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Abstract

The optimal widely linear state estimation problem for quaternion systems with
multiple sensors and mixed uncertainties in the observations is solved in a unified
framework. For that, we devise a unified model to describe the mixed uncertain-
ties of sensor delays, packet dropouts and uncertain observations by using three
Bernoulli distributed quaternion random processes. The proposed model is valid
for linear discrete-time quaternion stochastic systems measured by multiple sen-
sors and it allows us to provide filtering, prediction and smoothing algorithms
for estimating the quaternion state through a widely linear processing. Simula-
tion results are employed to show the superior performance of such algorithms
in comparison to standard widely linear methods when mixed uncertainties are
present in the observations.

Keywords: Multisensor system, packet dropouts, quaternion state-space

modeling, sensor delays, uncertain observations, widely linear state estimation.

1. Introduction

Sensor fusion is the process of integrating information obtained from different
sensors into a consistent, accurate, and useful representation [1]. In recent years,
fusion estimation problems have gained much attention due to the wide appli-
cations in multiple sensor systems such as sensor networks (see e.g. [2, 3, 4, 5]).

Collaborative target tracking, distributed fault detection, control of unmanned
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aerial vehicles, and automated vehicle guidance technology are application fields
where sensor networks have been used (see [6] and the references therein). In
these applications, algorithms based on Kalman filtering have proven to be of
great practical value due to their underlying state space model that accounts
for observational noise.

The use of a communication network in a sensor network can lead to prob-
lems such as intermittent packet losses, delays of the communicated information,
or missing observations (i.e., the data packets in the measurement contain only
noise) [7]. These problems exist in data transmission by unreliable communi-
cation channels, which give rise to complicated stochastic uncertainties. Such
uncertainties happen randomly and thus, they can degrade system performance
and increase the difficulty of estimation. Thus, classical estimation methods
cannot be used directly. Moreover, all of them can appear simultaneously in
some practical systems such as wireless sensor networks [8]. The state estima-
tion problem with mixed uncertainties, where all of the three uncertainties are
admissible in the data received from the network, and based on a single sensor
has been considered in [7, 9, 10] (see the references therein for the case of con-
sidering only one or two of the aforementioned uncertainties). The extension to
systems with multiple sensors and mixed uncertainties of sensor delays, packet
dropouts and uncertain observations has been tackled in [8].

Standard sensor fusion algorithms typically operate on real valued vector
state representations while other mathematical domains offers sound represen-
tations [1]. For example, the quaternion domain has been traditionally employed
to model three-dimensional rotations and orientation in a compact and computa-
tionally efficient fashion. In fact, quaternions provide mathematical robustness
to represent rotations since they are immune to the gimbal lock singularity (a
limitation of the Euler angle representations [11]), making them suitable for at-
titude control systems [12, 13, 14, 15]. Other applications where the quaternion
domain has been shown to perform admirably include color image processing
[16], computer graphics [17], aeronautics [18, 6], seismology [19], meteorology
[20], quantum physics [21], etc.
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Most estimation algorithms treat the quaternion as R* and operate on that
with operations for the real numbers ignoring its structure as a quaternion. It is
theoretically interesting to formulate estimation algorithms entirely in quater-
nion arithmetic. A notable characteristic of quaternion signals is that the ad-
equate linear processing that must be used depends on the kind of properness
that the signal presents [22]. In general, the optimal linear processing is widely
linear (WL), which means that we must simultaneously operate on the quater-
nion signal and its three involutions. In other words, the WL processing is
equivalent to the linear processing in R* and constitutes an adequate framework
for exploiting the full second-order statistical information of quaternion-valued
random signals [23]. Similar to the case of complex numbers, quaternions can
also present properness properties. H-properness or C"-properness constitute
the two principal types of quaternion properness and the optimal processing is
then reduced to the strictly linear (SL) or semi-widely linear (SWL) process-
ing, respectively. SL processing ignores the involutions while SWL processing
makes use of the quaternion and its involution over the pure unit quaternion
1. As a consequence, such processings lead to a significative reduction in the
computational burden of the estimation algorithms in comparison with the WL
ones (see, e.g., [24]). This saving in computational complexity constitutes an-
other advantage of the quaternion formulation that cannot be attained when
the algorithms are formulated in the real domain.

Several fusion estimation algorithms have been proposed in the quaternion
domain, such as the quaternion Kalman filter [25], the quaternion extended
Kalman filter (EKF) [26], the quaternion unscented Kalman filter [1, 27] or the
distributed quaternion Kalman filter [6]. Such quaternion-valued signal process-
ing algorithms offer accurate and mathematically tractable solutions with fewer
constraints than those obtained in the real domain through vector algebras.
However, and to the best of our knowledge, fusion estimation problems with the
three uncertainties of sensor delays, packet dropouts and uncertain observations
have not been studied in the quaternion domain yet. The case of a single sensor

and with only one of the aforementioned uncertainties (missing observations)
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for quaternion systems has been treated in [24]. Nevertheless, this last solution
is suboptimal in those cases where mixed uncertainties are present in the data
received from the network. For instance, in energy-constrained wireless sensor
network for real-time body motion tracking it is usual that the transmitted
packet might be lost and/or can suffer delay [28].

This paper aims to investigate algorithms for optimal WL estimation for
quaternion systems with multiple sensors and mixed uncertainties of sensor de-
lays, packet dropouts and uncertain observations. Firstly, we develop a unified
model to describe the mixed uncertainties by using three Bernoulli distributed
quaternion random processes and then, an augmented state-space model is con-
sidered. This new quaternion model assumes that each component of the quater-
nion is measured by different sensors, where each sensor may have different
mixed uncertainties of sensor delays and/or packet dropouts and/or uncertain
observations. Then, and on the basis of this unified model, we provide filtering,
prediction and fixed-lag smoothing algorithms for estimating the quaternion
state by using a WL process. Estimation problems with only one or two of the
above uncertainties can be obtained as particular cases by assigning specific val-
ues to the Bernoulli probabilities. Additionally, the suggested algorithms can be
adapted to operate on nonlinear models by means of the linearization strategy
used by the EKF and to process proper signals, reducing in this last case the
computational complexity involved. Finally, a numerical simulation example
proves experimentally the superiority of the suggested algorithms in relation to
the classical WL methods given in [25] when mixed uncertainties are present
in the observations. To preserve continuity in our presentation, all proofs are

deferred to an Appendix.

2. Preliminaries

The purpose of this section is to introduce the notation and basic concepts
in this paper. In keeping with the notation established by [22], we use boldfaced

upper case letters to denote matrices, boldfaced lower case letters for column
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vectors, and lightfaced letters for scalar quantities. For some special matrices
we will also use boldfaced upper case italicized letters (e.g., A). Superscripts
“x7 “T” and “H” represent the quaternion conjugate, transpose and Hermitian,
respectively. I,,, denotes the identity matrix of dimension m and 0 a matrix zero
with suitable dimensions. The notation A € R™ ™ (respectively A € H"*™)
means that A is a real (respectively quaternion) n X m matrix. We will remove
a dimension in the case of vectors (e.g., r € H™ means that r is a m-dimensional
quaternion vector). E[] is the expectation operator and diag(-) is a diagonal

matrix with the elements specified on the main diagonal. The vec(-) operator

for a matrix A € R™*™ stacks the columns of A = [a;,as,...,a,,] sequentially,
one upon another, to form a nm x 1 vector: vec(A) = [aT,al ... al]T. 1,

denotes a vector in R with a 1 in the sth position and 0’s elsewhere and Z;;
represents an indicator matrix in R3*3 that has zeros for all elements except for
element Z;; = 1. Finally, “©” and “®” denote the Hadamard and the Kronecker

product, respectively.

