problem
using visible or spectral 2D images acquired from satellite or airborne sensors, applying a
wide range of techniques [13–15]. The advent of affordable LiDAR systems that allowed the
acquisition of accurate 3D data from terrestrial (TLS), mobile (MLS), or airborne (ALS) laser
scanning sparked interest in developing specific methods for 3D point cloud comparison.
In the case of ALS, several approaches focus on converting the 3D point clouds produced
into 2D rasters, known as digital surface models (DSMs), where each pixel stores the
elevation information. Then, well-known comparison methods for 2D images can be
applied. However, these methods usually use low resolutions in the images, which provide
much less information than the point clouds generated using TLS and MLS, which is why
they have been restricted to very specific uses.

As we said previously, 3DCD can be solved using volumetric grid methods or point-
based methods. In [11], a complete revision of both methods is presented. We are interested
in point-based methods because the volumetric-based methods imply a reduction in the
density of the original cloud, losing information and precision. Qin et al. [16] made an
exhaustive review of the existing methods and organized them into two main categories:
those based on geometric comparison (Euclidean distance, height differences or DSM
projection differences), and those based on geometry-spectrum analysis (post-refinement of
DSM methods, direct feature fusion and post-classification). One of its main conclusions is
that methods based on different metrics are difficult to compare, and the use to be given to
the results must be considered when choosing one method or another. Another important
contribution to this field is that of de Gélis et al. [17], where they presented an experimental
comparison of six different point cloud change detection methods. The authors divided the
methods according to the historical evolution of this work area and to the technique used
according to the taxonomy described below.

2.1. Direct Methods

The CD strategies based on the point cloud directly use geometric features (Euclidean
distance, height differences, etc.) in order to make the comparison between the clouds.
These methods work on the 3D point cloud and therefore are suitable for processing dense
and complex point clouds, mainly from TLS and MLS that cannot be handled by DSM-based
methods. They rely on geometric features of the points, and one of the first approaches in
this category is the one presented by Girardeau-Montaut et al. [18] called C2C (cloud to
cloud). It organizes the point clouds spatially by using an octree and calculates for each
point of the first cloud the Hausdorff distance to the closest one in the second cloud.

Another approach is the M3C2 method (multi-scale model-to-model cloud comparison)
proposed by Lague et al. [19]. This method first determines a set of core points (a sub-
sampled version of the reference cloud that can also be viewed as a kind of region of
interest), then it calculates their normal vectors by fitting a plane taking into account its
neighbors at a certain scale. The comparison is performed by computing the mean surface
change along the normal direction between both point clouds with the calculation of a local
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confidence interval. Compared to C2C, it has three major advantages: it is less affected by
missing data, changes in point density or point cloud roughness, is capable of detecting
positive and negative changes in the cloud, and as shown in the work from [20] requires
less computing time.

2.2. Detection Methods Based on DSM

The CD strategies based on DSM convert the point cloud to a surface model and
then use surface-based approaches in order to identify the differences between the clouds.
They are especially useful in homogeneous point clouds (ALS) and low-density clouds
because the process to obtain the surface is simpler. For example, Murakami et al. [21]
developed a straightforward method for detecting the differences between the point clouds
by computing and subtracting their DSM to calculate a new difference cloud. This approach
has been extensively used in urban environments and more recently in earth sciences [22].
Once the differences (DSMd) have been calculated, it is necessary to establish a threshold
from which to detect the changes. This threshold can be set empirically as in the original
paper of Murakami et al., or calculated from the DSMd histogram by using Otsu’s algorithm
as in [23].

A DSM contains artifacts that need to be handled by adding one or more pre-processing
or post-processing stages. For example, Choi et al. [24] segmented the DSMd by us-
ing filters and grouping to identify areas with changes, then classified these areas into
three categories (land, vegetation and buildings), and finally computed the differences
between the point clouds by comparing these categories. Other approaches apply mor-
phological filters (erosion and dilation) to remove noise, outliers or vegetation for the
detection of changes in buildings, such as [25]. Another approach based on DSMd is that of
Pang et al. [26], which extracts possible changes in buildings by setting a threshold in
the DSMd and applying random sample consensus (RANSAC) to distinguish buildings
from trees. The buildings identified are then classified into four categories: newly built,
demolished, taller, and shorter. New approaches make use of statistical techniques to
segment the DSMd and compute attributes related to shape similarity in order to obtain
changes and highlight them by using a k-means algorithm as in [1].

