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Abstract A belief rule-based inference approach and its corresponding optimization
algorithm deal with a rule-base with a belief structure called a belief rule base (BRB) that
forms a basis in the inference mechanism. In this paper, a new learning method is proposed
based on the given sample data for optimally generating a consistent BRB. The focus is
given on the consistency of BRB knowing that the consistency conditions are often violated
if the system is generated from real world data. The measurement of BRB inconsistency
is incorporated in the objective function of the optimization algorithm. This process is for-
mulated as a non-linear constraint optimization problem and solved using the optimization
tool provided in MATLAB. A numerical example is demonstrated the effectiveness of the
proposed algorithm.

Keywords Belief rule base · Optimization · Consistency · Learning

1 Introduction

To extend the rule-base framework for covering credibility uncertainty, a generic Rule-base
Inference Methodology using the Evidential Reasoning approach (RIMER) was proposed
in [15] by combining decision science, fuzzy logic [19] and Dempster-Shafer (D-S) theory
of evidence [3,9]. In the RIMER framework, a rule base designed on the basis of a belief
structure, called a Belief Rule Base (BRB), is used to capture uncertainty and non-linear
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relationships between the parameters, and the inference is implemented using the evidential
reasoning algorithm in [16] and [17].

Belief rule base forms a basis in the inference mechanism of RIMER, which is a frame-
work for representing expert knowledge. In a BRB, input data, belief structures, attribute
weights, rule weights, and parameters of referential values for each attribute are combined to
generate activation weights for rules, and all activated belief rules are then combined to gen-
erate appropriate conclusions using the evidential reasoning approach, such a combination
process is finally formulated as non-linear objective functions with some constraints, which
provides the flexibility to be handled by many optimization algorithms [8]. Those parameters
involved in RIMER are the important factors for the system performance.

However, it is difficult to determine those weights and parameters elements entirely sub-
jectively, in particular for a large scale rule base with hundreds of rules. Accordingly, optimal
models for training the elements of general belief rule bases in RIMER have been proposed
in [18], which has also been revised and applied into engineering system safety analysis
and leak detection [7,13]. The optimization process is formulated as non-linear objective
functions to minimize the differences between observed outputs and the outputs of a belief
rule base whilst parameter specific limits and partial expert judgments can be formulated
as constraints. The optimization problems can be solved using existing tools such as the
optimization tool box provided in MATLAB [2].

One of the important issues in designing the rule-base, i.e., the consistency of generated
rule-base is however not addressed in the above work. This is actually important for a rule-
based system to exhibit a reliable performance because the inconsistency generally exists
in the knowledge itself provided by the domain experts and in the process of knowledge
representation and acquisition as well.

Hence, the main focus of this paper is to extend the optimal algorithm in [18] to generate
the consistent BRB from sample data. The measurement of BRB inconsistency is provided
and incorporated into the objective function of the optimization algorithm, which can pre-
vent the algorithm from generating rules that seriously contradict with each other or with the
heuristic knowledge.

The paper is organized as follows. Section 2 briefly reviews the RIMER approach. Sec-
tion 3 provides the detailed optimization algorithm including the way on how to measure the
inconsistency of BRB. Section 4 provides a numerical example to demonstrate the effective-
ness of the proposed algorithm. Section 5 concludes the paper.

2 Outline of RIMER

This section reviews the RIMER framework in [15]. A belief rule-base is given by
R = {R1, R2, . . . , RL }, where the kth rule can be represented as follows:

Rk : IF U is Ak THEN D with belief degree βk, with a rule weight θk and attribute weights

δK 1, δK 2, . . . , δK T . (1)

This is the vector form of a belief rule. Here U represents the antecedent attribute vector
(U1, . . . , UT ) , Ak the packet antecedents

{
Ak

1, . . . , Ak
T

}
(Ak

i ( j = 1, . . . , T ) is the referential
value of the j th antecedent attribute in the kth rule), T the number of antecedent attributes
used in the rule, D the consequent vector (D1, . . . , DN ), and βk the vector of the belief
degrees (β1k, . . . , βNk), for k ∈ {1, . . . , L} with

∑N
i=1 βik ≤ 1. βikmeasures the degree

to which Di is the consequent if the input activates the antecedent Ak in the kth rule for
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Table 1 A belief rule expression
matrix

Output Input

A1(w1) A2(w2) … Ak (wk ) … AL (wL )

D1 β11 β12 … β1k … β1L

.