Definition 1. A quaternion random signal is a stochastic process of the form

(22
z(t) = xp(t) + nay(t) + n'zy (t) + 0"z (1), teT (1)

where x,(t), x,(t), T,y (t) and x,(t) are real random signals, {1,7,7m',n"} is a

quaternion orthogonal basis and T a set of real discrete time values.

The suitable type of linear processing in the quaternion domain depends on
the kind of quaternion properness [22]. The most general quaternion linear pro-
cessing requires the operation on the quaternion signal and its involutions' over
the three pure unit quaternions in an orthogonal basis {n, 7,7} [23]. In other
words, the complete description of the second-order statistical properties of z(t)
is determined by the autocorrelation of the augmented quaternion signal vector

%(t) = [z(t), z"(t), 2" (t), 2" (t)]T. Such processing, based on augmented statis-

IThe involution of y € H over a pure unit quaternion v is y¥ = —vyv.
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tics, is called WL processing and offers performance advantages when compared
to SL processing (see, e.g., [23]).

The following relationship between the augmented vector of z(¢) in Eq. (1)
and the real vector X" (t) = [z, (t), 2, (t), zy (t), 2y (t)]T can be established

x(t) = Ax" (1) (2)
where
1 77 ,r]/ 1
1 Y )
A— n n n
1 _7,] 7,]/ _,r]//
1 _,]7 _77/ n//

with Af A = 41,. Likewise, denote T~ = I35 ® A, which satisfies 77T = 4I,,.

Definition 2. Given two random signals z(t),y(s) € H, the product * between

them is defined as

2(t) *x y(s) = 2 ()yr(8) + 0y (O)yn () + 0"y () ym (s) + 0" 20 ()Y (5)

Remark 1. It is easy to check that the augmented vector of x(t) xy(s) is given
by x(t) xy(s) = D(x"(t))y(s), where D(X"(t)) = %Adiag(xr(t))AH.

3. Problem Formulation

Let us consider a networked system with a state z(¢) defined as in Eq. (1)
and in which the components z;(t), j = r,n,n',n", of the packets or measured
outputs z(t), are transmitted from multiple sensors to the processing center
subject to possible communication failures: sensor delays, packet dropouts and
uncertain observations. Assume that this system is represented through the

following WL state-space model

x(t+1)=®)x(t) + T(t)w(t) (3)

z(t) = x(t) + v(t) (4)



130

135

140

145

150

where ®(t),I'(t) € H*** are deterministic and w(t),v(t) € H* are mutually
uncorrelated white noises with zero mean and variances Qg and Qg. The initial
state x(0) is uncorrelated with w(¢) and v(¢) and satisfies that E[X(0)] = p
and E[(X(0) — 1) (%(0) — 120)"] = Py

The processed measurement y(t) is modeled by the following equation which

describes the mixed uncertainties:

y(t) = (t)*z(t) +72 () x2(t—=1)+y3(t) %y (t = 1) +[1=71(t) = v2(t) —73(t)] v (?)

(5)
where I =1+ n+n"+n" and ~;(t) € H, ¢ = 1,2,3, with components ~; ;(t),
j =rmn,17,n", are, for every time instant ¢, Bernoulli random variables with
known parameters p;;(t). As can be seen from Eq. (5), each component of
z(t), z(t — 1) and y(t — 1) is multiplied by a different Bernoulli variable and
thus, different sensors can be affected by different mixed situations of uncertain
observations and/or delays and/or packet dropouts. We assume the following

hypotheses on such random variables:

1. 7;(t) is independent of v(s) for t # s and i,k = 1,2, 3.

2. For a given ¢, the components v; ;(t), j = r,n,n',n", are independent.

3. They satisfy either E?:l v;i(t) = 1 or Z?:1 v;i(t) = 0 at every time
instant, i.e., if v;;(t) = 1, then 7, x(¢) = 0 for all k # 1.

4 Y pa() <1, § =m0

Moreover, the Bernoulli random variables are independent of x(t), w(t) and

v(t). The model defined by Eq. (5) shows that:

1. The current measurement z(t) is received by the estimator when ~; (t) = 1.

2. The one-step delayed measurement z(¢ — 1) is received when ~5(t) = 1.

3. The packet at time ¢ is lost and the latest packet received previously
y(t — 1) is used when ~3(t) = 1.

4. Only measurement noise is received (i.e., y(t) = v(t)) when v1 (t) = 12 (t) =

73(t) =0.
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This formulation allows us to assign different probabilities to the quater-
nion components of being affected by the same uncertainties (i.e., sensor delays,
packet dropouts or uncertain observations) at every time instant t, and depend-
ing on the sensor involved in the transmission (in Section 4.4 some interesting
particular cases are discussed).

From Eq. (5) and Remark 1, we get the WL observation equation

y(#) = D(vi(1)z(t) + D(v5(1)z(t — 1) + D(v3(t))y (¢ = 1)
+ D1 —71(t) =5 (t) —3())v(t) (6)
where 1 = [1,1,1,1]T.
By denoting x(t) = [xT(t),xT(t — 1),y7(t — 1)]7, the system defined by
Egs. (3), (4) and (6) can be represented through an augmented model in the

following way

x(t +1) = B(e)x(t) + T(H)w () ™)
o (1)
y(t) = HOX(0) + [DO ~73(0) —73(0). D3] | 8
v(t—1)
with
a(i) 0 0 w(1) D3 (1)
d()=| L 0 o |w=| v |JHO = |Dls0)]-
D(i(1) D5(1) D) v(t 1) D(v; (1))
T(t) 0 0
andT(t)= | 0 0 0
0 D(1—~5(0) —75(1) D)

Our aim is to obtain recursive algorithms for calculating the optimal (in
the least-squares sense) WL estimator of x(t) on the basis of the information
supplied by the received measurements {y(0),y(1),...,¥y(s)}, denoted by Z(t|s),
in the following estimation problems: the filtering (¢ = s), the prediction (¢ > s),
and the smoothing (¢ < s) problems. To this end, we use the state-space model
given by Egs. (7)-(8) and devise optimal linear estimators for x(t), denoted as

X(t|s). Finally, we obtain &(t|s) = [1,0,0,...,0]Xx(¢|s).
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Remark 2. The process noise in Eq. (7) and the measurement noise in Eq. (8)

are correlated, and w(t) is a colored noise. Specifically,

E [w(t)w"” (s)] = Quots + Quw,0rs11 + Qlt 5151 (9)
E [w(t)v" (s)] = 6.5 + T6y,541 (10)
Qs O 0 0O 0 O 0
where Qw = | 0 Qy 0|, Qw, =0 0 0|,S=|Qq|, and T =
0 0 Qg 0 Qs O 0
0
0
Qv

4. Optimal Widely Linear Estimation

The optimal WL estimator Z(¢|s) of z(¢), which obeys the state-space model
given by Egs. (3), (4) and (6), is obtained as Z(t|s) = [1,0,0,...,0]%x(¢|s) and
its error variance as P(t|s) = [1,0,0,...,0]P(¢|s)[1,0,0,...,0]7, where x(¢|s)
and P(t|s) are the optimal linear estimators for x(¢) and its associated error
obtained from the state-space model given by Eqgs. (7)-(8). Theorems 1, 2, and
3 below provide algorithms for computing both X(¢|s) and P(¢|s) in the filtering,
prediction, and smoothing problems, respectively.

