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Uncertainty Measures of Extended Hesitant Fuzzy Linguistic Term Sets

Cuiping Wei, Rosa M. Rodriguez

Abstract—A hesitant fuzzy linguistic term set (HFLTS) is defined as a
subset of ordered consecutive linguistic terms, and it has been success-
fully applied to deal with experts hesitation in decision-making problems
when experts have to provide their assessments. This concept has been
recently extended to manage ordered consecutive and nonconsecutive lin-
guistic terms, called extended HFLTS (EHFLTS), which is used in linguistic
group decision-making problems to represent the group opinion without
loss of information. This paper is focused on studying how to measure the
uncertainty presented by the information of an EHFLTS and also of an
HFLTS. To do so, a new comprehensive entropy measure for EHFLTSs,
which considers two types of uncertainty, fuzziness and hesitation, is pro-
posed. The construction methods of the two types of entropy are studied and
a comprehensive entropy formula is defined. Finally, a comparative study
is carried out to analyze the results obtained from the proposed entropy
measures.

Index Terms—Entropy, extended hesitant fuzzy linguistic term set
(HFLTS), fuzziness, hesitation.

1. INTRODUCTION

UZZY sets theory has been widely and successfully applied in

many different areas to manage imprecise and vague informa-
tion [8]. However, it presents some limitations to deal with this type
of information when several sources of vagueness appear simultane-
ously. In order to avoid such limitations, different extensions of fuzzy
sets such as Atanassov intuitionistic fuzzy sets [1], type-2 fuzzy sets
[4], fuzzy multisets [22], hesitant fuzzy sets [13], [17] have been pro-
posed. These approaches are applied to problems defined in quantitative
contexts, but the uncertainty is often because of the vagueness of
meanings that are used by experts in qualitative contexts. In these
situations, fuzzy linguistic approach [25] has provided very good re-
sults. Nevertheless, it is also limited mainly regarding the modeling
of the linguistic information, because it is based on the use of single
linguistic terms; sometimes due to the lack of knowledge and informa-
tion, experts can hesitate among different linguistic terms to elicit their
assessments and the use of only one linguistic term is not enough to
represent their knowledge [11]. To deal with these hesitant situations,
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the concept of hesitant fuzzy linguistic term sets (HFLTS) has been in-
troduced to model multiple linguistic terms and increase the flexibility
to express the linguistic information by means of complex linguistic
expressions [12].

An HFLTS is defined as a finite set of consecutive linguistic terms,
because it does not make sense to hesitate among different linguistic
terms and not hesitate in their middle linguistic terms [13]. In group
decision-making problems, multiple experts are involved and usually
their assessments are aggregated to obtain a collective value that repre-
sents the group opinion. However, in order to keep as much information
provided by the experts and avoid losing information in the aggregation
process, an extension of HFLTS, called extended HFLTS (EHFLTS),
has been introduced to deal even with nonconsecutive linguistic
terms [18].

Entropy is a very important concept to measure the uncertainty as-
sociated with fuzzy sets. Zadeh introduced the concept of entropy of a
fuzzy set in 1968 [24]. Since then, different researchers have studied
the entropy measure for fuzzy sets [9], Atanassov intuitionistic fuzzy
sets [2], hesitant fuzzy sets [3], etc. Another view of the concept of en-
tropy measure was proposed in [16] for Atanassov intuitionistic fuzzy
sets, which takes into account two types of uncertainty, fuzziness and
hesitation, and it can be very useful for decision making dealing with
Atanassov intuitionistic fuzzy sets.

Recently Farhadinia [6] presented several entropy measures for
HFLTS based on distance and similarity measures, but such measures
cannot be used for EHFLTS in spite of an HFLTS is a special case of
an EHFLTS. In addition, such definitions only consider the fuzziness
degree of an HFLTS, that is, the deviation of the linguistic terms con-
tained in the HFLTS from the fuzziest element. From our view, not
only the fuzziness should be considered to measure the entropy of an
HFLTS, but also the hesitation of the HFLTS should be included in
such a computation.