.

.
.
.
.

.

.

. …
.
.
. …

.

.

.

DN βN1 βN2 … βNk … βN L

i = 1, . . . , N , k = 1, . . . , L . L is the number of rules and N is the number of possible
consequents. If

∑N
i=1 βik = 1, the output assessment or the kth rule is complete; otherwise,

it is incomplete. The belief rule-base in the form (1) is referred to as a fuzzy belief rule-
base where either Uor D or both could be described as linguistic terms modeled typically by
fuzzy membership functions. The rule-base can be summarized using a belief rule expression
matrix shown in Table 1.

Take, for example, the following belief rule in safety analysis:

Rk : if the failure rate is frequent and the consequence severity is critical and the failure
consequence probability is unlikely, then the safety estimate is {(good, 0), (average, 0),
(fair, 0.7), (poor, 0.3)}

where {(good, 0), (average, 0), (fair, 0.7), (poor, 0.3)} is a belief distribution representation
for safety consequent, stating that it is 70% sure that safety level is fair and 30% sure that
safety level is poor. In this belief rule, the total belief degree is 0.3 + 0.7 = 1, so that the
assessment is complete. This kind of rule reflects another kind of uncertainty caused because
sometime an expert is unable to establish a strong correlation between premise and conclu-
sion. In other words, evidence available is not sufficient or experts are not 100% certain to
believe in a hypothesis but only to degrees of belief. The linguistic value set for failure rate is
given by {very low, low, reasonably low, average, reasonably frequent, frequent, and highly
frequent}, which can be represented by fuzzy membership functions respectively.

In the matrix, wk is the activation weight of Ak , which measures the degree to which the
kth rule is weighted and activated. wk is calculated as follows:

wk =
⎛

⎝θk ∗
T∏

j=1

(
αk

j

)δ̄ j

⎞

⎠

/(
L∑

t=1

[

θt ∗
T∏

l=1

(
αt

l

)δ̄l

])

, here δ̄ j = δ j

/(
max

j=1,...,T

{
δ j

}
)

,

(2)

Here θk and δi can be assigned to any value in R+ depending on a specific application because
wk will be normalized so that wk ∈ [0, 1] by (2). Without loss of generality, however, we
assume that θk ∈ [0, 1], (k = 1, . . . , L) and δ j ∈ [0, 1]( j = 1, . . . , T ). Note that 0 ≤ wk ≤
1(k = 1, . . . , L) and

∑L
i=1 wi = 1. In addition, αk

j ∈ {α js; s = 1, . . . , S j }( j = 1, . . . , T )

is the degree of belief to which the input for U j belongs to Ak
j of the j th individual anteced-

ent in the kth rule, called individual matching degree, where Ak
j ∈ {

A js; S = 1, . . . , S j
} ∈

(S j is the total number of referential values for the attribute U j ).
In RIMER, two major ways of representing the referential values are utilized, i.e., the way

using linguistic terms which can be represented by fuzzy membership function, and the way
of using linguistic terms which can be represented by linear utility function. Accordingly,
the ways to calculate the individual matching degree are different.
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2.1 The ways to calculate the individual matching degree

This is given a bit in more detail because it is necessary to determine the inconsistency of
rule-base.

2.1.1 For the fuzzy membership function case

Suppose αk
j = Ak

j (x j ) is the fuzzy membership degree of a given real input x j for the attri-

bute U j to the linguistic term Ak
j . The fuzzy membership function can be applied in different

forms depending on the system. In [6], the straight-line membership functions are used due
to its advantage of simplicity, such as the triangular membership function and trapezoidal
membership function. In this paper continuous and differentiable Gaussian function is used,
i.e.,

Ak
j (x j ) = exp

(
−(1/2)

(
(x j − ck

j )
/

(σ k
j )

)2
)

, (3)

where ck
j is the central value of the fuzzy membership function and σ k

j is the variance at the
central value. The reason to choose the Gaussian on is that a generalized formula in analytical
form for the similarity measure of two Gaussian fuzzy sets with different widths is avail-
able. Although triangular/trapezoidal ones can be also applied, however, for any two fuzzy
sets described with triangular/trapezoidal membership functions, there are nine total possible
overlapping cases, that means no single analytical form can cover all the cases, which will
cause some computation issues as well.