The following results will be necessary for finding such estimators.

Property 1. Denote AH(t) = H(t) — E[H(t)] and A®(t) = ®(t) — E[®(t)],
then
L. E[AH()x(6)x" (t) A HH(1)]
- %{([1, 1,1 @1,) (2"(t) ® [TH E[g(t)gH(t)]TD (1L, 1,17 @ L) }AH
with 3" (t) = [E5;(t)], i,5 = 1,2,3, and the block matrices are
25 (t) = diag (pi(t) © (1 — pi(t)))
X7 (t) = —diag (pi(t) @ p;(t)), i #J

where pl(t) = [pr,i(t)vpn,i(t)apn',i(t)7p'r7”,’i(t)]T7 1= 1a 2) 3.
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2. E[A®()x(1)x" (t) A H(t)] = 15 @ E[AH()x(t)x" (1) A HA(1)].
E[A®(1)x(t)x" (1) A 8" (1)] = Ty © BAH()x()x" (1) AH (1)),

Property 2.
Elx(t+1)x" (t+1)] = & (1) Elx(0)x" (1)) " (1) + E[a®()x(0)x" (1) 0 & (1))
+ Q)+ Y1)+ YH(®)

where ®(t) = E[®(t)], the second summand is given in Property 1.3,

Q) = Tu @ (D(OQuL" (1) + Tas & (A{ (Blva ()" (1)
+ E[(1 = 5(0) = v3())(L = 95(8) = v5())7]) © Q- [AT) - (11)

Y(t) = Tos @ (AL E [45(0)7:" ()]
© | diag(1 — E[y(t — 1)) - Elyi(t - D)Qwr| JA47)  (12)
with Qyr = E[v"(t)v'T(t)] and initial conditions Y (0) = 0, E[x(0)x7(0)] =

Py + popg
0

73(0) = 73(0) (1~ 5(0) ~ ¥5(0)7] © Qur A" ).

j, and Q(0) = Z1; ® (T(0)QwI™(0)) + Ts3 @ (-A{ E[(1 -

4.1. Widely Linear Filter

Theorem 1. The optimal linear filter obtained from the system defined by Eqgs. (7)-

(8) is calculated through the following equations

x(tt) = x(t[t — 1) + K(t)e(?) (13)
X(t+1t) = (O)X(t|t — 1) + T(t)G(t — 1)e(t — 1) + L(t)e(t) (14)
e(t) =y(t) - HOX(tt - 1) = D (E:(@))F(t - De(t—1)  (15)
G(t—1)=TD(1-E[(t-1)] - ERst-1)Q:'(t—1) (16)
F(t—1)= Qv D (1-Eps(t —1)] - Eli(t - 1)) Q- (t - 1) (17)

with initial conditions (0| — 1) = [ugf,oT]H, G(=1) =0 y F(-1) = 0. &(t)

are the innovations with covariance matriz Qe (t) and initial condition e(—1) =

10



w 0. Moreover, H(t), ®(t), and T'(t) are given in Egs. (32), (35), and (39),
respectively.

The variance in the error associated with X(t|t) is computed by

P(tt) = P(t|t — 1) - K(t)Qe ()K" (¢) (18)

P(t + 1]t) = M(t) E[AH(0)x(t)x" (¢) & B (6] M7 (2)

+[®(t) - LOHMIP( ~ D@() — LEOE®] + Q(1) + (1) + 117 (¢)
+ LA (B[(1 = 95(t) = ¥5(0) (1 = ¥5(1) — 7¥5(1)7]
+E [v5(0)75" (1] ) ©Qur pATLH (1) [L(t)D(E['VS( F(t-1)-L(G(-1)]

H

X Qe(t = 1) [L() DENODFE - 1) - OG- 1] (19)

where M(t) = [O4Xg,I4]T —L(t), Q(t) is given in Eq. (11) and

(1) = M(1) 15 @ A{ E [(35(8) — Bl (0])75" ()]
© [diag(1 — Elv3(t - 1] - Elvs(t - D)Qv] }47]
- MOA{ E[(75(t) ~ Elv(0)])5" (1)
© [diag(1 ~ Efyj(t - 1)] - El(t - D)Qv ] JATLH (1)
+[®(t) — LOA®) [T - )QY,
~ L(t = 1) D(1 — E[yj(t - )] - Blys(t - DT T (1)
~ [®(t) — LB [Tt - 1S
~ L(t — 1) D(1 ~ E[y3(t — 1] - B3¢ — 1))Qq| DEM (DL (1)
— (1@ A (B 1 -5 — ¥50)(1 = 75() = 75(1)"]
+E 507" (0] ) © Qur pAT| )L (1)

The gain matrices K(t) and L(t) are computed by

K(t) = [P(tlt— DB () + (13@ [D (1 - B[4t — 1)] — E [v3(t - 1)]) Q]

—L(t - 1)Qe(t - VF¥(t — 1)) D (E(0)])] Q' (1) (20)

11



L(t) = { Ela®(t)x()x™ (1) & B (1)) + ()P (1]t — DH (1)
158 [ A{E [v;()75" (1)] © | diag(1 ~ Elvs(t — 1] - Els(¢ — D)Qur] } A7
— ®(t)L(t - 1)Qe(t — DF(t — 1) D (E[(1))
+132A{ B [v5(0)(v() — Bl (0)])7]0[Qur diag(1-Ely5(t=1)]-Elr4(t-1)])] }.47
+T(1)[Qu, T (= 1) = TD(1L ~ Elya(t - 1)] - Elyj (¢ — D)LY (¢ — 1) A7 (1)
+ 150 A{ (B [(1 = 75(0) = v5(0)(1 = 75() = ()] + B [vs ()57 (8)] )

© Qu AT~ T(1)G( ~ 1)Qa(t — VP (1~ 1) DERE0]) }Q: 1) (21)

and where the innovation covariance matriz is obtained as

Q. (t) = E[AH(t)
n A{

(Ox" (1) & B (0] + H@OP (e}t — E (1)
E[(1 = v5(t) = v5(6) (1 = ¥5(8) = ¥5(1)"]
+E[15077(1)] ) © Qur fAT

~ D (El30)F(t - 1)Qe(t - YFY(t — 1) DE[y3(1)]) + E(t) +E (1) (22)

X

N

with

=() = A{ B [((0) ~ B3 (073" ()] [ ding (1~ Bly3(t- 1) - Eirs (1~ 1)) Qu ] } A7
FH( [0 1S~ Lt~ 1) D(1 - By (1 1] - Byt~ D) Qo] DER3(0)
and with initial conditions P(0] — 1) = Z1; ® Py, L(—1) = 0 and Q<(—1) = 0.

