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a  b  s  t  r  a  c  t

In  many  real-life  large  scale  group  decision  making  problems,  it can  be necessary  and  convenient  a
consensus  reaching  process,  which  is  an  iterative  procedure  aimed  at seeking  a  high  degree  of  agree-
ment  amongst  experts’  preferences  before  making  a group  decision.  Although  a wide  variety  of  models
and  approaches  have  been  proposed  and  developed  to support  consensus  reaching  processes,  in  large
groups  there  are  some  important  aspects  that still  require  further  study,  such  as  the  treatment  of  experts’
behaviors  that  could  hamper  reaching  the  wanted  agreement.  More  specifically,  it  would  be necessary  an
approach  to deal  with  experts  properly,  based  on  the  overall  behavior  they  present  during  the  discussion
process,  as well  as reinforcing  repeated  patterns  of  cooperative  (or  uncooperative)  behavior  adopted  by
experts.  This  paper  presents  an expert  weighting  methodology  for  consensus  reaching  processes  in  large-
scale group  decision  making,  that incorporates  the use  of  uninorm  aggregation  operators.  Such operators,
omputing with words which  are  characterized  by their  property  of full reinforcement,  are  used  in the proposed  methodology
to  allow  the  experts’  weighting  based  on  their  overall  behavior  during  the  consensus  process  and  the
behavior  evolution  across  the  time.  This  proposal  is integrated  in  a consensus  model  for  large-scale  group
decision  making  problems  under  uncertainty,  and it is  put  in  practice  to show  an  illustrative  example  of
its  effectiveness  and  improvements  with  respect  to other  approaches.

©  2015  Elsevier  B.V.  All  rights  reserved.
. Introduction

Decision making is a frequent process in human daily lives, in
hich there exist several alternatives and the best one/s shall be

hosen. Group decision making (GDM) problems, characterized by
he participation of multiple individuals or experts in such a pro-
ess, have been subject of an extensive research in the last decades
1,2].

In the traditional resolution process for GDM problems [3], each
xpert provides his/her preferences over alternatives and the best
lternative or subset of them is selected, disregarding the degree of
greement between experts’ preferences. This often leads to the
rawback that some experts may  not accept the decision made

4], because they might consider that their opinions have not been
eard. For this reason, the study of consensus reaching processes
CRPs), in which experts aim at reaching a collective agreement

∗ Corresponding author. Tel.: +34 953211902.
E-mail addresses: fqreal@ujaen.es (F.J. Quesada),

.palomares-carrascosa@ulster.ac.uk (I. Palomares), luis.martinez@ujaen.es
L. Martínez).

ttp://dx.doi.org/10.1016/j.asoc.2015.02.040
568-4946/© 2015 Elsevier B.V. All rights reserved.
before making a decision [5], has become a prominent research
topic in GDM [6–8]. CRPs are iterative discussion processes in which
experts must accept a priori to collaborate bringing their opinions
closer to each other in order to achieve an agreement [9].

Classically, GDM problems taking place in most organizations
occur at a strategic level, in which a small number of people are
responsible for making the decision. However, the expansion of
technological paradigms such as social media and e-marketplaces,
is causing that the so-called large-scale GDM problems [10–12], in
which a larger number of experts can take part, attain a greater
importance. In CRPs carried out in these contexts, it may occur that
some experts or coalitions of them, who  may have established a
collaboration contract [9], try to break it at some stage in such pro-
cesses. These experts might refuse to cooperate with the rest of the
group to reach an agreement [13] and try to strategically bias the
solution for the GDM problem [14], hence it is necessary to identify
and deal with these non-cooperative experts’ behaviors to ensure
a normal CRP development.
Some early proposals to deal with strategic manipulation of
preferences in classical GDM problems were proposed by Yager
[14,15], where experts’ preferences may  be penalized before apply-
ing the alternatives selection process, by analyzing how drastic

dx.doi.org/10.1016/j.asoc.2015.02.040
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nd biased their opinions are. Later on, an approach focused on
onsensus-based GDM problems was proposed in [13], where a
onsensus model for dealing with non-cooperative behaviors of
xperts in CRPs was presented. Such a model defines a methodol-
gy based on fuzzy clustering to identify non cooperating experts
nd subgroups, and applies a weight-based scheme to penalize
hem, according to the behavior they presented. In this penaliz-
ng scheme, importance weights of experts are updated if they
how a non-cooperative behavior only, by penalizing their cur-
ent value. Nevertheless, the values of experts’ weights cannot be
ncreased again, even though they change their mind and decide to
dopt a more cooperating attitude from a specific discussion round
nwards. Moreover, in [13] the weight updating applied on each
xpert’s preferences at a given discussion round is based on his/her
ehavior at such a round only, not taking into account neither how
is/her behavior was previously nor how it has evolved since the
eginning of the CRP. Considering for instance a situation in which
wo experts present a currently cooperative behavior after four
ounds of discussion, they should not be assigned the same impor-
ance weight if only one of them has kept cooperating since the
eginning of the CRP, and the other one has not cooperated until
ow.

Regarding the previous cases, making use of the available his-
orical information about experts’ behavior in CRPs is, as far as we
now, a challenge not properly addressed in this research field yet.
f tackled properly, this aspect would allow a more accurate and
ppropriate management of such behaviors. Nevertheless, there
xist several proposals for dynamic multi-criteria decision mak-
ng in recent literature [16,17], in whose framework the set of
lternatives varies over time and each alternative is assessed at
ultiple time instants (similarly to CRPs for GDM problems, in
hich experts must provide and revise their assessments over

lternatives across several discussion rounds). In these frame-
orks, a global (dynamic) assessment value for each alternative

s computed, so that historical information about previous assess-
ents on that alternative is also considered. For instance, in [16]

ampanella and Ribeiro proposed the use of associative aggregation
perators to compute global assessments in dynamic multi-criteria
ecision making scenarios. More specifically, they illustrated the
sefulness of uninorm aggregation operators [18,19], due to the

nteresting properties that they present to reinforce both posi-
ive and negative assessments on alternatives at successive time
nstants.

Inspired by the reinforcement-based aggregation techniques
entioned above to integrate historical information in dynamic

ecision making approaches, in this paper we propose a uninorm-
ased methodology for managing non-cooperative behaviors based
n the overall behavior of each expert over the course of CRPs
n large-scale GDM problems. To do this, we present a weighting
cheme based on fuzzy set theory and the methodology of com-
uting with words (CW) [20], that incorporates the use of uninorm
ggregation operators, aiming at three goals:

(i) Assigning importance weights to experts based not only on
their current behavior, but also on their patterns of behavior
presented at previous consensus rounds.

(ii) Such weights are computed based on a linguistic modeling to
represent the uncertainty related to the experts’ behavior.

iii) Exploiting the full reinforcement property of uninorm oper-
ators to reinforce repeated patterns of cooperative (or
non-cooperative) behaviors by an expert at successive rounds.
 consensus model for large-scale GDM under uncertainty that
ncorporates the proposed weighting scheme is also introduced.
inally, an illustrative example is presented to show the properties
puting 35 (2015) 873–887

of the weighting scheme in practice, as well as its advantages with
respect to other consensus approaches.

This paper is set out as follows: in Section 2, some basic con-
cepts about CRPs in GDM, uninorm aggregation operators and CW
methodology for reasoning processes are reviewed. Straightaway,
Section 3 presents in further detail the uninorm-based weight-
ing scheme for experts in CRPs. A consensus model for managing
experts’ behaviors that integrates the proposed scheme is then
presented in Section 4. Section 5 presents the illustrative exam-
ple conducted, and some concluding remarks are finally drawn in
Section 6.