2.1.2 For the utility case

If the referential values for each antecedent attribute are given by numerical values using
utility-based equivalence transformation techniques [14], where the equivalence rules need
to be extracted from decision makers to transform a value to an equivalent expectation,
thereby relating a particular value to each referential value, then the individual matching
degree can be calculated based on the following procedure.

Suppose U = {U j ; j = 1, . . . , T } is the set of antecedent attributes,
A j = {

A js, s = 1, . . . , S j
}
( j = 1, . . . , T ) is the referential set of the antecedent attribute

U j , and a value a js for an antecedent attribute U j is judged to be equivalent to a referential
value A js(s = 1, . . . , S j ), or

a js means A js(s = 1, . . . , S j ). (4)

Without loss of generality, suppose Ui is a ‘profit’ attribute, that is a large value a j (s+1) is
preferred to a smaller value a js . Let a j S j be the largest feasible value and a j1 the smallest.
Then an input value x∗

j for U j may be represented using the following equivalent expectation:

S(x∗
j ) = {(

a js, γ js
) ; s = 1, . . . , S j

}
, (5)

where

γ js = a j (s+1) − x∗
j

a j (s+1) − a js
, γ j (s+1) = 1 − γ js if a js ≤ A∗

j ≤ a j (s+1) (5a)

γ j t = 0 for t = 1, . . . , S j , t �= s, s + 1 (5b)
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αk
j ∈ {γ js; s = 1, . . . , S j }( j = 1, . . . , T ) is the belief degree to which the input for U j

belongs to Ak
j

(∈ {A js, s = s = 1, . . . , S j }
)

of the j th individual antecedent in the kth rule.

2.2 Reasoning based on the evidential reasoning algorithm

Based on the above belief rule expression matrix, we apply the analytical evidential reasoning
(ER) algorithm in [18] (which is equivalent to the recursive ER algorithm in [16] and [17])
to combine rules and generate final conclusions. The combined degree of belief β j in D j is
generated as follows:

βi =
μ∗

[∏L
k=1

(
wkβi,k + 1 − wk

∑N
i=1 βi,k

)
− ∏L

k=1

(
1 − wk

∑N
i=1 βi,k

)]

1 − μ∗
[∏L

k=1 (1 − wk)
] , i = 1, . . . , N

(6)

where μ = [ ∑N
i=1

∏L
k=1(wkβi,k + 1 − wk

∑N
i=1 βi,k) − (N − 1)

∏L
k=1(1 − wk

∑N
i=1

βi,k)
]−1.

Because the inference process in the proposed method is a kind of non-linear algorithm
using the ER algorithm, the assessment of the parameters of the inference procedure is not
easy. That is indeed the main objective of the proposed work trying to use self-tuning to help
efficiently generate near-optimal parameters.

The logic behind the approach is that if the consequent in the kth rule includes Di with
βik > 0 and the kth rule is activated then the overall output must be Di to a certain degree.
The degree is measured by both the degree to which the kth rule is important to the overall
output and the degree to which the antecedents of the kth rule are activated by the actual
input x∗.

3 Extended optimization algorithm for generating consistent BRB

The performance of inference can be improved if the following parameters in (6) are adjusted
by autonomous learning and if they are not given a priori or only known partially or impre-
cisely: (1) rule weights θk(k = 1, . . . , L) and attribute weights δ j ( j = 1, . . . , T ); (2) the
degrees of belief βik(i = 1, . . . , N ; k = 1, . . . , L). For constraint conditions on each param-
eter, we refer to the ref. in [18]

Figure 1 shows the process of training a belief rule base [18], where x̂m is a given input,
ŷm the corresponding observed output, either measured using instruments or assessed by
experts, ym the simulated output generated by the belief rule based system, and ξ(P) the
difference between ŷm and ym , as defined later.

