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1. Introduction

The Power-Flow (PF), is one of the most important problems in power systems analysis.
From a mathematical point of view, solution of the PF problem is obtained by solving a set of
nonlinear equations, which relates the nodal voltages with the injected nodal powers. Due to
the nonlinearity of PF equations, they cannot be directly solved. Consequently, a numerical
iterative technique must be used to solve these equations.

The solution of PF problem using the standard Newton-Raphson’s technique was firstly
proposed in [1]. It constitutes the most widely used methodology for solving the PF problem.
NR has quadratic convergence characteristics, however, Jacobian matrix which is considered
the largest computational burden of this methodology, has to be updated and factorized each
iteration. In order to reduce this computational burden, decoupled techniques have been
proposed [2-4]. These methods are quite efficient, however, they tend to use much more
iterations since the information at first iteration is repeatedly used and, consequently,
convergence becomes linear or near-linear.

PF problem has been addressed in serval references by developing other solvers and
formulations. For example, several PF alternative formulations [5-8], high order approaches
[9, 10] and linear versions of the PF problem [11, 12], have been proposed over decades.

Most of cases can be efficiently solved using some standard technique like NR method, and
a flat start. However, there are idiosyncratic cases which the NR fails to converge if the initial
guess is not close enough to the solution. They are called ill-conditioned systems which have
been addressed in multiple works by developing several robust techniques.

In [13], Iwamoto and Tamura developed a robust PF method based on a modification of
standard NR. Each iteration, an optimal multiplier is calculated. It is used to truncate the
increment vector in order to avoid the divergence. This method extraordinarily robust,

however, it might be totally inefficient due to many iterations are often required to reach the



solution. Anyway, it is considered as benchmark in multiple references. This philosophy has
been profusely applied to the PF problem in other works [14-16].

The Continuous Newton’s method [17], establishes a formal analogy between a system of
nonlinear equations and a set of autonomous differential equations. This idea has been
exploited in the PF problem by Milano [18]. As result, various robust and efficient
methodologies have been proposed. They have been tested on a large-scale ill-conditioned
system showing good performance. In [19], this issue has been addressed by proposing a
combined approach based on the Broyden’s method.

A family of robust PF techniques that uses the Levenberg iteration instead of the traditional
Newton scheme has been recently developed in various papers. In [20], Levenberg-Marquardt
method has been adapted for solving the PF problem. However, it was observed that the
reliability of this method strongly depends on the value of so-called damping factor, moreover,
the convergence of this method is very slow. In order to overcome these drawbacks, several
high order schemes have been proposed in [21, 22].

Several efficient techniques based on numerical methods have been recently developed. In
[23], the Adams-Bashforth’s formulas have been extended to the PF problem by developing
three efficient and robust solvers. In [24], the Bulirsch-Stoer method has been adapted for
solving systems of nonlinear equations and its superiority with respect to other robust
techniques has been proved. Recently, a combined approach based on Newton’s method,
numerical integration techniques and homotopy’s schemes has been proposed in [25]. These
approaches have shown very good performance in several ill-conditioned systems from 118-
to 13569-buses.

In this paper, ill-conditioned systems are tackled. Recently, the authors have proposed
several techniques [23-25]. The ability of these techniques to efficiently solve the PF problem

of ill-conditioned systems, especially large and very-large scale systems, has been



demonstrated based on numerical results. However, the need for developing novel robust
methodologies are still exist in order to avoid any potential failure or bad performance for these
techniques. Hence, we develop a novel PF method based on Newton-Cotes formulas.
Superiority of developed method over the other PF techniques under different scenarios is
demonstrated. However, the topic discussed and contribution of the work could be summarized

as follows:

o A novel PF method based on the Newton-Cotes formulas has been proposed to solve
the ill-conditioned power systems;

o Adeep discussion and self-adapted mechanisms for tuning parameters of proposed PF

method have been provided;

o Proposed PF method has been validated using 6 ill-conditioned systems ranging from

3012, to 27318-buses at loadbase and heavy loading conditions;
o Proposed method has been compared with other standard and robust PF techniques;

o Ability of the proposed method for managing generators’ reactive limits has been

validated;

o A comparison between the proposed and NR methods regarding to the safe
initialization has been provided and results have been discussed.

Remainder of this paper is organized as follows. Newton-Cotes formulas are described in
Section 2. Section 3 outlines the PF problem. The proposed PF method is described in Section
4. In Section 5, several numerical experiments are carried out and the main results are presented

and discussed. Finally, the main conclusions are presented in Section 6.

2. Newton-Cotes formulas

Newton-Cotes is a family of popular numerical integration methods. They approximate the

value of the integral by evaluating the function in several equidistant points.



Firstly, let us consider the integral of the following continuous function f(x) over the main

interval [a, b]:

b
J, f(x)dx (1)
where f: R — R and x € R. Value of (1) can be approximated by evaluating f at two points, it

means, by a first-degree polynomial as follows:

[ 00 dx = =2 (f(a) + £(b)) )

While (2) corresponds with the well-known Trapezoidal rule [26], value of (1) can be
conveniently approximated using a third (Simpson’s rules) or fourth (Boole’s Rule) degree
polynomials.