2. Preliminaries

This section firstly revises some basic concepts about GDM  prob-
lems and CRPs, followed by an overview of uninorm aggregation
operators and the methodology of CW for reasoning processes, both
of which are taken into account in the proposal presented in this
paper.

2.1. Consensus reaching processes in GDM

GDM entails the participation of multiple experts who must
make a collective decision to find a common solution to a problem.
Decision processes in which several experts with different knowl-
edge and experience take part, may  usually lead to better decisions
than those made by just one expert [2].

A GDM problem is formally characterized by the following ele-
ments [1]:

• The existence of a common problem to be solved.
• A set X = {x1, . . .,  xn} (n ≥ 2), of alternatives or possible solutions

to the problem.
• A set E = {e1, . . .,  em} (m ≥ 2), of individuals or experts, who express

their opinions or preferences over alternatives X. As previously
indicated, this paper focuses on large-scale GDM problems, such
that m »2.

In order to express their opinions over alternatives, each expert
utilizes a preference structure. Fuzzy preference relations are one
of the most widely utilized preference structures in many GDM
approaches found in [21]. A fuzzy preference relation Pi associated
to expert ei, can be represented for X finite as a n × n matrix, as
follows:

Pi =

⎛
⎜⎜⎝
− . . . p1n

i

...
. . .

...

pn1
i

. . . −

⎞
⎟⎟⎠

being each numerical assessment plk
i
= �Pi

(xl, xk) ∈ [0,  1], the
degree of preference of the alternative xl over xk, l, k ∈ {1, . . .,  n},
l /= k, according to ei, such that:

• plk
i

> 0.5 indicates ei’s preference of xl over xk.
• plk

i
< 0.5 indicates ei’s preference of xk over xl.

• plk
i
= 0.5 indicates ei’s indifference between xl and xk.

Fuzzy preference relations can accomplish diverse properties
[22–24]. In [25,26], some of these properties have been studied and
considered in a consensus model for GDM with fuzzy preference

relations. Accordingly, in order to provide or facilitate the construc-
tion of consistent preference relations, in this work we  assume the
reciprocity property in fuzzy preference relations, i.e. assessments
accomplish that if plk

i
= x, x ∈ [0,  1],  l /= k, then pkl

i
= 1 − x.
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Fig. 1. Classical resolutio

The solution for a GDM problem can be obtained by applying
ither a direct approach or an indirect approach [3]. In the former, a
olution is directly obtained from the individual preferences of each
xpert, without constructing a social opinion first [27], whereas in
he latter, a social opinion or collective preference is firstly computed
rom individual opinions and then used to obtain the solution for
he problem. Regardless of the approach considered, the traditional
election process for reaching a solution to GDM problems is made
p by two phases [28] (see Fig. 1): (i) an aggregation phase, in which
references of experts are combined by using an aggregation oper-
tor, and (ii) an exploitation phase,  where a selection criterion is
pplied to obtain an alternative or subset of them as the solution
or the problem.

When a GDM problem is solved by applying the alternatives
election process only, it may  occur that some experts feel that
heir opinions have not been taken into consideration to find the
olution, therefore they would not accept it. Since a sufficient level
f collective agreement is crucial in many real-life situations, it
ecomes necessary to apply a CRP, introducing an additional phase
n the resolution process for GDM problems. CRPs aim at obtaining
 high level of group agreement before making a decision [4,6].

The term consensus can be defined as the agreement produced
y mutual consent between all members in a group or between

Fig. 2. General sche
cess for GDM problems.

several groups [5]. The process to reach consensus is a dynamic
and iterative process, consisting of several rounds of discussion,
and frequently coordinated by a human figure: the moderator. The
moderator is a key figure in CRPs, being in charge of supervising
and guiding experts across the discussion process [5]. Reaching
consensus implies that experts must modify their initial opinions
throughout the CRP, bringing them closer to the rest of the group’s
opinions. In this sense, they must comply with a collaboration con-
tract [9], according to which they accept to collaborate with each
other to search for a common agreed solution.

Fig. 2 shows a general CRP scheme followed in a large number
of GDM approaches [6]. In the following, its main phases are briefly
described:

1 Gathering preferences: Each expert ei provides his/her preferences
over alternatives to the moderator, e.g. by means of a fuzzy pref-
erence relation.

2 Determine degree of consensus:  The current degree of consensus
in the group, cr, is computed. Such a consensus degree is usually

measured as a value in the [0,1] interval (where a value of 1 indi-
cates full or unanimous agreement between all experts on all the
alternatives). To do so, different consensus measures can be uti-
lized, based on the use of similarity/distance metrics to calculate

me for CRPs.



8 oft Computing 35 (2015) 873–887

3

4

2

R
c
o
r

D

T

h

i
i

e

T

g
s
g
r

•
•
•

D

S

i

i

76 F.J. Quesada et al. / Applied S

degrees of similarity between preferences of experts, and aggre-
gation operators that obtain the degree of consensus in the group
from such similarity values [6].

 Consensus control: In this phase, the consensus degree cr previ-
ously obtained, is compared with a consensus threshold � ∈]0,
1] fixed a priori, which indicates the minimum level of agree-
ment required. If cr ≥ � then consensus has been achieved and
the group proceeds to the selection process; otherwise, it is nec-
essary another discussion round. In order to limit the number
of discussion rounds allowed, a parameter Maxround ∈ N  can be
introduced. If the number of consensus rounds applied exceeds
Maxround,  a different GDM strategy might be adopted. Some
examples of such strategies have been provided in the litera-
ture [5], such as: (i) delegating the decision to a subgroup, (ii)
conducting a community building session, (iii) applying a simple
majority vote, or (iv) excluding experts who do not contribute to
achieve consensus.

 Feedback generation:  The moderator computes a collective prefer-
ence, Pc, by aggregating the individual preferences of all experts.
Based on Pc, the moderator identifies the farthest experts’
assessments from consensus, and advises them to modify such
assessments with the aim of increasing the consensus degree in
the following round. Each expert is responsible for modifying
his/her own assessments (and, consequently, committing with
the collaboration contract established), by increasing/decreasing
assessment values and bringing them closer to Pc. Each piece of
advice generated consists in a triplet (ei, (xl, xk), Direction) which
indicates that the expert ei must modify his/her assessment plk

i
in

the direction given by Direction ∈ {increase, decrease}.

.2. Uninorm aggregation operators

Uninorm aggregation operators were introduced by Yager and
ybalov [18], and they provide an unification of t-norm and t-
onorm operators. For this reason, before reviewing uninorm
perators the formal definitions of t-norm and t-conorm are
evised.

efinition 1. [18]. A triangular norm or t-norm T is a mapping,

 : [0, 1] × [0,  1] → [0,  1]

aving the following properties for all a, b, c, d ∈ [0, 1]:

i) Commutativity: T(a, b) = T(b, a).
ii) Monotonicity: T(a, b) ≥ T(c, d) if a ≥ c and b ≥ d.
ii) Associativity: T(a, T(b, c)) = T(T(a, b), c).
v) Neutral element: T(a, 1) = a.

T-norms are conjunctive aggregation operators, therefore they
xhibit the following property,

(a1, . . .,  an) ≤ min
i

[ai]

From this property, we can see that the aggregated value is never
reater than the lowest ai. Moreover, if all ai’s values are low, then
uch values shall reinforce each other so that the resulting aggre-
ated value is even lower. This property is known as downward
einforcement [29].

