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Abstract

The paper deals with the estimation problem of a discrete-time vectorial quater-

nion signal which is observed through a linear dynamic system with intermit-

tent observations and autocorrelated and cross-correlated noises. Under Cη-

properness conditions, a semi-widely linear processing is considered to pro-

vide filtering, fixed-point and fixed-lag smoothing algorithms for estimating the

quaternion state. The proposed solutions give a substantial reduction in com-

putational burden in relation to the widely linear estimation techniques, this

benefit being impossible to be fully captured by using a real number frame-

work. The feasibility and performance of the aforementioned algorithms are

illustrated by means of simulation examples.

Keywords: Cη-properness, filtering, fixed-point and fixed-lag smoothing

algorithms, intermittent observations, quaternion signals, semi-widely linear

processing.

1. Introduction

Traditionally, Kalman filter and its different extensions have been analyzed

for real-valued signals (e.g., [1]–[5]). Nevertheless, the progress in technology

and vector sensors have brought to light the necessity of processing multidimen-

sional and multivariate signals, where the enhancement of using the quaternion5



algebra has been highlighted as an important tool in this task (see, e.g., [6]-

[10]). For example, the quaternion domain has usually been employed to model

three-dimensional rotations and orientation in a compact and computationally

efficient fashion. Actually, quaternions provide mathematical robustness to rep-

resent rotations since they are immune to the gimbal lock singularity (a limita-10

tion of the Euler angle representations [11]), making them suitable for attitude

control systems [12]-[15]. Other applications where the quaternion domain has

been shown to perform admirably include color image processing [16], computer

graphics [17], aeronautics [18, 19], seismology [20], meteorology [21], quantum

physics [22], etc.15

In the quaternion domain, there are different types of processing whose use

depends on the kind of properness of the signal to be processed [23]. The

most general processing is the so-called widely linear (WL), in which we must

simultaneously operate on the quaternion signal and its three involutions. Such

a processing is the one suitable for improper signals, being equivalent to the20

linear processing in R4 [7]. In this framework, several WL Kalman algorithms

have been proposed in the literature (e.g., [9], [19], [24]-[26]).

Other types of processing are appropriate when the signal presents proper-

ness properties. H-properness or Cη-properness constitute the two principal

types of quaternion properness and the optimal processing is then reduced to25

the strictly linear (SL) or semi-widely linear (SWL) processing, respectively.

SL processing ignores the involutions while SWL processing makes use of the

quaternion and its involution over the pure unit quaternion η. The main prac-

tical repercussion of both SL and SWL processing is the significative reduction

in the computational burden of the associated algorithms in comparison with30

the WL ones [27]. Notably, this saving in computational complexity cannot be

attained when the algorithms are formulated in the real domain.

It is well-known that proper signals need a particular treatment. In fact,

algorithms adapted for improper signals can fail or suffer from slow convergence

when they are used for proper signals [28]. In this way, since the seminal work35

of Vakhania [29], extensive research has been done on studying the properness
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properties of quaternion valued signals and on devising specific algorithms. For

example, the concept of properness has been explored in [7, 23, 30, 31] and

several tests to check experimentally whether a quaternion random vector is

proper have been given in [32]-[34]. The relevance of this research field is also40

confirmed by the number of its applications such as signal detection [35, 36], ICA

[37, 38], signal estimation [6],[39]-[41], random monogenic signal [42], quaternion

VAR modelling [43], Gaussian graphical models [44], directionality in random

fields [45], classification of polarized signals [46], etc.

On the other hand, in the conventional formulation of the estimation problem45

it is assumed that all the observations are available during the state estimation

time, since Kalman filters are sensitive to incomplete or missing measurements

[47]. However, in many real-world applications, such as in the case of failures

in the measuring sensors, high noise environments, and poor communication

resources [48], there is a nonzero probability that the observed state contains50

only noise and the state is absent. Systems suffering from uncertainty in the

observation process are commonly referred to as systems with intermittent ob-

servations. This class of problems was first solved by Nahi [49] by assuming

that the uncertainty in the observation is characterized by an independent and

identically distributed Bernoulli process, and it has been studied extensively in55

recent years (see, e.g., [50]-[61]).