Newton-Cotes formulas are limited to the number of functions evaluations considered.
Alternatively, accuracy of these methods can be improved by reducing the size of the interval,
it means, dividing [a, b] in several smaller subintervals. This idea is sketched in Fig. 1, where
it is easily checked that accuracy in the calculation is improved as more subintervals are

considered. However, computational efficient of the method is affected since more calculations

a b a b a b

are required.

Fig 1 Sketch of Composite Integration techniques using 2 (left), 4 (middle) and 8 (right) subintervals

These methods are known as Composite Newton-Cotes formulas [27]. If we extend the
Trapezoidal Rule (2) to its composite counterpart, we obtain the Composite Trapezoidal Rule,

which calculates the value of (1) as follows:

J2 f(x)dx (““)+2"Sl fla+i’ Sl)+f“’)) 3)
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where, ng; € N is the number of subintervals. In the same way, other Newton-Cotes formulas

can be derived to their composite rule.

2.1.- Motivation on the usage of Newton-Cotes formulas

Motivation on the usage of Newton-Cotes formulas for developing a novel PF method is

mainly due to the following two powerful ideas:

o The Continuous Newton’s method [17], suggests that any numerical method may be
conveniently adapted for solving nonlinear and systems of nonlinear equations. This is
a powerful idea which allows to develop a huge variety of numerical nonlinear
techniques. In this work, we explore the usage of the family of Newton-Cotes formulas
in the PF analysis in an efficient way. Thus, a powerful nonlinear method and its
application for solving the PF problem are comprehensively presented.

o Many Newton-like methods are basically founded to solve a nonlinear equation by
integrating the area under the function evaluated. For the standard Newton’s, this area
is approximated by a rectangle. However, other more accuracy approximations can be
used. In the literature, other integrations approaches have been already used like
triangles [28] or Gauss-quadrature formulas [29]. Consequently, the Newton-Cotes
formulas can be used in the same way and more accuracy with respect the standard

Newton’s method is expected.

3. Power-Flow problem

The PF problem in polar coordinates is defined as a set of nonlinear smooth equations as

follows:

gx)=0 4)



where; g: R" +— R™ are the active and reactive power mismatches, and x € R" is the vector

of unknowns, which are respectively defined as follows:

APl =PLSCh—Z;l=1|Vl||V]||YU|COS(9”—6l+6]) (5)
AQ; = Q7" = XiL, Vil [V||Yy] sin(8;; — &; + &) (6)
x = [6py, 8pg, Vpgl” (")

where; P5°" and Q7" are the scheduled active and reactive power at bus i respectively, V;26;
is the complex voltage at bus i, Y;;£0;; is the ijt" element of admittance matrix, 6py € R™
and 6p, € R™ are the voltage angle vector of PV and PQ buses, respectively, Vpg € R™ is
the voltage magnitude vector of PQ buses, n, is the total number of PQ buses and n, is the
total number of PV buses (n = 2n; + ny).

Practically, it is said that the solution of PF problem is reached when the error vector is
small enough. This criterion can be expressed as follows:
gl < € (@)
where, € € R* is the so-called converge tolerance, which must be fixed small enough (typically
smaller than 10~3). Frequently, PF algorithm also stops if the number of iterations surpassed a
predefined value k™% € N. In this case, one cannot claim successful of the method and it is
considered failed.

However, the convergence of a numerical technique cannot be always ensured. It mainly
depends on the initial guess considered to initialize the method. Frequently, x(® should be
chosen close to the solution of (4) to ensure the convergence in a relatively few iterations
number. Anyway, the convergence is guaranteed if x(®) lies inside of the so-called Region of

Attraction [18, 30].

3.1.- lll-conditioned systems



In some references, the ill-conditioning in PF equations is strongly related with the
condition number of Jacobian matrix. The condition number can be generally calculated as
follows [31]:

9 =Tl x TGOl 9)
where, J(x) = VEg(x) € R™ " is the Jacobian matrix and ||-||» denotes the Frobenius norm.
Nevertheless, a formal definition of ill-conditioned systems is provided in [18]. Broadly, a
power system can be classified as ill-conditioned if, despite that solution of the PF does exist,
it is not reachable using standard techniques and the flat start. In this paper, this definition is

preferred.

4. Proposed method for solving the PF problem

In this paper, we develop a novel method for solving the PF problem of ill-conditioned
power systems. This method is inspired on the Composite Newton-Cotes formulas outlined in
Section 2. Proposed PF method has been called Composite Newton-Cotes Power-Flow method
(CNC-PF). In subsequent paragraphs, the CNC-PF is developed for solving the PF equations
in polar coordinates (i.e. (5) and (6)). Nevertheless, it is worth to mention that it is applicable

to any system of nonlinear equations in the same way here explained.