4.2. Widely Linear Predictor

Theorem 2. The optimal linear predictor obtained from the system defined by
Eqgs. (7)-(8) is computed as

X(t+2t) =@t + Dx(t+1]t) + T(t+ 1)G(t)e(t) (23)

x(t+7t) =t + 17— Dx({E+7—1|t), T>2 (24)

12



The values of its prediction error covariance matrix are updated through
P(t+2[t) =E[A®(t + 1)x(t + Dx(t+ 1) A& (t+1)]
B+ DPE+ 1R () + QU+ 1)+ Yt +1)+ Y (t+1)
L(t+ 1)G(H)Q ()G ()T (t + 1)
— ®(t + 1)L(t) D(1 - Ev3(1)] — Ely5 (0N T T (¢ + 1)
~T(t+1)TD(1 - ERs(6)] - ERsDLY (D@7 (t+1) (25
with Q(t + 1) given in Eq. (11) and X (¢t + 1) in Eq. (12). Likewise, for 7 > 2,
the error covariance matriz satisfies
P(t47]t) = E[A®(t 47— Dx(t+7—D)x (t47—1) A" (t4r— 1)+ X (t47-1)

+ Bt )P+ 1)@ (t+7- 1)+ Qt+7—- 1)+ Xt +7—1)
(26)

The initial conditions X(t + 1|t) and P(t + 1|t) are computed by Theorem 1.

ws  4.3. Widely Linear Smoother

Theorem 3. The optimal linear fixed-lag T-step smoother obtained from the

system defined by Eqs. (7)-(8) is computed through
x(t+7[t) =%+ 7|t — 1)+ Nt + 7[t)e(t) (27)
The smoothing gain matriz is computed by

N(t+7]t) = | A (OH" (8) -N(t+7[t—1)Qe (t—=1)F (t-1) D (E[’Yg(t)})} Q' (t)

where A_1(1) = P(0| — 1)[®(0) — L(0)H(0)]? and

A (t) =Pt —1jt—2)[®(t—1) — Lt — )HE —1)]"
~ [ [D(1-E[v-2)] -Blvi-2))Q ]] (Blvb(t — DA (¢ - 1)
+L(t72)Q€(t72)[L(t71)D( (e — D)E(t —2) — D(t — )G(t—2)] "

+ Ts(t — 2)lef2 (t—1), t>2 (29)

13
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Ar(t) = Ay (t—1)[B(t—1) = Lt — DH(t - 1)]" + N(t + 7]t —2) Qe (t — 2)

X [L(t —1)D (B[t — D)) Ft—2) — Tt — 1)G(t — z)r, r< -1 (30)
The smoothing error covariance matriz is updated through

P(t+7[t) =Pt + 7]t — 1) — N(t + 7[t) Qe (t)NF (¢ + 7t) (31)

The initial conditions X(t+7[t+7), P(t+7|t+7), NEt+7]t+7) = K(t+7),
and P(t + 7|t + 7 — 1) are computed in Theorem 1.

4.4. Particular Cases

When p;(t) = 1, Theorems 1, 2 and 3 provide the WL Kalman estimators
given in [25]. When p3(t) = p3(t) = 0 the WL estimators are reduced to
those for the case of uncertain observations [24]. When p;(¢) + p2(t) = 1 and
p1(t) +p3(t) = 1, the WL estimators are reduced to those for the case of sensor
delays and multiple packet dropouts, respectively. When ps(t) = 0, then we
obtain the case of multiple packet dropouts and uncertain observations. When
ps(t) = 0, they are reduced to those for the case of sensor delays and uncertain
observations. Finally, when p1(t) + p2(t) + p3(t) = 1, they are reduced to those

for the case of sensor delays and multiple packet dropouts.

4.5. Multiple-step Delays

Multiple-step random delays can also exist in networked systems. The one-
step sensor delay assumption is based on the fact that the induced data latency
(i.e. the delay that occurs when a packet crosses a network connection from
sensor to estimator) is sometimes restricted not to exceed the sampling period
[29]. Actually, the current model constitutes the basis of a more general one
in which two or more sample random delays can occur at each time. The
extension of the proposed model to the case of two or more sampling delays is
obtained by introducing additional Bernoulli random variables in Eq. (5) and
by augmenting the state vector x(¢) in Eq. (7) appropriately. The optimal WL
estimators for the case of multiple sampling delays can be derived by following

a similar framework to that used in this paper.
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4.6. Properness

The algorithms in Theorems 1, 2, and 3 can be adapted to H-proper or
C"-proper quaternion signals by using a SL or a SWL processing, respectively.
The resultant algorithms entail a notable saving in computational burden with
respect to those derived in the general or improper case. An example that
illustrates this approach in the particular case of only uncertain observations

(p2(t) = p3(t) = 0) can be seen in [24].

4.7. Nonlinear Systems

The suggested WL system and algorithms can also serve as a starting point
to devise estimation algorithms for nonlinear systems with mixed uncertainties
in the observations via the linearization approach used by the EKF [26]. This
strategy allows us to apply our algorithms, for example, to solve the orientation
estimation problem. For that, and in order to enforce unit-normalization of
the estimator, we can normalize both the quaternion estimation and the error
variance at the end of each update step. In this way, the complexity that the
normalization introduces into the Kalman estimators derivation is avoided. As
a result, although the Kalman filter is an optimal algorithm, this normalization
procedure leads to a suboptimal algorithm. Nevertheless, such an approach has

been shown to estimate efficiently (see, e.g., [30]).

5. Numerical Simulations

The aim of this example is to experimentally demonstrate that the algo-
rithms in Theorems 1-3 outperform the standard WL Kalman estimators pro-
vided in [25] when mixed uncertainties in the observations are present?. For

that, we consider the following state-space system [24]

x(t+1) =fx(t) + gz (t) + w(t)

z(t) =z(t) + v(¢)

2Notice that both techniques have the same computational complexity.
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250

where f = 0.8 — 0.3n + 0.2’ + 0.1n” and g = —0.1n + 0.04n’ — 0.05n". As-
sume that z(0) is a H-proper quaternion Gaussian variable with E[z(0)] = 0
and E[z(0)z*(0)] = 1, the noise w(t) has the following components: w,(t) =
€ (1), wy(t) = —0.6w,(t) + €,(t), wy(t) = 0.8w,(t) + ey (t), and wy(t) =
0.8wy(t) — 0.4w,(t) + €, (t), where €.(t), €,(t), &y (t), and €,~(t) are real inde-
pendent white Gaussian noises (WGN) with variance parameter 0.25, and the
measurement noise v(t) is a H-proper quaternion WGN with variance parameter
Elv(t)v*(t)] = 0.4.