2.3. Detection Methods Based on Machine Learning

These approaches extract information from the point clouds, classify it (semantic
segmentation) and finally compare the results of the generated classes. Among these
methods, we can highlight the one from Awrangjeb et al. [27], which extracts building
edges from LiDAR scans and aerial images, and compares those edges on a 2D map. A
very similar proposal is that of Siddiqui et al. [28], which generates 3D models of buildings
to compare their dimensions and categorize changes into five types of classes. Xu et al. [5]
also works with point clouds to detect changes, using geometric methods to calculate
the distance from each point in one cloud to the nearest plane in the other cloud. With
these data, a 3D map of the differences is generated, and points are classified as belonging
to roofs, walls, dormers, vehicles, rooftop structures, and undefined objects. Almost all
changes were detected, and approximately 80% of changes were correctly classified. In the
work from Gao et al. [29], they used a new labeled dataset to make an evaluation of point
cloud change detection approaches. They used three Siamese neural networks, one based
on geometry context aware (GCA), another using the voxel feature encoding architectures,
and a third one using a Siamese KPConv network to detect changes between two point
clouds at different chronological times.

There is another group of noteworthy methods, which first identify the changes and
then characterize them. The approach used by Xu et al. [30] first filters ground points
from non-ground points and then generates an octree with the non-ground points of
the reference point cloud, identifying the changes in the empty or non-existing leaves
whose space is occupied by points of the cloud to be compared. These selected nodes
are clustered to remove noise and categorize changes according to local terrain features.
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Tran et al. [31] combined classification and change detection in the same step. To do
this, the authors extracted features related to the distribution of points, terrain elevation,
multi-target capabilities of LiDAR systems (such as the number of echoes of the emitted
laser shots), and a special feature called stability that relates the points of both clouds. This
feature is defined as the ratio of the number of points in the spherical neighborhood to the
number of points in the vertical cylindrical neighborhood (oriented along the vertical axis)
in the other point cloud. This ratio will be close to 100% when there are no changes and
0% otherwise. Subsequently, a random forest algorithm is applied to obtain a supervised
classification of the changes in eight classes (lost tree, new tree, lost building, new building,
changed ground, unchanged building, unchanged tree, and unchanged ground).

Finally, there are other methods that use neural networks, among which we can cite the
work of Fang et al. [32]. First, a point cloud semantic segmentation network is developed
under the classic PointNet++ frame to provide semantic labeling for change detection.
Secondly, the point cloud is voxelized based on an octree, where the label of each voxel is
determined by the result of semantic segmentation. Finally, the change detection result is
obtained by comparing the changes in voxel coordinates and semantic information of the
two point clouds. The accuracy of the change detection rate reached is near 91%.

3. Materials and Methods

In this section, we discuss the key ideas of our proposal: the FD as a method for
the morphological characterization of a point cloud, the application of the box-counting
dimension (BCD) to estimate the FD for the comparison of point clouds, and the hierarchical
spatial data structure used for partitioning the point clouds and calculating the FD at
different scales. An overall flowchart representing the method steps is depicted in Figure 1.
Each entry point cloud is organized hierarchically (if it was not previously). Next, for each
leaf node, the FD is calculated. After that, the FD of the interior nodes is calculated from
bottom to top. The comparison is performed by calculating the difference between the
values stored in the node at the desired depth level.

Figure 1. Overall flowchart of the FD method.

3.1. Fractal Dimension

As mentioned above, previous direct methods focus on geometric features of the
points (mean distance, best fitting plane orientation, Hausdorff distance, Chamfer distance,
etc.). However, these approaches are sensitive to variations in the sampling of the points
between scans. Also, as pointed out by [18], the distance between a point in cloud A and
its closest point in cloud B does not always indicate a real change between the objects
represented by the two point clouds.

