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Abstract

The optimal widely linear state estimation problem for quaternion systems with

multiple sensors and mixed uncertainties in the observations is solved in a unified

framework. For that, we devise a unified model to describe the mixed uncertain-

ties of sensor delays, packet dropouts and uncertain observations by using three

Bernoulli distributed quaternion random processes. The proposed model is valid

for linear discrete-time quaternion stochastic systems measured by multiple sen-

sors and it allows us to provide filtering, prediction and smoothing algorithms

for estimating the quaternion state through a widely linear processing. Simula-

tion results are employed to show the superior performance of such algorithms

in comparison to standard widely linear methods when mixed uncertainties are

present in the observations.

Keywords: Multisensor system, packet dropouts, quaternion state-space

modeling, sensor delays, uncertain observations, widely linear state estimation.

1. Introduction

Sensor fusion is the process of integrating information obtained from different

sensors into a consistent, accurate, and useful representation [1]. In recent years,

fusion estimation problems have gained much attention due to the wide appli-

cations in multiple sensor systems such as sensor networks (see e.g. [2, 3, 4, 5]).5

Collaborative target tracking, distributed fault detection, control of unmanned



aerial vehicles, and automated vehicle guidance technology are application fields

where sensor networks have been used (see [6] and the references therein). In

these applications, algorithms based on Kalman filtering have proven to be of

great practical value due to their underlying state space model that accounts10

for observational noise.

The use of a communication network in a sensor network can lead to prob-

lems such as intermittent packet losses, delays of the communicated information,

or missing observations (i.e., the data packets in the measurement contain only

noise) [7]. These problems exist in data transmission by unreliable communi-15

cation channels, which give rise to complicated stochastic uncertainties. Such

uncertainties happen randomly and thus, they can degrade system performance

and increase the difficulty of estimation. Thus, classical estimation methods

cannot be used directly. Moreover, all of them can appear simultaneously in

some practical systems such as wireless sensor networks [8]. The state estima-20

tion problem with mixed uncertainties, where all of the three uncertainties are

admissible in the data received from the network, and based on a single sensor

has been considered in [7, 9, 10] (see the references therein for the case of con-

sidering only one or two of the aforementioned uncertainties). The extension to

systems with multiple sensors and mixed uncertainties of sensor delays, packet25

dropouts and uncertain observations has been tackled in [8].

Standard sensor fusion algorithms typically operate on real valued vector

state representations while other mathematical domains offers sound represen-

tations [1]. For example, the quaternion domain has been traditionally employed

to model three-dimensional rotations and orientation in a compact and computa-30

tionally efficient fashion. In fact, quaternions provide mathematical robustness

to represent rotations since they are immune to the gimbal lock singularity (a

limitation of the Euler angle representations [11]), making them suitable for at-

titude control systems [12, 13, 14, 15]. Other applications where the quaternion

domain has been shown to perform admirably include color image processing35

[16], computer graphics [17], aeronautics [18, 6], seismology [19], meteorology

[20], quantum physics [21], etc.
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Most estimation algorithms treat the quaternion as R4 and operate on that

with operations for the real numbers ignoring its structure as a quaternion. It is

theoretically interesting to formulate estimation algorithms entirely in quater-40

nion arithmetic. A notable characteristic of quaternion signals is that the ad-

equate linear processing that must be used depends on the kind of properness

that the signal presents [22]. In general, the optimal linear processing is widely

linear (WL), which means that we must simultaneously operate on the quater-

nion signal and its three involutions. In other words, the WL processing is45

equivalent to the linear processing in R4 and constitutes an adequate framework

for exploiting the full second-order statistical information of quaternion-valued

random signals [23]. Similar to the case of complex numbers, quaternions can

also present properness properties. H-properness or Cη-properness constitute

the two principal types of quaternion properness and the optimal processing is50

then reduced to the strictly linear (SL) or semi-widely linear (SWL) process-

ing, respectively. SL processing ignores the involutions while SWL processing

makes use of the quaternion and its involution over the pure unit quaternion

η. As a consequence, such processings lead to a significative reduction in the

computational burden of the estimation algorithms in comparison with the WL55

ones (see, e.g., [24]). This saving in computational complexity constitutes an-

other advantage of the quaternion formulation that cannot be attained when

the algorithms are formulated in the real domain.

Several fusion estimation algorithms have been proposed in the quaternion

domain, such as the quaternion Kalman filter [25], the quaternion extended60

Kalman filter (EKF) [26], the quaternion unscented Kalman filter [1, 27] or the

distributed quaternion Kalman filter [6]. Such quaternion-valued signal process-

ing algorithms offer accurate and mathematically tractable solutions with fewer

constraints than those obtained in the real domain through vector algebras.

However, and to the best of our knowledge, fusion estimation problems with the65

three uncertainties of sensor delays, packet dropouts and uncertain observations

have not been studied in the quaternion domain yet. The case of a single sensor

and with only one of the aforementioned uncertainties (missing observations)
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for quaternion systems has been treated in [24]. Nevertheless, this last solution

is suboptimal in those cases where mixed uncertainties are present in the data70

received from the network. For instance, in energy-constrained wireless sensor

network for real-time body motion tracking it is usual that the transmitted

packet might be lost and/or can suffer delay [28].

This paper aims to investigate algorithms for optimal WL estimation for

quaternion systems with multiple sensors and mixed uncertainties of sensor de-75

lays, packet dropouts and uncertain observations. Firstly, we develop a unified

model to describe the mixed uncertainties by using three Bernoulli distributed

quaternion random processes and then, an augmented state-space model is con-

sidered. This new quaternion model assumes that each component of the quater-

nion is measured by different sensors, where each sensor may have different80

mixed uncertainties of sensor delays and/or packet dropouts and/or uncertain

observations. Then, and on the basis of this unified model, we provide filtering,

prediction and fixed-lag smoothing algorithms for estimating the quaternion

state by using a WL process. Estimation problems with only one or two of the

above uncertainties can be obtained as particular cases by assigning specific val-85

ues to the Bernoulli probabilities. Additionally, the suggested algorithms can be

adapted to operate on nonlinear models by means of the linearization strategy

used by the EKF and to process proper signals, reducing in this last case the

computational complexity involved. Finally, a numerical simulation example

proves experimentally the superiority of the suggested algorithms in relation to90

the classical WL methods given in [25] when mixed uncertainties are present

in the observations. To preserve continuity in our presentation, all proofs are

deferred to an Appendix.

2. Preliminaries

The purpose of this section is to introduce the notation and basic concepts95

in this paper. In keeping with the notation established by [22], we use boldfaced

upper case letters to denote matrices, boldfaced lower case letters for column
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vectors, and lightfaced letters for scalar quantities. For some special matrices

we will also use boldfaced upper case italicized letters (e.g., A). Superscripts

“∗”, “T” and “H” represent the quaternion conjugate, transpose and Hermitian,100

respectively. Im denotes the identity matrix of dimension m and 0 a matrix zero

with suitable dimensions. The notation A ∈ Rn×m (respectively A ∈ Hn×m)

means that A is a real (respectively quaternion) n×m matrix. We will remove

a dimension in the case of vectors (e.g., r ∈ Hm means that r is a m-dimensional

quaternion vector). E[·] is the expectation operator and diag(·) is a diagonal105

matrix with the elements specified on the main diagonal. The vec(·) operator

for a matrix A ∈ Rn×m stacks the columns of A = [a1,a2, . . . ,am] sequentially,

one upon another, to form a nm × 1 vector: vec(A) = [aT1 ,a
T
2 , . . . ,a

T
m]T . 1i

denotes a vector in R3 with a 1 in the ith position and 0’s elsewhere and Iij

represents an indicator matrix in R3×3 that has zeros for all elements except for110

element Iij = 1. Finally, “⊙” and “⊗” denote the Hadamard and the Kronecker

product, respectively.

Definition 1. A quaternion random signal is a stochastic process of the form

[22]

x(t) = xr(t) + ηxη(t) + η′xη′(t) + η′′xη′′(t), t ∈ T (1)

where xr(t), xη(t), xη′(t) and xη′′(t) are real random signals, {1, η, η′, η′′} is a

quaternion orthogonal basis and T a set of real discrete time values.

The suitable type of linear processing in the quaternion domain depends on115

the kind of quaternion properness [22]. The most general quaternion linear pro-

cessing requires the operation on the quaternion signal and its involutions1 over

the three pure unit quaternions in an orthogonal basis {η, η′, η′′} [23]. In other

words, the complete description of the second-order statistical properties of x(t)

is determined by the autocorrelation of the augmented quaternion signal vector120

x̄(t) = [x(t), xη(t), xη′
(t), xη′′

(t)]T . Such processing, based on augmented statis-

1The involution of y ∈ H over a pure unit quaternion ν is yν = −νyν.
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tics, is called WL processing and offers performance advantages when compared

to SL processing (see, e.g., [23]).