Some well-known examples of t-norms are:

Minimum: Tmin(a, b) = min(a, b).
Product: Tprod(a, b) = ab.
Łukasiewicz t-norm: T (a, b) = max  {0, a + b − 1}.
Luk

efinition 2. [18]. A triangular conorm or t-conorm S is a mapping,

 : [0,  1] × [0,  1] → [0,  1]
Fig. 3. Behavior of uninorms for different input values.
Adapted from [16].

having the following properties for all a, b, c, d ∈ [0, 1]:

i) Commutativity: S(a, b) = S(b, a).
ii) Monotonicity: S(a, b) ≥ S(c, d) if a ≥ c and b ≥ d.
ii) Associativity: S(a, S(b, c)) = S(S(a, b), c).
iv) Neutral element: S(a, 0) = a.

T-conorms are disjunctive aggregation operators, therefore they
exhibit the following property,

S(a1, . . .,  an) ≥ max
i

[ai]

From this property, we can see that the aggregated value is
always at least as high as the largest ai. Additionally, if all ai’s values
are high, then such values shall reinforce each other, thus leading to
an even higher aggregated value. This property is known as upward
reinforcement [29].

Some well-known examples of t-conorms are:

• Maximum: Smax(a, b) = max(a, b).
• Probabilistic sum: Sprob(a, b) = a + b − ab.
• Łukasiewicz t-conorm: SLuk(a, b) = min  {a + b, 1}.

Uninorm operators were proposed by Yager and Rybalov to
provide a generalization of the t-norm and the t-conorm, such
that the neutral element can lie anywhere in the unit interval,
and whose behavior varies depending on the values to aggregate
being higher or lower than such a neutral element [18,19]. They are
defined as follows:

Definition 3. [18] A uninorm is a mapping,

U : [0,  1] × [0,  1] → [0,  1]

having the following properties for all a, b, c, d ∈ [0, 1]:

i) Commutativity: U(a, b) = U(b, a).
ii) Monotonicity: U(a, b) ≥ U(c, d) if a ≥ c and b ≥ d.
ii) Associativity: U(a, U(b, c)) = U(U(a, b), c).
iv) Neutral element: ∃g ∈ [0, 1] :U(a,g)=a.

Unlike t-norms and t-conorms, in which the neutral elements
are 1 and 0 respectively, uninorms can take any value in the unit

interval as the neutral element. Uninorms may  have conjunctive,
disjunctive or averaging behavior, depending on input values a, b
being greater or lower than g, as illustrated in Fig. 3 [16].
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Two general families of uninorm operators with neutral element
 were introduced by Fodor et al. [30]:

(a, b)=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(a) gTU

(
x

g
,

y

g

)
if 0 ≤ a, b ≤ g,

(b) g + (1 − g)SU

(
x − g

1 − g
,

y − g

1 − g

)
if g ≤ a, b ≤ 1,

(c1) max(a, b) if min(a, b) ≤ g ≤ max(a, b),

(c2) min(a, b) if min(a, b) ≤ g ≤ max(a, b).

(1)

ith TU and SU being any t-norm and any t-conorm operator,
espectively. The difference between both families of uninorm
perators are in the use of either item (c1), which defines the so-
alled Umax family of uninorm operators, or item (c2), which defines
he Umin family of uninorm operators [31].

Some later works generalized the case in which min(a,
) ≤ g ≤ max(a, b), by considering the use of any averaging aggrega-
ion operator MU (see Fig. 3), such that min(a, b) ≤ MU(a, b) ≤ max(a,
) [16]. For instance, in [32] Ribeiro et al. is proposed an adapta-
ion of uninorm operators that applies the OWA  (ordered weighted
veraging) operator [33] in such a case.

For any g ∈]0, 1[, we can see that uninorms consider an upward
einforcement when aggregating high input values (above g), and

 downward reinforcement when aggregating low input values
below g), hence they can be used as full reinforcement operators,
s it will be shown in this paper to reinforce cooperative or non
ooperative behaviors of experts over the course of a CRP.

Some examples of uninorms which shall be utilized in our pro-
osal, are shown below:

xample 1. Consider the product t-norm and probabilistic sum
-conorm reviewed above. Then, the following uninorm is defined
ased on the general families introduced by Fodor et al. (Eq.(1))[30]:

(a, b) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ab

g
if 0 ≤ a, b ≤ g,

a + b − ab − g

1 − g
if g ≤ a, b ≤ 1,

MU(a, b) if min(a, b) ≤ g ≤ max(a, b).

(2)

ith MU(a, b) being an averaging operator.

xample 2. The cross-ratio uninorm [22] is an example of con-
inuous uninorm in [0, 1]2 \ {(0, 1), (1, 0)}, with neutral element

 = 0.5:

(a, b) =
{

0 if (a, b) ∈ {(0, 1),  (1,  0)},
ab

ab + (1 − a)(1 − b)
otherwise.

(3)

.3. Computing with words methodology for reasoning processes

In many real situations, human beings utilize natural language
onsisting of words and expressions, to communicate, reason and
nderstand their environment. Computers, on the other hand, use
uch more formal symbols [34]. The paradigm of Computing with

ords (CW) was proposed by Zadeh [20] to establish a comprehen-

ive link of communication between human beings and computer
ystems, and to increase the use of natural language in communica-
ion, reasoning and decision making processes carried out by such
Fig. 5. Different linguistic terms for the attribute distance.

systems. This methodology facilitates human–computer cooper-
ation to a high degree, since it provides a framework in which
concepts are modeled in an amenable way to both sides.

The methodology of CW is based on fuzzy sets theory [35], so
that concepts belonging to a vocabulary can be modeled by means
of fuzzy sets, thus being easily understood by human beings and
computers (see Fig. 4). Some key elements in CW are the concepts
of linguistic variable and linguistic term, formulated by Zadeh.

Definition 4. [36–38] A linguistic variable is characterized by a
5-tuple (H, T(H), U, G, M), where H is the name of the variable;
T(H) symbolizes the set of linguistic terms or linguistic values of H,
with each value being a fuzzy variable generically denoted as X that
ranges over a universe of discourse U; G is a syntactic rule (normally
given by a grammar) to generate the names of linguistic terms in
H; and M is a semantic rule to associate each element in H with its
meaning, M(X), given by a fuzzy set in U.

Based on Zadeh’s definition of linguistic variable, we can see
that a linguistic term is a word or phrase, utilized to express the
value of the variable. Aided by linguistic terms, human beings can
better understand and reason about the different features of their
environment. For example, considering the linguistic variable dis-
tance, some possible linguistic terms to express the value of such
an attribute could be: “very close”,“close”,“far”  and “far away”.

Given the inherent vagueness and imprecision that the values
of linguistic terms present, fuzzy sets [35] constitute a useful tool
to formalize the concepts associated to them, as shown in Fig. 5,
where the semantics of linguistic terms belonging to the variable
distance are represented as fuzzy sets with trapezoidal membership
functions [39]. Thus, by using fuzzy set theory computers are capa-
ble of understanding and carrying out computational and reasoning
processes over such concepts. Let � ∈ T(H) be a linguistic term (e.g.
“close”) belonging to a vocabulary associated to a linguistic vari-
able H (e.g. distance). We  can then express � as a fuzzy subset in
the domain Y ∈ U of H. Given a value y ∈ Y, its membership degree
to �, ��(y) ∈ [0, 1] indicates the compatibility degree of the value
y with the linguistic term �. These ideas will be used in our pro-
posal to determine how compatible an expert’s behavior is with
the concept of cooperativeness, which is given by a linguistic term.