In 1967, Mandelbrot introduced the concept of the fractal dimension (FD) and its
ability to characterize complex systems with a high degree of self-similarity, further esti-
mating in his study the FD of the coast of Great Britain [33]. The FD has been successfully
used in many practical problems related to astronomy [34], acoustics [35,36], diagnostics
imaging [3,37–40], image analysis [41,42], or neuroscience [43,44], among others. Related
to the analysis of point cloud models, we can highlight the approaches of Zhang et al. [45]
and Zhang et al. [46], where they classify trees based on the FD of their corresponding
point clouds.

The FD is a morphological descriptor, either two-dimensional or three-dimensional,
that quantifies the complexity of a system as the ratio of the change in detail to the change
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in scale (see Equation (1)). It is invariant to translation, rotation, or changes in scale or
resolution in the case of sampled objects (within certain limits). Applied to a point cloud,
the FD is a measure of the distribution of the points in space, providing a statistical index of
the degree of occupation of the 3D volume covered by the point cloud. To a certain extent,
the FD can be used to characterize an object: Ref. [46] made use of the FD applied to a point
cloud in order to classify different types of independent tree species.

The core idea of the present work is to compare two point clouds by comparing
their FDs. However, two morphologically different objects can have the same FD: for
instance, the Hilbert, Sierpiński, and Peano curves all have FD = 2 [47]. For this reason,
in order to reveal the morphological differences between the point clouds, we apply a
top–down approach in which the FDs are computed at progressively smaller regions,
starting with the bounding box of the two clouds. Therefore, our method works in a mixed
way between methods based on volumetric decomposition and those based on the full
cloud. First, we use a top–down approach with the point clouds, organizing all the points
hierarchically, which provides speed in the solution. Second, since all the points of the
original cloud are preserved (unlike volumetric methods), we can adjust the solution to
obtain the desired precision. The advantage of this approach is that in a coarse partition
of space, the comparison of the FDs provides a general idea of the degree of similarity
of the clouds. As the partition gets finer, it highlights differences in specific areas of the
clouds. Both the method of calculating the FD of a point cloud and the method for space
partitioning are described in the next two sections.

3.2. 3D Box Counting

The Minkowski–Bouligand dimension or box-counting dimension is the most used
estimation for the FD [6]. In order to calculate it, space (2D or 3D) is subdivided using an
evenly spaced grid, counting the number of cells or boxes required to cover the entire object,
or, in our case, the number of boxes with at least one point of the cloud. The FD is estimated
by studying how this number changes as the grid gets thinner until a maximum division
level determined by the parameter MAX_DIV is reached (see Algorithms 1 and 2). The
grid is divided from 2 × 2 cells to MAX_DIV ×MAX_DIV cells. Formally, the BCD is
defined as:

BCD(C) = lim
ε→0

log N(ε)

log( 1
ε )

(1)

where ε is the box size, and N(ε) is the number of boxes needed to cover the entire point
cloud C. Figure 2 illustrates the calculation of the BCD for a set of points.

Figure 2. Computation of the BCD of a point cloud in a 2D plane.
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In practice, the infinitesimal calculation in Equation (1) cannot be computed; therefore,
approximation techniques are used. A line is fitted to the 2D points (log(N(ε)), log(1/ε))
for different ε values using the least square approach, and its slope is taken as an estimation
for the BCD. Figure 3 depicts a real use case scenario involving two sets of similar and
different point clouds and their corresponding BCD plot. Each of these sets of point clouds
represents a partition of a larger pair of point clouds compared between themselves.

Figure 3. Two pairs of sub clouds, red and blue, belonging to a real use case, with similar (a) and
different (b) shapes and distributions. Below each pair of clouds, the BCD of both clouds is estimated
as the slope of the line fitting the points in a log–log plot, where the x-axis represents the inverse of
the size of the boxes and the y-axis the number of non-empty boxes (c,d). Each point in the plots
represents one of the values used for the linear regression, required for the BCD computation.