The aim of this paper is focused on how to improve the measure-
ment of the uncertainty of an EHFLTS in a comprehensive manner
so that it can capture both types of uncertainty, fuzziness and hesita-
tion. The fuzziness of an EHFLTS can be described by the difference
between the elements of the EHFLTS and the fuzziest value, that is,
the middle term of the linguistic term set, and the hesitation can be
represented by the deviation degree of the linguistic terms contained in
the EHFLTS. Therefore, new entropy measures will be defined to rep-
resent the uncertainty related to an EHFLTS. Such entropy measures
can be also applied to HFLTSs, which is a special case of EHFLTSs,
and a comparison between different entropy measures for HFLTS will
be developed. These entropy measures could be used for computing
weights in multicriteria decision-making problems as other previous
ones [3], [23].

The rest of this paper is structured as follows. Section II introduces
some basic concepts about HFLTS, EHFLTS, and the fuzzy entropy
measure. Section III studies the fuzziness and hesitation measures and
defines a comprehensive entropy measure considering both types of
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uncertainty. Section IV presents a comparative analysis with other
entropy measures for HFLTS. Section V concludes this paper.

II. PRELIMINARIES

This section revises some concepts and basic operations about
HFLTSs and their extension, EHFLTS, in which we focus on our pro-
posal. It also revises the definition and meaning of fuzzy entropy.

A. HFLTSs and Basic Operations

The concept of HFLTS was introduced in [12] to model experts
hesitation in qualitative contexts, because sometimes due to the lack of
information and time pressure, experts feel doubtful in eliciting their
preferences and the use of only one value is not enough to reflect their
knowledge. In such situations, experts can express their preferences by
using linguistic expressions based on HFLTSs.

Definition 1: [12] Let S = {s¢,...,s,} be a linguistic term set
with an odd value of granularity and the middle term representing
“approximately 0.5,” an HFLTS Hg, is defined as an ordered finite
subset of consecutive linguistic terms of S

gk (M

Example 1: Let S be a linguistic term set S = {nothing,
very bad, bad, medium, good, very good, per fect} and 9 a linguis-
tic variable, then an HFLTS is

Hg ={s;,8i+1,...,8;} suchthats, € S, k € {i,...

Hg (0) = {good,very good, per fect}.

Definition 2: Let Hg = {s;,S;41,...,5;} be an HFLTS and its
cardinality is defined as the number of linguistic terms contained in the
HFLTS.

Some operations such as the union, intersection, and negation were
presented in [12].

Definition 3: [12] The union between two HFLTSs HY and H? is
defined as

HYUHE = {si|s; € Hyors; € H3}. ®))
Definition 4: [12] The intersection of two HFLTSs, HE and H} is
H{NH; = {si|s; € Hi ands; € H3}. 3)

Definition 5: The negation operator of an HFLTS, Hg =
{si,Si+1,...,8;},is defined as follows:

Hs = {51} “

where k={g—7,9—(—1),9—(j—2),...,9—i}and g+ 1is
the granularity of the linguistic term set S.

Despite this concept being quite novel, it has attracted the atten-
tion of many researchers, and different aggregation operators, distance
measures, and decision-making methods have been presented in the
literature [S]-[7], [19], [20].

B. Extended HFLTSs and Basic Operations

Recently, the concept of HFLTS has been generalized to deal with
nonconsecutive linguistic terms [18]. An EHFLTS is built by means of
the union of several HFLTSs.

Definition 6: [18] Let S = {sg,...,s,} be a linguistic term set
with an odd value of granularity and the middle term representing “ap-
proximately 0.5,” an EHFLTS E Hg, is an ordered subset of linguistic
terms of S, that is

FHg = {5i|5i S S} 5
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Example 2: Let S = {nothing, very bad, bad, medium, good,
very good, per fect} be a linguistic term set, and ¥ be a linguistic
variable, then an EHFLTS is

EHg (09) = {bad, good, very good}.

It is necessary to highlight that the concept of EHFLTS is not used
directly to elicit linguistic information, but experts express their pref-
erences by using HFLTSs and instead of carrying out an aggregation
process to obtain the collective opinion, the group preferences are fused
by means of the union operation of HFLTSs obtaining an EHFLTS.