The following relationship between the augmented vector of x(t) in Eq. (1)

and the real vector xr(t) = [xr(t), xη(t), xη′(t), xη′′(t)]T can be established

x̄(t) = Axr(t) (2)

where

A =


1 η η′ η′′

1 η −η′ −η′′

1 −η η′ −η′′

1 −η −η′ η′′


with AHA = 4I4. Likewise, denote T = I3 ⊗A, which satisfies T HT = 4I12.

Definition 2. Given two random signals x(t), y(s) ∈ H, the product ⋆ between

them is defined as

x(t) ⋆ y(s) = xr(t)yr(s) + ηxη(t)yη(s) + η′xη′(t)yη′(s) + η′′xη′′(t)yη′′(s)

Remark 1. It is easy to check that the augmented vector of x(t) ⋆ y(s) is given125

by x(t) ⋆ y(s) = D(xr(t))ȳ(s), where D(xr(t)) = 1
4Adiag(xr(t))AH .

3. Problem Formulation

Let us consider a networked system with a state x(t) defined as in Eq. (1)

and in which the components zj(t), j = r, η, η′, η′′, of the packets or measured

outputs z(t), are transmitted from multiple sensors to the processing center

subject to possible communication failures: sensor delays, packet dropouts and

uncertain observations. Assume that this system is represented through the

following WL state-space model

x̄(t+ 1) = Φ(t)x̄(t) + Γ(t)w̄(t) (3)

z̄(t) = x̄(t) + v̄(t) (4)
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where Φ(t),Γ(t) ∈ H4×4 are deterministic and w̄(t), v̄(t) ∈ H4 are mutually

uncorrelated white noises with zero mean and variances Qw̄ and Qv̄. The initial

state x̄(0) is uncorrelated with w̄(t) and v̄(t) and satisfies that E[x̄(0)] = µ0130

and E[(x̄(0)− µ0)(x̄(0)− µ0)
H ] = P0.

The processed measurement y(t) is modeled by the following equation which

describes the mixed uncertainties:

y(t) = γ1(t)⋆z(t)+γ2(t)⋆z(t−1)+γ3(t)⋆y(t−1)+[1−γ1(t)−γ2(t)−γ3(t)]⋆v(t)

(5)

where 1 = 1 + η + η′ + η′′ and γi(t) ∈ H, i = 1, 2, 3, with components γj,i(t),

j = r, η, η′, η′′, are, for every time instant t, Bernoulli random variables with

known parameters pj,i(t). As can be seen from Eq. (5), each component of

z(t), z(t − 1) and y(t − 1) is multiplied by a different Bernoulli variable and135

thus, different sensors can be affected by different mixed situations of uncertain

observations and/or delays and/or packet dropouts. We assume the following

hypotheses on such random variables:

1. γi(t) is independent of γk(s) for t ̸= s and i, k = 1, 2, 3.

2. For a given i, the components γj,i(t), j = r, η, η′, η′′, are independent.140

3. They satisfy either
∑3

i=1 γj,i(t) = 1 or
∑3

i=1 γj,i(t) = 0 at every time

instant, i.e., if γj,i(t) = 1, then γj,k(t) = 0 for all k ̸= i.

4.
∑3

i=1 pj,i(t) ≤ 1, j = r, η, η′, η′′.

Moreover, the Bernoulli random variables are independent of x̄(t), w̄(t) and

v̄(t). The model defined by Eq. (5) shows that:145

1. The current measurement z(t) is received by the estimator when γ1(t) = 1.

2. The one-step delayed measurement z(t− 1) is received when γ2(t) = 1.

3. The packet at time t is lost and the latest packet received previously

y(t− 1) is used when γ3(t) = 1.

4. Only measurement noise is received (i.e., y(t) = v(t)) when γ1(t) = γ2(t) =150

γ3(t) = 0.
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This formulation allows us to assign different probabilities to the quater-

nion components of being affected by the same uncertainties (i.e., sensor delays,

packet dropouts or uncertain observations) at every time instant t, and depend-

ing on the sensor involved in the transmission (in Section 4.4 some interesting155

particular cases are discussed).

From Eq. (5) and Remark 1, we get the WL observation equation

ȳ(t) = D(γr
1(t))z̄(t) +D(γr

2(t))z̄(t− 1) +D(γr
3(t))ȳ(t− 1)

+D(1− γr
1(t)− γr

2(t)− γr
3(t))v̄(t) (6)

where 1 = [1, 1, 1, 1]T .

By denoting x(t) = [x̄T (t), x̄T (t − 1), ȳT (t − 1)]T , the system defined by

Eqs. (3), (4) and (6) can be represented through an augmented model in the

following way

x(t+ 1) = Φ̃(t)x(t) + Γ̃(t)w(t) (7)

ȳ(t) = H̃(t)x(t) +
[
D(1− γr

2(t)− γr
3(t)),D(γr

2(t))
] v̄(t)

v̄(t− 1)

 (8)

with

Φ̃(t) =


Φ(t) 0 0

I4 0 0

D(γr
1(t)) D(γr

2(t)) D(γr
3(t))

,w(t) =


w̄(t)

v̄(t)

v̄(t− 1)

, H̃(t)T =


D(γr

1(t))

D(γr
2(t))

D(γr
3(t))

,

and Γ̃(t) =


Γ(t) 0 0

0 0 0

0 D(1− γr
2(t)− γr

3(t)) D(γr
2(t))

.160

Our aim is to obtain recursive algorithms for calculating the optimal (in

the least-squares sense) WL estimator of x(t) on the basis of the information

supplied by the received measurements {ȳ(0), ȳ(1), . . . , ȳ(s)}, denoted by x̂(t|s),

in the following estimation problems: the filtering (t = s), the prediction (t > s),

and the smoothing (t < s) problems. To this end, we use the state-space model165

given by Eqs. (7)-(8) and devise optimal linear estimators for x(t), denoted as

x̂(t|s). Finally, we obtain x̂(t|s) = [1, 0, 0, . . . , 0]x̂(t|s).
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Remark 2. The process noise in Eq. (7) and the measurement noise in Eq. (8)

are correlated, and w(t) is a colored noise. Specifically,

E
[
w(t)wH(s)

]
= Qwδts +Qw1

δt,s+1 +QH
w1

δt,s−1 (9)

E
[
w(t)v̄H(s)

]
= Sδts +Tδt,s+1 (10)

where Qw =


Qw̄ 0 0

0 Qv̄ 0

0 0 Qv̄

, Qw1
=


0 0 0

0 0 0

0 Qv̄ 0

, S =


0

Qv̄

0

, and T =


0

0

Qv̄

.

4. Optimal Widely Linear Estimation170

The optimal WL estimator x̂(t|s) of x(t), which obeys the state-space model

given by Eqs. (3), (4) and (6), is obtained as x̂(t|s) = [1, 0, 0, . . . , 0]x̂(t|s) and

its error variance as P (t|s) = [1, 0, 0, . . . , 0]P(t|s)[1, 0, 0, . . . , 0]T , where x̂(t|s)

and P(t|s) are the optimal linear estimators for x(t) and its associated error

obtained from the state-space model given by Eqs. (7)-(8). Theorems 1, 2, and175

3 below provide algorithms for computing both x̂(t|s) and P(t|s) in the filtering,

prediction, and smoothing problems, respectively.

The following results will be necessary for finding such estimators.

Property 1. Denote △H̃(t) = H̃(t) − E[H̃(t)] and △Φ̃(t) = Φ̃(t) − E[Φ̃(t)],

then180

1. E[△H̃(t)x(t)xH(t)△ H̃H(t)]

=
A
16

{(
[1, 1, 1]⊗ I4

)(
Σr(t)⊙

[
T H E[x(t)xH(t)]T

])(
[1, 1, 1]T ⊗ I4

)}
AH

with Σr(t) = [Σr
ij(t)], i, j = 1, 2, 3, and the block matrices are

Σr
ii(t) = diag

(
pi(t)⊙ (1− pi(t))

)
Σr

ij(t) = −diag
(
pi(t)⊙ pj(t)

)
, i ̸= j

where pi(t) = [pr,i(t), pη,i(t), pη′,i(t), pη′′,i(t)]
T , i = 1, 2, 3.
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2. E[△Φ̃(t)x(t)xH(t)△ H̃H(t)] = 13 ⊗ E[△H̃(t)x(t)xH(t)△ H̃H(t)].