A simple implementation for the box-counting method for point clouds is detailed
in Algorithm 1. The set H is implemented through a hash table, making this algorithm
very efficient. The code shows a possible cell hash function, but many more are possible,
provided they are injective. For instance, we implemented it using fast bit rotations instead
of power products. This implementation runs in O(n) time but with a large hidden constant.
Alternatively, a faster but somewhat more elaborate implementation based on the O(n log n)
algorithm of [48] can be used.

Based on the BCD, the approach for comparing point clouds works as follows. Given
a region of space enclosing the point clouds, their FDs are estimated and compared. If they
differ substantially, the point clouds are also proportionally different. Conversely, if the
FDs are similar, the point clouds will most likely be similar, but this cannot be guaranteed.
In both cases, further subdivisions of the region following the same approach would reveal
more details about the parts of the clouds that differ or that are reasonably similar. As the
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region gets smaller and contains fewer points, the FD better characterizes the morphology
of the point cloud. The error of this approach is therefore bounded by the size of the
smallest regions reached during the subdivision process. Within one of these regions, point
clouds could differ and not be detected by the method. These regions are similar to the
regions of interest defined by the core points of the M3C2 method [19], where the actual
comparison between the two point clouds is performed.

Algorithm 1 BCD: Computation of the BCD for a point cloud.

Input: A node n storing a subset nC of point cloud C enclosed in a cubic box nB in 3D
space.
Output: BCD d of the point cloud in the node box.

P← ∅
B← nB

for d = 1 to MAX_DIV do
# Cube size for iteration. Bdim: node box dimensions
ε← Bdim/2d

H ← ∅
for each point p in nC do

# Cell containing the point
# Bmin: box corner with minimum xyz coords.
b← (p− Bmin)/ε

# Cell hash
h← ε2⌊bz⌋+ ε⌊by⌋+ ⌊bx⌋
H ← H ∪ {h}

end for
Nε ← |H|
# Add point to log-log plot

P← P ∪ {(Nε, log 1
ε )}

end for
d← slope(linearRegression(P))

Algorithm 2 BCDInner: BCD derivation for inner nodes.

Input: An inner node n of an octree organizing point cloud C. Node n represents a cubic
box nB that contains a subset of C. Its children nodes n1 . . . n8 have already calculated
their box counting Nε(ni) for the predefined number of subdivisions.
Output: BCD d of the point cloud enclosed in the node box.

B← nB

# Bdim: dimensions of node box B
ε← Bdim/2
# [P]: Iverson bracket (1 if P is true; 0 otherwise)
Nε ← ∑8

i=1[Nε(ni) ̸= 0]
P← {(Nε, log 1

ε )}

for d = 2 to MAX_DIV do
ε← Bdim/2d

Nε ← ∑8
i=1 Nε(ni)

P← P ∪ {(Nε, log 1
ε )}

end for
d← slope(linearRegression(P))
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3.3. Hierarchical Spatial Data Structure

In order to calculate the FD, following the general approach outlined in the previous
section, we use a grid of octrees as the spatial data structure as depicted in Figure 4.
Although a single octree would also be adequate to implement the space partition described
in Section 3.1, using a grid of octrees has two significant advantages: first, it allows building
the octrees and computing the BCDs in parallel, and second, and more importantly, if
the grid is a subset of a consistent 3D spatial partition of the earth’s surface, it allows
precomputing the BCDs for an ALS or TLS point cloud, which makes comparisons against
other point clouds extremely fast. We expand on this idea below.

3D Grid

Octree

Structure nesting

Local leaf

nodes

Size limited by parent

Figure 4. Three-dimensional regular grid of nested octrees used for space partitioning and point
cloud indexing.

The data structure is built as follows. First, the points of the two clouds to be compared
are organized in a regular 3D grid of cube-shaped cells. Then, each grid cell is hierarchically
subdivided by an octree. We use a regular subdivision of space that generates cubic node
boxes. A node is subdivided if it contains points of both clouds in the node box, up to a
maximum number of recursive divisions. This defines the minimum octree node box size
and therefore the maximum error of the comparison as we explained in Section 3.2.