Remark 1: An HFLTS is a special case of an EHFLTS in which the
linguistic terms are consecutive.

Wang [18] introduced some basic operations for EHFLTSs.

Definition 7: [18] Let S = {s¢,...,s,} be a linguistic term set
and let EH} and EH?2 be two EHFLTSs, then the union between two
EHFLTSs is defined as

EHYUEHZ = {s;|s; € EH} ors; € EH%}. (6)

Definition 8: [18] The intersection of two EHFLTSs FH! and
EHZis

EHYNEH: = {si|s; € Hyands, € H:}. @)

The result of both operations is another EHFLTS.
Definition 9: The negation operator of an EHFLTS E H is defined
as follows:

FHg = {Sg,l'|87j S EHb} 8)

Some aggregation operators and distance measures for EHFLTS have
been defined [18], [21].

C. Fuzzy Entropy Measure

In 1968, Zadeh introduced for the first time the concept of entropy
of a fuzzy set, which may be interpreted as the uncertainty associated
with a fuzzy event [24]. In 1972, De Luca and Termini proposed an
axiomatic definition of the entropy for fuzzy sets [9] by using Shannon’s
entropy [14].

Let ¢ be the class of all the maps from I to L, where [ is a finite
set and L is a lattice. For each fuzzy set f € ¢(I), a measure of the
degree of its fuzziness is introduced, denoted by d( f), which satisfies
at least the following properties [9].

1) d(f) =0, if only if f takes on I the values O or 1.

2) d(f) =1, if only if f takes the value 0.5.

3) d(f) > d(f*) where f* being any “sharpened” version of f,
that is, any fuzzy set such that f*(x) > f(x) if f(z) > 1/2 and
Fr(@) < fa)if f(x) < 1/2.

Definition 10: [9] Let E(f) be a function on ¢(I), similar to the

Shannon entropy, whose range is the set of nonnegative real numbers
and defined as follows:

N
E(f) =K _ f(z)inf(z;) ©)
i=1
N being the number of elements of I and K a positive constant.
Definition 11: [9] The fuzziness measure or “entropy” of a fuzzy
set f is defined by

a(f) = E(f) + E())

where f = 1 — f(z) satisfies the involution law and De Morgan laws
(see [9] for further details).

The entropy introduced by De Luca and Termini was interpreted as
“quantity of information” and it has been widely used in the fuzzy sets

10)
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theory. Therefore, some proposals about entropy measures for fuzzy
sets and their extensions are based on this definition [15]. Later on, a
new view of entropy measure for Atanassov intuitionistic fuzzy sets
was introduced in [16]. This new entropy measure not only considered
the fuzziness, but also the hesitancy. In a similar way, in [26], an entropy
measure for hesitant fuzzy sets, taking into account the fuzziness and
nonspecificity, was presented.

III. NEW COMPREHENSIVE ENTROPY MEASURE FOR EHFLTSS

This section proposes a new framework to measure the uncertainty
of an EHFLTS taking into account the fuzziness and hesitation. First,
an axiomatic definition of entropy measure for EHFLTS is introduced.
Second, several entropy measures for linguistic terms are presented
and some construction methods of fuzzy and hesitant entropies are
proposed for EHFLTS. Finally, a comprehensive entropy measure for
EHFLTSs is introduced by combining the fuzzy and hesitant entropies.

A. Axiomatic Definition of Entropy for EHFLTS

The deviation function of an EHFLTS F Hg reflects the deviation
degree (hesitancy) among the linguistic terms included in the EHFLTS.
It is defined as follows.

Definition 12: Let S = {sy,s1,...,5,} be a linguistic term set
and EHg = {Sq,,5a,,---,5,} be an EHFLTS on S. The deviation
function of an EHFLTS F Hy is defined as follows:

-1

LI e

i=1j=i+1

n(EHg) =

I(sa,)) an

[ being the cardinality of the EHFLTS EHg and I(s,, ) the index of
the linguistic term s, .

Remark 2: 1f the EHFLTS consists of only one linguistic term
EHg = {sa, }. then the deviation function n(EHg) = 0.