The task of estimating the quaternion signal from intermittent observations

presents similar drawbacks to those shown in the real domain, i.e., the classical

estimation methods perform suboptimally and cannot be used directly. Several

WL and SWL estimation algorithms for systems with intermittent observations60

have been investigated in [62]. The above WL algorithms were later extended to

quaternion systems with mixed uncertainties of sensor delays, packet dropouts

and uncertain observations in [63]. These two papers address the estimation

problem with intermittent observations from a common setting: they are re-

stricted to one-dimensional quaternion state vectors and the state and mea-65

surements noises are assumed to be white and non-cross-correlated. Obviously,

these assumptions may not be realistic and can be a limitation in many real

3



world problems in which noise correlation may be present and/or a vectorial

state is needed. Such problems arise, for example, when a target is taking an

electronic countermeasure (e.g., noise jamming) or if the signal noise and the70

sensor measurement noises are dependent on the system state. Also, if all the

sensors are observed in the same noisy environment, the measurement noises of

different sensors are usually correlated (see [60, 64] and the references therein).

Hence, an extension of these approaches dealing with multidimensional quater-

nion systems with colored and correlated noises is required.75

Motivated by the above considerations, this paper addresses the optimal

SWL estimation problem for multidimensional systems with intermittent ob-

servations when the state and observation noises are correlated and colored.

Specifically, filtering, fixed-point and fixed-lag smoothing algorithms are de-

vised under the hypothesis of Cη-properness and by using quaternion Bernoulli80

variables to model the missing measurements phenomenon. For that, we pro-

pose a quaternion system in which the missing measurement model considers

at each sensor the possibility of observation containing only partial information

about the state, or even only noise. Moreover, the process and the measure-

ment noises present contemporaneous autocorrelation and cross-correlation as85

well as one-step autocorrelation and cross-correlation. As remarked above, the

properness hypotheses implies that the suggested SWL recursive procedures

provide a substantial saving in computational burden in comparison with their

WL counterparts (and thus, with their real-valued versions). Really, since the

SWL processing is not equivalent to a real-valued processing, this saving cannot90

be attained by using the real number domain.

Then, the rest of the paper is organized as follows. In Section 2 we introduce

the notation and operations of quaternion algebra utilized throughout. Section

3 defines a SWL state-space model with intermittent observations, suitable for

modeling Cη-proper vectorial signals affected by colored and correlated noises.95

Section 4 addresses the corresponding methods for the SWL filtering, fixed-

point, and fixed-lag smoothing algorithms. Additionally, simulation examples

are provided in Section 5 where the effectiveness of the proposed algorithms
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is analyzed in terms of the uncertainty. Finally, our concluding remarks are

included in Section 6. To improve readability, all technical proofs have been100

deferred to an Appendix.

2. Preliminaries

Throughout this paper, all the random variables are assumed to have zero-

mean. Next, we introduce the notation and then some basic concepts and

properties.105

2.1. Notation

We use boldfaced upper case letters to denote matrices, boldfaced lower

case letters for column vectors, and lightfaced letters for scalar quantities. Im

denotes identity matrix of dimension m, 0l×m denotes the l × m zero matrix

and 0m a zero vector of length m. Superscripts (·)∗, (·)T and (·)H represent110

complex conjugate, transpose and conjugate transpose, respectively. Moreover,

subscripts (·)r and (·)ν , for ν = η, η′, η′′, represent the real and imaginary parts

of a quaternion. The notation A ∈ Rl×m (respectively A ∈ Hl×m) means that A

is a real (respectively quaternion) l×m matrix. Similarly, r ∈ Rm (respectively,

r ∈ Hm) denotes the m-dimensional real (respectively quaternion) vector. E[·]115

and Cov(·) are the expectation and covariance operators and diag(·) is a diagonal

matrix with the elements specified on the main diagonal. δn,l is the Kronecker

delta function, which is equal to one if l = n, and zero otherwise. Finally, “◦”

and “⊗” denote the Hadamard and the Kronecker product, respectively.