3. E[△Φ̃(t)x(t)xH(t)△ Φ̃
H
(t)] = I33 ⊗ E[△H̃(t)x(t)xH(t)△ H̃H(t)].

Property 2.

E[x(t+1)xH(t+1)] = Φ̄(t) E[x(t)xH(t)]Φ̄
H
(t)+E[△Φ̃(t)x(t)xH(t)△Φ̃

H
(t)]

+Q(t) +Υ(t) +ΥH(t)

where Φ̄(t) = E[Φ̃(t)], the second summand is given in Property 1.3,

Q(t) = I11 ⊗ (Γ(t)Qw̄ΓH(t)) + I33 ⊗
(
A
{(

E[γr
2(t)γ

rT
2 (t)]

+ E[(1− γr
2(t)− γr

3(t))(1− γr
2(t)− γr

3(t))
T ]
)
⊙Qvr

}
AH

)
(11)

Υ(t) = I33 ⊗
(
A
{
E
[
γr
3(t)γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH

)
(12)

with Qvr = E[vr(t)vrT (t)] and initial conditions Υ(0) = 0, E[x(0)xH(0)] =P0 + µ0µ
H
0 0

0 0

, and Q(0) = I11 ⊗
(
Γ(0)Qw̄ΓH(0)

)
+ I33 ⊗

(
A
{
E[(1 −185

γr
2(0)− γr

3(0))(1− γr
2(0)− γr

3(0))
T ]⊙Qvr

}
AH

)
.

4.1. Widely Linear Filter

Theorem 1. The optimal linear filter obtained from the system defined by Eqs. (7)-

(8) is calculated through the following equations

x̂(t|t) = x̂(t|t− 1) +K(t)ε(t) (13)

x̂(t+ 1|t) = Φ̄(t)x̂(t|t− 1) + Γ̄(t)G(t− 1)ε(t− 1) + L(t)ε(t) (14)

ε(t) = ȳ(t)− H̄(t)x̂(t|t− 1)−D
(
E[γr

2(t)]
)
F(t− 1)ε(t− 1) (15)

G(t− 1) = TD
(
1− E[γr

2(t− 1)]− E[γr
3(t− 1)]

)
Q−1

ε (t− 1) (16)

F(t− 1) = Qv̄ D
(
1− E[γr

2(t− 1)]− E[γr
3(t− 1)]

)
Q−1

ε (t− 1) (17)

with initial conditions x̂(0| − 1) =
[
µH

0 ,0T
]H

, G(−1) = 0 y F(−1) = 0. ε(t)

are the innovations with covariance matrix Qε(t) and initial condition ε(−1) =
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0. Moreover, H̄(t), Φ̄(t), and Γ̄(t) are given in Eqs. (32), (35), and (39),190

respectively.

The variance in the error associated with x̂(t|t) is computed by

P(t|t) = P(t|t− 1)−K(t)Qε(t)K
H(t) (18)

P(t+ 1|t) = M(t) E[△H̃(t)x(t)xH(t)△ H̃H(t)]MH(t)

+ [Φ̄(t)− L(t)H̄(t)]P(t|t− 1)[Φ̄(t)− L(t)H̄(t)]H +Q(t) +Π(t) +ΠH(t)

+ L(t)A
{(

E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]

+E
[
γr
2(t)γ

rT
2 (t)

] )
⊙Qvr

}
AHLH(t)−

[
L(t)D(E[γr

2(t)])F(t−1)−Γ̄(t)G(t−1)
]

×Qε(t− 1)
[
L(t)D(E[γr

2(t)])F(t− 1)− Γ̄(t)G(t− 1)
]H

(19)

where M(t) =
[
04×8, I4

]T − L(t), Q(t) is given in Eq. (11) and

Π(t) = M(t)
[
1T
3 ⊗A

{
E
[
(γr

3(t)− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH

]
−M(t)A

{
E
[
(γr

3(t)− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AHLH(t)

+ [Φ̄(t)− L(t)H̄(t)]
[
Γ̄(t− 1)QH

w1

− L(t− 1)D(1− E[γr
2(t− 1)]− E[γr

3(t− 1)])TH
]
Γ̄
H
(t)

− [Φ̄(t)− L(t)H̄(t)]
[
Γ̄(t− 1)S

− L(t− 1)D(1− E[γr
2(t− 1)]− E[γr

3(t− 1)])Qv̄

]
D(E[γr

2(t)])L
H(t)

−
(
13 ⊗

[
A
{(

E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]

+ E
[
γr
2(t)γ

rT
2 (t)

] )
⊙Qvr

}
AH

])
LH(t)

The gain matrices K(t) and L(t) are computed by

K(t) =
[
P(t|t− 1)H̄H(t) +

(
13 ⊗

[
D
(
1− E

[
γr
2(t− 1)

]
− E

[
γr
3(t− 1)

])
Qv̄

]
− L(t− 1)Qε(t− 1)FH(t− 1)

)
D
(
E[γr

2(t)]
)]
Q−1

ε (t) (20)
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L(t) =
{
E[△Φ̃(t)x(t)xH(t)△ H̃H(t)] + Φ̄(t)P(t|t− 1)H̄H(t)

+13⊗
[
A

{
E
[
γr
3(t)γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH

]
− Φ̄(t)L(t− 1)Qε(t− 1)FH(t− 1)D

(
E[γr

2(t)
)

+13⊗A
{
E
[
γr
2(t)(γ

r
3(t)− E[γr

3(t)])
T
]
⊙
[
Qvr diag(1−E[γr

2(t−1)]−E[γr
3(t−1)])

]}
AH

+ Γ̄(t)
[
Qw1

Γ̄
H
(t− 1)−TD(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])LH(t− 1)

]
H̄H(t)

+ 13 ⊗A
{(

E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]
+ E

[
γr
2(t)γ

rT
2 (t)

] )
⊙Qvr

}
AH − Γ̄(t)G(t− 1)Qε(t− 1)FH(t− 1)D(E[γr

2(t)])
}
Q−1

ε (t) (21)

and where the innovation covariance matrix is obtained as

Qε(t) = E[△H̃(t)x(t)xH(t)△ H̃H(t)] + H̄(t)P(t|t− 1)H̄H(t)

+A
{(

E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]

+ E
[
γr
2(t)γ

rT
2 (t)

] )
⊙Qvr

}
AH

−D
(
E[γr

2(t)]
)
F(t− 1)Qε(t− 1)FH(t− 1)D(E[γr

2(t)]) +Ξ(t) +ΞH(t) (22)

with

Ξ(t) = A
{
E
[
(γr

3(t)− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1−E[γr

2(t−1)]−E[γr
3(t−1)])Qvr

]}
AH

+H̄(t)
[
Γ̄(t−1)S−L(t−1)D(1−E[γr

2(t−1)]−E[γr
3(t−1)])Qv̄

]
D(E[γr

2(t)])

and with initial conditions P(0| − 1) = I11 ⊗P0, L(−1) = 0 and Qε(−1) = 0.

4.2. Widely Linear Predictor

Theorem 2. The optimal linear predictor obtained from the system defined by

Eqs. (7)-(8) is computed as

x̂(t+ 2|t) = Φ̄(t+ 1)x̂(t+ 1|t) + Γ̄(t+ 1)G(t)ε(t) (23)

x̂(t+ τ |t) = Φ̄(t+ τ − 1)x̂(t+ τ − 1|t), τ > 2 (24)
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The values of its prediction error covariance matrix are updated through

P(t+ 2|t) =E[△Φ̃(t+ 1)x(t+ 1)xH(t+ 1)△ Φ̃
H
(t+ 1)]

+ Φ̄(t+ 1)P(t+ 1|t)Φ̄H
(t) +Q(t+ 1) +Υ(t+ 1) +ΥH(t+ 1)

− Γ̄(t+ 1)G(t)Qε(t)G
H(t)Γ̄

H
(t+ 1)

− Φ̄(t+ 1)L(t)D(1− E[γr
2(t)]− E[γr

3(t)])T
HΓ̄

H
(t+ 1)

− Γ̄(t+ 1)TD(1− E[γr
2(t)]− E[γr

3(t)])L
H(t)Φ̄

H
(t+ 1) (25)

with Q(t+ 1) given in Eq. (11) and Υ(t+ 1) in Eq. (12). Likewise, for τ > 2,

the error covariance matrix satisfies

P(t+τ |t) = E[△Φ̃(t+τ−1)x(t+τ−1)xH(t+τ−1)△Φ̃
H
(t+τ−1)]+Υ(t+τ−1)

+ Φ̄(t+ τ − 1)P(t+ τ − 1|t)Φ̄H
(t+ τ − 1) +Q(t+ τ − 1) +ΥH(t+ τ − 1)

(26)

The initial conditions x̂(t+ 1|t) and P(t+ 1|t) are computed by Theorem 1.