Once the data structure has been built, the nodes of the octrees are iterated estimating
the BCD of the points of each cloud enclosed in the node box, and calculating their difference
as described in Algorithm 3. When a node contains points from only one of the clouds,
the FD difference is assigned the fixed value 3, corresponding to the maximum possible
difference between the BCDs of the clouds.

At the leaf nodes of the octree, the BCD is estimated by using the box-counting
algorithm described in Algorithm 1, but at the inner nodes, the box counting can be
computed at a negligible cost by using the intermediate results of the box counting of the
children nodes. Given an inner node representing a box in space with size L, each child
node represents an octant with size L/2. This implies that NL/2 can be computed simply by
counting the number of non-empty children, or equivalently, the number of children with a
box-counting different from zero. Following the same approach, NL/4 can be computed by
counting the number of non-empty boxes with a size equal to half the octant represented
by each child node, which was already computed by the box counting in each of them.
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Figure 5 illustrates this with an example, and Algorithm 2 shows the pseudocode of the
BCD derivation for inner nodes.

Figure 5. Example of box-counting calculation for an inner node using the box-counting of
its children.

Algorithm 3 Cloud comparison based on local BCD.

Input: grid G containing point clouds C1 and C2.
Output: grid G with BCD differences for C1 and C2 stored at each octree node n as nd.

for each octree O in grid G do
for each node n in bottom-up traversal of O do

if isLeaf(n) then
d1 ← BCD(n, C1)
d2 ← BCD(n, C2)

else
d1 ← BCDInner(n, C1)
d2 ← BCDInner(n, C2)

end if
if d1 ̸= 0 and d2 ̸= 0 then

nd ← |d1 − d2|
else

# Default BCD difference
nd ← 3

end if
end for

end for

The data structure described above can be used for a single point cloud, calculating
and storing the BCD in each node. Then, the comparison of two clouds is reduced to simply
iterating the octrees in the two data structures and calculating the BCD differences, with a
negligible cost. However, this is only possible if the same grid or two grids from the same
3D space partition are used since, otherwise, the regions associated with the octrees of the
two clouds would not match. The octree structures used for comparing two clouds need to
be geo-referenced to make the method work on arbitrary point clouds. This approach is
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particularly useful for large-scale LiDAR data repositories storing many point clouds. The
BCDs can be precomputed for each point cloud, uploaded to the repository, and used in
future comparisons. The requirement of a consistent space partition for the storage of the
clouds seems logical in this type of system.

4. Experimentation and Results

The experimentation carried out seeks to demonstrate the validity of the proposed
method, as well as comparing it with other known state-of-the-art methods. We carried
out different executions on the same datasets to obtain a qualitative and quantitative
comparison of the results at the level of location of differences. Once the validity of the
method is demonstrated, in the sense that it finds the same differences or similarities
as other methods, we present an assessment of the performance of the method. We
perform a comparison of the proposed approach with the most common methods based
on distance: C2C [18] and M3C2 [19]. We analyze the time of execution, the spatial
location of the changes, and the extremes of the histograms of the comparisons as described
below. The dataset used in the experiments is bildstein1 from Semantic3D, and it is
publicly available through its download portal [49]. This dataset, depicted in Figure 6,
comprises almost 30 M points of an area of 225 × 250 m around the church of Bildstein
(Austria). The experiments are performed on a system with an Intel Core i7-10510U CPU
with 4 cores and 32 GB RAM. Our algorithm is implemented as a plugin of the Cloud
Compare v.2.12.3 (Kyiv) [50] software, which already includes implementations of the C2C
and M3C2 methods, making comparison easier. These implementations use octrees and
kd-trees, respectively, to accelerate the distance computation. Both C2C and M3C2, as well
as our method, take advantage of multithreading to speed up the execution.

The implementation of our approach (FD) uses a grid cell size of 100 m and octrees
with a maximum depth of 6, corresponding to a maximum resolution of 3.125 m. The
BCD is estimated by using 10 iterations of the box-counting algorithm, that is, computing
N(L/2) . . . N(L/210), where L is the dimension of the node box. This configuration is set
taking into account the point cloud density and size. There are 500 points/m2 approxi-
mately, so with a size of the grid of 3.125 m in the leaves, there will be 45,000 points in every
node. The number of iterations is obtained empirically. We carry out four experiments in
which we artificially reproduce different common situations when comparing LiDAR data.
In each experiment, the point cloud is compared to the following:

E1 The same cloud where each point is randomly displaced a maximum distance
δ = ± 0.01 m in each axis. This experiment tests the performance of the algorithms
against noise. Also, it can be useful when two clouds of the same place are captured
from very near positions.