2.2. Basic Concepts and Properties120

The next property of the Hadamard product will be useful: if A ∈ Rm×m

and b ∈ Rm, then diag(b)A diag(b) = (bbT) ◦A.

Let xn ∈ Hm be a m-dimensional quaternion random signal given by

xn = xn,r + ηxn,η + η′xn,η′ + η′′xn,η′′
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where xn,ν ∈ Rm, ν = r, η, η′, η′′, are zero-mean real random signals and

{1, η, η′, η′′} obeys the following rules:

η2 = η′2 = η′′2 = ηη′η′′ = −1

ηη′ = η′′ = −η′η

η′η′′ = η = −η′′η′

η′′η = η′ = −ηη′′

In the quaternion domain, the complete description of the second-order sta-

tistical properties of xn is given by any combination of four elements among the

signal, the three perpendicular quaternion involutions xνn = −νxnν, ν = η, η′, η′′125

or their conjugates [23]. For example, the augmented quaternion signal vector

x̄n = [xT
n,x

ηT
n ,x

η′T
n ,xη

′′T
n ]T can be used for this purpose.

Note that the following relationship between the augmented vector and the

real vector xrn = [xT
n,r,x

T
n,η,x

T
n,η′ ,x

T
n,η′′ ]

T can be established

x̄n = 2T mxrn (1)

where T m = 1
2A⊗ Im and

A =


1 η η′ η′′

1 η −η′ −η′′

1 −η η′ −η′′

1 −η −η′ η′′


with T H

mT m = I4m.

Definition 1. Given two quaternion random signals xn,yl ∈ Hm, the product

� between them is defined as

xn�yl = xn,r ◦yl,r + ηxn,η ◦yl,η + η′xn,η′ ◦yl,η′ + η′′xn,η′′ ◦yl,η′′ , ∀n, l (2)

The following property of the product � is easy to check.

Property 1. The augmented vector of xn�yl is xn � yl = T m diag(xrn)T H
mȳl.130
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On the other hand, for a quaternion signal there exist three different kinds of

quaternion properness (Q-properness, Cη-properness and improperness), which

are based on the vanishing of three different complementary functions [33]. This

paper focuses on Cη-properness which is defined below.

Definition 2. A quaternion random signal xn ∈ Hm is said to be Cη-proper135

if the complementary matrices E
[
xnxη

′H
k

]
and E

[
xnxη

′′H
k

]
vanish for all n and

k. Similarly, two quaternion random signals xn ∈ Hm and zk ∈ Hl are cross

Cη-proper if the complementary matrices E
[
xnzη

′H
k

]
and E

[
xnzη

′′H
k

]
vanish for

all n and k.

The kind of properness determines the type of linear processing that one140

has to follow in the quaternion domain. The most general linear processing ap-

proach, called WL processing, requires the operation on the augmented quater-

nion signal vector x̄n, which offers performance advantages in relation to the

conventional processing (see, e.g., [7] and [9]). The WL processing is also equiv-

alent to the linear processing in R4 and constitutes an adequate framework145

for exploiting the full second-order statistical information of quaternion-valued

random signals [7]. The condition of Cη-properness gives rise to the so-called

SWL processing which only makes use of the quaternion signal and its involu-

tion over the pure unit quaternion η, i.e., the 2m-dimensional augmented vector

x̃n = [xT
n,x

ηT
n ]T. SWL processing presents several mathematical advantages with150

respect to WL processing since it alleviates the computational burden involved

[27]. Moreover, such advantages cannot be attained when a real-valued signal

processing is used 1.