4.3. Widely Linear Smoother195

Theorem 3. The optimal linear fixed-lag τ -step smoother obtained from the

system defined by Eqs. (7)-(8) is computed through

x̂(t+ τ |t) = x̂(t+ τ |t− 1) +N(t+ τ |t)ε(t) (27)

The smoothing gain matrix is computed by

N(t+τ |t) =
[
Λτ (t)H̄

H(t)−N(t+τ |t−1)Qε(t−1)FH(t−1)D
(
E[γr

2(t)]
)]
Q−1

ε (t)

(28)

where Λ−1(1) = P(0| − 1)[Φ̄(0)− L(0)H̄(0)]H and

Λ−1(t) = P(t− 1|t− 2)
[
Φ̄(t− 1)− L(t− 1)H̄(t− 1)

]H
−
[
13 ⊗

[
D
(
1− E

[
γr
2(t− 2)

]
− E

[
γr
3(t− 2)

])
Qv̄

]]
D(E[γr

2(t− 1)])LH(t− 1)

+ L(t− 2)Qε(t− 2)
[
L(t− 1)D

(
E[γr

2(t− 1)]
)
F(t− 2)− Γ̄(t− 1)G(t− 2)

]H
+ Γ̄3(t− 2)QH

w1
Γ̄
H
2 (t− 1), t ≥ 2 (29)
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Λτ (t) = Λτ+1(t− 1)
[
Φ̄(t− 1)−L(t− 1)H̄(t− 1)

]H
+N(t+ τ |t− 2)Qε(t− 2)

×
[
L(t− 1)D

(
E[γr

2(t− 1)]
)
F(t− 2)− Γ̄(t− 1)G(t− 2)

]H
, τ < −1 (30)

The smoothing error covariance matrix is updated through

P(t+ τ |t) = P(t+ τ |t− 1)−N(t+ τ |t)Qε(t)N
H(t+ τ |t) (31)

The initial conditions x̂(t+τ |t+τ), P(t+τ |t+τ), N(t+τ |t+τ) = K(t+τ),

and P(t+ τ |t+ τ − 1) are computed in Theorem 1.

4.4. Particular Cases

When p1(t) = 1, Theorems 1, 2 and 3 provide the WL Kalman estimators

given in [25]. When p2(t) = p3(t) = 0 the WL estimators are reduced to200

those for the case of uncertain observations [24]. When p1(t) + p2(t) = 1 and

p1(t)+p3(t) = 1, the WL estimators are reduced to those for the case of sensor

delays and multiple packet dropouts, respectively. When p2(t) = 0, then we

obtain the case of multiple packet dropouts and uncertain observations. When

p3(t) = 0, they are reduced to those for the case of sensor delays and uncertain205

observations. Finally, when p1(t)+p2(t)+p3(t) = 1, they are reduced to those

for the case of sensor delays and multiple packet dropouts.

4.5. Multiple-step Delays

Multiple-step random delays can also exist in networked systems. The one-

step sensor delay assumption is based on the fact that the induced data latency210

(i.e. the delay that occurs when a packet crosses a network connection from

sensor to estimator) is sometimes restricted not to exceed the sampling period

[29]. Actually, the current model constitutes the basis of a more general one

in which two or more sample random delays can occur at each time. The

extension of the proposed model to the case of two or more sampling delays is215

obtained by introducing additional Bernoulli random variables in Eq. (5) and

by augmenting the state vector x(t) in Eq. (7) appropriately. The optimal WL

estimators for the case of multiple sampling delays can be derived by following

a similar framework to that used in this paper.
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4.6. Properness220

The algorithms in Theorems 1, 2, and 3 can be adapted to H-proper or

Cη-proper quaternion signals by using a SL or a SWL processing, respectively.

The resultant algorithms entail a notable saving in computational burden with

respect to those derived in the general or improper case. An example that

illustrates this approach in the particular case of only uncertain observations225

(p2(t) = p3(t) = 0) can be seen in [24].

4.7. Nonlinear Systems

The suggested WL system and algorithms can also serve as a starting point

to devise estimation algorithms for nonlinear systems with mixed uncertainties

in the observations via the linearization approach used by the EKF [26]. This230

strategy allows us to apply our algorithms, for example, to solve the orientation

estimation problem. For that, and in order to enforce unit-normalization of

the estimator, we can normalize both the quaternion estimation and the error

variance at the end of each update step. In this way, the complexity that the

normalization introduces into the Kalman estimators derivation is avoided. As235

a result, although the Kalman filter is an optimal algorithm, this normalization

procedure leads to a suboptimal algorithm. Nevertheless, such an approach has

been shown to estimate efficiently (see, e.g., [30]).

5. Numerical Simulations

The aim of this example is to experimentally demonstrate that the algo-

rithms in Theorems 1-3 outperform the standard WL Kalman estimators pro-

vided in [25] when mixed uncertainties in the observations are present2. For

that, we consider the following state-space system [24]

x(t+ 1) =fx(t) + gxη(t) + w(t)

z(t) =x(t) + v(t)

2Notice that both techniques have the same computational complexity.
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where f = 0.8 − 0.3η + 0.2η′ + 0.1η′′ and g = −0.1η + 0.04η′ − 0.05η′′. As-240

sume that x(0) is a H-proper quaternion Gaussian variable with E[x(0)] = 0

and E[x(0)x∗(0)] = 1, the noise w(t) has the following components: wr(t) =

ϵr(t), wη(t) = −0.6wr(t) + ϵη(t), wη′(t) = 0.8wη(t) + ϵη′(t), and wη′′(t) =

0.8wr(t)− 0.4wη(t) + ϵη′′(t), where ϵr(t), ϵη(t), ϵη′(t), and ϵη′′(t) are real inde-

pendent white Gaussian noises (WGN) with variance parameter 0.25, and the245

measurement noise v(t) is a H-proper quaternion WGN with variance parameter

E[v(t)v∗(t)] = 0.4.

By using Monte Carlo simulation we have generated 10000 values of x(t)

and ȳ(t) for each t = 0, 1, . . . , 99 and for different values of the Bernoulli prob-

abilities. Denote by xp
j (t) and ȳp

j (t) the value of x(t) and ȳ(t), respectively,

generated in the jth simulation and for a specific combination of probabilities

p. Similarly, the standard WL Kalman estimators obtained from ȳp
j (t) in the

jth simulation and for a specific combination of probabilities p are denoted by

x̌p
j (t|t) (filter), x̌p

j (t + 3|t) (3-step predictor), and x̌p
j (t − 2|t) (fixed-lag 2-step

smoother). The performance of such estimators has been assessed by computing

the following mean square errors (MSEs):

MSEp(s|t) = 1

10000

10000∑
j=1

SSEp
j (s|t), s = t, t+ 3, t− 2

where the sum square errors (SSEs) are calculated as3

SSEp
j (t|t) = ∥xp

j (t)− x̌p
j (t|t)∥

2, t = 0, . . . , 99

SSEp
j (t+ 3|t) = ∥xp

j (t+ 3)− x̌p
j (t+ 3|t)∥2, t = 0, . . . , 96

SSEp
j (t− 2|t) = ∥xp

j (t− 2)− x̌p
j (t− 2|t)∥2, t = 2, . . . , 99

and with j = 1, . . . , 10000.

MSEp(s|t), for s = t, t+3, t−2, are estimators of the population error vari-

ances, denoted by V p(s|t), associated to the standard WL Kalman estimators.250

These MSEs have been compared with the filtering, prediction and smoothing

3The norm of x(t) is ∥x(t)∥ =
√

x2
r(t) + x2

η(t) + x2
η′ (t) + x2

η′′ (t).
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error variances given in Theorems 1, 2 and 3 and denoted by P p(t|t), P p(t+3|t),

and P p(t−2|t), respectively, as functions of both t and p. Specifically, 95% confi-

dence intervals for the population error variances V p(s|t), s = t, t+3, t−2, have

been obtained from the corresponding SSEs, SSEp
j (s|t), simulated by 10000255

Monte Carlo runs at every instant t. Denote the lower and upper confidence

bounds of such intervals by Lp(s|t) and Up(s|t), respectively. In order to get

clearer interpretations of these results, the following differences have been de-

rived at each instant of time: Lp(s|t) − P p(s|t), MSEp(s|t) − P p(s|t), and

Up(s|t) − P p(s|t). For instance, when s = t + 3, MSEp(t + 3|t) − P p(t + 3|t)260

represents the point estimation of V p(t+ 3|t)− P p(t+ 3|t) in a given instant t.