Real System

BRB

Observed output ŷm

Simulated output y
m

)(PξInput 
x̂m

),,( , ikki δθβ

Fig. 1 Illustration of the optimal learning process
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It is desirable that ξ(P) is as small as possible where P is the vector of training param-
eters including βi,k, θk , and δi . This objective is difficult to achieve if a BRB is constructed
using expert judgments only. An optimal learning method is used to adjust the parameters to
minimize the difference between the observed output (ŷm) and the simulated output (ym), or
ξ(P).

3.1 Initial optimization algorithm

The objective function is to minimize the mean square error (MSE) criterion defined as
follows:

min
P

{ξ(P)} (7)

where, ξ(P) = 1
M

∑M
m=1 (ym − ŷm)2, ym = ∑N

j=1 u(D j )β j (m) is the expected utility (or
score) of the output corresponding to the given input x∗

m for the mth input vector in a train-
ing set (m = 1, . . . , M), β j (m) is given by (6) for the mth input in the training set (m =
1, . . . , M). M is the number of points in the training set, ŷm is the measured confidence score
or the expected output. (ym − ŷm) is the residual at the mth point. The constraint conditions
for a belief rule base are given as follows [18]:

(a) A belief degree (subjective probability) must not be less than zero or more than one

0 ≤ β jk ≤ 1, j = 1, . . . , N ; k = 1, . . . L . (7a)

(b) If the kth belief rule is complete, its total belief degree in the consequent is equal to
one, i.e.,

∑N

j=1
β jk = 1. (7b)

(c) An attribute weight is normalized so that it is between zero and one

0 ≤ δi ≤ 1, i = 1, . . . , T . (7c)

(d) A rule weight is normalized so that it is between zero and one

0 ≤ θk ≤ 1, k = 1, . . . , L . (7d)

Therefore, all generations of the optimization algorithm are used to obtain the minimal
mean square error. Equation (7) is a multi-variable constrained non-linear single-objective
optimization problem and can be solved using existing non-linear optimization software
packages. In this paper, the Matlab Optimization Toolbox is used [2]. Since the function to
be minimized and the constraints are all continuous, this optimization problem can be solved
using the optimization function FMINCON provided in MATLAB.

3.2 Extended optimization algorithm to minimize the inconsistency

The consistency of the rules is usually thought to be trivial if the rules are extracted from expert
knowledge. However, if the rules are automatically generated from a set of data affected by
noise, this can become serious. So we focus only on the consistency among the rules in the
generated rule base.

Fuzzy rules are regarded as inconsistent, if they have very similar premise parts, but pos-
sess rather different consequents; or they conflict with the expert knowledge or heuristics
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[5]. Before we discuss the definition of the consistency, we first provide the definition of the
similarity of rule antecedent (SRA) and the similarity of rule consequent (SRC) again with
the help of fuzzy similarity measures, similarity measure of utility, and similarity measure
of discrete probability distribution.

3.2.1 Similarity measures

A. Similarity measures of rule antecedents

This similarity depends on the ways of representing the referential values in the rule ante-
cedent attributeand can be determined in the following two ways: for fuzzy sets or for utility
values.

(a) Similarity measure for fuzzy sets

Similarity measure for fuzzy sets indicates the degree to which two fuzzy sets are equal.
For any two fuzzy sets A and B, the set-theoretic similarity measure usually used in inter-
pretability analysis is in the following form [4]:

SF (A, B) = (|A ∩ B|)/(|A| + |B| − |A ∩ B|), (8)

where | · | denotes the cardinality of the set. For the Gaussian fuzzy sets A and B defined in
(3), the cardinality calculation becomes an integration as follows [4]:

|A| =
∞∫

−∞
A(x)dx =

∞∫

−∞
exp

[− ((x − cA)/σA)2] dx = √
πσA

|B| =
∞∫

−∞
B(x)dx =

∞∫

−∞
exp

[

−
(

x − cB

σB

)2
]

dx = √
πσB ,

|A ∩ B| =
√

π

2
[2σmin + 
],


 = (σmax − σmin)erf

(
cmax − cmin

σmax − σmin

)
− (σmax + σmin)erf

(
cmax − cmin

σmax + σmin

)

σmax = max(σA, σB) (others are defined similarly),

erf(x) = (
2/

√
π

)
x∫

0

e−t2
dt .

More options about similarity measure for fuzzy sets can be found in [11] and [12].