3. Uninorm-based management of experts’ behavior in
CRPs
This section presents a novel expert weighting methodology to
deal with non-cooperative behaviors of experts in CRPs carried out
in large-scale GDM problems, aimed at overcoming the drawbacks
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Fig. 6. Scheme of the uninorm-based method

uch behaviors might cause in these processes. Unlike classical
trategic GDM problems with a few number of decision makers
less than ten generally), large-scale GDM problems with a larger
umber of them (from dozens to several thousands) present more
ifficulties to detect and deal with experts who try to manipulate
he CRP, because such manipulations can be hidden in an easier
ay. The methodology consists of two main phases, depicted in

ig. 6:

Measuring cooperativeness: A measure to evaluate the degree of
cooperation of each expert at current CRP round, based on CW
and uninorm operators, is defined (see Section 3.1).
Experts weighting:  Experts’ importance weights are computed
based on their behavior at the current and previous CRP rounds,
i.e., taking into account their overall behavior since the beginning
of the CRP and how such a behavior evolved at each round (see
Section 3.2).

The management of non-cooperative behaviors of experts is
pplied from the second consensus round onwards, since its com-
utations require information about the feedback received by
xperts at the end of the previous round.

Eventually, in Section 4 this methodology will be integrated in
 consensus model as it is shown in Fig. 6

.1. Measuring cooperativeness

In this phase, fuzzy set theory and the methodology of CW are
tilized to measure the degree of cooperation that each expert
resents at a given consensus round. To do this, the two  follow-

ng steps are conducted: (i) compute a cooperation coefficient for
ach expert, and (ii) compute a cooperation degree based on each
ooperation coefficient value.

.1.1. Computing cooperation coefficient
The objective in this step is to evaluate the behavior adopted by
ach expert, ei ∈ E, in the current consensus round, t ∈ N, by defin-
ng a coefficient that indicates how cooperative his/her behavior
s. Thus, we introduce the so-called cooperation coefficient,  which
valuates an expert’s behavior based on the amount of feedback
ight experts based on their behavior in CRPs.

received and the amount of assessments he/she modified according
to such feedback. This coefficient is defined as follows:

Definition 5. Let #ADVt
i be the total number of preference degrees

or assessments plk
i

that ei has been advised to modify and #ACPt
i be

the amount of assessments that he/she accepted to modify accord-
ing to the feedback received at round t. The cooperation coefficient
of ei at round t, CCt

i ∈ [0,  1], is defined as:

CCt
i =

⎧⎪⎪⎨
⎪⎪⎩

1 if #ADVt
i = 0,

�
#ACPt

i

#ADVt
i

+ (1 − �)

(
1 − #ADVt

i − #ACPt
i

n(n − 1)

)
otherwise. (4)

Remark 1. n(n − 1) is the total number of assessments in Pi. The
higher the value of CCt

i , the more cooperative ei’s behavior is at
round t. Notice that the lower #ACPt

i , the more penalizing is applied
on CCt

i . On the other hand, for values of #ADVt
i closer to zero, the

resulting CCt
i will be less penalized, even if #ACPt

i is low, since a
low #ADVt

i means that most of ei’s assessments are close to consen-
sus. Parameter � ∈ [0, 1] is utilized to control the penalizing on CCt

i
attending to different criteria, e.g. the amount of advices accepted
by the experts and the total number of advices received. If ei does
not receive any advice at a given round, then CCt

i = 1 since in such
a case all of his/her assessments values are close to consensus.

As will be later shown in the consensus model presented in Sec-
tion 4, a parameter ε ≥ 0 called acceptability threshold is utilized
to identify which assessments should be modified by an expert.
This parameter is also used here to decide whether the degree of
change applied by an expert on an identified assessment, is enough
or not to consider that the advice has been accepted by him/her. Let
plkt

i
and plk(t+1)

i
denote ei’s assessment on (xl, xk), before and after

revising the changes suggested in the advice generation phase at
round t, respectively. On the other hand, let ADVt

i be the set of
assessments that ei has been advised to modify in such a round,
so that |ADVt

i | = #ADVt
i . Based on ε, the procedure illustrated in
Algorithm 1 is applied for each expert, to determine the number
of advices accepted by him/her, #ACPt

i . Notice here that an advice
is considered as accepted if the degree of change applied by the
expert exceeds ε.
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Once the cooperation degrees of experts have been obtained,
in this phase we firstly apply uninorm aggregation operators (Sec-
tion 3.2.1) to assign each expert an importance weight that reflects
Fig. 7. Evolution of the fuzzy membership function as

lgorithm 1. Procedure to compute the number of changes
ccepted by an expert ei ∈ E

1. Assign #ACPt
i ← 0.

2. for each ei ’s assessment plkt
i
∈ ADVt

i do

3.  if (ei modified plkt
i

in the direction advised) AND (|plkt
i
− plk(t+1)

i
| > ε) then

4.  #ACPt
i ← #ACPt

i + 1.
5.  end if
6. end for

he following example illustrates the computation of the coopera-
ion coefficient.

xample 3. Consider a CRP round t in a GDM problem with
our alternatives (n = 4). Two experts e1 and e2 received feedback
o modify one and ten out of their assessments respectively, i.e.
ADVt

1 = 1 and #ADVt
2 = 10. If e1 refuses to modify the only assess-

ent she was advised to modify, i.e. #ACPt
1 = 0, and e2 modifies

hree out of his assessments bringing them closer to consensus, i.e.
ACPt

2 = 3, then for � = 0.5 we have:

Ct
1 = 0.5

(
0
1

)
+ 0.5

(
1 − 1 − 0

12

)
= 0.458

Ct
2 = 0.5

(
3

10

)
+ 0.5

(
1 − 10 − 3

12

)
= 0.358

s we can see above, the cooperation coefficient regards the fact
hat, even though e1 did not modify none of her assessments, she
eceived feedback for one assessment only, which means that most
f her preferences were already close to consensus. Therefore, her
ooperation coefficient value is slightly higher than that of e2, who
eceived feedback on almost all of his assessments and did not apply
ost of them. Keep in mind that the higher �, the more penalized

s e2.

.1.2. Computing cooperation degree
Based on the cooperation coefficient CCt

i previously computed,
n this phase the degree of cooperation at the current consensus
ound is determined for each expert. Such a degree of cooperation
ims at reflecting the extent to which the value of CCt

i satisfies the
otion of cooperativeness established in the specific GDM prob-

em. To do this, we consider that the concept of cooperativeness
an be easily modeled linguistically, by defining it as a linguis-

ic variable. Thus, we propose applying reasoning processes based
n the CW methodology (see Section 2.3) to measure the coop-
ration degrees. The concept of cooperativeness is modeled as
ollows:
ed to the linguistic term “cooperative” across the CRP.

Definition 6. Let “cooperative” be a linguistic term, whose seman-
tics are given by a fuzzy set COOP in [0,1], with the following
non-decreasing membership function:

�COOP(y) =

⎧⎪⎨
⎪⎩

0 if y < ˛,
y − ˛

 ̌ − ˛
if  ̨ ≤ y < ˇ,

1 if y ≥ ˇ.

(5)

with ˛, ˇ, y ∈ [0, 1],  ̨ < ˇ. The cooperation degree of ei at round t,
denoted by,CDt

i corresponds to the membership degree of CCt
i to

the fuzzy subset COOP, i.e. CDt
i = �COOP(CCt

i ) ∈ [0, 1].