1Cη-properness implies that the second-order statistical properties of x̄n are completely

determined by E
[
x̃nx̃H

k

]
[23]. However, the orthogonality properties in the components of x̄n

under this condition are not transferred to the components of xrn and hence Cη-properness does

not lead to a simplified structure of E[xrnx
rT
k ] as compared to E

[
x̄nx̄H

k

]
[62]. As a consequence,

it is not possible to express a SWL algorithm equivalently through a real formalism while

maintaining the same computational complexity.
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3. WL and SWL State-Space Models

Consider a quaternion state xn ∈ Hm defined by the following WL state

model:

xn = Fnxn−1 + Gnxηn−1 + Hnxη
′

n−1 + Enxη
′′

n−1 + un−1, n ≥ 1 (3)

where Fn,Gn,Hn,En ∈ Hm×m are deterministic matrices and un is a quater-

nion noise. The state cannot be observed directly but it is obtained from the

following quaternion observation equation:

zn = γn � xn + vn, n ≥ 1 (4)

where the product � is defined by (2), being γn = [γn,1, . . . , γn,m]T ∈ Hm a155

vector of quaternion Bernoulli random variables and vn is a quaternion noise.

Each component γn,i of γn is composed by independent Bernoulli random vari-

ables, γn,i,ν , ν = r, η, η′, η′′, with probability pn,i,ν , respectively. Moreover, the

Bernoulli variables γn are independent of xn, un and vn. The initial state x0

is also independent of the additive noises {un;n ≥ 0} and {vn;n ≥ 1}.160

Notice that the quaternion Bernoulli variables γn,i indicate the presence or

absence of each state quaternion component xn,i,ν in the observation and this

one is determined by the probabilities pn,i,ν which are assumed to be known. In

fact, as pn,i,ν is closer to 1, there is a greater probability that the observation at

time instant n, zn,i,ν , contains the quaternion component xn,i,ν (and, conversely,165

as pn,i,ν is closer to 0), the extreme cases being: pn,i,ν = 1 for ν = r, η, η′, η′′,

which indicates that xn,i,ν is always present in zn,i,ν , and pn,i,ν = 0 for ν =

r, η, η′, η′′, it is always absent. This formulation allows us to assign different

probabilities to the quaternion components of being affected by this uncertainty

at every time instant n and depending on the sensor involved in the transmission170

[62, 63].

By considering the augmented state, x̄n, and the augmented observation,

z̄n, and applying Property 1 on system (3)-(4), the following WL state-space
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model is derived:

x̄n =Φnx̄n−1 + ūn−1 (5)

z̄n =Γnx̄n + v̄n (6)

where

Φn =


Fn Gn Hn En

Gη
n Fηn Eη

n Hη
n

Hη′

n Eη′

n Fη
′

n Gη′

n

Eη′′

n Hη′′

n Gη′′

n Fη
′′

n

 ,

and Γn = T m diag(γrn)T H
m, with T m defined in (1). Additionally, the aug-

mented noises ūn and v̄n are assumed to be cross-correlated and autocorrelated.

Specifically, the following statistical properties are assumed:

i) E[ūnūH
l ] = Qnδn,l + Unδn,l+1175

ii) E[v̄nv̄H
l ] = Rnδn,l + Vnδn,l+1

iii) E[ūnv̄H
l ] = Tnδn,l + Wnδn,l−1

Assumptions i) and ii) imply that both the state and observation noises are

autocorrelated at the same time and one time step apart, while assumption iii)

involves contemporaneous as well as one lagged correlation between ūn and v̄n.180

An example of the above scenario can be found in the problem of dynamic

targeting tracking (see, e.g., [60]) and, in particular, in the problem of tracking

the rotations of an aircraft [19], where the quaternion domain has provided a

robust mathematical framework for problems associated with gimbal lock.

The standard quaternion Kalman filter devised in [9] is based on a particular185

case of model (5)-(6) obtained by setting pn,i,ν = 1 for ν = r, η, η′, η′′ and by

removing the correlation hypotheses on the noises, i.e., they assume that the

observations are always present and the state and observation noises are both

white and uncorrelated.

With the purpose of a SWL processing, we state the following property190

whose proof is similar to that of Proposition 1 in [62].