Firstly, let us begin from a determined value of (7) at k' iteration, i.e. xgk). Let us
previously define:
Qy,2) = -1 '8 (10)
where, y € R™ and z € R™ are arbitrary vectors. The limits of main interval can be now

computed using (11).

xgk) = x4 h(k)Q(x(k) x(k)) (11)

a ’>~a

where, h € R™ is the step size, which is calculated as follows:



hmin

(" x0)] (12)

hmax

h() = min{ M pmax /

where, ™" € Rt and h™** € R* are the minimum and maximum step sizes, respectively.

Now, the main interval [x,, x;,] is splitted in m — 1 intermediate points as follows:
(k)
x9 = x09 4 hTQ(xElk),xflk)), fori € [2,3,..,m®] (13)

One should note that Jacobian matrix is only calculated at x,, therefore, it only needs to be

factorized once each iteration. Finally, the PF state vector is updated as follows:

k+1 k h( ) k

where, i € R* and p € R* are the extreme and intermediate slope coefficients, respectively
and B € R is the damping factor. The performance of proposed method is strongly affected
by these parameters, in order to simplify the procedure, we have developed a self-tuning

scheme. Thus, different parameters are updated each iteration as follows:

W=—1
TR +
m®

]/(k) ~® (17)

lp(k) — min['y(k)’lpmax] (18)
round (y )

m® = max mln{ mmax (19)
mmin

gk = max[y(k), 'gmin] (20)

where; u € R and m™" € N > 2, m™%* € N, ™" € R and )™%* € R define the minimum
and maximum values of different parameters. On the other hand, round(-) is a function which

rounds to the nearest integer.



Certainly, tuning parameters is always a difficult task of any algorithm, since they are
frequently based on heuristic criteria and personal experiences. However, these parameters can
be tuned based on basic ideas and logic criteria. In order to facilitate the applicability of
proposed method, the criteria used for tuning all parameters are summarized in the following
points:

e Step size (h): the proposed self-adapted mechanism for tunning the step-size only
reduces it when the convergence is at risk. This issue can be intuitively measured by
the size of Q(x,, x,), that is, the size of the Newton’s increment vector. The idea behind
this mechanism is as; if the size of Newton’s increment vector is too large, the step size
should be reduced in order to compensate this long step and reduce the risk of
divergence. Oppositely, if the increment vector is reasonably short, the step size can be
increased with the aim to accelerate the convergence. Keeping this in mind and always
finding an equilibrium between efficiency and robustness, bounds of the step-size have
to be fixed. On the one hand, the minimum step-size can be tuned as small as necessary,
since it would be only used for very complicated problems. In this kind of cases, the
efficiency should be sacrificed in order to ensure the convergence, this is achieved using
a very small step-size. On the other hand, regarding the maximum step-size, it may be
tuned slightly higher than 1. One should note that very large step-sizes may provoke
instability of the algorithm.

e Parameter u: this parameter is devoted to properly scale the size of the main interval
considered. We have found that establishing 0.01 < u < 0.1 works quite well in most
cases.

o Slope coefficients (p and p): these parameters can be viewed as the weights attributed
for each intermediate point considered. Basically, as it is shown in Fig. 2, behavior of

the developed CNC-PF assimilates of a truncated version of the standard NR when the



intermediate slope coefficient p is high. Oppositely, when the extreme slope coefficient
Y is large, the CNC-PF is similar to a high order NR technique. It is expected that the
main interval is large at first iterations, in this case, both slope coefficients are tuned
based on the self-adapted mechanism and avoid the divergence. At end iterations, when
the convergence may be ensured, size of the main interval tends to drastically decrease.
In this situation, p is tuned high while vy tends to vanish (see Fig. 3). This is explained
in the fact that, frequently the solution at last iterations lies presumably close to the
intermediate points. Increasing the value of p, one gives more importance to
intermediate than extreme points, so that, convergence is normally accelerated as it is
shown in Fig. 4 (note that point generated by larger values of p is very close to the
solution). Anyway, the extreme slope coefficient should be upper bounded in order to
avoid attributing too much weight to extreme points, which may lead to the divergence.
We have founded that 1 < ™% < 2 works quite well in most cases.