E2 A subsampled version of the point cloud at 50%, that is, with half of its points chosen
randomly. This experiment allows to test the behavior of the algorithms with different
model densities.

E3 The same cloud with an artificial hole in the center. In this way, it is possible to test
the behavior of the algorithms in the event of missing information due to capture
problems (occlusions, low/high reflectivity surfaces, etc).

E4 A modified version of the point cloud, where three flower beds of the entrance
area are artificially removed, restoring the ground level (Figure 7). The intention of
this experiment is to test the behavior of the algorithms when there are only slight
differences between the clouds.

Table 1 shows the running times of the three algorithms tested in the four experiments
carried out. The initialization stage includes the construction of the data structures required
by each method. The load of the point clouds from local disk files or a network repository
is not considered here. The computation phase comprises the estimation of the BCDs in
each node and the calculation of the differences between the point clouds. As it can be seen
from Table 1, the FD method is faster than the other method in all cases. The initialization
time for the FD method uses a depth of 6, so it could be reduced by using a lower depth.



Remote Sens. 2024, 16, 1054 12 of 18

But with that depth, a good balance is achieved between the number of node points and
the processing cost. For the M3C2 method, this cost cannot be adjusted since it is the
one provided directly by the plugin used. If we consider the total cost (initialization and
computation) our method, compared to M3C2, is 1.23× faster for E1, 1.55× faster for E2,
2.46× faster for E3, and 1.38× faster for E4. If we exclude the initialization time, then the
benefit of our method reaches up to 10.9× for E3. So, we can conclude that the performance
of the proposed method is higher than that of distance-based methods.

Figure 6. Top and perspective views of the bildstein1 dataset of Semantic3D used in the experiments,
with almost 30 million points scattered over 50,000 m2 around the area of Bildstein church (Austria).

Figure 7. Modified version of the bildstein1 dataset for experiment E4.
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Table 1. Time (in seconds) of execution of the algorithms tested with the four experiments proposed.
The final row includes the benefit of performing the new method compared with M3C2.

Method Tested Stage E1 E2 E3 E4

C2C Computation 639.14 3.40 6377.12 2507.61

M3C2 Initialization 19.30 12.53 13.01 13.24
Computation 28.32 33.63 19.21 30.33

FD Initialization 26.44 20.46 12.78 22.96
Computation 12.24 9.53 1.76 9.44

FDpruning
Initialization 23.21 17.55 10.51 19.07
Computation 12.09 9.24 1.85 9.45

Performance factor Init + Comp 1.23× 1.54× 2.22× 1.34×
(FD vs. M3CD2) Only Comput. 2.31× 3.53× 10.91× 3.21×

When octrees are used to organize large point clouds, it is common to use, as an early
stopping criterion, the subdivision of nodes only if they exceed a predefined number of
points. This prunes the octree, decreasing the average depth and ensuring that all leaf
nodes have a minimum number of points, which has an overall positive effect on cloud
storage and visualization. In order to assess the impact of this stopping criterion on the FD
calculation, we include the execution times in the last row of Table 1, using an octree with a
threshold of 10,000 points per node for both clouds and keeping the maximum depth of
6 levels.

It is interesting to highlight the inconsistencies found in the distance-based methods
due to the different point densities used in the comparison. This fact is easily verified
by combining experiments E1 and E2. In E1, both clouds have a similar density, but the
position of the points is disturbed. As can be seen, the distance maps obtained by C2C
for experiments E1 and E2 are very different because they are based only on the distances
between points. This proves that the C2C method is very sensitive to the density of the
point clouds used. On the other hand, with the proposed method, the values found in E1
and E2 are practically the same as should correspond to two clouds that are practically
identical. The M3C2 method also behaves like the FD method at the cost of setting the
maximum value when it cannot compare points, although its computational cost is much
higher than the FD. As can be seen, our method is more robust in the presence of point
density and distance variations that produce inaccurate results with other methods.