The fuzzy membership function establishes how restrictive the
notion of being cooperative is: the larger  ̨ and ˇ, the more restric-
tive such a notion is, so that only the highest values of CCt

i are
assigned a maximum cooperation degree. In many real-life prob-
lems, this notion of cooperativeness may  vary across the time, e.g.
in a CRP an expert who  only cooperates partially should be more
penalized if such a process is at an advanced stage, after several dis-
cussion rounds; i.e., a given value of CCt

i may  imply distinct degrees
of cooperation in two  different GDM problems, or even in different
phases of a CRP. In order to reflect this, we propose the flexible use
of different membership functions for the semantics of the term
“cooperative” at each consensus round, by increasing the value of

 ̨ and  ̌ gradually as the CRP goes on, thus reducing the support [35]
of the fuzzy subset COOP progressively. This changeable meaning
of cooperativeness justifies the importance of conducting this step
in our proposal, instead of computing experts’ weights from CCt

i
directly.

The following example illustrates how to reflect an increasingly
restrictive notion of cooperativeness in a CRP.

Example 4. Consider a fuzzy set COOP, whose membership func-
tion parameters have the initial values  ̨ = 0.2 and  ̌ = 0.5 at the
beginning of the CRP. After the fourth consensus round, t ≥ 4, the
value of both parameters will be increased by 0.1 per round, until

 ̨ reaches a value of 0.9 and  ̌ reaches a value of 1. Thus, the
approach is more restrictive with the behavior of experts as the
CRP progresses, as shown in Fig. 7.

3.2. Expert weighting
both his/her current behavior and the behavior previously adopted
since the beginning of the CRP. A normalization process is then
applied on weights (Section 3.2.2) to allow recovery of importance
in experts’ preferences along the CRP.
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Table 1
Cooperation degrees of two experts at each round.

t 1 2 3 4 5 6

CDt
1 – 0.6 0.9 0.4 0.7 0.7

CDt
2 – 0.2 0.1 0.8 0.9 0.75

Table 2
Weights assigned to experts at each round.

t 1 2 3 4 5 6
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wt
1 0.5 0.6 0.92 0.66 0.79 0.87

wt
2 0.5 0.2 0.04 0.42 0.66 0.83

.2.1. Computing experts’ weights
Uninorm aggregation operators are utilized to compute impor-

ance weights of experts due to their full reinforcement property,
hich allows to reflect that: (i) if both the current and previous

xpert behaviors are highly cooperative, then his/her importance
eight should be reinforced upwards, and (ii) if both the current

nd previous expert behaviors are highly non-cooperative, then
is/her importance weight should be reinforced downwards. The

ollowing function is defined to compute importance weights:

efinition 7. The function w(i, t) returns the importance weight
f expert ei at round t, denoted by wt

i
∈ [0,  1] and computed as

ollows:

t
i = w(i, t) =

{
g if t = 1,

U(CDt
i , wt−1

i
) if t > 1.

(6)

eing U an uninorm operator and g ∈]0, 1[ its neutral element,
ccording to which an input value above g is viewed as a good
ehavior in the aggregation, and vice versa.

Given any t > 1 and i ∈ {1, . . .,  m},  the function w(i,  t) shows the
ull reinforcement property, as a direct consequence of U being a
ninorm operator.

In Eq. (6), at the beginning of the CRP (t = 1), all experts are
ssigned the same weight, w1

i
= g, ∀i, since there is no available

nformation about their behavior yet. On the other hand, when
 = 2, experts have already revised their assessments for the first
ime, based on the feedback received, and w2

i
= U(CD2

i , g) = CD2
i .

inally, when t > 2, both the current and previous behaviors of each
xpert are taken into account when computing his/her weight. Due
o the full reinforcement property of uninorms, w(i, t) increases
r decreases when either a good or a bad behavior is present at
uccessive consensus rounds, respectively. The following example
llustrates this property.

xample 5. Consider two experts, e1, e2 ∈ E, with the cooperation
egrees shown in Table 1, along a CRP consisting of six rounds, and
he following operator U(a, b) based on Fodor’s general families of
ninorms, with g = 0.5 [30]:

(a, b)=

⎧⎪⎨
⎪⎩

2ab if 0 ≤ a, b ≤ 0.5,

2(a + b − ab − 0.5) if 0.5 ≤ a, b ≤ 1,

a + b

2
if min(a, b) < 0.5 < max(a, b).

(7)

Table 2 summarizes the importance weights assigned to e1 and
2 at each round computed by applying Eq. (6), the values obtained
or e1 are further detailed below:

w1
1 = w(1.1)  = g = 0.5.
2 2 1
w1 = w(1,  2) = U(CD1, w1) = U(0.6, 0.5) = 0.6.

w3
1 = w(1,  3) = U(0.9, 0.6) = 0.92.

w4
1 = U(0.4, 0.92) = 0.66.

w5
1 = U(0.7, 0.66) = 0.79.
puting 35 (2015) 873–887

• w6
1 = U(0.7, 0.79) = 0.87.

Notice that an upward reinforcement is applied on e1’s weight
at t = 3, t = 5 and t = 6, since her current cooperation degree and her
previous behavior (given by wt−1

1 ) are high. Fig. 8 represents and
compares such weights with cooperation degrees, CDt

i , whose val-
ues reflect experts’ behavior at the current CRP round only, thus
disregarding experts’ behavior in previous rounds. Both upward
and downward reinforcement can be observed at different rounds
for e2’s weight, whose behavior varies across the CRP.

The previous example shows that the use of uninorm operators
allows to consider information about experts’ behavior at previous
discussion rounds when computing their importance weight, wt

i
, at

a given round t. Thus, Fig. 8(a) shows that when an expert has a good
behavior trend, her weight keeps being reinforced upwards, even
though her behavior at a particular round is slightly worse than
the behavior adopted in the previous round. On the other hand,
if an expert has bad behavior trend, his weight suffers a down-
ward reinforcement, but if his behavior improves significantly in
the following rounds, he might finally be reinforced upwards (see
Fig. 8(b)).

3.2.2. Weight normalization
In order to all experts can recover importance in their opinions

along the CRP, in this phase a normalization is applied to weights
wt

i
, as follows:

ŵt
i =

wt
i∑m

i=1wt
i

(8)

with ŵt
i
∈ [0,  1] and

∑
iŵ

t
i
= 1. Once the weights have been nor-

malized, they are taken into account in the current round of
discussion to compute the collective preference Pc by aggregating
experts’ preferences, as well as in the computation of consensus
degrees, as described in the consensus model presented below.

4. Consensus model

Keeping in mind our focus on large-scale GDM problems due
to its difficulty to manage the strategic manipulations that might
carry out the decision makers involved. In this section, we present
a consensus model for large-scale GDM under uncertainty, aimed
at the management of non-cooperative behaviors in CRPs based on
uninorm operators. Therefore, in order to facilitate the treatment
of such behaviors, the proposed consensus model incorporates the
uninorm-based weighting scheme introduced in Section 3, as pre-
viously depicted in Fig. 6.

Remark 2. The consensus model described in this section focuses
on the use of fuzzy preference relations by all experts. Neverthe-
less, the weight-based methodology presented in this paper to deal
with experts’ behaviors can be utilized in a variety of consensus
models with feedback mechanism [6], regardless of the preference
structures and information domains considered [40,41].