Number of intermediate points (m): In this case, it is worth to mention that one
cannot take less than 1 sub-intervals. Therefore, at least one intermediate point should
be taken. Consequently, a good option is fixing m™™ > 2 (it is worth to mention that
x, = x;). Regarding the upper bound, one should note that, intuitively, considering
more intermediate points should imply more robustness since more information is
extracted from the increment vector, nevertheless, too many intermediate points should
not be considered since they would imply many computations and, consequently,
computational burden would grow. Therefore, we recommend tuning m™%* > 3 so
that at least two intermediate points are considered. The self-adapted mechanism of this
parameter is focused on reducing it as soon as possible in order to save computational

effort without affecting the robustness.



e Damping factor (B): this factor has been included in order to mimetic the standard

formulation of Newton-Cotes formula. In that case, it takes different values depending
on the numerical method employed (Trapezoidal, Simpson...). In the proposed CNC-
PF, it acts as a compensation for the step size to update the state vector. Its logical
behavior is reduced as algorithm evolves in the same sense of the step size. Anyway, it
should be lower bounded in order to avoid excessively the increment vector. We have

founded that establishing 2 < B™" < 4 works quite well in many cases.
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Fig 2 Behavior of proposed CNC-PF for large values of the intermediate (a) and extreme slope coefficients (b)
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Fig 3 Behavior of slope coefficients depending on the size of main interval



Fig 4 Behavior of proposed CNC-PF when the size of main interval is small enough (Note as the point

calculated for a large value of p is closer to the solution)

The following steps clarify how the composite Newton-Cotes formula is integrated with power

flow equations:

Step 0: Read the input data, construct the admittance matrix, initialize parameters (m® =

m™3a) select an initial guess point x> and initialize the iteration counter k = 0;

Step 1: Set the initial guess as the upper bound of the main interval at the first iteration, it

means, x'” = x(®_ Then, evaluate the PF equations at this point g(x(o));

a

Step 2: Evaluate and factorize ](xgk)) using LU decomposition;

(k)

Step 3: Calculate (10) by takingy = z = x,; 7;
Step 4: Calculate the step size using (12);

Step 5: Calculate the lower bound of the main interval, it means xg""), using (11). Evaluate the

PF equations at this point g(xg‘"));

Step 6: Calculate (10) by taking y = x,(lk) and z = x§,’<>. One should note that the Jacobian

matrix has not to be factorized again.



Step 7: Calculate the different parameters p®, y ) @& m®and p*) using equations (16)-

(20), respectively;

Step 8: Set the counter for the Composite loop i = 2

Step 9: Calculate the it" intermediate value of (7) using (13), it means xgk). Evaluate the PF

equations at this point g(x(k));

i

Step 10: Calculate (10) by taking y = xflk) and z = xgk). One should note that the Jacobian

matrix has not to be factorized again;
Step 11: If i = m®, then go to Step 12, otherwise, Set i = i + 1 and go back to Step 9.

Step 12: Calculate ¢ using (14). The state vector (7) can now be updated using (15). One

should note that the updated step vector is taken as the upper bound of the main interval at the

(k+1)

following iteration, this means, x,

is calculated at this step;

Step 13: Check if the convergence criteria (8) is satisfied at this point (||g(xg"+1))||w <
€),then stop, otherwise go to Step 14.

Step 14: Setk = k + 1, if kK > k™2* | then stop, otherwise go back to Step 2.

In addition, the above solution steps are summarized in the flowchart of Fig. 5.
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Fig 5 Flowchart of proposed CNC- PF method



4.1.- Managing reactive limits

Proposed method allows to easily incorporate any available strategy for considering
reactive limits available for the standard NR. One common procedure [18, 24], proceeds as
follows:

Step 1: Solve the PF problem using the proposed method. If there are not PV buses and PF has
not found a solution, the problem is declared unfeasible.

Step 2: Check if any reactive limit is violated.

Step 3: Create a Q* set with these generators’ indices whose higher limit is violated.

Step 4: Create a Q™ set with these generators’ indices whose lower limit is violated.

Step 5: Convert those generators € [Q*, Q] to PQ buses.

Step 6: For each j € Q* set Q; = Q'™

Step 7: Foreach j € Q™ set Q; = Q}”i”. Return to Step 1.

4.2.- Computational burden and rate of convergence

As it is well-known, the heaviest part of any PF calculation is the factorization of the
Jacobian matrix. Even more, if one takes into account that normally the PF Jacobian matrix is
not positive definite, consequently, LU decomposition has to be used instead of Cholesky’s
factorization. One can note that the proposed method only updates the Jacobian matrix once
per iteration (at x,). Remainder calculations are vectors sums and products, which can be
generally addressed in an efficient way [18].

In this sense, the developed CNC-PF should be quite efficient since only one LU
decomposition is required each iteration. This supposes a computational burden similar to NR.
Certainly, this is an outstanding feature in robust PF methods. For instance, the PF techniques
based on the 4th order Runge-Kutta and the Bulirsch-Stoer methods developed in [18] and [24]

respectively, require more than one factorization each iteration. On the other hand, the



Iwamoto’s method, which can be considered as the standard robust PF technique, requires only
one factorization each iteration, however, this method suffers of slow convergence. In Section
5, the superiority of developed method with respect to other robust PF techniques is
demonstrated based on experimental results.

In order to calculate the increment vector at intermediate points and x; efficiently, the
calculation of Jacobian matrix at these points is avoided. Instead, only the function is evaluated
and the Jacobian matrix at x,, is used.