(b) Similarity measure for utility values

For the comparison functions d(a, b) for two utilities a and b, we use the Minkowski’s
(or Euclidean) distance given by

d(a, b) = |a − b| ,
so the similarity between a and b is calculated as

Su(a, b) = 1 − d(a, b). (9)
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B. Similarity measures of rule consequents

Because the rule consequent is represented as a probability distribution, it is to determine the
similarity measure for probability distributions.

For the comparison functions m(P, Q) for two probability distributions P and Q, we use
the Minkowski’s (or Euclidean) distance given by

d(P, Q) =
∑

y∈Y

|p(y) − q(y)|2, So SP (P, Q) = 1 − d(P, Q). (10)

More options about m can be found in [1] and [20].

3.2.2 Consistency measure of BRB

Consider two rules in the rule base:
Ri : IF U1 is Ai

1 and . . . and UT is Ai
T THEN D is {(D1, β1i ), . . . , (DN , βNi )},

Rk : IF U1 is Ak
1 and . . . and UT is Ak

T THEN D is {(D1, β1k), . . . , (DN , βNk)}.
The SRP of these two rules is defined as follows:
SRA(i, k) = minT

j=1 S f (Ai
j , Ak

j ) if Ai
j and Ak

j are represented by fuzzy membership
functions; where S f (A, B) is defined in (8).

SRA(i, k) = minT
j=1 Su(Ai

j , Ak
j ) if Ai

j and Ak
j are represented by utility values; where

Su(A, B) is defined in (9).
The SRC of these two rules is defined as follows:

SRC(i, k) = Sp[{(D1, β1i ), . . . , (DN , βNi )}, {(D1, β1k), . . . , (DN , βNk)}],
where S is defined in (10).

Then the consistency of rule Ri and Rk is defined by [5]:

Cons(Ri , Rk) = exp
{− (SRA(i, k)/SRC(i, k) − 1.0)2 / (1/SRA(i, k))2} . (11)

An inconsistency degree of a rule base is suggested based on the consistency index pro-
vided in (11). At first, an inconsistency degree for the i-th rule is calculated as follows:

Incons(i) =
∑

1≤k≤L
k �=i

[1.0 − Cons(Ri , Rk)], i = 1, . . . , L , (12)

The inconsistency degree of each rule is then summed up to indicate the inconsistency degree
of a rule base:

ξIncons =
L∑

i=1

Incons(i), (13)

which can be incorporated in the objective function of the algorithm.

3.2.3 Extended optimization formulation

Combining the inconsistency indices, the quality of a generated FBRB is evaluated with the
following objective function to minimize the mean square error criterion and also minimize
the inconsistency level:

MIN{ξ + λξ Incons}, (14)
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where ξ is the same as in (7), ξIncons is provided in (13). λ is a weighting constant to control
the consistency level. It will be predetermined according to the application context, not a
parameter to be optimized.

4 Case study

4.1 Problem description

An example for oil pipeline leak detection in [13] is used here. We use the data to train and
validate a BRB system for detecting and estimating the leak sizes. A pipeline with the mass
flow meters at the inlet and outlet and the pressure meters at the inlet and outlet. Data are
collected from those meters every 10 s. The pipeline is mostly operated in leak free (normal)
condition. However, during a leak trial period, a series of leaks were created in the pipeline.
Each leak lasted up to a few hours and the size of the leaks was controlled through a valve.
Figure 2 shows the inlet and outlet flow and pressure readings ( f0, f1, p0 and p9, respec-
tively) collected in about five and half hours during a leak trail, with the leak period clearly
marked by the large discrepancy between the inlet and outlet flow readings.

4.2 Data and belief rule base

The difference between the inlet flow and the outlet flow, denoted by FlowDiff, and the
average pipeline pressure change over time, denoted by PressureDiff, are the two important
factors in detecting a leak in the pipeline. Under normal operations, when the inlet flow is
larger (or less) than the outlet flow, the pressure in the pipeline will build up (or decrease)
because the total content in the pipeline is increasing (or decreasing, respectively). However,
if the pattern is violated, for example, when the inlet flow is larger than the outlet flow, yet the
pressure in the line still decreases, then it is highly likely that there is a leak in the pipeline.