Additionally, Lp(t+3|t)−P p(t+3|t) and Up(t+3|t)−P p(t+3|t) stand for the

lower and upper 95%-confidence bounds, respectively, for V p(t+3|t)−P p(t+3|t).

We have considered four different cases:

1. Case 1: p1(t) = 0.8 = [0.8, 0.8, 0.8, 0.8]T and p2(t) = p3(t) = 0.1 =265

[0.1, 0.1, 0.1, 0.1]T .

2. Case 2: p1(t) = p3(t) = 0.1 and p2(t) = 0.8.

3. Case 3: p1(t) = 0.05, p2(t) = 0.1 and p3(t) = 0.8.

4. Case 4: p1(t) = 0.1 and p2(t) = p3(t) = 0.3.

These four cases represent various levels of mixed uncertainties which allow270

us to carry out a representative performance comparison. Indeed, they involve

the three uncertainties in different degrees of intensity. The first two satisfy

p1(t) +p2(t) +p3(t) = 1 and thus, they are cases of sensor delays and multiple

packet dropouts which can appear, e.g., in an energy-constrained wireless sensor

network [28]. Case 1 reproduces a scenario where the above mixed uncertainties275

are unlikely, being the most similar scenario to that where the standard WL

Kalman estimators operate. Unlike Case 1, Case 2 gives high probabilities to

delayed observations. Cases 3 and 4 are examples where all the three uncertain-

ties appear. Case 3 assigns a high probability to a packet dropouts occurrence as

well as to the fact that the data packets in the measurements contain only noise.280

Finally, Case 4 gives moderate probabilities to both delayed observations and

17



Case 1 Case 2 Case 3 Case 4

s P̄ p(s|t) M̄p(s|t) P̄ p(s|t) M̄p(s|t) P̄ p(s|t) M̄p(s|t) P̄ p(s|t) M̄p(s|t)

t 0.798 0.908 1.965 3.584 6.065 11.500 3.977 5.934

t+ 3 4.169 4.244 4.733 5.788 7.136 10.649 5.874 7.192

t− 2 0.606 0.755 0.627 3.235 5.410 11.068 2.877 5.455

Table 1: Time means of the filtering, prediction and smoothing MSEs.

packet dropouts and a lower probability to receive the current measurement.

Fig. 1 depicts the 95% pointwise confidence bands for V p(t|t) − P p(t|t), as

well as the point estimations, MSEp(t|t)−P p(t|t), for the filtering problem and

the above four cases. Likewise, Fig. 2 and Fig. 3 show the same quantities for285

the 3-step prediction and the fixed-lag 2-step smoothing problems, respectively.

On the other hand, Table 1 lists the time averages of the above MSEs. For

example, P̄ p(t|t) = 1
100

∑99
t=0 P

p(t|t) or M̄p(t+ 3|t) = 1
97

∑96
t=0 MSEp(t+ 3|t).

Because the standard WL Kalman estimators ignore the presence of uncer-

tainties in the observations, from Figs. 1-3 and Table 1, we can see that the290

proposed algorithms have in all cases better accuracy than the ones proposed

in [25]. More specifically, the difference in performance between both kinds

of estimators is increased as the probabilities of sensor delays and/or packet

dropouts and/or uncertain observations become larger. Actually, this difference

is more pronounced as the probabilities of packet dropouts increase (Case 3).295

However, from Table 1, the biggest relative performance difference is attained

for the smoothing problem in Case 2 since the simulated MSEs are approxi-

mately five times higher than the error variances P p(t − 2|t). Obviously, the

minor performance difference for all the three estimation problems is observed

in Case 1 since this one resembles the conditions under which the standard WL300

Kalman estimators operate.

6. Conclusions

The optimal WL estimation problem has been analyzed for quaternion sys-

tems with multiple sensors and mixed uncertainties of sensor delays, packet

18
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Figure 1: 95% pointwise confidence bands for V p(t|t)−P p(t|t) in cases 1 (a), 2 (b), 3 (c), and

4 (d). The point estimations, MSEp(t|t)− P p(t|t), are designated by “Estimate”.

dropouts and uncertain observations. Specifically, filtering, prediction and fixed-305

lag smoothing algorithms have been given. The discrete-time system under

study represents the three above uncertainties in a unified way and assumes

that each component of the quaternion is measured by different sensors, where

each sensor may be subject to different mixed uncertainties. A numerical ex-

ample has been provided to show the effectiveness of the proposed algorithms.310

7. Appendix

7.1. Preliminary Result

The following property, stated without proof, will be necessary to prove the

main results in this paper.

Property 3. Let ai,bi,xi,yi ∈ R4 and Ai = diag(ai), Bi = diag(bi), i =315

1, 2, 3. Define a = vec([a1,a2,a3]), b = vec([b1,b2,b3]), x = vec([x1,x2,x3]),

and y = vec([y1,y2,y3]), then
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Figure 2: 95% pointwise confidence bands for V p(t + 3|t) − P p(t + 3|t) in cases 1 (a), 2 (b),

3 (c), and 4 (d). The point estimations, MSEp(t + 3|t) − P p(t + 3|t), are designated by

“Estimate”.
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Figure 3: 95% pointwise confidence bands for V p(t − 2|t) − P p(t − 2|t) in cases 1 (a), 2 (b),

3 (c), and 4 (d). The point estimations, MSEp(t − 2|t) − P p(t − 2|t), are designated by

“Estimate”.
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1. Aixly
T
j Bk = (aib

T
k )⊙ (xly

T
j ), for all i, j, k, l.

2. [A1,A2,A3]xy
T
j Bk =

∑3
i=1(aib

T
k )⊙ (xiy

T
j ), for all j, k.

3. [A1,A2,A3]xy
T [B1,B2,B3]

T
=

∑3
i,j=1(aib

T
j )⊙ (xiy

T
j )320

4. diag(a)xyT
j Bk =

∑3
i=1 1i ⊗ {(aibT

k )⊙ (xiy
T
j )}, for all j, k.

5. [A1,A2,A3]xy
T diag(b) =

∑3
i=1[(aib

T
1 )⊙(xiy

T
1 ), (aib

T
2 )⊙(xiy

T
2 ), (aib

T
3 )⊙

(xiy
T
3 )].

7.2. Proof of Property 1

It is easy to check that H̃(t) =
∑3

i=1 1
T
i ⊗D(γr

i (t)) and

H̄(t) = E[H̃(t)] =

3∑
i=1

1T
i ⊗D(E[γr

i (t)]) (32)

△H̃(t) = H̃(t)− H̄(t) =
1

4
A

[
D1(t),D2(t),D3(t)

]
T H (33)

with Di(t) = diag(γr
i (t)− E[γr

i (t)]), i = 1, 2, 3. Similarly, we get that

Φ̃(t) =

Ψ(t)

H̃(t)

 =

3∑
i=1

I3i ⊗D(γr
i (t)) +

Ψ(t)

0

 =

4∑
i=1

Φ̃i(t) (34)

with Ψ(t) =

Φ(t) 0 0

I4 0 0

, Φ̃i(t) = I3i ⊗ D(γr
i (t)), i = 1, 2, 3, and Φ̃

′
4(t) =

[Ψ′(t),0′]. Also

Φ̄(t) = E[Φ̃(t)] =

Ψ(t)

H̄(t)

 (35)

△Φ̃(t) = Φ̃(t)− Φ̄(t) =

 0

△H̃(t)

 =
1

4
T


0 0 0

0 0 0

D1(t) D2(t) D3(t)

T H (36)

Note that the real random vector γr(t) = vec([γr
1(t),γ

r
2(t),γ

r
3(t)]) has co-

variance matrix Σr(t) = [Σr
ij(t)], i, j = 1, 2, 3, with block matrices given by

Σr
ii(t) = E

[
(γr

i (t)− E[γr
i (t)])(γ

r
i (t)− E[γr

i (t)])
T
]
= diag

(
pi(t)⊙ (1− pi(t))

)
,

Σr
ij(t) = E

[
(γr

i (t)− E[γr
i (t)])(γ

r
j(t)− E[γr

j(t)])
T
]
= −diag

(
pi(t)⊙ pj(t)

)
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Denote

xr(t) =


xr(t)

xr(t− 1)

yr(t− 1)

 =


xr
1(t)

xr
2(t)

xr
3(t)

 (37)

Taking Eq. (33) into account and that x(t) = T xr(t), it follows that

E[△H̃(t)x(t)xH(t)△ H̃H(t)]

= A
{
E
[[
D1(t),D2(t),D3(t)

]
xr(t)xrT (t)

[
D1(t),D2(t),D3(t)

]T ]}AH

= A
{ 3∑

i,j=1

(
Σr

ij(t)⊙ E[xr
i (t)x

rT
j (t)]

)}
AH

where the last equality is a consequence of Property 3.3. Now, the result is im-325

mediate. Properties 1.2 and 1.3 follow easily from the above result and Eq. (36).