By using Monte Carlo simulation we have generated 10000 values of x(t)
and y(t) for each t =0,1,...,99 and for different values of the Bernoulli prob-
abilities. Denote by z%(t) and y%(t) the value of x(t) and y(t), respectively,
generated in the jth simulation and for a specific combination of probabilities
p. Similarly, the standard WL Kalman estimators obtained from y%(t) in the
jth simulation and for a specific combination of probabilities p are denoted by
24 (t|t) (filter), &% (¢ + 3|t) (3-step predictor), and Z%(t — 2|t) (fixed-lag 2-step
smoother). The performance of such estimators has been assessed by computing
the following mean square errors (MSEs):

10000

MSE(s[t) = 15055 > SSEP(slt),  s=tt+3,t—2
j=1

where the sum square errors (SSEs) are calculated as®
— - 2 —
SSEY(t|t) = ||} () — 5 (t[t)]", t=0,...,99

SSEP(t+3[t) = [|=h(t+3) — 28 (¢t +3[t)|>,  t=0,...,96
SSE}(t —2[t) = |2 (t — 2) — 28 (¢ — 2]t)|%, t=2,...,99
and with 7 =1,...,10000.
MSEP?(s|t), for s = t,t+3,¢t—2, are estimators of the population error vari-

ances, denoted by VP (s|t), associated to the standard WL Kalman estimators.

These MSEs have been compared with the filtering, prediction and smoothing

3The norm of z(t) is ||z(t)|| = \/xg(t) +22(t) + x?},(t) + xi,,(t).
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error variances given in Theorems 1, 2 and 3 and denoted by PP(t|t), PP(t+3|t),
and PP (t—2|t), respectively, as functions of both ¢ and p. Specifically, 95% confi-
dence intervals for the population error variances VP (s|t), s = t,t+3,t—2, have
been obtained from the corresponding SSEs, SSE;-)(SH), simulated by 10000
Monte Carlo runs at every instant ¢t. Denote the lower and upper confidence
bounds of such intervals by LP(s|t) and UP(s|t), respectively. In order to get
clearer interpretations of these results, the following differences have been de-
rived at each instant of time: LP(s|t) — PP(s|t), MSEP(s|t) — PP(s|t), and
UP(s|t) — PP(s|t). For instance, when s =t + 3, MSEP(t + 3|t) — PP(t + 3|t)
represents the point estimation of V(¢ + 3|t) — PP(t + 3|t) in a given instant ¢.
Additionally, LP(t+ 3|t) — PP(t 4 3|t) and UP(t + 3|t) — PP(t + 3|¢) stand for the
lower and upper 95%-confidence bounds, respectively, for V?(t43|t)— PP (t+3]t).

We have considered four different cases:

1. Case 1: pi(t) = 0.8 = [0.8,0.8,0.8,0.8]7 and pz2(t) = p3(t) = 0.1 =
0.1,0.1,0.1,0.1]7.

2. Case 2: p1(t) = p3(t) = 0.1 and p2(t) = 0.8.

3. Case 3: p1(t) = 0.05, p2(t) = 0.1 and p3(t) = 0.8.

4. Case 4: p1(t) = 0.1 and p2(t) = p3(t) = 0.3.

These four cases represent various levels of mixed uncertainties which allow
us to carry out a representative performance comparison. Indeed, they involve
the three uncertainties in different degrees of intensity. The first two satisfy
p1(t) + p2(t) + p3(t) = 1 and thus, they are cases of sensor delays and multiple
packet dropouts which can appear, e.g., in an energy-constrained wireless sensor
network [28]. Case 1 reproduces a scenario where the above mixed uncertainties
are unlikely, being the most similar scenario to that where the standard WL
Kalman estimators operate. Unlike Case 1, Case 2 gives high probabilities to
delayed observations. Cases 3 and 4 are examples where all the three uncertain-
ties appear. Case 3 assigns a high probability to a packet dropouts occurrence as
well as to the fact that the data packets in the measurements contain only noise.

Finally, Case 4 gives moderate probabilities to both delayed observations and

17



285

290

295

300

Case 1 Case 2 Case 3 Case 4
s Pr(slt) MP(s|t) | PP(s|t) MP(s|t) | PP(s|t) MP(s|t) | PP(s|t) MP(s|t)
t 0.798 0.908 1.965 3.584 6.065 11.500 3.977 5.934
t+3 4.169 4.244 4.733 5.788 7.136 10.649 5.874 7.192
t—2 0.606 0.755 0.627 3.235 5.410 11.068 2.877 5.455

Table 1: Time means of the filtering, prediction and smoothing MSEs.

packet dropouts and a lower probability to receive the current measurement.
Fig. 1 depicts the 95% pointwise confidence bands for VP(t[t) — PP(t|t), as
well as the point estimations, M SEP(t|t) — PP(t|t), for the filtering problem and
the above four cases. Likewise, Fig. 2 and Fig. 3 show the same quantities for
the 3-step prediction and the fixed-lag 2-step smoothing problems, respectively.
On the other hand, Table 1 lists the time averages of the above MSEs. For
example, PP(t[t) = 11 S92 PP(t[t) or MP(t+3[t) = & S0  MSEP(t + 3]t).
Because the standard WL Kalman estimators ignore the presence of uncer-
tainties in the observations, from Figs. 1-3 and Table 1, we can see that the
proposed algorithms have in all cases better accuracy than the ones proposed
in [25]. More specifically, the difference in performance between both kinds
of estimators is increased as the probabilities of sensor delays and/or packet
dropouts and/or uncertain observations become larger. Actually, this difference
is more pronounced as the probabilities of packet dropouts increase (Case 3).
However, from Table 1, the biggest relative performance difference is attained
for the smoothing problem in Case 2 since the simulated MSEs are approxi-
mately five times higher than the error variances PP(¢ — 2|t). Obviously, the
minor performance difference for all the three estimation problems is observed
in Case 1 since this one resembles the conditions under which the standard WL

Kalman estimators operate.

6. Conclusions

The optimal WL estimation problem has been analyzed for quaternion sys-

tems with multiple sensors and mixed uncertainties of sensor delays, packet

18
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Figure 1: 95% pointwise confidence bands for VP (t|t) — PP(t|t) in cases 1 (a), 2 (b), 3 (c), and
4 (d). The point estimations, M SEP(t|t) — PP(t|t), are designated by “Estimate”.

dropouts and uncertain observations. Specifically, filtering, prediction and fixed-
lag smoothing algorithms have been given. The discrete-time system under
study represents the three above uncertainties in a unified way and assumes
that each component of the quaternion is measured by different sensors, where

each sensor may be subject to different mixed uncertainties. A numerical ex-

ample has been provided to show the effectiveness of the proposed algorithms.

7. Appendix

7.1. Preliminary Result

The following property, stated without proof, will be necessary to prove the
main results in this paper.
Property 3. Let a;,b;,x;,y; € R* and A; = diag(a;), B; = diag(b;), i =
1,2,3. Define a = vec([ay,az,a3]), b = vec([by, ba, bs]), x = vec([x1,X2,X3]),

and'y = vec([y1,y2,ys]), then
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“Estimate”.
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1. AixlijBk = (a;b]) ® (xlij), for all i, j,k,1.

[A1, As, Aj] xy?ﬂB;€ = Zle(aib;{) ® (xiy;‘-F), for all j, k.

[A1, Az, Ag]xy” [B1, By, By]" = % (ab?) © (xiyT)

diag(a)xy;‘-er = Zf’zl 1, @ {(a;b]) ® (xiy;‘»r)}, for all j, k.