Regarding to the order of convergence, it can be simply proved by reducing the proposed

(k+1) _
a =

method without taking any intermediate point, thus, we can affirm in this case that x
x§,’<> if h = 1. Consequently, the proposed method would be the standard NR with quadratic
convergence. Taking into account this situation is never possible, we can claim that order of

convergence of proposed method is always smaller than 2 and it is strongly case-dependent.

4.3.- Behavior at turning points

As it is well-known, methods based on the Newton’s increment vector (Newton-like
methods), fail at turning points due to the singularity of Jacobian matrix. Proposed method
should be considered as a Newton-like method and, consequently, it will fail at turning points
(the maximum loadability point (MLP)). Continuation methods [32], are able to overcome
issues of the Newton-like methods at turning points. In this case, the singularity of Jacobian
matrix is avoided by progressively approximating the MLP and incrementing the system by
adding a parameterization equation. Thus, multiple PF solutions are calculated carrying out
two stages called predictor and corrector. At the corrector stage, the augmented PF equations
are solved using some available technique. The proposed CNC-PF method can be successfully

applied at the corrector stage of continuation techniques, as their issues at the MLP might be



overcome. This topic is out of the scope of the present paper and it should be addressed in the

future works.

4.4.- Managing uncertainty and stochastic behavior of the input data

In modern power systems, managing the uncertainty or stochastic behavior in the input data
is crucial. Uncertainty in input data may be provoked by error in estimations or measurements.
This issue is becoming more noticeable in actual power system analysis, due to increasing
penetration of renewable energies among other factors [33-40].

The proposed method does not take directly into account the uncertainty or stochastic
behavior in the input data. Proposed formulation supposes that load/generation profiles are
known with exactitude. Nevertheless, CNC-PF may handle uncertainty/stochastic behavior in
input data using some available techniques in the literature. For example, the proposed method
can be properly used in Monte Carlo simulations as multiple PF solutions have to be solved.
Moreover, recently some interesting methodologies have been proposed in [41, 42]. Basically,
they manage the uncertainty in the input data solving several PF problems. As Monte Carlo,
developed method can be directly applied to those techniques and other similar.

Assessing the performance of the CNC-PF in this kind of problems is out of the scope of

the present paper. This topic should be tackled in future works.

5. Tests and Results

During this section, the proposed CNC-PF method is tested on several ill-conditioned
power systems under different scenarios. In all simulations, e = 10~8 has been considered. On
the other hand, a flat start has been considered as initial guess. It is well-known that a flat initial

guess is, generally, a reasonable option [43].



The proposed method and remainder considered PF techniques have been coded in
MATPOWER v6.0 [44].

In order to prove the superiority of proposed CNC-PF method, it has been compared with
the following standard and robust PF techniques:

e Standard NR [1]

e [wamoto’s method [13]

e Levenberg-Marquardt’s method (LM) [20]

e Corrected Levenbenberg-Marquardt with non-monotone line search (LMNM) [22]

e 4" order Runge-Kutta formula (RK4) [18]

e 2" order Adams-Bashforth’s method (AB2) [23]

e Reverse Bulirsch-Stoer (RBS) [24]

Ralston-homotopy methodology (RH) [25]

On the other hand, all studied methods have been used in an optimal way, based on the
guidelines provided in their correspondent references. LM requires to tune the so-called
damping factor, in this case, an adaptive mechanism has been used for this parameter as it is
commented in reference [20]. Parameters involved in the PF solution based on LMNM method,
have been tuned based on the recommended ranges of reference [22]. RK4 does not need to
tune any parameter, it just requires to initialize the step size, in this case, as in reference [18],
the initial step size has been taken equal to 1. For AB2, RBS and RH, parameters recommended
in their references [23-25] have been used.

For the sake of completeness, flowcharts for the standard NR, LM and RK4 methods are
shown in Fig. 6. Comprehensive flowcharts of remainder considered PF solution methods can

be found in their respective references.
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Fig 6 Flowcharts of standard NR, LM and RK4 methods

Parameters employed in simulations are reported in Table 1.

Table 1 Parameters considered in simulations
Parameter Value

hmin 0.2

pmax 1.2

1 0.06
lpmax 2
mmin 2
mmax 3
'Bmin 2

5.1.- Description of studied cases

The proposed method has been validated using the following ill-conditioned systems:
e System #1: the 3012-bus portion of the Polish system at 2007-08 winter evening peak

[45].

e System #2: the 3375-bus portion of the Polish system at 2007-08 winter evening peak

[45].



e System #3: a duplicated version of System #2.

e System #4: the combined version forming by the 1354- and 3x2869-bus portion of the
European transmission system from EU PEGASE project [46, 47].

o System #5: the 13659-bus portion of the European transmission system from EU
PEGASE project [46, 47].

e System #6: a duplicated version of system #5.

Main characteristics of studied systems are reported in Table 2.