The weighting scheme computes the weights assigned to
experts’ preferences following the phases of the consensus model
(see Fig. 9):

• The computation of the collective preference by aggregating the
individual preferences of experts.
• The computation of consensus degrees by aggregating similarity
degrees between all different pairs of experts in the group.

Further detail on the use of weights is given below, in the
description of the consensus model, whose phases are based on
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Fig. 8. Cooperation degrees and weights assigned to (a) e1 and (b) e2.

ights in the consensus model.

t
s
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Table 3
Computation of importance weights for pairs of experts.

wt
ij

wt
2 = 0.75 wt

3 = 0.5 wt
4 = 0.25 wt

5 = 0.6

wt
1 = 0.2 0.43 0.2 0.08 0.27

wt
2 = 0.75 – 0.75 0.5 0.82

wt = 0.5 – – 0.25 0.6
Fig. 9. Use of experts’ we

he scheme previously shown in Fig. 6. These phases are applied
equentially, once at each CRP round t, until consensus is achieved.

1) Gathering preferences: Each expert provides his/her preferences
over alternatives in X, by means of a preference structure (e.g.
a reciprocal fuzzy preference relation, Pt

i
= (plkt

i
)
n×n

, such that

if plkt
i
= x ∈ [0,  1], then pklt

i
= 1 − x). Notice that preferences are

hereinafter denoted by Pt
i
, to indicate the round t in which they

are utilized.
2) Computing consensus degree:  The level of agreement in the

group is computed, by means of the following steps:
(a) For each pair of experts ei, ej(i < j), compute a similarity

matrix SMt
ij = (smlkt

ij
)
n×n

,

SMt
ij =

⎛
⎜⎜⎝
− . . . sm1nt

ij

...
. . .

...

smn1t
ij

. . . −

⎞
⎟⎟⎠

with smlkt
ij
∈ [0,  1] being the degree of similarity between

ei and ej’s assessments on the pair of alternatives (xl, xk) at
round t, computed as follows: [42]:

smlkt
ij = 1 −

∣∣plkt
i − plkt

j

∣∣ (9)

(b) Compute a consensus matrix CMt = (cmlkt)n×n by using a
weighted averaging aggregation operator. Each element
cmlkt ∈ [0, 1], l /= k, is computed as follows:
cmlkt =
∑m−1

i=1

∑m
j=i+1wt

ij
smlkt

ij∑m−1
i=1

∑m
j=i+1wt

ij

(10)
3
wt

4 = 0.25 – – – 0.33

wt
ij
∈ [0,  1] represents the importance weight associated to

a pair of experts (ei, ej), and it is obtained from individual
weights wt

i
and wt

j
as wt

ij
= Ur(wt

i
, wt

j
), being Ur the cross

ratio uninorm operator shown in Eq. (3).

Remark 3. The aim of applying weights in Eq. (10) is to
assign more importance to similarity values associated to
pairs of experts whose degree of cooperation is higher. Thus,
we aim at preventing a possible lack of convergence towards
agreement due to non cooperating experts who present a
strong disagreement with each other.

Example 6. Let E = {e1, e2, e3, e4, e5} be five experts with
the following importance weights at round t: wt

1 = 0.2,
wt

2 = 0.75, wt
3 = 0.5, wt

4 = 0.25 and wt
5 = 0.6. By applying

the cross-ratio operator, the weights wt
ij

assigned to all dif-
ferent pairs of experts in E are shown in Table 3. From
the table it can be observed that, given its neutral element
g = 0.5, the cross-ratio operator also shows the full reinforce-

ment property, which in our case will be used to reinforce
positively the agreement values of those pairs of experts
who highly cooperate to achieve consensus, and vice versa.
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(a) Once obtained CMt, consensus degrees are computed at
three levels [43]:

i. Level of pairs of alternatives (cplkt): Obtained from CMt as
cplkt = cmlkt, l, k ∈ {1, . . .,  n}, l /= k.

ii. Level of alternatives (calt): Degrees of consensus on each
alternative xl ∈ X are computed as:

calt =
∑n

k=1,k /=  lcplkt

n − 1
(11)

iii. Level of preference relation (crt):

crt =
∑n

l=1calt

n
(12)

3) Consensus control: The consensus degree crt previously com-
puted is checked to decide whether it is enough or not. If
consensus is enough, the group moves on to the selection pro-
cess. Otherwise, it is necessary to carry out another round of
discussion. Two parameters, whose values are fixed a priori by
the group, can be utilized in this phase:
• A consensus threshold � ∈]0, 1], whose value indicates the

minimum level of agreement required amongst members in
the group.
• A maximum number of discussion rounds allowed,

Maxround ∈ N. If the number of rounds carried out exceeds
this value, then the CRP ends without having reached con-
sensus, in which case a different decision strategy should be
adopted by the group (see Section 2.1).

4) Advice generation:  If crt < �, the group moves onto this phase, in
which farthest experts’ assessments from consensus are identi-
fied, and a set of change recommendations on such assessments
are provided to experts, with the aim of increasing consensus
in the following rounds. The following steps are carried out in
this phase:

(i) A collective preference Pt
c is obtained, by aggregating

experts’ assessments on each pair of alternatives:

plkt
c =

m∑
i=1

ŵt
i plkt

i (13)

where ŵt
i
∈ [0,  1] is the normalized importance weight

assigned to the expert ei according to his/her behavior (see
Section 3.2.2).

Remark 4. Experts’ weights are utilized in Eq. (13) to
obtain a collective preference Pt

c , which better reflects the
opinions of experts who contribute positively to achieve
consensus, thus making a better group decision (in accor-
dance with the main goal of our proposal).

(ii) A proximity matrix PPt
i = (pplkt

i
)
n×n

between each expert’s
preference relation and Pt

c , defined by

PPt
i =

⎛
⎜⎜⎝
− . . . pp1nt

i

...
. . .

...

ppn1t
i

. . . −

⎞
⎟⎟⎠

is computed for each expert. Proximity values pplkt
i

are
used to identify the farthest preferences from the collective
opinion, and they are obtained as follows:

pplkt
i = 1 −

∣∣plkt
i − plkt

c

∣∣ (14)

(iii) Pairs of alternatives (xl, xk) whose consensus degrees calt

and cplkt are not enough, are then identified:
CCt = {(xl, xk)|calt < crt ∧ cplkt < crt} (15)

Afterwards, experts who should change their opinion on
each of these pairs are identified, taking into account their
puting 35 (2015) 873–887

proximity degrees to Pt
c . To do this, an average proximity

p̄plkt is calculated:

p̄plkt =
∑m

i=1pplkt
i

m
(16)

As a result, experts ei whose pplkt
i

< p̄plkt will be advised
to modify their assessment on the pair (xl, xk) ∈ CC.

(iv) A set of direction rules are applied to suggest the direc-
tion of changes proposed to experts, in order to increase
the level of consensus. Such rules are based on the use of
an acceptability threshold ε ≥ 0 which may take a positive
value close to zero and allows a margin of acceptability
when plkt

i
and plkt

c are close enough to each other.
• DIR.1: If (plkt

i
− plkt

c ) < −ε, then expert ei should increase
his/her assessment on the pair of alternatives (xl, xk) .
• DIR.2: If (plkt

i
− plkt

c ) > ε, then expert ei should decrease
his/her assessment on the pair of alternatives (xl, xk).
• DIR.3: If −ε ≤ (plkt

i
− plkt

c ) ≤ ε, then expert ei does not
need to modify his/her assessment on the pair of
alternatives (xl, xk).