(A1, Az, Ag] xy™ diag(b) = 17, [(ab] )0 (xiy]), (ab]) O (xiy), (a;b])©

(Xi}’g)]'

A S

7.2. Proof of Property 1

It is easy to check that H(t) = 3%, 17 @ D(v7(t)) and

=1 "t

H(t) = EH@®)] =) 1] @ D(EN;(¢)]) (32)
i=1
AB(t) = F(r) ~ F(t) = ;A D, (6), Dy (1), Dy(t)| 7" (33)

3
B(1) = EE? =3 Zue POl [‘I'ét)] LTI
. (1) of . , "
with W(t) = L ®i(t) = Ta; @ D(YI(E)), i = 1,2,3, and &(t) =
1
[P'(t),0']. Also
_ ~ ()
o(t) =E[®(t)] = | _ (35)
H(?)
0 0 0
~ ~ _ 0 1 -
AR(t) =2(t) — ()= | =-T| o 0 o |7 (36)
AH®t)| 4

Dy (t) Dof(t) Ds(t)

Note that the real random vector v"(t) = vec([v](t),v5(t), v5(¢)]) has co-
variance matrix X" () = [£};(¢)], i,j = 1,2, 3, with block matrices given by
Z5(t) = B [(vi (1) = Elvi (D) (vi (1) — Ely; ()])] = diag (pi(t) © (1 = pi(#))),

25 = E[(vi (1) — Elyi (D) (v; (t) = El; (1)) 7] = — diag (pi(t) © p;(1))
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Denote

x" () xi(t)
x"(t) = |x"(t—1)| = |x5(2) (37)
y'(t-1) x5(t)

Taking Eq. (33) into account and that x(t) = Tx"(t), it follows that

EIAF(0)x()x" (1) & B (1)
= A{E [[D1(1), Da(t), Dy (1)) (1)x" (1) [D1 1), D (1), Dy (1)] "] } A"

3

—a{ 3 (=0 0 B (%7 (0)]) A7

i,j=1
w5 where the last equality is a consequence of Property 3.3. Now, the result is im-

mediate. Properties 1.2 and 1.3 follow easily from the above result and Eq. (36).

7.3. Proof of Property 2
We first prove that the state vector and the noise are also correlated. For

that, we note that

[}

(t) =Z11 @T(t) + L33 @ D(V5(1)) + T32 @ D(1 — v5(t) — v5(t)) (38)

L(t) =Z1 @ T(t) + I3 @D (E [v5(1)]) + Ts2 @ D (E[1 — v5(t) —v5(1)])
(39)

From Eq. (9), it follows that
E [x()w(t)] = E [T(t—-1)w(t—1)w" ()] = L(t-1)Qy, = T3(t-1)Qy, (40)

where we have taken into account that T'; (t — 1)le =Ty(t— 1)Qg1 = 0. From
Eq. (40) we get E [x(t)wH ()] = E [x(t)v(t)] = 0 and thus

EX"tvTH)] =E[X(t-1vTH)]=E[y"t—1vT(t)] =0 (41)

and E [x(t)v(t —1)] =130 [D(1—E [y5(t —1)] —E [v5(t — 1)]) Q¢], and
then

Ex"tv7Tt-1)]=E[x"(t-1v7T(t-1)]=0 (42)

E[y"(t = )v'T(t - 1)] = diag(1 - E[y3(t — 1)] - E[vj(t - D)])Quvr  (43)
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with Qy» = E[v"(¢)v"T(t)]. Now, we have that

E[x(t+1)x" (t+1)] = ®(t) Ex(t)x" ()] ®

=
=
K
=
.
T
=
=i
=

+E[R()w(Ow! (0T ()] +E[@(O)x(O)w! (0T (1) +E[

Denoting Q(t) = E[f‘(t)ﬂ(t)ﬂH(t)f‘H(t)] and taking Eq. (38) into account
we get Q(t) = X0 E [Tu(0)w(t)w! ()T} (t)] = Y% Qy(t). Tt is easy to
check that Qu;(t) = Q}i(t) = 0, for i # j. Likewise, it follows that

Qu1(t) = I ® (T(1)QuT (1))
Qaa(t) = Tz @ (A{ Bl (0757 ()] © Qur J.AT)
Qus(t) = oz @ (AL B[(1 = 35(8) = ¥50)(1 = 5(0) = ()] © Qur |47 )

where the last two equalities follow from Property 3.1. Hence, Eq. (11) holds.
Denote Y (t) = E[(i'(t)g(t)wH(t)f‘H(t)]. Then, from Egs. (34) and (38), we

get

3
T() = Y E@:(x(t)w” (OF; ()] + @ (0x(w” (0T (0] (45)

Taking Eq. (40) into account, the second summand of Eq. (45) satisfies

E[, (0)x(t)w" ()E" (1)) = [‘P(t)} T5(t—1)Qu, T (1) =0
0 w

where we have applied that [®7(¢),07]"T3(t — 1) = 0. Consider the first
summand in Eq. (45) and denote by X;;(t) = E[i’i(t)g(t)ﬂH(t)f‘f (t)], then by
using the uncorrelation properties of the noises in the model given by Egs. (3)-

(4), Property 3, Egs. (41), (42), and (43) we have Y;;(¢) = 0, except for
Yo (t) = Tos@A{ B [v5(0)757 (1)] © | diag(1-Elv3(t—1)]-Efy5(t- 1)) Q- | hA"

from which the result follows.
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7.4. Proof of Theorem 1
Define the innovations by €(t) = y(t) —y(t|t—1). By applying the projection

theorem we obtain Eq. (13) with K(¢) = E[x(t)ef(#)]Q-(t). Similarly, it

€

follows that
x(t+ 1]t) = x(t + 1]t — 1) + L(t)e(t) (46)

with
L(t) = E[x(t + 1)e" ()]Q: ' (t) (47)

Taking projections on both sides of Egs. (7) and (8) onto the linear space
spanned by {y(0),¥(1),..., y(t — 1)}, we have

X(t+1t—1) = @)%t — 1) + T(t)Ww(t|t — 1) (48)

y(tlt — 1) = Ht)x(t[t — 1) + D (E[v5()])v(t — 1|t — 1) (49)
where W(t[t — 1) and v(¢t — 1|t — 1) are computed by

W(tlt —1) = W(tlt — 2) + G(t — 1)e(t — 1) = G(t — De(t — 1) (50)

vit—1t—1)=v(Et—-1t-2)+Ft—-1et—1)=F@t—-1e(t—-1) (51)
with

G(t—1) = Elw(t)e” (t - 1))Q; ' (t — 1) (52)
F(t—1)=E[¥(t— et -1)]Q- (t—1) (53)
Thus, by substituting Eqgs. (48) and (50) into Eq. (46) we get Eq. (14).

Likewise, from Egs. (49) and (51) we derive Eq. (15). Denoting the error x(t +
1t) =x(t + 1) — x(t + 1]¢t) and from Egs. (8) and (15) it follows that

e(t) = AH()x(t) + HOX(t]t — 1) + D(1 = ~5(t) — v5()v(t)
+D (v5(1)v(t — 1) = D (E3()])F(t — De(t — 1) (54)
and from Eq. (54) we have

Elw(t)e" (t = 1)] =T D (1 - E[v3(t - 1)] - Elvi(t — 1)) (55)
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where the last equality is a consequence of w(t) Lx(t — 1), w(t) Lx(t — 1|t — 2),
w(t)Lv(t — 2), w(t)Le(t — 2) and Eq. (10). Hence, by substituting Eq. (55)
into Eq. (52) we get Eq. (16). By a similar reasoning, it follows that

EF(t—1)e"(t -1)] = Qe D (1~ El;(t —1)] - ERi(t —1)])  (56)

and by substituting Eq. (56) into Eq. (53), we obtain Eq. (17).