Based on the deviation function 7(E Hg ), an axiomatic definition of
entropy for EHFLTSs is proposed.

Definition 13: Let EHg = {54, ,Say,-- -, 54, } be an EHFLTS on
the linguistic term set S, and EH(S) be the set of all the EHFLTSs.
Let Ef, Ej,: EH(S) — [0, 1] be two mappings; if they satisfy the
following axiomatic requirements, then £y and E), are the fuzzy and
hesitant entropies of an EHFLTS, respectively.

Fl) E;(EHg) =0, ifand only if EHg = {s¢} or EHg = {s,}
or EHg = {s0,5,}.

E;(EHg)=1,ifand only if EHg = {s%}
Let EHY = {Sa,:Says---, 5, } be an EHFLTS, and EH}
be another EHFLTS given by changing any element s,, (i =

F2)
F3)

1,2,...,1) in EH! to Sar- I [I(sa,) = §[ = [I(s0r) = %1,
thenEf(Eng) <Ef(EH§)
F4) E;(EHg) = Ef(Neg(EHg)), where Neg(EHg) is the

negation operator of an EHFLTS FHg.

Hl) E,(EHg)=0,ifand only if EHg = {s,, } (no hesitancy).

H2) E,(EHg) =1, if and only if EHg = {sy, s, } (whole hesi-
tancy).

H3) E,(BHY) < B, (EH),if n(EHy) < n(EH3).

H4) Eh (EHS) = Eh (Neg(EHg))

B. Fuzzy Entropy Measures for Linguistic Terms

Following the axiomatic definition of entropy introduced previously,
we propose an entropy measure for linguistic terms, which is the basis
for generating some entropy formulas.

1765

Definition 14: A real-valued function E : S — [0, 1] is an entropy
measure for a linguistic term s; € S = {so,..., s, }, if it satisfies the
following axiomatic requirements.

El) E(s;) =0, ifandonlyif s; = sy ors; = s,.

E2) E(s;) = 1,ifandonlyif s; = s4.

E3) E(s;) < E(s;),if s; <s; < Sy Ors; > s

E4) E(s;) = E(Neg(s;)).

The negation operator of a linguistic term is Neg(s;) = s,_;.

Theorem 1: Let s; be a linguistic term of a linguistic term set S =
{S0,...,54}.I(s;) denotes the index of the linguistic term s,

oy = (122)

9

>s

J g .
J 7

12)

where the function f : [0, 1] — [0, 1] satisfies the following statements.
D) f(1—2) = f(z), moreover, £(0) = f(1) = 0, f(}) =
2) f(z) is strictly monotone increasing when x € (0,0.5] and
strictly monotone decreasing when = € [0.5,1).
Thus, F(s;) is an entropy measure for a linguistic term s; .
Proof: Tt is sufficient to show the mapping F(s; ), defined by (12),
for satisfying the conditions (E1)—(E4) in Deﬁmtlon 14.

El) E(s) = f(*22) = 0 if and only if 52 =0 or 122 =1
from the propertles of the function f, that is, s; = s, or s; =
Sg.

E2) E(s) = f(”;’)) =1 if and only if L&) = 3. that is, s; =
S%.

E3) Ifs; <s; < sg,theni < jand f(£) < f(L). Thus, B(s;) <

E4) Since f(1—x)= f(z), we have E(s;)=f(;)=f(1—
7) = Elsg)-

|

Theorem 2: Let f : [0,1] — R be afunction and then the following
statements hold:

) f"(z) <0on]0,1];

2) f(z) is strictly monotone increasing on (0,0.5] and strictly

monotone decreasing on [0.5, 1);

3) f(1—xz)= f(x), moreover, f(0) = f(1) =0, f(0.5) =1;
which are satisfied if and only if there exists another function g :
[0,1] — R such that ¢"(x) < 0, and

h(z) — min h(zx)

0<z <1

max h(z) — min h(z)

0<z<1 0<z<1

flz) =

where h(z) = g(z) + g(1 — ).