7.3. Proof of Property 2

We first prove that the state vector and the noise are also correlated. For

that, we note that

Γ̃(t) =I11 ⊗ Γ(t) + I33 ⊗D(γr
2(t)) + I32 ⊗D(1− γr

2(t)− γr
3(t)) (38)

Γ̄(t) =I11 ⊗ Γ(t) + I33 ⊗D
(
E
[
γr
2(t)

])
+ I32 ⊗D

(
E
[
1− γr

2(t)− γr
3(t)

])
(39)

From Eq. (9), it follows that

E
[
x(t)wH(t)

]
= E

[
Γ̃(t−1)w(t−1)wH(t)

]
= Γ̄(t−1)QH

w1
= Γ̄3(t−1)QH

w1
(40)

where we have taken into account that Γ̄1(t−1)QH
w1

= Γ̄2(t−1)QH
w1

= 0. From

Eq. (40) we get E
[
x(t)w̄H(t)

]
= E

[
x(t)v̄H(t)

]
= 0 and thus

E
[
xr(t)vrT (t)

]
= E

[
xr(t− 1)vrT (t)

]
= E

[
yr(t− 1)vrT (t)

]
= 0 (41)

and E
[
x(t)v̄H(t − 1)

]
= 13 ⊗

[
D
(
1− E

[
γr
2(t− 1)

]
− E

[
γr
3(t− 1)

])
Qv̄

]
, and

then

E
[
xr(t)vrT (t− 1)

]
= E

[
xr(t− 1)vrT (t− 1)

]
= 0 (42)

E
[
yr(t− 1)vrT (t− 1)

]
= diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr (43)
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with Qvr = E[vr(t)vrT (t)]. Now, we have that

E[x(t+1)xH(t+1)] = Φ̄(t) E[x(t)xH(t)]Φ̄
H
(t)+E[△Φ̃(t)x(t)xH(t)△Φ̃

H
(t)]

+E[Γ̃(t)w(t)wH(t)Γ̃
H
(t)]+E[Φ̃(t)x(t)wH(t)Γ̃

H
(t)]+E[Γ̃(t)w(t)xH(t)Φ̃

H
(t)]

(44)

Denoting Q(t) = E[Γ̃(t)w(t)wH(t)Γ̃
H
(t)] and taking Eq. (38) into account

we get Q(t) =
∑3

i,j=1 E
[
Γ̃i(t)w(t)wH(t)Γ̃

H

j (t)
]
=

∑3
i,j=1 Qij(t). It is easy to

check that Qij(t) = QH
ji(t) = 0, for i ̸= j. Likewise, it follows that

Q11(t) = I11 ⊗ (Γ(t)Qw̄ΓH(t))

Q22(t) = I33 ⊗
(
A
{
E[γr

2(t)γ
rT
2 (t)]⊙Qvr

}
AH

)
Q33(t) = I33 ⊗

(
A
{
E[(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T ]⊙Qvr

}
AH

)
where the last two equalities follow from Property 3.1. Hence, Eq. (11) holds.

Denote Υ(t) = E[Φ̃(t)x(t)wH(t)Γ̃
H
(t)]. Then, from Eqs. (34) and (38), we

get

Υ(t) =

3∑
i,j=1

E[Φ̃i(t)x(t)w
H(t)Γ̃

H

j (t)] + E[Φ̃4(t)x(t)w
H(t)Γ̃

H
(t)] (45)

Taking Eq. (40) into account, the second summand of Eq. (45) satisfies

E[Φ̃4(t)x(t)w
H(t)Γ̃

H
(t)] =

Ψ(t)

0

 Γ̄3(t− 1)QH
w1

Γ̄
H
(t) = 0

where we have applied that [ΨT (t),0T ]T Γ̄3(t − 1) = 0. Consider the first

summand in Eq. (45) and denote by Υij(t) = E[Φ̃i(t)x(t)w
H(t)Γ̃

H

j (t)], then by

using the uncorrelation properties of the noises in the model given by Eqs. (3)-

(4), Property 3, Eqs. (41), (42), and (43) we have Υij(t) = 0, except for

Υ32(t) = I33⊗A
{
E
[
γr
3(t)γ

rT
2 (t)

]
⊙
[
diag(1−E[γr

2(t−1)]−E[γr
3(t−1)])Qvr

]}
AH

from which the result follows.
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7.4. Proof of Theorem 1330

Define the innovations by ε(t) = ȳ(t)− ˆ̄y(t|t−1). By applying the projection

theorem we obtain Eq. (13) with K(t) = E[x(t)εH(t)]Q−1
ε (t). Similarly, it

follows that

x̂(t+ 1|t) = x̂(t+ 1|t− 1) + L(t)ε(t) (46)

with

L(t) = E[x(t+ 1)εH(t)]Q−1
ε (t) (47)

Taking projections on both sides of Eqs. (7) and (8) onto the linear space

spanned by {ȳ(0), ȳ(1), . . . , ȳ(t− 1)}, we have

x̂(t+ 1|t− 1) = Φ̄(t)x̂(t|t− 1) + Γ̄(t)ŵ(t|t− 1) (48)

ˆ̄y(t|t− 1) = H̄(t)x̂(t|t− 1) +D
(
E[γr

2(t)]
)
ˆ̄v(t− 1|t− 1) (49)

where ŵ(t|t− 1) and ˆ̄v(t− 1|t− 1) are computed by

ŵ(t|t− 1) = ŵ(t|t− 2) +G(t− 1)ε(t− 1) = G(t− 1)ε(t− 1) (50)

ˆ̄v(t− 1|t− 1) = ˆ̄v(t− 1|t− 2) + F(t− 1)ε(t− 1) = F(t− 1)ε(t− 1) (51)

with

G(t− 1) = E[w(t)εH(t− 1)]Q−1
ε (t− 1) (52)

F(t− 1) = E[v̄(t− 1)εH(t− 1)]Q−1
ε (t− 1) (53)

Thus, by substituting Eqs. (48) and (50) into Eq. (46) we get Eq. (14).

Likewise, from Eqs. (49) and (51) we derive Eq. (15). Denoting the error x̃(t+

1|t) = x(t+ 1)− x̂(t+ 1|t) and from Eqs. (8) and (15) it follows that

ε(t) = △H̃(t)x(t) + H̄(t)x̃(t|t− 1) +D(1− γr
2(t)− γr

3(t))v̄(t)

+D
(
γr
2(t)

)
v̄(t− 1)−D

(
E[γr

2(t)]
)
F(t− 1)ε(t− 1) (54)

and from Eq. (54) we have

E[w(t)εH(t− 1)] =TD
(
1− E[γr

2(t− 1)]− E[γr
3(t− 1)]

)
(55)
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where the last equality is a consequence of w(t)⊥x(t− 1), w(t)⊥x̃(t− 1|t− 2),

w(t)⊥v̄(t − 2), w(t)⊥ε(t − 2) and Eq. (10). Hence, by substituting Eq. (55)

into Eq. (52) we get Eq. (16). By a similar reasoning, it follows that

E[v̄(t− 1)εH(t− 1)] = Qv̄ D
(
1− E[γr

2(t− 1)]− E[γr
3(t− 1)]

)
(56)

and by substituting Eq. (56) into Eq. (53), we obtain Eq. (17).

Now, consider the error covariance matrix P(t|t) = E[x̃(t|t)x̃H(t|t)]. From

Eq. (13) we have that x̃(t|t− 1) = x̃(t|t)+K(t)ε(t) and noting that x̃(t|t)⊥ε(t)

then Eq. (18) holds.