Now, consider the error covariance matrix P(t[t) = E[X(t[t)x (¢|t)]. From
Eq. (13) we have that x(¢|t — 1) = x(¢|t) + K(¢)e(t) and noting that x(¢|t) Le(t)
then Eq. (18) holds.

Let M(t) = [04><8,I4]T — L(t), by subtracting Eq. (14) from Eq. (7) and

taking Eq. (54) into account we obtain the following expression for the error

%(t + 1]t) = M(t) A H(t)x(t) + [8(t) — LOEOR( — 1)+ D(0)w(0)
— L(t) D(L - %5 (t) — 73(0)¥(t) — L) D(v3(0)v (¢ — 1)

+[L(t) DENODF(E - 1) —T()G(t - 1)e(t —1) (57)

that we use for devising a recursion for P(¢ + 1|t). To this end, noting that

E[AH(t)] = 0, then

E[AH(t)x()x (1t —1)] = 0 (58)

E[AHH)x(t)ef (t—1)] =0 (59)

Moreover, since x(t|t — 1) Lv(¢), v(t)Le(t — 1) and x(t|t — 1) Le(t — 1), then

E[x(t|t = 1)v (1) D(1 = ~5(t) —v5(1)] = 0 (60)
E[D(1 - ~5(t) —v5(0)v(t)e™ (t —1)] = 0 (61)
Ex(tt—1)ef(t—-1)]=0 (62)

On the other hand, applying Property 3.2 and Eqgs. (41) and (37), it follows
that
E[AH(6)x(t)v! () D(1 = ~5(t) —5(4)] = 0 (63)

By a similar reasoning, we have
E[D(1 — ~5(t) —v5(0)v(t)v" (t — 1) D(v5(1))] = 0 (64)
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We consider now the non-null terms. Since E[AH(t)] = 0, then

E[AH(x(w! ()T (1)) = B[AH@)x(6)w" (0T (0] +E[AHE)x(6)w" (1)T; (1)
(65)
From Eq. (37) and Property 3.5, the first summand in Eq. (65) can be

rewritten as

E[LHOx(Ow ()T, (1)] = 1§ © A{ E[(5(1) ~ Bl (0])75” (1)

© [diag(1 ~ E[y3( — 1] = Bl (t ~ D)Qu ] JA" - (66)

where the last equality is a consequence of Egs. (42) and (43). As for the second
summand in Eq. (65), by Property 3.1 and Eq. (41), we get

E[AH(®)x()w! (6T ()] = 0 (67)

Hence, by substituting Egs. (66) and (67) into Eq. (65), it follows that

E[AR()x(t)w! ()T (1] = 18 @ A{ E [(v3(t) = Elvi(O) 73" (1)]

© [diag(1 — Elvs(t — )] — Bl (t - D)Qw] JA7 (68)
By a similar reasoning, we have
E[AHOx()v (t = 1) D)) = A{ B [(35(0) — B (0)])757 (1)

© [ding(1 ~ Efy3(t 1) - Bl (t - D)Qu] JAT  (69)

From Eq. (57) and taking into account that E[AH(t —1)] = 0, x(t — 1|t —
2) Lw(t), w(t)Le(t —2) and w(t) Lv(t — 2), it follows that

Elx(t/t - Dw" ()T (t)] = T(t — 1)Q T (1)

—L(t— 1) D(1 - E[y3(t = 1)] - E[v3(¢ - DDTAT () (70)
Analogously, since x(t — 1|t — 2) Lv(t — 1) and v(t — 1) Le(t — 2), we get
EX(t|t — 1)v7(t = 1) D(v3(1))] = T(t - 1)S D(E[5 (1))

—L(t = 1)D(A - E[yy(t = D] = E[v3(t = 1)]))Qv D(E[v2(1)]) (71)
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Taking into account that T';(£)S = 0, Property 3.4 and that ¥(t) is a white

noise, then

E[L(#)w(t)v" (1) D(L —5(t) = v5(¢)]

= 15@ (A{ B[ - 75(t) - ¥5(0)(1 = 75() — %)) © Qu pAT)  (72)

By similar arguments and because of T'; (t)T = 0, we deduce that
BIP()w(t)v" (¢~ 1) Dlv5()] = 15 © (A{ E [v3()737 (1)] © Qv AT (73)

From Eq. (52), we have

E[T(t)w(t)ef (t — 1) =T()G(t — 1)Qe(t — 1) (74)

E[D(L — v5(t) — v5(0)(0)%" (8) D(L = 75(t) — v ()]
= AL E[(1 - 73(1) - ()1 ~75(0) ~ ¥5(1)7] © Qur JAT  (75)

E[D(3(1)v(t — 1)v" (¢~ 1) D(v3(1))] = A{ E [35(0)73 ()] © Qo }A™ (76)

Finally, taking Eq. (53) into account, it follows that

B[D(y3(0)¥(t — Ve’ (¢~ 1)] = DERFRONFE -~ DQelt —1)  (77)
In conclusion, from Eqs. (58)-(77), we have
P(t + 1[1) = M() BIAF()x()x" (1) AT (0]MP (1) + Q(1) + Q1)
+ (1) + [B(t) - LOBWP( — 1)[S() — LOH(L)”
HA{E( [1—72 V5(0)(1 = 5() — ¥5()T] © Qur JATL (1)
{ (0757 ()] © Qur PATLA () + [L(t) DERS () F(E - 1)

~ TGt - 1>] Q.(t—1) [L(t) DENODF(E - 1) - T(OG(t - 1)] ")
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where Q(¢) is given in Eq. (11) and

() = M) 11 © A{ B [(v3() - E(0O)5" (1)
© [diag(1 ~ Elv3(t — 1] - B ( — D)Qw] JA7| = M)A E (31
~ Elyi(0)])s" (0] © [ding(1 — Elva(t — 1)] — El5(t — D)Qur] JATLA (1)
+[®(t) - LOH)] [Tt - 1)QH T (1) ~ Lt = 1) DA - Elyj(t — 1]
— B[yt = DDTAT ()] - [@(1) — LB [D(t — DS DE(1)
~ L(t - 1) D(1 - Elva(t - D] - Elvi(t — D)Qv D(ER3 (6L (1)
— 150 [A{ E[(1 - 75(0) — V()1 = 75() = ()] © Qur A" [L7 (1
~ 150 [A{ E [v5(0)757 (0] © Qu- pAT| L7 (1)

FTWG(E - DQ:(t — D[LO) DERODEE - 1) - TG - 1]

L) DEODE(- )Qe(t 1) [L() DERGODF(E 1) -TOGE-1)]
(79)

335 By algebraically manipulating Eqgs. (78) and (79) we derive Eq. (19).
Consider now the gain matrix K(t) = E[x(t)e” (1)]Q-1(¢) in Eq. (13). Ap-
plying Eq. (54) and taking into account that E[AH(t)] = 0, x(t[t—1) Lx(t[t—1),
Egs. (40) and (47), we have