Table 2 Main characteristics of the studied ill-conditioned systems

S -
System Buses Branches Generators MW Load MVar N of \(/2;|ables
System #1 3012 3572 502 27169 10200 5725
System #2 3375 4161 596 48363 19527 6355
System #3 6024 7145 770 54339 20401 11451
System #4 9961 15740 1.790 470371 100424 18131
System #5 13659 20467 4.092 381431 98523 23225
System #6 27318 40935 8.184 762863 197046 46451

5.2.- Number of iterations employed by different PF techniques

Table 3 reports the total number of iterations employed by different PF techniques used for

solving the studied systems at loadbase conditions.

Table 3 Total number of iterations employed by different PF techniques used for solving the studied systems at
loadbase conditions

Method System #1 System #2 System #3 System #4 System #5 System #6
NR Diverge Diverge Diverge Diverge Diverge Diverge
lwam. 2929 1753 Fail* 490 Fail* Fail*
LM > 5000 > 5000 > 5000 > 5000 > 5000 > 5000
LMNM 2502 2559 2502 2464 2362 2362
RK4 Diverge Diverge Diverge Diverge 31 31
AB2 31 32 32 31 23 51
RBS 15 15 Fail* 15 16 16

RH 17 17 Diverge Diverge 17 17
CNC-PF 9 10 11 10 11 11

* Low voltage solution was obtained

As expected, NR diverged in all studied systems. Results for LM have not been reported
since this algorithm was intentionally stopped when the number of iterations surpassed 5000.
RK4 diverged in Systems #1, #2, #3 and #4. RBS obtained the low voltage (unstable) solution

of PF problem in System #3 while RH diverged in Systems #3 and #4. Both AB2 and CNC-PF



successfully solved all studied systems. In all cases, the proposed method employed less
iterations than remainder considered techniques.

In order to demonstrate that developed CNC-PF produced an accurate solution, the
following index is defined:
N = llxene—pr — ulloo (21)
where x¢cyc—pr @and u are the values of (7) obtained by CNC-PF and other method at the last
iteration. This index is used to verify that the solution obtained by the CNC-PF is accurate and
proximately identical with those obtained by the other PF methods. Table 4 presents the values

of n for the developed CNC-PF compared with remainder considered PF methods.

Table 4 Value of n for the different considered methodologies compared with the developed CNC-PF

Method System #1 System #2 System #3 System #4 System #5 System #6
lwam. 5.7 x 10~° 1.1 X 107° - 3.4x10°8 -- --
LMNM 1.8x 1078 1x10°8 2.1x1077 1.2 x10°° 9.8 x10°° 1.5 x 1075
RK4 -- -- -- -- 9.7 x 107° 5.7 X 107°
AB2 1.8x107° 2.5x107° 5.6 X 10~° 1.3x10°8 6.7 x107° 3.2x107°
RBS 2.2x107° 1.7 X 107° -

1.5%x 108 3.1x10°8 2.9x 1078
- 3.1x107° 44 %1078

RH 1.6 X 107° 1.9 x 107°

Based on the results reported in Table 4, one can conclude that the developed CNC-PF
method is accurate since the value of n was low enough in all studied cases compared with all
other considered methods.

When the loading level of system is increased, the condition is degraded. This is frequently
reflected in slow convergence. Table 5 reports the total number of iterations employed by
considered techniques for solving the studied systems at heavy loading conditions. To increase
the loading level of studied systems, the scheduled active and reactive power have been
modified as follows:

Pt = A" vi € [PQ, PV]T (22)
= 2Q7", vi e [PQ]" (23)

where, 1 € R*, PQ € N™ and PV € N™s are the sets of PQ and PV buses indices, respectively.



Table 5 Total number of iterations employed by different PF techniques for solving the studied systems with
heavy loading conditions

Method System #1 System #2 System #3 System #4 System #5 System #6
A=1.2734 A=1.1586 A1=1.0806 A1=1.0111 A1=1.0017 A=1.0017
NR Diverge Diverge Diverge Diverge Diverge Diverge
lwam. 2699 1580 Diverge 489 58 57
LM > 5000 > 5000 > 5000 > 5000 > 5000 > 5000
LMNM 2502 2559 Diverge 2464 Fail* Fail*
RK4 Diverge Diverge Diverge Diverge Fail* Fail*
AB2 35 36 38 32 Diverge Diverge
RBS 15 15 Diverge 15 Diverge Diverge
RH 19 19 Diverge Diverge 17 17
CNC-PF 10 10 12 11 10 11

* Low voltage solution was obtained

The performance of the PF techniques are similar to their performance in the loadbase
scenario. In this case, Iwamoto also successfully converged in Systems #5 and #6 while
LMNM, RK4, AB2 and RBS failed. On the other hand, the proposed method successfully
solved all studied systems. As expected, CNC-PF employed less iterations than remainder

techniques in all cases.

5.3.- Execution time employed by different PF techniques

Execution time of any algorithm is normally quite difficult to measure. It is strongly
affected by the computer platform, software environment (C, Java, Matlab, etc) and other
computational activities. Nevertheless, it can be effectively used to compare different
algorithms if similar efforts are made to optimize the code.