Proof: The necessary condition can be obtained by letting g(z) =
f(x); therefore, we only prove the sufficiency. Let g(z) be a real
function on [0, 1] with ¢"(z) < 0, and h(z) = g(z) + ¢g(1 — z) for
x € [0,1]. Then, h(z) = h(1 — x)and " (z) = ¢"(z) + ¢"(1 — z)
0 for each x € [0, 1]. Since ¢'(x) is decreasing on [0, 1] and h'(x)
g (z) — ¢'(1 — x), we have h/(z) > 0 forz € (0,0.5), and A/ (z) <
for z € (0.5,1], so h(z) is strictly monotone increasing on (0, 0.
and strictly monotone decreasing on [0.5,1). Consequently, h(0) =

h(1) = min h(z) and A(0.5) = max h(z).If f(z) = iy

for z € [0, 1], then f(x) satisfies the three conditions mentioned. M

From Theorems 1 and 2, we can construct different entropy formulas
by using different convex functions g selected [10].

Definition 15: Let g : [0,1] — oo be a function defined as g(z) =
ax — bx? with 0 < b < a. Then, ¢"(z) < 0. Since h(z) = 2bz(1 —
z)+a—0b, min h(z)=a—b, and max h(z)=%+a—b, we

0<z<1 0<z<1

<
0
]

have f(z) = 4x(1 — z). From Theorems 1 and 2, the entropy function
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of a linguistic term s; € S can be defined as follows:
I(s; I(s;
B (si) = 4@ (1 _ ﬂ) )
g

g
Definition 16: Let ¢:[0,1] — oo be a function defined as
g(x) = —zlogz. Then, ¢"(z) < 0. Wehave h(z) = —zlogz — (1 —
z)log(l — x), Jin h(z) =0, Jnax, h(z) =log2, and f(z)=

13)

—zlog 1’7(1;12') log(1=r) Therefore, the entropy function of a linguistic

lo
term s; € S is defined as follows:

Es(si) = 10;2 {_ I(;i) log (I(;i))

(-]

Definition 17: Let g : [0, 1] — oo be a function defined as g(z) =
xe' . Then, ¢"(z) < 0. We have h(z) = ze'=*) + (1 — x)e” and

(1-z) et

f(:v) _ ze +;7(111,)€ 1
0T

guistic term is as follows:

Mc(l,l(;/)) N (1 B 1(.%))6“%) 1
By(s;) = — 7

(14)

. Therefore, the entropy function of a lin-

s)

Definition 18: Let ¢ :[0,1] — oo be a function defined as
g(z) = 2°(0 < § < 1). Then, ¢"(x) < 0. Since h(z) =2’ + (1 —
z)’, min h(z) =1, and max h(z) =2'"?, we have f(x)=

0<r<1 o<z<l

.0 _e)0 . . .. .
%. So the entropy function of a linguistic term s; € S is

<I<5:)>{5+<171(57‘,)>671
g9 9
E4(8i): .

T (16)

C. Construction of the Fuzzy Entropy Measure for an EHFLTS

In order to achieve our goal of improving the measurement of the
uncertainty of an EHFLTS considering two types of uncertainty, fuzzi-
ness and hesitation, in this section, some fuzzy entropy measures for
EHFLTSs are proposed based on the entropy formulas defined previ-
ously for linguistic terms {E1, By, E3, Ey}.

Theorem 3: Let EHg = {So,,Sa,---55,} be an EHFLTS. A
general fuzzy entropy measure of an EHFLTS E; (E Hg) is defined by

an

Proof: Keeping in mind that the entropy measure for linguistic
terms introduced by (12) satisfies the conditions (E1)—(E4), it is easy
to prove that the mapping E;(EHg) defined by (17) satisfies the
conditions (F1)—(F4) in the Definition 13. |

The fuzzy entropy measures for EHFLTSs are introduced as follows:

(18)

E;y(FHg) =

IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 26, NO. 3, JUNE 2018

) I(sa;) . I(sa;)
|t ) 4 (- )
EfB(EHS):lZ 9 : 9
li:l ez —1
(20)
‘ B s
1 () + (1) -
Ep(EHs) = 7 ST : @1

i=1

D. Construction of the Hesitant Entropy Measure for an
EHFLTS

The hesitant entropy measure of an EHFLTS is based on the devia-
tion function n(E Hg ) introduced in Definition 12, which reflects the
deviation degree of the linguistic terms present in the EHFLTS.