Ex)e () =Pt —1D)H" (1) + 130 [D (1 —E [v5(t — 1)]
—E [v5(t = 1)])Qq] D (E[v5(1)]) — L(t = 1)Qe(t — DFP(t — 1) D (E[y5(t)])

from which Eq. (20) holds. Taking Eq. (47) into account, we consider
Ex(t +1)e™ (1)] = E[®(t)x(t)e™ (1)] + E[L(t)w(t)e" (1)] (80)

From Eq. (54) and since E[®(¢)x(t)x" (t) A HY (t)] = 0, the first summand
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in Eq. (80) can be rewritten as

E[&(1)x(t)e” (1)] = E[AS()x(t)x" (t) A HY (1)) + ()P (t]t - D (1)

| +
g =

[BO)x(t)v" (t = 1) D (E[v3(1)]) |
[@()x(e(t - V)F (¢~ 1) D (Es()]) | (81)

Following a similar reasoning to that used for deriving the expression of Y (t)

in Eq. (45), we get that the third and fourth summands in Eq. (81) are

B [&()x(t)v" (1) D (1 - E[y(t)] - ER5 ()] = 0

E[®()x(1)v¥ (t-1) D (B3 (1)) | = iE{éxt)x(t)vH(t—l) D (Elva(t)])| =
= 1,0 [A{B [t} ()] © [diag(1 ~ Bl (¢ - )] ~ Elyj(t — 1)])Qur| } A7

Moreover, taking Eq. (47) into account, the last summand in Eq. (81) is obtained

from
E|®()x)e(t —1DFI(t-1)| = ®)L(t —1)Q(t — VFH(t — 1)
Thus, Eq. (81) is of the form
E[@(1)x(t)e ()] = E[AR(D)x(t)x" (1) AHT (1)) + @(1)P(t]t — )H" (1)

+130 | A{E [¥5(1)757 (0] © | diag(1 — Blvs(t — 1)) — Bl (t - D) Qs | }A"]

~ ®(t)L(t — )Qe(t — VF(t — 1) D (E[y3(1)) (82)
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As for the second summand in Eq. (80), it follows that

B (Ow (e (1)] = 15 @ AL B [v5(6)(45(5) — Bl ()]
© [Qu- diag(1 — E[yj(t - 1)] — B[y (t - 1)])] .47
+|T(H)Quw, T (t—1) =T ()T D(1 —E[v3(t — 1)] — E[v3 (¢ — D)L (¢ - 1)] H(t)
+ 150 A{ E [(1 = 75() = v5(0)(1 = 75() = 75(6)"] © Qur JA"
+12© A{ E [v3(0)7%" (0] © Qu- f A"
~T)G(t - 1)Qe(t — NF(t — 1) D(E[y3(1)]) (83)
where the last equality is a consequence of Egs. (54), (68), (70), (72), (73) and
(52). By substituting Eqgs. (82) and (83) into Eq. (80) we obtain Eq. (21).
Finally, we devise the updating equation for the innovation covariance ma-
trix. For that, we use Eq. (54) and take into account that E[AH(t)] = 0,
Egs. (63), (69), (59), (60), (71), x(t|t — 1) Le(t — 1), Egs. (75), (64), (61), (76)
and (77):
Qe (t) = E[AH(t)x()x" (1) A HY (1) + H()P(¢]t — HH" (t) + ©(1) + ©™ (1)
AL B [(1 =750 = ¥50) (1 = 35(0) = ()] 0Qy JAT+A{ B [v5(0)75" ()]

© Qu- pA" + D (Elrs(O])F(t - DQe(t — DF (¢ — 1) D(EM(1)])  (84)
with
o) = A{ E[((1) - Ela(®)])s" (1)
© [diag(1 — Efyj(t — 1)] — Bl (t - D) Q] J.A7
+H(®)[D(t - DS D(ER5(1)]) - Lt — 1) D(L — Efya(t — 1)
~El;(t-1)) Qv DEN (1))~ (Bl (0)]) F(t-1)Qe (t—1)F¥ (t—1) DELY3(1))

From Eq. (84), Eq. (22) holds.
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340

7.5. Proof of Theorem 2

By projecting x(t + 7), with 7 > 2, onto the linear space spanned by
{¥(0),y(1),...,y(¢t)} and taking Eq. (7) into account, we have

xt+7t) =@t +7-Dx(t+7-1t) +T(t+7—-D)w(t+7—1]t) (85)

with w(t+7—1|t) = G(t)e(¢t) for 7 = 2 (see Eq. (50)) and w(t+7—1|t) = 0 for
7 > 2. From which Egs. (23) and (24) hold. Moreover, from Eq. (23) it follows
that

X(t+2/t) = x(t+2) —x(t+2|t) = A®(t+ D)x(t 4+ 1) + ®(t + 1)X(t + 1]¢t)
+ T+ Dw(t+1) —T(t+1)G(t)e(t) (86)
From Eq. (86) and taking into account that E[A®(t+1)] = 0, X(t+1[t)Le(t),

Egs. (40), (12), (70) and (74) we get Eq. (25). On the other hand, from Eq. (24)

we have, for 7 > 2, that

X(t+7lt) =x(t+7) —x(t+7)t) = A®(t+7 - Dx(t+7 1)
+ @t +T DRt +T 1)+ Tt +7—Dw(t+7—1) (87)

From Eq. (87), and since E[A®(t +7 —1)] = 0, x(t + 7 — 1|t) Lw(t +7 — 1)
for 7 > 2, Egs. (40) and (12), then Eq. (26) holds.

7.6. Proof of Theorem 3
By a similar procedure to that applied to derive Eq. (13) we get Eq. (27)
with
N(t +7lt) = Blx(t + )" ()]Q (1) (88)
Take the expectation in Eq. (88). From Eq. (54) and taking into account
that E[AH(t)] = 0 and Eq. (40), it follows

Elx(t +7)e ()] = Elx(t + 1)x" (t]t — )IH (1)

— Ex(t +7)e (t = )IFT(t — 1) D (E[v3(1)])
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350

355

360

from which, by denoting A,(t) = E[x(t + 7)x" (t|t — 1)] and taking Eq. (88)
into account, we obtain Eq. (28). Now, consider A,(t). For 7 = —1 and from

Eq. (57), we have

A4 (t) = B[x(t — )" (t — 1]t — 2)][®(t — 1) — L(t — DHE¢ — 1)] 7
Bt~ D (6= )]0 (1 1) - Blx(t— 19 (¢ 2] DERS( - D)L (¢~ 1)
_ H

FEx(t—1)e (t—2)] [L(t— 1)D (Elys(t—1)]))F(t—2) —T(t— 1)G(t—2)]
and taking into account Eq. (40) and that T'y(t — 1)Qw, = I'3(t — 1)Qw, =0
we derive Eq. (29). Analogously, since x(t+7)Llw(t —1) and x(t +7)Lv(t — 2)
for 7 < —1, then Eq. (30) holds. Finally, from Eq. (27) we have that the
smoothing error satisfies X(t + 7|t) = x(t + 7|t — 1) — N(¢ + 7|t)e(t), where
x(t + 7|t) = x(t + 7) — %(t + 7|t). Since P(t + 7|t) = E[x(t + 7|t)x" (t + 7|t)],
then Eq. (31) follows.
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