Notice that, as previously illustrated in Section 3.1, the use
of ε in our proposal is twofold: (i) as an acceptability thresh-
old to identify assessments that should be modified, and
(ii) in the computation of #ACPt

i (see Section 3.1) to control
whether the changes applied by the expert are significant
enough or not to consider them as accepted.

As we have shown, experts weights are applied in Eqs. (10) and
(13) to compute the consensus matrix, CMt, and collective prefer-
ence, Pt

c , respectively (see Fig. 9).

5. Illustrative example

In this section, we  present an illustrative example based on
the resolution of a large-scale GDM problem conducting a CRP.
Although the group size in these problems may  vary between a few
dozens to thousands of experts, this example considers 30 experts
for the sake of clarity in the results presented.

The uninorm-based consensus model presented in the previous
section, is applied and compared with two  other consensus models:
(i) a model that utilizes a weighting scheme which only penalizes
to manage non-cooperative behaviors [13], not allowing to recover
importance in weights despite experts change their behavior, and
(ii) a consensus model that does not use any weighting scheme on
experts’ preferences regarding their behavior.

A GDM problem is firstly formulated, in which experts have
different behavioral patterns across the CRP (Section 5.1). A soft-
ware simulation has been then applied and carried out with a
multi-agent system presented in [44] for each of the three con-
sensus models considered, in order to analyze the results obtained
by applying the uninorm-based weighting scheme (Section 5.2)
and compare them with the results obtained by the other two
approaches (Section 5.3).

5.1. GDM problem formulation

Let us suppose a university government panel formed by 30
members, E = {e1, . . .,  e30}, who  must reach an agreement about
choosing a supportive action plan to be launched next year. There
are four possible plans to contribute for, X = {x1, x2, x3, x4}:
• x1: Helping typhoon victims.
• x2: Supporting hospitalized victims.
• x3: Protecting endangered species.
• x4: Helping in reforestation tasks.
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Table  4
Parameters of membership function for fuzzy set COOP at each consensus round.

t 2 3 4 5 6 7 8 9 10

(˛, ˇ) (0.2,0.5) (0.2,0.5) (0.3,0.6) (0.4,0.7) (0.5,0.8) (0.6,0.9) (0.7,1) (0.8,1) (0.9,1)

Table 5
Consensus degrees and weight computation for e22–e24.

t 1 2 3 4 5 6
Consensus degree 0.6714 0.7174 0.7572 0.7973 0.8319 0.8517

e22 CCt
22 1.0 1.0 1.0 1.0

CDt
22 1.0 1.0 1.0 1.0

wt
22

0.5 1.0 1.0 1.0 1.0
wt

22
0.0333 0.0381 0.0381 0.0432 0.0449

e23 CCt
23 0.3 0.3 0.3 0.2666

CDt
23 0.3333 0.3333 0.0 0.0

wt
23

0.5 0.3333 0.2222 0.0 0.0
wt

23
0.0333 0.0127 0.0084 0.0 0.0

e24 CCt
24 0.0 1.0 1.0 1.0

CDt
24 0.0 1.0 1.0 1.0

wt
24

0.5 0.0 0.5 1.0 1.0
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preference when consensus is reached (see Fig. 10). Although
his cooperation coefficient values are similar at all rounds, we
can observe that his weight tends to decrease due to the down-
ward reinforcement property of uninorm operators (see e.g.
wt
24

0.0333 0.0 

xperts elicit their preferences by using reciprocal fuzzy prefer-
nce relations. The minimum agreement level required is � = 0.85,
nd the maximum number of discussion rounds allowed is
axround = 10.

The membership function of the fuzzy set COOP, which is used
o compute the cooperation degree of experts at each round, takes
he following initial parameter values at the beginning of the CRP:

 = 0.2,  ̌ = 0.5. Then, from the third consensus round onwards, the
alue of both parameters increases by 0.1 per round, until  ̨ = 0.9
nd  ̌ = 1. Thus, the approach becomes more restrictive with the
otion of cooperativeness as the CRP goes on. Table 4 shows the
embership function parameters considered at each round.
The uninorm operators utilized in our proposal include:

The operator based on Fodor general family of uninorm operators
shown in Eq. (7) to compute individual weights wt

i
, with g = 0.5.

The cross-ratio operator (see Eq. (3)) to compute pairwise experts’
weights wt

ij
.

Experts adopted different patterns of behavior, that have been
odeled by means of a simulation framework for GDM problems

o-called AFRYCA [6]:

Cooperative behavior: 22 out of the 30 panel members, e1–e22 pre-
sented a full cooperative behavior throughout the CRP, in the
sense that they applied all changes suggested on their assess-
ments accordingly.
Mixed behavior: The remaining eight panel members, e23–e30
present a variable behavior across the CRP, i.e. some of them
agreed to modify a few of their assessments towards consensus,
ignoring some advice received or even modifying their assess-
ments against consensus.

.2. Results obtained by applying the uninorm-based approach

Table 5 summarizes the results of applying our uninorm-based
roposal to manage experts’ behaviors. Such results include the
onsensus degree at each round until consensus is achieved, the

ooperation coefficients CCt

i and cooperation degrees CDt
i , and

he weights (before and after normalizing) assigned to a repre-
entative subgroup of experts with different behavior, ranging
rom e22 to e24. These three experts have been chosen to be
0.0191 0.0432 0.0449

analyzed in further detail in this example, since they adopt dif-
ferent behavior patterns of interests for our proposal throughout
the CRP1:

• e22: This expert always cooperates, applying all changes on his
preferences as indicated in the feedback received.
• e23: This expert presents a highly non-cooperative behavior

across the whole CRP.
• e24: This expert does not cooperate at the beginning of the CRP,

but she then decides to change her behavior and cooperates in
later rounds.

In order to provide a better insight of the CRP state at each
round, a visual representation of experts’ preferences and the
collective preference is shown in Fig. 10. Such a visual repre-
sentation has been generated with a graphical monitoring tool
of preferences so-called MENTOR, presented in [45]. The col-
lective preference is shown by a blue cross and labeled as ‘P’.
Preferences of e22, e23 and e24 are also labeled to ease their visu-
alization, and they are depicted by green, red and yellow crosses,
respectively. The rest of experts’ preferences are depicted by gray
points.

The results observed in Table 5 and Fig. 10 are briefly analyzed
below:

• e22 is always assigned the maximum importance weight for t ≥ 2,
since his behavior is completely cooperative across the CRP. We
can observe in Fig. 10 that, despite e22’s preferences are far from
consensus at the beginning of the CRP, they quickly become closer
to Pc, because his opinions are taken into account to a high degree.
• e23 shows a highly non-cooperative behavior over the course of

the CRP, therefore his preferences end up quite far from the group
1 A large amount of information is utilized in this example, therefore it has not
been included in the paper for space reasons. A supplementary material file includ-
ing such information and the results of applying the proposed methodology, can be
found in the datasets link at: http://sinbad2.ujaen.es/afryca
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Fig. 10. Visual monitoring of preferences over the course of the CRP. (For interpretation of the references to color in the text, the reader is referred to the web version of this
article.)

Table 6
Comparison of non-normalized weights computed with each proposal.