Theorem 4: Let EHg = {So,, 50,555, } be an EHFLTS on
the linguistic term set S = {s¢,...,s,}, and let f:[0,1] — [0, 1]
be a basic unit-interval monotonic (BUM) function that satisfies the
following two conditions.

D £(0) = F(0). F(1) = F(1).

2) f(x) is strictly monotone increasing on (0, 1].

Then, a hesitant entropy measure for an EHFLTS EHg is defined
as follows:

Bu(Hs) = £ (n(Hs) ). )

Proof: 1t is sufficient to prove the mapping F), defined by (22),
which satisfies the requirements (H1)—(H4) in Definition 13.

Hl) E,(FHg) = f(in(EHS)) =0 if and only if n(Hg) = 0,
and 7(Hyg) = 0 if and only if the EHFLTS includes only one
linguistic term, thatis, EHg = {s;}(i = 0,1,...,9).
E,(EHg) = f(ﬁn(EHs)) =1 if and only if n(EHs) =

T it i1 (I(sa,) = I(sa,)) = g, if and only if

EHS = {84)789}.

Since f(z) is strictly monotone increasing on (0,1], we

can obtain the conclusion that if n(EHE) < n(EHZ), then

By (EHY) < B, (EH2).

H4) If n(EHg) = n(Neg(EHg)),
Eh (Neg(EHS))

H2)

H3)

then E, (EHs) =

|

It is necessary to highlight that if the function f(z) in Ej, (EHg)

defined by (22) is changed, a family of entropy measures for EHFLTSs

is obtained. For example, suppose that f(z) = 27 with v > 0, the
hesitant entropy formula is

1
E)IA,,(EHs) = (;T](EHS)) (23)

E. Comprehensive Entropy Measure for an EHFLTS

Once, we have studied the fuzzy and hesitant measures to deal with
the uncertainty of an EHFLTS, both measures are combined to obtain
an entropy measure that is able to reflect both types of uncertainty for
an EHFLTS.

Definition 19: Let Hg = {4, ,5a,,---,5aq, } be an EHFLTS on a
linguistic term set, S = {sg, s1,...,$, }. Let £, : EH(S) — [0, 1] be
amapping. Then, E, (E Hg) is acomprehensive entropy of an EHFLTS
E Hg, if it satisfies the following statements.

El) E.(EHg) =0,ifandonly if EHg = {so}, EHs = {s,}.

E2) E.(EHs)=1,ifandonly if EHg = {sg }.

E3) Let EHY = {54,504, -5, } be an EHFLTS, and EH}
be another EHFLTS given by changing any element s, (i =
1,2,...,1) in EH} to Sal - If [I(sa,) = %> \I(sa;) -7
and n(EHY) < n(EH2), then E, (EH}) < E.(EH?).
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E4) E<:(EHS) = EC(NEg(EHS))'

Theorem 5: If a real-valued function E, : EH — [0,1] is de-
fined by E.(EHg) = f(Ef(EHg), E, (EHg)), where the function
f:[0,1] x [0,1] — [0, 1] satisfies the following conditions:

D) £(0,0)=0,f(1,0)=1;

2) f(z,y) is strictly monotone increasing with respect to z and y,

respectively;

then the mapping E. is a comprehensive entropy measure of the
EHFLTS EHg.

Proof: It is sufficient to prove that the function F, satisfies the
requirements (E1)—(E4) in Definition 19.

El) E.(EHg) = f(E;(EHg),E,(EHg)) =0, if and only if
E;(EHgs)=0,E,(EHg) =0, if and only if EHg = {s¢ },
EHb = {Sg}.