Table 6 presents the computational time (in seconds) of PF techniques used for solving the
studied systems at loadbase and heavy loading conditions. All simulations have been run under
Windows 10 on a 3.4 GHz Intel Core i7-8750H CPU 2.2 GHz personal laptop (16.00 GB RAM)
over Matlab R2014b. The computation time has been calculated as mean value of 100

simulations, in order to avoid influence of other computational activities.



Table 6 Execution time [s] of different PF techniques used for solving the studied systems

Method System #1 System #2 System #3 System #4 System #5 System #6
LOADBASE
lwam. 58.2254 37.9755 -- 29.3796 -- --
LMNM 60.0984 96.9247 127.0688 234.8461 407.2067 862.5420
RK4 -- -- -- -- 10.4643 21.7048
AB2 0.5779 0.6579 1.1251 1.8322 2.0749 9.0716
RBS 1.1045 1.2448 -- 2.8841 4.8995 9.6801
RH 0.3688 0.3778 -- -- 1.4834 3.0772
CNC-PF 0.1986 0.2440 0.4393 0.6520 1.0525 2.1383
HEAVY LOADING
lwam. 52.7882 33.7690 -- 29.3668 5.0419 10.3210
LMNM 60.0984 96.9247 -- 234.8461 -- --
RK4 -- -- -- -- -- --
AB2 0.6488 0.7398 1.3440 1.8993 - -
RBS 1.1045 1.2448 -- 2.8841 -- --
RH 0.3749 0.4100 -- -- 1.4834 3.0772
CNC-PF 0.2186 0.2440 0.4808 0.7205 0.9621 2.1383

From this table, it can be observed that CNC-PF is the fastest method. LMNM, RK4 and
RBS require more than one factorization each iteration, moreover they employed more
iterations than CNC-PF in all considered cases. lwamoto, AB2, RH and proposed method have

similar computational burden, nevertheless, CNC-PF employed less iterations in all systems.

In order to demonstrate that the computational time reported are coherent, Table 7 presents
the total number of Jacobian matrix factorizations for each studied case. As commented
previously, factorization of the Jacobian matrix is by far the heaviest computational burden of

PF calculation. Hence, it is expected that a reducing number of matrix factorizations will be

reflected in a competitive execution time.



Table 7 Total number of Jacobian matrix factorizations required for solving the studied systems

Method System #1 System #2 System #3 System #4 System #5 System #6
LOADBASE

lwam. 2929 1753 -- 490 -- --

LMNM 5004 5118 5004 4928 4724 4724

RK4 -- -- -- -- 124 124

AB2 32 33 33 32 24 52

RBS 36 36 -- 36 38 38

RH 17 17 -- -- 17 17

CNC-PF 9 10 11 10 11 11
HEAVY LOADING

lwam. 2699 1580 -- 489 58 57

LMNM 5004 5118 -- 4928 - --

RK4 -- -- -- --

AB2 36 37 39 33

RBS 36 36 -- 36 - -

RH 19 19 -- -- 17 17

CNC-PF 10 10 12 11 10 11

As commented previously, the proposed CNC-PF only requires one matrix factorization
each iteration, which supposes a computational burden similar to NR. Iwamoto’s method, AB2
and RH also shows similar computational burden, however, CNC-PF always required less
iterations than remainder methods. From Table 7, it can be observed that the developed
technique is always more efficient than remainder studied techniques, since CNC-PF always

requires less factorizations.

5.4.- Reactive power limits enforcement

The ability of proposed method for solving the PF considering the generators’ reactive

limits is assessed. The strategy described in Section 4 has been used to achieve that.

In this case, we have opted the simplified steady state model of excitation system, as in
most papers devoted in the Power-Flow problem. Hence, the voltage magnitudes of PV buses
are kept constant until their reactive limits are violated. In case of violation, the generated
reactive powers are fixed constant at their limits and the voltages are relaxed, which indicate
that these buses are converted to PQ buses. This model, although simple indeed, is considered
valid for PF purposes and used in multiple references [18, 23-25], as in the original code of

MATPOWER [44].



Fig. 6 shows the convergence characteristics of PF techniques used for solving the studied
systems considering generators’ reactive limits while Table 8 reports the required execution
time in seconds and total number of iterations. One should note that NR and LM have not been
included in this analysis due to their failure to solve the studied systems at the loadbase

scenario.