Fig. 2 Inlet and outlet flow and pressure readings
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Table 2 Calculated flow and
pressure difference

FlowDiff PressureDiff Leak size
( f 1 − f 0) (Paverage(t) − Paverage(t − 1)) t(h)

#07:00:18# 0.05 0 0

… … … …

#10:04:08# −6.15 −0.007 6.35

#10:04:18# −6.15 0 6.38

#10:04:28# −6.15 0 6.40

#10:04:39# −6.1 0.0085 6.39

#10:04:49# −6.1 0 6.35

… … … …

#12:34:27# −0.1 0 0

FlowDiff and PressureDiff are the two-antecedent attributes of the rule base and are calculated
as follows:

U1 = FlowDiff (t) = f1(t) − f0(t)

U2 = PressureDiff (t) = [p0(t) + · · · + p9(t)]/10 − [p0(t − 1) + · · · p9(t − 1)]/10

where f1(t), f0(t), p0(t), . . . , and p9(t) are collected instrument readings at time t . The
consequent attribute is the leak rate, denoted by LeakSize. LeakSize values are controlled
during the leak trial and therefore are more or less (though not exactly) known. Table 2 lists
a few antecedent attribute values and the corresponding consequent attribute values.

We have chosen the following terms (words in natural language) for each type of numerical
attribute in the table:

Flow difference partition:

NL: Negative large
NM: Negative medium
NS: Negative small
NVS: Negative very small
Zero
PS: Positive small
PM: Positive medium
PL: Positive large

The terms NL, NM, NS, NVS, Zero, PS, PM, and PL are assumed to be equivalent to the
numerical value −7, −5, −3, −1, 0, 0.5, 1, and 2, respectively.

Pressure difference partition:

NL: Negative large
NM: Negative medium
NS: Negative small
Z: ZERO
PS: Positive small
PM: Positive medium
PL: Positive large

The terms NL, NM, NS, Z, PS, PM, and PL are assumed to be equivalent to the numerical
value −0.061, −0.005, −0.002, 0, 0.002, 0.01, and 0.06, respectively.
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We have discretized the leak size to five levels, i.e., none, very small, medium, fair, and
large, which are suppose to be corresponding to the leak size 0, 0.5, 2, 4, 6, and 8, respectively.

Based on the above definitions, the similarity measures (9) and (10) will be used for an
inconsistency measure of the belief rule base.

Because the flow difference is divided into eight terms and the pressure difference is
divided into seven terms, there are a total of 56 combinations of the two antecedents leading
to 56 rules in the rule-base. For example, a sample rule could be:

IF FlowDiff is Negative Medium AND PressureDiff is Negative Large THEN LeakSize
is {(none, 0), (very small, 0), (medium, 0), (fair, 0.2), (large, 0.8)}.

4.3 Learning of the belief-rule-base for leak detection

In the rule-based leak detection system based on RIMER, the belief rule base plays an impor-
tant role, where an initial belief distribution may be extracted from experts. In this case, the
initial BRB can be built from experts’ partial knowledge, which may not be optimal. It can
be then refined by an autonomous learning process. The belief rule-base is initially roughly
given by experts. The training followed will use training data to adjust and refine the rule-base
parameters.

(1) Training based on the training data without checking the inconsistency

Six hundred samples, including inconsistent data, are used for training. Compared with
the initial belief-rule-base, there exist some inconsistent rules, for example, the rule 2 is
inconsistent with the rules 3 and 4; the rules 5 and 6, the rules 10 and 11 etc. They are
illustrated in the following Table 3.

Table 3 Inconsistent rules illustration

RN RW FlowDiff and PreDiff No Very low Medium Fair High LS
0 0.5 4 6 8

1 1 Negative large AND Negative large 0.0005 0.0006 0.0001 0.0017 0.997 7.9869

2 1 Negative large AND Negative medium 0.1011 0.0907 0.0062 0.2087 0.5933 6.06875

3 1 Negative large AND Negative small 0.0649 0.0578 0.0042 0.3892 0.4838 6.2513

4 1 Negative large AND ZERO 0.0352 0.0307 0.0004 0.6814 0.2523 6.12375

5 1 Negative large AND Positive small 0.0086 0.029 0.0413 0.6856 0.2356 6.1781

6 1 Negative large AND Positive medium 0.0381 0.0761 0.0599 0.203 0.623 6.47965

7 1 Negative large AND Positive large 0.7888 0.1905 0.0013 0.0053 0.0141 0.24505

8 1 Negative medium AND Negative large 0.0006 0.0007 0 0.2006 0.7981 7.58875

9 1 Negative medium AND Negative medium 0.0524 0.0501 0.0079 0.6773 0.2122 5.81805