EL(EHs) = f(Ef (EH_Q),E;L (EHs)) = 1, if and Only if
E;(FHgs)=1,E,(FHg)=0,ifandonly if EHg = {s%}.
Let FHY ={sa,,Say,---,8a,} be an EHFLTS and EH?
be another EHFLTS given by changing any element s,, (i =
1,2,...,0) in EH} to Sal s if [I(sq,) — 5| > |I(su«’) - 4]
and n(EHL) < n(EH2), then E;(EH}) < E;(EH2) and
E,(FH!) < E,(EH?). Since f(z,y) is strictly mono-
tone increasing with respect to x and y, then E.(EH}) <
E.(EH?).

From E;(EHgs)= E;(Neg(EHg)) and E,(EHg)=
E;,(Neg(FEHg)), then E.(FHs) = E.(Neg(EHg)).

E2)

E3)

E4)

|

Different comprehensive entropy measures for EHFLTSs can be

defined using several special functions f(z). Let us see the following
example.

Example 3: Let f : [0,1] x [0,1] — [0, 1] be defined as f(z,y) =

H‘jg . Then, f(z,y) satisfies conditions 1 and 2 in Theorem 5. There-

fore, the comprehensive entropy measure of an EHFLTS E H is given

by

Ef + /BEh,

Ees(EHs) = 973,

(24)
with 8 € [0, 1].

The parameter 3 can be fixed according to the importance of the
hesitation of an EHFLTS.

IV. COMPARISON STUDY ABOUT ENTROPY MEASURES

This section makes a comparative analysis among the proposed en-
tropy measures for EHFLTSs and some entropy measures introduced
for HFLTSs, which is a special case of EHFLTSs. To do so, two en-
tropy measures for HFLTSs are revised and an example is introduced
to compute the entropy with the proposed entropy measures and the
revised ones for HFLTS. Afterward, an analysis of the results obtained
is carried out.

A. Entropy Measures for HFLTSs

As far as we know, there is no any study of the entropy measure for an
EHFLTS and there is only one paper introduced by Farhadinia [6] that
studies the relationship between the entropy measure and the similarity
measure for HFLTS and proposes a variety of entropy measures for
HFLTSs based on the distance and similarity measures. Therefore, the
entropy measures based on the generalized distance and generalized
similarity proposed by Farhadinia are revised, the remaining ones are
special cases of these two definitions and can be found in [6].

For convenience to carry out the comparison in a proper way, the
entropy measures defined by Farhadinia [6] on the linguistic term set
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S ={s_+,...,8-1,80,81, -, S, } are adapted to use the same lin-
guistic term set S = {s,s1,...,5,} used in the proposed entropy
measures.

Definition 20: Let Hg = {84, ,5a,,---,5q, } be an HFLTS de-
fined on the linguistic term set S = {sy, s1, ..., s, }, the entropy mea-
sure based on the generalized distance is defined by

(i () =gV
Epp =1-2 <z Zi:l (T) ) (25)

[ being the cardinality of the HFLTS, Hg, and A > 0.

Definition 21: Let Hg = {Sa,,5a,,---,5,} be an HFLTS de-
fined on the linguistic term set S = {s, s1, ..., s, }, the entropy mea-
sure based on the generalized similarity is defined as follows:

Lt (00 — 92N\
e (L (22 ) o

[ being the cardinality of the HFLTS Hg and A > 0.

B. Computations and Comparisons

Some examples of HFLTSs and EHFLTSs are introduced and their
entropies are calculated by the proposed entropy measures Eyq, Eys,
E;3, E¢y (with § = 0.5), Ej,, (withy = 1), and E.5 (with 8 = 0.4),
respectively. The entropy measures for HFLTSs EFI-A and EF; (with
A = 1), are also computed. The results are shown in Table I.

Example 4: Let S = {sg : nothing, s : verylow, sy : low, s3 :
slightly low, sy : medium, s5 : slightly high, s¢ : high, s7 :
very high, ss : per fect} be a linguistic term set, and let

Hy ={so}, Hi = {s1}, Hg = {s0, 51,2}, Hg = {s3}
HY = {s9,83,8,}, He = {s4}, EHL = {s0,55,53}
EHg = {50, 82,84}, Hg = {s6, 57,88}
be nine EHFLTSs in which seven are HFLTSs.