Table 8 Execution time [s] and total number of iterations (in parenthesis) of PF methods used for solving the
studied systems considering generators’ reactive limits

Method System #1 System #2 System #3 System #4 System #5 System #6
135.1999 109.4977 - 94.2391 - -
lwam. (6839) (5003) Fail (1551) Fail Fail
LMNM 139.7590 246.4160 304.2820 767.7020 737.6870 1516.7
(5603) (6606) (5603) (7711) (4213) (4213)
- -~ - - 17.4661 35.5547
RK4 Fail Fail Fail Fail (53) (53)
0.7159 0.7952 1.3459 - . .
AB2 (35) (35) (36) Diverge Diverge Diverge
2.3291 3.2487 - 10.6635 8.4887 17.4791
RBS (38) @) Fail (54) 29) 29)
0.8071 1.1062 - - 2.7132 5.4530
RH (43) (53) Fail Fail (31) (31)
CNC-PF 0.4393 0.5891 0.8506 1.8176 1.5253 3.0617
(20) (24) (21) (28) (16) (16)

* Fail for solving the loadbase scenario
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Fig 6 Convergence characteristics of different PF methods in System #1 (a), System #2 (b), System #3 (c),

System #4 (d), System #5 () and System #6 (f) considering generators’ reactive limits



In this case, performance of different methods mainly depend on how many PF problems
have to be solved to achieve the feasible solution. AB2 diverged in Systems #4, #5 and #6. In
all studied systems, the proposed CNC-PF outperformed remainder techniques in the number
of iterations and execution time. From Fig. 6, it can be observed that CNC-PF converges much
faster than remainder methods. Nevertheless, AB2 shows occasionally faster convergence after
the first PF solution. It is explained in the fact that this methodology incorporates an
acceleration mechanism, which is activated when the residual is smaller than a predetermined
threshold. Anyway, CNC-PF always employed less iterations during the whole iterative

procedure, due to AB2 employs many iterations for the first PF calculation.

5.5.- Comparison with NR at safe initialization

In all simulations, a flat start has been considered for initializing the iterative procedure.
With this scenario, the proposed CNC-PF clearly outperformed other PF methods, especially
NR. Failure of the standard NR in the simulations considered is mainly due to its local
convergence, which provokes instability when the initial guess point is far away from the

solution.

Nevertheless, an improved initialization strategy can be used in order to improve the
numerical stability of NR. The simplest and secure method to find good starting point is to use
the Gauss-Seidel method (GS). GS always converges to the stable equilibrium point if it exists.
Disadvantage of the GS is the hyperbolic characteristic of convergence i.e. initially this method
converges very fast but later when approaching solution becomes very slow. This slow
convergence is the reason why GS is not widely used. However, thanks to its fast initial
convergence it can be used as the method to find good starting point for the NR. We have
analysed the performance of this hybrid GS-NR in comparison with the proposed CNC-PF. To

do that, the iterative procedure is initialized via GS after the first iteration, then the algorithm



switches to the standard NR. Table 9 presents the execution time consumed by GS-NR and

proposed CNC-PF in the studied systems.

Table 9 Execution time [s] of hybrid GS-NR and CNC-PF

Method System #1 System #2 System #3 System #4 System #5 System #6
LOADBASE
GS-NR 0.2463 0.2948 Fail* 2.1265 Fail* Fail*
CNC-PF 0.1986 0.2440 0.4393 0.6520 1.0525 2.1383
HEAVY LOADING
GS-NR 0.3673 0.4112 Fail* 2.1478 4.8179 15.2570
CNC-PF 0.2186 0.2440 0.4808 0.7205 0.9621 2.1383
GENERATORS’ REACTIVE LIMITS ENFORCED

GS-NR 0.5760 0.8896 Fail* 7.4971 Fail* Fail*
CNC-PF 0.4393 0.5891 0.8506 1.8176 1.5253 3.0617

* Low voltage solution was obtained

Divergence of NR is prevented in all cases, however, GS-NR occasionally converged to
the low voltage solution. Moreover, the proposed CNC-PF was always faster, especially in

very large systems.

The superiority of developed method is explained in the fact that GS is quite inefficient
especially in large systems. This is due to iterative solution of PF using GS involves several

loops, which is always less efficient than vectors and matrix calculations [30].

6. Conclusions

This paper has proposed a novel method, CNC-PF, for solving the PF problem of ill-
conditioned power systems. It is inspired by the Composite Newton-Cotes formula. The
proposed CNC-PF method is robust and efficient enough to properly manage ill-conditioned
systems, while standard techniques (like NR), are likely to fail. Moreover, its computational
burden is similar to NR since only one matrix factorization is required each iteration. The
proposed CNC-PF has been tested on several ill-conditioned systems at loadbase and heavy
loading conditions. Its performance has been compared with other well-known PF techniques.
The results shown the outstanding robustness and capability of proposed method for

successfully solving all studied cases while other robust and standard techniques have shown



different convergence difficulties. Finally, the ability of the proposed CNC-PF for solving the
PF when generators’ reactive limits are considered, has been tested. In all numerical
experiments, the proposed CNC-PF is the most efficient method, employing less iterations than
remainder considered techniques. Moreover, it is the fastest, which demonstrated by comparing
the execution time. The obtained results demonstrate that the proposed CNC-PF supposes an
important contribution for efficiently solving the PF in ill-conditioned systems.

Future works should be focused on applying the proposed PF method to other related

problems such as continuation and uncertain power flow analysis.
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