10 1 Negative medium AND Negative small 0.023 0.0207 0.0909 0.7977 0.0677 5.70175

11 1 Negative medium AND ZERO 0.0075 0.0064 0.1462 0.7008 0.1391 5.9056

12 1 Negative medium AND Positive small 0.0177 0.0724 0.3263 0.1481 0.4356 5.7148

Here RN means the rule number, RW means the rule weight, the 2nd row of the table (i.e., the 2nd rule) is
read as follows:
IF FlowDiff is Negative large AND PressDiss is Negative medium THEN Leak size is {(none, 0.1011), (very
small, 0.0907), (medium, 0.0062), (fair, 0.2087), (large, 0.5933)} with the rule weight 1
The corresponding leak size (LS, in the last column) corresponding to the belief distribution is calculated as:
0.1011 * 0 + 0.0907 * 0.5 + 0.0062 * 4 + 0.2087 * 6 + 0.5933 * 8 = 6.06875
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Table 4 Summary of effect of increasing leak on system variables

FlowDiff PressDiff Leak size

=(Negative) (More input than output) ↑(Negative) (i.e., more negative) ↑
=(Negative) ↑(Positive) More positive ↓
=Zero ↑(Negative) More negative ↑
=Zero ↑(Positive) ↓
↑(Negative) =(Negative) ↑
↑(Positive) =(Negative) Uncertain

=(Positive) ↑(Negative) or ↓(Negative) Normal operation (no leak)

=(Positive) ↑(Positive) or ↓ (Positive) Normal operation (no leak)

Here, =Zero: constant zero; =(Negative): Negative constant; ↑(Negative): Negatively increasing; ↓(Positive):
Positively decreasing; ↑: increasing; ↓: decreasing

As we can see, the inconsistency degrees among those rules are quite high. Intuitively,
while FlowDiff is negative (i.e., f0 > f1), the negative increase of pressure difference will
increase the leak size, but the positive increase of pressure will decrease the leak size. Table 4
shows the trend of leak size with the variation of two parameters:

Based on this trained rule-base, the system output for 600 training data is shown in Fig. 3a.
Comparing with the system output using initial rule-base, the system output after training

is much better. However, there are some points far away from the assumed output, which
is caused partially by the inconsistency among the trained rules, which are mainly caused
by some noise training data. The consistency of the system is violated due to the noise
data, which may be caused by turbulence and dynamic changes in the pipeline, or possible
instrument and data communication errors.

After checking the training data, some training data are inconsistent according to com-
mon sense. For example, while the flow difference is the same, larger pressure drops indicate
larger leaks. The data pairs (32, 78) and (74, 76) seem inconsistent with this rule (due to
noises in data and dynamics in pipeline operations).

(2) Training based on the training data minimizing/excluding the inconsistent set

To make the trained rule consistent, the proposed optimization algorithm for learning
consistent BRB is used so that the inconsistency caused due to those 21 inconsistent training
data can be minimized. Based on the new algorithm, the training is implemented again. We
have checked that there is minor inconsistency in the rule-base (the overall inconsistency
degree of rule-base is less than 0.02). Moreover, the comparative analysis between the sys-
tem output based on the initial rule-base and the trained rule base using the new proposed
optimization algorithm is shown in Fig. 3b. Clearly, the latter system output is better than the
former inconsistent one, especially on some discrete points in between the top and bottom
data.