Property 2. Consider the quaternion state xn defined in (3).

9



i) If x0 and un are Cη-proper then, xn is Cη-proper.

ii) If xn is Cη-proper and cross Cη-proper with un then, un is Cη-proper and

Φn in (5) is block-diagonal, i.e, Φn =

 Φ̃n 02m×2m

02m×2m Φ̃
η′

n

 with

Φ̃n =

Fn Gn

Gη
n Fηn

 (7)

iii) If xn is Cη-proper and cross Cη-proper with zn and vn then, Πn = E[Γn]

is block-diagonal, i.e.,

Πn =

 Π̃n 02m×2m

02m×2m Π̃n


with

Π̃n =
1

2

Π̃
(1)

n Π̃
(2)

n

Π̃
(2)

n Π̃
(1)

n

 (8)

Π̃
(1)

n = diag(pn,1,r + pn,1,η′ , . . . , pn,m,r + pn,m,η′) and Π̃
(2)

n = diag(pn,1,r −

pn,1,η′ , . . . , pn,m,r − pn,m,η′).195

From now on, we assume that xn is Cη-proper and cross Cη-proper with zn,

un and vn. Define

Γ̃n = T̃ m diag(γrn)T H
m (9)

where T̃ m = 1
2B ⊗ Im with

B =

 1 η η′ η′′

1 η −η′ −η′′


and consider the following observation equation

z̃n = Γ̃nx̄n + ṽn (10)

with z̃n = [zTn, z
ηT
n ]T, ṽn = [vT

n,v
ηT
n ]T, R̃n = E[ṽnṽH

n] and Ṽn = E[ṽnṽH
n−1].

Also, the correlation hypotheses imposed above on ūn and v̄n give rise to

E[ūnṽH
l ] =

T̃n

S̃n

 δn,l +

W̃n

X̃n

 δn,l−1, where T̃n = E[ũnṽH
n], S̃n = E[ũη

′

n ṽH
n],

W̃n = E[ũnṽH
n+1] and X̃n = E[ũη

′

n ṽH
n+1].
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The state-space system given by equations (5) and (10) is the starting point200

to devise our SWL estimation algorithms. This system generalizes the one

defined in [62] in three ways: i) it is formulated for vectorial quaternion signals,

ii) correlation between the state noise and the measurement noise is admitted,

and now iii) both noises are colored.

Remark 1. Notice that the state equation (5) is equivalent to the SWL state

equation:

x̃n = Φ̃nx̃n−1 + ũn−1

where Φ̃n is given in (7) and ũn = [uT
n,u

ηT
n ]T. This equation cannot be used

as a state equation together with (10) since the latter involves the augmented

vector x̄n as state. However, it allows us to obtain the following recursion for

the correlation matrix of x̃n which will be valuable in our proposed algorithms:

E[x̃nx̃H
n] = Φ̃nE[x̃n−1x̃

H
n−1]Φ̃

H

n + Φ̃nŨH
n−1 + Ũn−1Φ̃

H

n + Q̃n−1 (11)

with Q̃n = E[ũnũH
n], Ũn = E[ũnũH

n−1] and E[x̃1x̃
H
1] = Φ̃1E[x̃0x̃

H
0]Φ̃

H

1 + Q̃0.205

4. SWL Estimation Algorithms

In this section, the optimal (in the least-squares sense) filtering, fixed-point

and fixed-lag smoothing problems are addressed for a signal xn satisfying the

state equation (3) and subject to randomly missing observations obeying equa-

tion (4). The approach that we use is a SWL processing, i.e., we aim to devise210

recursive algorithms to obtain the optimal estimator of xn on the basis of the

observations {z̃1, z̃2, . . . , z̃l}, denoted by x̂n|l. For that, we follow the next steps.