Let M(t) =
[
04×8, I4

]T − L(t), by subtracting Eq. (14) from Eq. (7) and

taking Eq. (54) into account we obtain the following expression for the error

x̃(t+ 1|t) = M(t)△ H̃(t)x(t) + [Φ̄(t)− L(t)H̄(t)]x̃(t|t− 1) + Γ̃(t)w(t)

− L(t)D(1− γr
2(t)− γr

3(t))v̄(t)− L(t)D(γr
2(t))v̄(t− 1)

+ [L(t)D(E[γr
2(t)])F(t− 1)− Γ̄(t)G(t− 1)]ε(t− 1) (57)

that we use for devising a recursion for P(t + 1|t). To this end, noting that

E[△H̃(t)] = 0, then

E[△H̃(t)x(t)x̃H(t|t− 1)] = 0 (58)

E[△H̃(t)x(t)εH(t− 1)] = 0 (59)

Moreover, since x̃(t|t− 1)⊥v̄(t), v̄(t)⊥ε(t− 1) and x̃(t|t− 1)⊥ε(t− 1), then

E[x̃(t|t− 1)v̄H(t)D(1− γr
2(t)− γr

3(t))] = 0 (60)

E[D(1− γr
2(t)− γr

3(t))v̄(t)ε
H(t− 1)] = 0 (61)

E[x̃(t|t− 1)εH(t− 1)] = 0 (62)

On the other hand, applying Property 3.2 and Eqs. (41) and (37), it follows

that

E[△H̃(t)x(t)v̄H(t)D(1− γr
2(t)− γr

3(t))] = 0 (63)

By a similar reasoning, we have

E[D(1− γr
2(t)− γr

3(t))v̄(t)v̄
H(t− 1)D(γr

2(t))] = 0 (64)
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We consider now the non-null terms. Since E[△H̃(t)] = 0, then

E[△H̃(t)x(t)wH(t)Γ̃
H
(t)] = E[△H̃(t)x(t)wH(t)Γ̃

H

2 (t)]+E[△H̃(t)x(t)wH(t)Γ̃
H

3 (t)]

(65)

From Eq. (37) and Property 3.5, the first summand in Eq. (65) can be

rewritten as

E[△H̃(t)x(t)wH(t)Γ̃
H

2 (t)] = 1T
3 ⊗A

{
E
[
(γr

3(t)− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH (66)

where the last equality is a consequence of Eqs. (42) and (43). As for the second

summand in Eq. (65), by Property 3.1 and Eq. (41), we get

E[△H̃(t)x(t)wH(t)Γ̃
H

3 (t)] = 0 (67)

Hence, by substituting Eqs. (66) and (67) into Eq. (65), it follows that

E[△H̃(t)x(t)wH(t)Γ̃
H
(t)] = 1T

3 ⊗A
{
E
[
(γr

3(t)− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH (68)

By a similar reasoning, we have

E[△H̃(t)x(t)v̄H(t− 1)D(γr
2(t))] = A

{
E
[
(γr

3(t)− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH (69)

From Eq. (57) and taking into account that E[△H̃(t − 1)] = 0, x̃(t − 1|t −

2)⊥w(t), w(t)⊥ε(t− 2) and w(t)⊥v̄(t− 2), it follows that

E[x̃(t|t− 1)wH(t)Γ̃
H
(t)] = Γ̄(t− 1)QH

w1
Γ̄
H
(t)

− L(t− 1)D(1− E[γr
2(t− 1)]− E[γr

3(t− 1)])THΓ̄
H
(t) (70)

Analogously, since x̃(t− 1|t− 2)⊥v̄(t− 1) and v̄(t− 1)⊥ε(t− 2), we get

E[x̃(t|t− 1)v̄H(t− 1)D(γr
2(t))] = Γ̄(t− 1)SD(E[γr

2(t)])

− L(t− 1)D(1− E[γr
2(t− 1)]− E[γr

3(t− 1)])Qv̄ D(E[γr
2(t)]) (71)
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Taking into account that Γ̃1(t)S = 0, Property 3.4 and that v̄(t) is a white

noise, then

E[Γ̃(t)w(t)v̄H(t)D(1− γr
2(t)− γr

3(t))]

= 13 ⊗
(
A
{
E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]
⊙Qvr

}
AH

)
(72)

By similar arguments and because of Γ̃1(t)T = 0, we deduce that

E[Γ̃(t)w(t)v̄H(t− 1)D(γr
2(t))] = 13 ⊗

(
A
{
E
[
γr
2(t)γ

rT
2 (t)

]
⊙Qvr

}
AH

)
(73)

From Eq. (52), we have

E[Γ̃(t)w(t)εH(t− 1)] = Γ̄(t)G(t− 1)Qε(t− 1) (74)

E[D(1− γr
2(t)− γr

3(t))v̄(t)v̄
H(t)D(1− γr

2(t)− γr
3(t))]

= A
{
E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]
⊙Qvr

}
AH (75)

E[D(γr
2(t))v̄(t− 1)v̄H(t− 1)D(γr

2(t))] = A
{
E
[
γr
2(t)γ

rT
2 (t)

]
⊙Qvr

}
AH (76)

Finally, taking Eq. (53) into account, it follows that

E[D(γr
2(t))v̄(t− 1)εH(t− 1)] = D(E[γr

2(t)])F(t− 1)Qε(t− 1) (77)

In conclusion, from Eqs. (58)-(77), we have

P(t+ 1|t) = M(t) E[△H̃(t)x(t)xH(t)△ H̃H(t)]MH(t) +Q(t) +Ω(t)

+ΩH(t) + [Φ̄(t)− L(t)H̄(t)]P (t|t− 1)[Φ̄(t)− L(t)H̄(t)]H

+ L(t)A
{
E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]
⊙Qvr

}
AHLH(t)

+ L(t)A
{
E
[
γr
2(t)γ

rT
2 (t)

]
⊙Qvr

}
AHLH(t) +

[
L(t)D(E[γr

2(t)])F(t− 1)

− Γ̄(t)G(t− 1)
]
Qε(t− 1)

[
L(t)D(E[γr

2(t)])F(t− 1)− Γ̄(t)G(t− 1)
]H

(78)
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where Q(t) is given in Eq. (11) and

Ω(t) = M(t)
[
1T
3 ⊗A

{
E
[
(γr

3(t)− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH

]
−M(t)A

{
E
[
(γr

3(t)

− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AHLH(t)

+ [Φ̄(t)− L(t)H̄(t)]
[
Γ̄(t− 1)QH

w1
Γ̄
H
(t)− L(t− 1)D(1− E[γr

2(t− 1)]

− E[γr
3(t− 1)])THΓ̄

H
(t)

]
− [Φ̄(t)− L(t)H̄(t)]

[
Γ̄(t− 1)SD(E[γr

2(t)])

− L(t− 1)D(1− E[γr
2(t− 1)]− E[γr

3(t− 1)])Qv̄ D(E[γr
2(t)])

]
LH(t)

− 13 ⊗
[
A
{
E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]
⊙Qvr

}
AH

]
LH(t)

− 13 ⊗
[
A
{
E
[
γr
2(t)γ

rT
2 (t)

]
⊙Qvr

}
AH

]
LH(t)

+ Γ̄(t)G(t− 1)Qε(t− 1)
[
L(t)D(E[γr

2(t)])F(t− 1)− Γ̄(t)G(t− 1)
]H

−L(t)D(E[γr
2(t)])F(t−1)Qε(t−1)

[
L(t)D(E[γr

2(t)])F(t−1)−Γ̄(t)G(t−1)
]H
(79)

By algebraically manipulating Eqs. (78) and (79) we derive Eq. (19).335

Consider now the gain matrix K(t) = E[x(t)εH(t)]Q−1
ε (t) in Eq. (13). Ap-

plying Eq. (54) and taking into account that E[△H̃(t)] = 0, x̃(t|t−1)⊥x̂(t|t−1),

Eqs. (40) and (47), we have

E[x(t)εH(t)] = P(t|t− 1)H̄H(t) + 13 ⊗
[
D
(
1− E

[
γr
2(t− 1)

]
−E

[
γr
3(t− 1)

])
Qv̄

]
D
(
E[γr

2(t)]
)
−L(t− 1)Qε(t− 1)FH(t− 1)D

(
E[γr

2(t)]
)

from which Eq. (20) holds. Taking Eq. (47) into account, we consider

E[x(t+ 1)εH(t)] = E[Φ̃(t)x(t)εH(t)] + E[Γ̃(t)w(t)εH(t)] (80)

From Eq. (54) and since E[Φ̄(t)x(t)xH(t)△ H̃H(t)] = 0, the first summand
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in Eq. (80) can be rewritten as