C. Analysis of Results

Before introducing the analysis of the results obtained in Table I, the
following definition is revised because it is used in the analysis.
Definition 22: [18] Let FEHg = {Sq,,Say:---55,} be an
EHFLTS on the linguistic term set S = {sq, ..., s, }, the average of
an EHFLTS is given by
1
O(EHgs) = s, such that « = — Z I(sq,). 27)
Lo

It is easy to see in Table I that the results shown in bold type reflect
some counter-intuition examples regarding the entropy measures £ P}
and P For instance, if we consider HZ and H3Z, we can see that
O(HZ) = 0(H2) = s1, but the result of the deviation function shows
that n(H?2) < n(H}). Thus, the uncertainty of HZ and HZ should be
different. However, according to the entropy measures £ Fl and Ep 1
we can see that Ep1 (H%) = Ep (H?) and Ep; (H3) = Ep) (HY),
which is not consistent with our intuition.

The proposed entropy measures E.; are effective because they re-
flect the hesitation and fuzziness, and therefore the results obtained
are different; thus, it is possible to distinguish between H2 and H3.
Similarly for H¢ and HZ.

Farhadinia entropy measures cannot be applied to the EHFLTS,
EHT and EH¢ ; however, the proposed entropy measures offer more
flexibility and they can be applied to both HFLTS and EHFLTS.
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TABLE I
THE ENTROPIES OF H g (i=1,2,...,9) BY DIFFERENT ENTROPY MEASURES
HY H: H)Y HY HY HS FEH] EH} H}
n(Hg) 0 0 1.333 0 1.333 0 2 2.667 1.336
Efy (Hg ) 0 0438 0.396 0938 0.896 1 0.563  0.583 0.396
Eyo (H'S ) 0 0.544 0452 0954 0922 1 0.588  0.604  0.452
Eys(Hy) 0 0.449 0403 0940  0.900 1 0.566  0.586  0.403
Ery(Hy) 0 0.698 0.527 0973 0.952 1 0.619 0.628 0.527
Epi(Hy) 0 0 0.167 0 0.167 0 0.25 0.33 0.167
Ecos = f(Ef1,En) 0 0.438 0434 0938 0.903 1 0.603  0.632 0.434
Eco.u = f(Ef2,Epnt) 0 0.544 0486 0954 0.927 1 0.625 0.651 0.486
Eco.u = f(Ey3,Epn) 0 0.449 0440 0.940 0.906 1 0.606  0.635 0.440
Eco.4 = f(Efs,Epr) 0 0.698 0.557 0973 0955 1 0.654  0.672  0.557
E Fl (HY) 0 0.250 0.250 0.750  0.750 1 - - 0.25
Ep 1 (Hy) 0 0438 0438 0938 0.938 1 - - 0.438

It is remarkable to mention that the EHFLTS EH} and EH}
satisfy the condition E'3 of the Definition 19, because |I(s3) —
9/2) > |T(s4) — 9/2] and n(HL) < n(H3) and then B,y 4 (EHY) <
E.o4(EHS). 1t is easy to see that Neg(H3) = HZ, and the re-
sults obtained from E.q 4 (H2) = E,o 4(H2), therefore, it satisfies the
condition £4 of Definition 19.

V. CONCLUSION

This paper shows the necessity of considering two types of un-
certainty associated with EHFLTS for measuring their entropy in an
intuitive way. The first kind is associated with the fuzziness in the set
and the second one is the hesitation represented by the deviation de-
gree of the linguistic terms contained in the EHFLTS. Consequently, we
have proposed the construction methods of the hesitant and fuzzy en-
tropy measures and introduced a comprehensive entropy measure that
considers both types of uncertainty. These entropy measures can be ap-
plied to EHFLTS and HFLTS, which is a special case of an EHFLTS.
A comparison with previous entropy measures defined for HFLTS has
been carried out to show the validity and effectiveness of our proposal.
The proposed entropy measures can be directly applied to compute
the weights in multicriteria decision-making problems dealing with
HFLTS and EHFLTS in their definition contexts.
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