Firstly, we operate on the system (5) and (10) to derive the optimal estimators

of the augmented state vector. Then we apply the block-diagonality properties

of the state and correlation matrices involved, which are induced by the Cη-215

properness hypotheses assumed above, and remove the redundant parts giving

rise to the estimator ˆ̃xn|l. Finally, x̂n|l is obtained as a subvector of ˆ̃xn|l.

The SWL filtering, fixed-point smoothing and fixed-lag smoothing algo-

rithms are presented in detail below.
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Theorem 1 (SWL filter). The optimal SWL filter of xn is obtained as

x̂n|n = [Im,0m×m]ˆ̃xn|n

where ˆ̃xn|n is recursively computed from the expression

ˆ̃xn|n = ˆ̃xn|n−1 + Θ̃nΩ̃
−1
n ỹn|n−1, n ≥ 1 (12)

ˆ̃x0|0 = 02m,

the one-stage predictor is given by the equation

ˆ̃xn|n−1 = Φ̃n
ˆ̃xn−1|n−1 + Ψ̃n−1ỹn−1|n−2, n ≥ 1 (13)

where Ψ̃n = [ŨnΠ̃n + T̃n]Ω̃
−1
n and the innovations are calculated as

ỹn|n−1 = z̃n − Π̃n
ˆ̃xn|n−1 − ṼnΩ̃

−1
n−1ỹn−1|n−2, n ≥ 1 (14)

ỹ0|−1 = 02m

with Π̃n given in (8).220

The matrix Θ̃n is computed through the equation

Θ̃n = P̃n|n−1Π̃n + W̃n−1 − [Φ̃nΘ̃n−1Ω̃
−1
n−1 + Ψ̃n−1]ṼH

n, n > 1 (15)

Θ̃1 = P̃1|0Π̃1 + W̃0 (16)

and where the innovations covariance matrix is obtained as

Ω̃n = T̃ m

{
Cov(γrn) ◦

(
T H
mΣ̃nT m

)}
T̃ H

m

+ R̃n − ṼnΩ̃
−1
n−1Ṽ

H
n − Π̃nP̃n|n−1Π̃n + Π̃nΘ̃n + Θ̃

H

nΠ̃n, n > 1 (17)

with

Σ̃n =

E[x̃nx̃H
n] 02m×2m

02m×2m (E[x̃nx̃H
n])η

′

 (18)

where E[x̃nx̃H
n] is updated by means of equation (11) and

Ω̃1 = T̃ m

{
Cov(γr1) ◦

(
T H
mΣ̃1T m

)}
T̃ H

m+R̃1−Π̃1P̃1|0Π̃1+Π̃1Θ̃1+Θ̃
H

1Π̃1

(19)

12



Finally, the SWL filtering error is

Pn|n = [Im,0m×m]P̃n|n[Im,0m×m]T

where P̃n|n can be recursively obtained as a function of the one-stage prediction

error covariance matrix as follows

P̃n|n = P̃n|n−1 − Θ̃nΩ̃
−1
n Θ̃

H

n (20)

with

P̃n|n−1 = Φ̃nP̃n−1|n−1Φ̃
H

n + Φ̃n[ŨH
n−1 − Θ̃n−1Ψ̃

H

n−1]

+ [ŨH
n−1 − Θ̃n−1Ψ̃

H

n−1]HΦ̃
H

n − Ψ̃n−1Ω̃n−1Ψ̃
H

n−1 + Q̃n−1 (21)

and the initialization P̃1|0 = Φ̃1P̃0|0Φ̃
H

1 + Q̃0 and P̃0|0 = E[x̃0x̃
H
0].

Remark 2. The SWL filter in Theorem 1 presents the classical structure of a

Kalman filter, i.e., it is an iterative process that follows two steps: prediction

and updating. Moreover, the error covariance matrix associated with the filter

can be precomputed, as can the filter gain, before processing the data. The225

effects on the estimation due to the presence of measurement losses are picked

up by the innovations (14) and their covariance matrices (17). Finally, and for

application purposes, the SWL filter is given in Algorithm 1.