E[Φ̃(t)x(t)εH(t)] =E[△Φ̃(t)x(t)xH(t)△ H̃H(t)] + Φ̄(t)P(t|t− 1)H̄H(t)

+ E
[
Φ̃(t)x(t)v̄H(t)D

(
1− E[γr

2(t)]− E[γr
3(t)]

)]
+ E

[
Φ̃(t)x(t)v̄H(t− 1)D

(
E[γr

2(t)]
)]

− E
[
Φ̃(t)x(t)εH(t− 1)FH(t− 1)D

(
E[γr

2(t)]
)]

(81)

Following a similar reasoning to that used for deriving the expression of Υ(t)

in Eq. (45), we get that the third and fourth summands in Eq. (81) are

E
[
Φ̃(t)x(t)v̄H(t)D

(
1− E[γr

2(t)]− E[γr
3(t)]

)]
= 0

E
[
Φ̃(t)x(t)v̄H(t−1)D

(
E[γr

2(t)]
)]

=

4∑
i=1

E
[
Φ̃i(t)x(t)v̄

H(t−1)D
(
E[γr

2(t)]
)]

=

= 13⊗
[
A

{
E
[
γr
3(t)γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH

]
Moreover, taking Eq. (47) into account, the last summand in Eq. (81) is obtained

from

E
[
Φ̃(t)x(t)εH(t− 1)FH(t− 1)

]
= Φ̄(t)L(t− 1)Qε(t− 1)FH(t− 1)

Thus, Eq. (81) is of the form

E[Φ̃(t)x(t)εH(t)] = E[△Φ̃(t)x(t)xH(t)△ H̃H(t)] + Φ̄(t)P(t|t− 1)H̄H(t)

+13⊗
[
A

{
E
[
γr
3(t)γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH

]
− Φ̄(t)L(t− 1)Qε(t− 1)FH(t− 1)D

(
E[γr

2(t)
)

(82)
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As for the second summand in Eq. (80), it follows that

E[Γ̃(t)w(t)εH(t)] = 13 ⊗A
{
E
[
γr
2(t)(γ

r
3(t)− E[γr

3(t)])
T
]

⊙
[
Qvr diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])

]}
AH

+
[
Γ̄(t)Qw1

Γ̄
H
(t−1)−Γ̄(t)TD(1−E[γr

2(t−1)]−E[γr
3(t−1)])LH(t−1)

]
H̄H(t)

+ 13 ⊗A
{
E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]
⊙Qvr

}
AH

+ 13 ⊗A
{
E
[
γr
2(t)γ

rT
2 (t)

]
⊙Qvr

}
AH

− Γ̄(t)G(t− 1)Qε(t− 1)FH(t− 1)D(E[γr
2(t)]) (83)

where the last equality is a consequence of Eqs. (54), (68), (70), (72), (73) and

(52). By substituting Eqs. (82) and (83) into Eq. (80) we obtain Eq. (21).

Finally, we devise the updating equation for the innovation covariance ma-

trix. For that, we use Eq. (54) and take into account that E[△H̃(t)] = 0,

Eqs. (63), (69), (59), (60), (71), x̃(t|t − 1)⊥ε(t − 1), Eqs. (75), (64), (61), (76)

and (77):

Qε(t) = E[△H̃(t)x(t)xH(t)△ H̃H(t)] + H̄(t)P(t|t− 1)H̄H(t) +Θ(t) +ΘH(t)

+A
{
E
[
(1− γr

2(t)− γr
3(t))(1− γr

2(t)− γr
3(t))

T
]
⊙Qvr

}
AH+A

{
E
[
γr
2(t)γ

rT
2 (t)

]
⊙Qvr

}
AH +D

(
E[γr

2(t)]
)
F(t− 1)Qε(t− 1)FH(t− 1)D(E[γr

2(t)]) (84)

with

Θ(t) = A
{
E
[
(γr

3(t)− E[γr
3(t)])γ

rT
2 (t)

]
⊙
[
diag(1− E[γr

2(t− 1)]− E[γr
3(t− 1)])Qvr

]}
AH

+ H̄(t)
[
Γ̄(t− 1)SD(E[γr

2(t)])− L(t− 1)D(1− E[γr
2(t− 1)]

−E[γr
3(t−1)])Qv̄ D(E[γr

2(t)])
]
−D

(
E[γr

2(t)]
)
F(t−1)Qε(t−1)FH(t−1)D(E[γr

2(t)])

From Eq. (84), Eq. (22) holds.
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7.5. Proof of Theorem 2

By projecting x(t + τ), with τ ≥ 2, onto the linear space spanned by

{ȳ(0), ȳ(1), . . . , ȳ(t)} and taking Eq. (7) into account, we have

x̂(t+ τ |t) = Φ̄(t+ τ − 1)x̂(t+ τ − 1|t) + Γ̄(t+ τ − 1)ŵ(t+ τ − 1|t) (85)

with ŵ(t+τ−1|t) = G(t)ε(t) for τ = 2 (see Eq. (50)) and ŵ(t+τ−1|t) = 0 for

τ > 2. From which Eqs. (23) and (24) hold. Moreover, from Eq. (23) it follows

that

x̃(t+ 2|t) = x(t+ 2)− x̂(t+ 2|t) = △Φ̃(t+ 1)x(t+ 1) + Φ̄(t+ 1)x̃(t+ 1|t)

+ Γ̃(t+ 1)w(t+ 1)− Γ̄(t+ 1)G(t)ε(t) (86)

From Eq. (86) and taking into account that E[△Φ̃(t+1)] = 0, x̃(t+1|t)⊥ε(t),

Eqs. (40), (12), (70) and (74) we get Eq. (25). On the other hand, from Eq. (24)

we have, for τ > 2, that

x̃(t+ τ |t) = x(t+ τ)− x̂(t+ τ |t) = △Φ̃(t+ τ − 1)x(t+ τ − 1)

+ Φ̄(t+ τ − 1)x̃(t+ τ − 1|t) + Γ̃(t+ τ − 1)w(t+ τ − 1) (87)

From Eq. (87), and since E[△Φ̃(t+ τ − 1)] = 0, x̂(t+ τ − 1|t)⊥w(t+ τ − 1)340

for τ > 2, Eqs. (40) and (12), then Eq. (26) holds.

7.6. Proof of Theorem 3

By a similar procedure to that applied to derive Eq. (13) we get Eq. (27)

with

N(t+ τ |t) = E[x(t+ τ)εH(t)]Q−1
ε (t) (88)

Take the expectation in Eq. (88). From Eq. (54) and taking into account

that E[△H̃(t)] = 0 and Eq. (40), it follows

E[x(t+ τ)εH(t)] = E[x(t+ τ)x̃H(t|t− 1)]H̄H(t)

− E[x(t+ τ)εH(t− 1)]FH(t− 1)D
(
E[γr

2(t)]
)
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from which, by denoting Λτ (t) = E[x(t + τ)x̃H(t|t − 1)] and taking Eq. (88)

into account, we obtain Eq. (28). Now, consider Λτ (t). For τ = −1 and from

Eq. (57), we have

Λ−1(t) = E[x(t− 1)x̃H(t− 1|t− 2)]
[
Φ̄(t− 1)− L(t− 1)H̄(t− 1)

]H
+E[x(t−1)wH(t−1)]Γ̄

H
(t−1)−E[x(t−1)v̄H(t−2)]D(E[γr

2(t−1)])LH(t−1)

+E[x(t−1)εH(t−2)]
[
L(t−1)D

(
E[γr

2(t−1)]
)
F(t−2)− Γ̄(t−1)G(t−2)

]H
and taking into account Eq. (40) and that Γ̄1(t − 1)Qw1

= Γ̄3(t − 1)Qw1
= 0

we derive Eq. (29). Analogously, since x(t+ τ)⊥w(t− 1) and x(t+ τ)⊥v̄(t− 2)

for τ < −1, then Eq. (30) holds. Finally, from Eq. (27) we have that the345

smoothing error satisfies x̃(t + τ |t) = x̃(t + τ |t − 1) − N(t + τ |t)ε(t), where

x̃(t + τ |t) = x(t + τ) − x̂(t + τ |t). Since P(t + τ |t) = E[x̃(t + τ |t)x̃H(t + τ |t)],

then Eq. (31) follows.

8. Acknowledgements

The work was supported by the University of Jaén (grant number EI-FQM2-350

2017).

References

[1] C. Hertzberg, R. Wagner, U. Frese, L. Schröder, Integrating generic sensor
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[29] R. Caballero-Águila, A. Hermoso-Carazo, J. Linares-Pérez, Covariance-
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