CRP round t 1 2 3 4 5 6 7

Consensus degrees
No penalizing 0.6714 0.7145 0.7531 0.7831 0.8087 0.8301 0.8515
No  importance recovery 0.6714 0.7150 0.7539 0.7859 0.8161 0.8375 0.8525
Importance recovery (uninorm-based) 0.6714 0.7174 0.7572 0.7973 0.8319 0.8517

Weight penalizing scheme w1
i

w2
i

w3
i

w4
i

w5
i

w6
i

e22

No penalizing 1.0 1.0 1.0 1.0 1.0 1.0
No  importance recovery 1.0 0.1696 0.1000 0.0958 0.0958 0.095
Importance recovery
(uninorm-based)

0.5 1.0 1.0 1.0 1.0

e23

No penalizing 1.0 1.0 1.0 1.0 1.0 1.0
No  importance recovery 1.0 0.3635 0.1520 0.0033 0.0 0.0
Importance recovery
(uninorm-based)

0.5 0.3333 0.2222 0.0 0.0

No penalizing 1.0 1.0 1.0 1.0 1.0 1.0

•

a
a
t

e24 No  importance recovery 1.0 0.0247 

Importance recovery
(uninorm-based)

0.5 0.0 

w3
23 = 0.2222). Furthermore, from the fourth round onwards, the

cooperation degree becomes null, due to the change in the fuzzy
membership function of COOP, therefore the resulting impor-
tance weights become null as well.
e24 presents a completely non-cooperative behavior at the sec-
ond round, therefore her opinions are not taken into account at
all in such a round and they initially move further from the group
opinion. However, when the expert realizes this, she decides to
cooperate obeying all the advice received from the third CRP
round onwards. For this reason, her importance weights are grad-
ually increased until they reach the maximum value, and her
opinions are finally brought closer to consensus.
These examples allow us to notice that the uninorm-based
pproach is capable of assigning experts a weight taking into
ccount their overall behavior at previous CRP rounds, not only at
he current one.
0.0111 0.0111 0.0111 0.0111
0.5 1.0 1.0

5.3. Consensus reaching progress comparison with other
proposals

Once analyzed the behavior managing obtained in the proposal
presented in this paper, we  have considered adequate to com-
pare the consensus reaching progress in the GDM problem when
different consensus models are applied. To do so, we compare
the CRP with the behavior managing based on uninorms pre-
sented in this paper, and the CRP penalizing model introduced
in [13] that penalizes non-cooperative behaviors, but does not
allow to improve experts importance, even though they eventu-
ally decide to cooperate. The results are also compared with those
obtained by applying a CRP that does not manage experts’ behav-

ior (as presented in Fig. 2), i.e. all experts have equal importance
wt

i
= 1 across the CRP. Experts’ weights and the consensus degrees

obtained with each of the three approaches are summarized in
Table 6.
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Fig. 11. Visual monitoring of preferences for the three consensus models compared. (For interpretation of the references to color in the text, the reader is referred to the
web  version of this article.)
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emark 5. In [13], weights are assigned based on the distance
etween experts’ preferences, Pt

i
, and the collective preference Pt

c .
oreover, if an expert is penalized due not to being close to Pt

c , then
is/her importance weight cannot be recovered at later rounds,
egardless of how close his opinions are later brought to Pt

c .

emark 6. Since this problem involves 30 experts, and the nor-
alized weight values of each expert might be low and difficult to

nalyze, for the sake of clarity and ease in comparisons Table 6 dis-
lays the absolute (non-normalized) weights wt

i
∈ [0,  1] obtained

or each approach. Nevertheless, weights are internally normalized
n the scheme, as shown in Section 3.2.2.

Fig. 11 shows the visual representation of preferences at each
ound, for the three consensus models compared. The following
esults can be observed regarding experts e22, e23 and e24, for each
onsensus model:

Expert e22
– No penalizing:  His preferences are equally important as the rest

of the group preferences, therefore they are taken into account
to obtain the group opinion.

– No importance recovery: Since his initial preferences are far
from the group opinion, in this model e22 is penalized at the
beginning of the CRP. His highly cooperative behavior allows
him to approach Pt

c at the end of the CRP, although his opin-
ions are not as close to consensus as the opinions of other
cooperating experts whose initial opinions where closer to Pt

c .
– Importance recovery: In this case, preferences are brought much

closer to consensus due to the full degree of cooperation pre-
sented, which is faithfully reflected in the high importance
weights assigned and the closeness to Pt

c .
Expert e23.
– No penalizing:  His preferences are also taken into account to

obtain the group opinion, despite his non-cooperative behavior
along the CRP. In this model, e23’s final position is slightly closer
to Pt

c compared to the other two models, because e23 deviates
the group solution in his favor.

– No importance recovery: Due to his non-cooperative behav-
ior, his preferences gradually become further from consensus,
hence when consensus is achieved his opinions are far from the
group opinion.

– Importance recovery: Similarly to the model without impor-
tance recovery, his preferences become far from consensus as
the CRP progresses.

Expert e24.
– No penalizing:  Her preferences are as important as the rest of

the group preferences throughout the CRP, even though she
does not cooperate at the first rounds.

– No importance recovery: Since her importance is decreased at
the first rounds, this expert’s preferences remain far from the
group due not to being able to improve her importance despite
turning cooperative from the third round onwards.

– Importance recovery: In this case, the uninorm-based weight-
ing scheme allows to reflect e24 change of behavior at the third
round. As a result, despite her preference becoming further
from the rest of the group at the first rounds, they are eventually
brought closer to consensus at the last rounds.

Moreover, in the weighting approach without importance

ecovery, we can see some other unlabeled experts who presented

 mixed behavior and could not recover importance in their weight
y the end of the CRP: these experts’ preferences remain far from
t
c at the last round.
puting 35 (2015) 873–887

To sum up, we can conclude that the proposal based on uni-
norms presented in this paper offers multiple advantages with
respect to the other two:

• The weight assigned to an expert is computed based on his/her
behavior at the current round of the CRP, as well as the evolution
of such a behavior across previous rounds.
• The full reinforcement property of uninorm operators allows to

reinforce the weight of experts if their behavior is highly cooper-
ative (or uncooperative) at successive rounds.
• The cooperation coefficient provides a realistic measure of

experts’ behavior, regarding not only the amount of feedback
they accepted to modify, but also the amount of feedback they
received, which indicates how close to consensus their prefer-
ences are.
• Finally, we  can observe that weighting pairs of experts to aggre-

gate similarity values (see consensus model, Section 4), allows
to maintain a reasonable convergence towards consensus, which
is achieved at the sixth round of discussion with our proposed
model, compared to the seven rounds required with the other
two  models.

6. Concluding remarks and future directions

Large-scale group decision making problems are becoming
increasingly common in the last years. When a consensus reaching
process must be conducted in these contexts to reach a collective
agreement, the presence of individuals or subgroups of them who
present a non-cooperative behavior and try to manipulate such a
process in their favor is particularly frequent. In this paper, we  have
presented an approach based on uninorm aggregation operators,
fuzzy sets and the methodology of computing with words, to detect
and deal with experts’ non-cooperative behavior. Such an approach
applies a uninorm-based weighting scheme (inspired by previ-
ous works on dynamic multi-criteria decision making), to assign
experts different importance weights according to their overall
behavior across the CRP and the way such a behavior evolves.
After integrating the weighting approach in a consensus model for
group decision making under uncertainty, an example has been
presented to illustrate its advantages with respect to other penal-
izing methodologies applied to consensus approaches.

Further research in the area is mainly oriented towards the
study of new measures of cooperativeness, that facilitate detec-
ting multiple types of behavior associated to the different ways
of acting by experts, in order to deal with each type of behavior
properly. We  also aim at studying the practical application of the
proposed methodology in collective intelligence systems, such as
e-marketplaces, social networks and group recommender systems.
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