Theorem 2 (SWL fixed-point smoother). The optimal SWL fixed-point smoother

is obtained as

x̂n|L = [Im,0m×m]ˆ̃xn|L

where ˆ̃xn|L, for a fixed instant n < L, can be recursively calculated as follows

ˆ̃xn|L = ˆ̃xn|L−1 + Θ̃n,LΩ̃
−1
L ỹL|L−1, L > n (22)

with initial condition ˆ̃xn|n given by (12). The matrix Θ̃n,L, L > n + 1, obeys

the equation

Θ̃n,L = Ξ̃n,L−1Φ̃
H

LΠ̃L − Θ̃n,L−1Ψ̃
H

L−1Π̃L − Θ̃n,L−1Ω̃
−1
L−1ṼL (23)

Θ̃n,n+1 = P̃n|nΦ̃
H

n+1Π̃n+1 − Θ̃nΨ̃
H

nΠ̃n+1 − Θ̃nΩ̃
−1
n Ṽn+1 + ŨH

nΠ̃n+1 (24)
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Algorithm 1 SWL filter

Require: {Φ̃i, z̃i, Π̃i, R̃i, Ṽi,Cov(γri )}ni=1, {Q̃i,W̃i}n−1i=0 , {Ũi, T̃i}n−1i=1 , and