From Fig. 3a, b, we notice that the performance of trained rule-base based on the pro-
posed optimization algorithm is better than that based on training data without considering
the inconsistent rule. The a priori knowledge from experts about the problem to be solved
is given in an initial rule-base form. Although this initial BRB may lead to symptoms or
abnormal conditions being overlooked (as shown in Fig. 3b, green points), it does have the
advantage of not relying on a large amount of experimental data. It actually can be refined
by the proposed learning process not only based on the data available but also maintaining
the minimal consistency of available data.
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Fig. 3 a Comparison between system output based on initial rule-base and that based on the trained rule-base
using 600 raw training data. b Comparison between the system output based on initial rule-base and that based
on the trained rule-base for 600 raw training data (while minimize the inconsistency of rule-base)

The performance of the rule-base system has been greatly improved after the autonomous
learning. Indeed, when the system was tested on the training data, all of the instances were
classified approximately correctly (the mean square error is less than 0.03). Actually, this
gives only an indication of the maximum success rate. When not enough data is available
to create a test data set, a set of rules that infer selected training cases 100% correctly may
be used with high confidence in its prediction; cases that are not covered by this set of rules
require another set of rules of low accuracy.

Moreover, we may notice that the change of the rule base after the training and the perfor-
mance of the trained rule-base are dependent on the quality and range of the training data. Not
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only we just mentioned the inconsistency of the training data, but also the range of training
data is also important. For example, some rules seem no changes after the training compared
with the initial rule base (i.e., the belief structures are kept the same). After checking the
range of the training data, actually there is no data or very few data closed to the antecedent
term of those rules, so the activation weights of those rule are equal to zero or approaching to
zero. That means they play no or very little role in the final system output, so the training does
not influence their belief structure. One reason that there is no or very few data in the range of
training data is that actually these rules seem impossible state for the leak in the real pipeline
operation state. They can be regarded as the system in a normal operation condition (no leak
state). But if consider additional condition, like temperature, these rules may influence the
leak status.

4.4 Test result comparisons

For test purposes, the data are selected in a similar way as the training data, the total numbers
of 457 data from the whole set of data set are selected for the test purpose, which are different
from the training data set.

Here we consider the trained rule-base based on 600 observations, as shown in Fig. 3b, the
trained rule-base was tested on the training data, all of the instances were classified approxi-
mately correctly (the mean square error is less than 0.03). The trained rule-base is now tested
on the 457 test data, which is shown in Fig. 4, and looks good.

Note a point (with 0 pressureDiff) at the bottom seems a very big error. Actually, this is
a wrongly selected odd point, the test point here is FlowDiff = −7.05, PressDiff = 0. Here
−7.05 is out of range of the flow difference we assumed. Hence the activation weight is zero,
so the output becomes zero. This point is called point out of range. It can be certainly deleted
or revised without influence on the whole performance of the trained rule-base.

Fig. 4 Comparison between the system output based on initial rule-base and that based on the trained rule-base
for 457 raw test data from table (25% controlled leak size)
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The tests show that the trained rule-base seems reasonable, the success rate is good,
together with the consistency, the training process and results seem more or less successful.

The above training and test experimental results demonstrate that the estimated outcomes
match the observed ones very closely. The accuracy of the test output has been effectively
improved thanks to minimize the inconsistency in an optimal way. The consistency of the
system is violated due to the noise data, which may be caused by turbulence and dynamic
changes in the pipeline, and possible instrument and data communication errors. Such noise
is intrinsic to almost all pipeline operation data and poses significant challenges to developing
pipeline leak detection systems. To minimize the inconsistency can be an effective way to
minimize such noises.

However, the computational complexity is much higher and slower in the training pro-
cess than the training without minimizing the inconsistency. So the proposed method is only
suitable for off-line applications, not yet for real-time applications. Some new methods and
algorithms can be investigated and applied, e.g., among others, approaches in [10], in order
to increase the efficiency and effectiveness of the proposed methods.

In addition, the similarity measures defined in Sect. 3 are only for illustration purpose.
There have been many types of similarity measurements being introduced. The utilization of
them depends on the type of antecedent and consequent attributes, which should be chosen
accordingly based on the application context.

5 Conclusions

In the presented work, an optimization method for generating consistent rule base with the
belief structure was proposed. The main focus was given on the consistency of the system.
The measurement of inconsistency of BRB was provided and finally incorporated in the
objective function of the optimization algorithm which is formulated as a non-linear con-
straint optimization problem and solved using the optimization tool provided in MATLAB.
The case study for application in oil pipeline leak detection is provided to illustrate the effec-
tiveness of the proposed approach. The proposed optimization algorithm provided a practical
and reliable support for the proposed RIMER approach.
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