Additionally, we show the results in a qualitative way based on the analysis of the
histograms and the visual results (Figures 8–11). As the M3C2 algorithm uses a signed
distance, we modify its color scale to make it symmetrical. A fixed color scale [0–3] is also
used with our method to facilitate the comparison. By using different metrics associated
with each method, the units are different; therefore, it is not possible to establish a common
color scale for the values obtained. What is shown are the gradients, which indicate the
degree of difference detected in each case. We show the results of the comparison at
different octree depth levels: 2, 4, and 6, corresponding to node box sizes of 50 m, 12.5 m,
and 3.125 m, respectively. This allows to compare the results of the FD-based method
with different accuracy levels. Examining differences in FD at an intermediate octree level
can be useful to detect relevant changes beyond errors arising from capturing points at
slightly different positions or different sampling resolutions. Also, it can be used to avoid
expanding a node of the octree, and therefore calculating the BCD for its descendants if no
further detail is required. An interesting aspect is shown in experiment E4. As can be seen,
with the methods based on distances, no difference is seen. In contrast, the FD method
finds differences with a resolution box of 3.125 m (the modified area has been zoomed
in at the bottom right of the figure to highlight this). Consequently, the method is more
sensitive to morphological modifications. In addition, Figure 12 compares the results of the
FD-based method calculated using an octree without or with pruning for the datasets of
experiment E3.
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Figure 8. Experiment E1. The second cloud is an artificially modified version of the first one by
perturbing the location of the points. FD box size units are meters.

Figure 9. Experiment E2. The second cloud is a subsample random version (50%) of the first one. FD
box size units are meters.

Figure 10. Experiment E3. The second cloud is a copy of the first one but with a hole in the middle
area. FD box size units are meters.
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Figure 11. Experiment E4. The second cloud is a modified version of the first point cloud where
several objects have been removed. The FD box size units are meters.

Figure 12. Visual comparison of the results of the FD-based method in the experiment E3 calculated
in an octree without pruning (left) or with pruning (right).

5. Conclusions

In this work, a novel approach for comparing point clouds based on the fractal
dimension (FD) has been presented. For this purpose, the two point clouds are adaptively
subdivided by using a grid of octrees and the FDs are estimated at each node by the
box-counting distance. At each node, the differences between the FD of each point cloud
reveal the local changes between them. In the experiments, the results of the proposed
method are comparable to that of distance-based approaches, but it stands out when there
are changes that, although they do not involve a significant displacement of points, do alter
the structure of the point cloud locally. The computation times are overall faster than those
of the rest of the approaches, and it has the added advantage that the FD can be computed
for a point cloud once and used in multiple comparisons.

The validity of the method has been shown. Firstly, verifying that the same differences
identified by other methods based on distance are found in different situations: small
variations of the clouds, differences in densities, holes or artifacts in the cloud, and finally,
slight, very localized differences. In all cases, the proposed method behaves similarly to
the other methods studied. But also, in terms of performance, the computing speed is
much higher than the others, ranging from 1.23× to 12× at best. In addition to all these
advantages, the FD can be precomputed and stored in the point cloud as an additional
attribute of the hierarchical storage structure. In fact, the FD characterizes the cloud of
points according to a specific partition, so if the same coordinate system is used for all the
stored clouds, it could serve as a characteristic element of the cloud itself.

Future work includes the implementation of the FD-based comparison in GPU, using
the CUDA implementation of the box-counting algorithm of [48] provided by [51]. How-
ever, large clouds may not fit in GPU memory, so a strategy must be developed to process
them in chunks. The partition of the point clouds into a grid of octrees facilitates this. We
also plan to use our method in applications related to tracking changes over time in urban
environments, land surface due to geological processes, and archaeological sites during
excavation. In all these cases, it is very important to have a fast method to identify slight
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differences between point clouds. We think that the proposed method will be very useful
in that context.
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