P̃0|0

Ensure: x̂n|n and Pn|n

1: P̃1|0 ← Φ̃1P̃0|0Φ̃
H

1 + Q̃0

2: E[x̃1x̃
H
1]← P̃1|0

3: Σ̃1 ←

E[x̃1x̃
H
1] 02m×2m

02m×2m (E[x̃1x̃
H
1])η

′


4: Θ̃1 ← P̃1|0Π̃1 + W̃0

5: Ω̃1 ← T̃ m

{
Cov(γr1) ◦

(
T H
mΣ̃1T m

)}
T̃ H

m+R̃1−Π̃1P̃1|0Π̃1+Π̃1Θ̃1+Θ̃
H

1Π̃1

6: ỹ1|0 ← z̃1

7: ˆ̃x1|1 ← Θ̃1Ω̃
−1
1 z̃1

8: P̃1|1 ← P̃1|0 − Θ̃1Ω̃
−1
1 Θ̃

H

1

9: x̂1|1 ← [Im,0m×m]ˆ̃x1|1

10: P1|1 ← [Im,0m×m]P̃1|1[Im,0m×m]T

11: for n ≥ 2 do

12: Ψ̃n−1 ← [Ũn−1Π̃n−1 + T̃n−1]Ω̃
−1
n−1

13: P̃n|n−1 ← Φ̃nP̃n−1|n−1Φ̃
H

n + Φ̃n[ŨH
n−1 − Θ̃n−1Ψ̃

H

n−1] + [ŨH
n−1 −

Θ̃n−1Ψ̃
H

n−1]HΦ̃
H

n − Ψ̃n−1Ω̃n−1Ψ̃
H

n−1 + Q̃n−1

14: E[x̃nx̃H
n]← Φ̃nE[x̃n−1x̃

H
n−1]Φ̃

H

n + Φ̃nŨH
n−1 + Ũn−1Φ̃

H

n + Q̃n−1

15: Σ̃n ←

E[x̃nx̃H
n] 02m×2m

02m×2m (E[x̃nx̃H
n])η

′


16: ˆ̃xn|n−1 ← Φ̃n

ˆ̃xn−1|n−1 + Ψ̃n−1ỹn−1|n−2

17: ỹn|n−1 ← z̃n − Π̃n
ˆ̃xn|n−1 − ṼnΩ̃

−1
n−1ỹn−1|n−2

18: Θ̃n ← P̃n|n−1Π̃n + W̃n−1 − [Φ̃nΘ̃n−1Ω̃
−1
n−1 + Ψ̃n−1]ṼH

n

19: Ω̃n ← T̃ m

{
Cov(γrn) ◦

(
T H
mΣ̃nT m

)}
T̃ H

m + R̃n − ṼnΩ̃
−1
n−1Ṽ

H
n −

Π̃nP̃n|n−1Π̃n + Π̃nΘ̃n + Θ̃
H

nΠ̃n

20: ˆ̃xn|n ← ˆ̃xn|n−1 + Θ̃nΩ̃
−1
n ỹn|n−1

21: P̃n|n ← P̃n|n−1 − Θ̃nΩ̃
−1
n Θ̃

H

n

22: x̂n|n ← [Im,0m×m]ˆ̃xn|n

23: Pn|n ← [Im,0m×m]P̃n|n[Im,0m×m]T

24: end for
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where Ψ̃n is given in Theorem 1, P̃n|n is computed from (20) and Θ̃n by (15).

Also, Ξ̃n,L satisfies the recursive expression

Ξ̃n,L =
[
Ξ̃n,L−1Φ̃

H

L − Θ̃n,L−1Ψ̃
H

L−1

] [
I2m − Π̃LΩ̃

−1
L Θ̃

H

L

]
+ Θ̃n,L−1Ω̃

−1
L−1Ṽ

H
LΩ̃
−1
L Θ̃

H

L (25)

for L > n+ 1 and

Ξ̃n,n+1 =
[
P̃n|nΦ̃

H

n+1 − Θ̃nΨ̃
H

n + ŨH
n

] [
I2m − Π̃n+1Ω̃

−1
n+1Θ̃

H

n+1

]
+ Θ̃nΩ̃

−1
n ṼH

n+1Ω̃
−1
n+1Θ̃

H

n+1 (26)

Finally, the SWL fixed-point smoothing error is computed by

Pn|L = [Im,0m×m]P̃n|L[Im,0m×m]T

where P̃n|L can be recursively obtained as follows

P̃n|L = P̃n|L−1 − Θ̃n,LΩ̃
−1
L Θ̃

H

n,L, L > n (27)

with the initial condition P̃n|n given by (20).

Remark 3. The SWL fixed-point smoother ˆ̃xn|L in (22) is driven from the230

innovations process ỹL|L−1 of the SWL filter in Theorem 1. Moreover, the

gain matrix depends on the innovations covariance matrix and the Bernoulli

probabilities. Both these facts reflect the way in which the missing measurements

phenomenon affect the smoothing procedure. As in the case of the SWL filter,

the error covariance is independent of the measurements and therefore can be235

computed beforehand. Finally, the smoothing method in Theorem 2 is presented

in an algorithmic fashion in Algorithm 2.

Theorem 3 (SWL fixed-lag smoother). The optimal SWL fixed-lag smoother

is obtained as

x̂n+k|n = [Im,0m×m]ˆ̃xn+k|n

where ˆ̃xn+k|n is recursively computed from the expression

ˆ̃xn+k|n = ˆ̃xn+k|n−1 + Θ̃n+k,nΩ̃
−1
n ỹn|n−1, k < 0 (28)
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Algorithm 2 SWL fixed-point smoother

Require: Ũn, {Θ̃i, Ω̃i}Li=n, {Φ̃i, Π̃i, Ṽi, Ψ̃i−1, ỹi|i−1}Li=n+1, ˆ̃xn|n, and P̃n|n

Ensure: x̂n|L and Pn|L for a fixed instant n < L

1: Θ̃n,n+1 ← P̃n|nΦ̃
H

n+1Π̃n+1 − Θ̃nΨ̃
H

nΠ̃n+1 − Θ̃nΩ̃
−1
n Ṽn+1 + ŨH

nΠ̃n+1

2: Ξ̃n,n+1 ←
[
P̃n|nΦ̃

H

n+1 − Θ̃nΨ̃
H

n + ŨH
n

] [
I2m − Π̃n+1Ω̃

−1
n+1Θ̃

H

n+1

]
+

Θ̃nΩ̃
−1
n ṼH

n+1Ω̃
−1
n+1Θ̃

H

n+1

3: ˆ̃xn|n+1 ← ˆ̃xn|n + Θ̃n,n+1Ω̃
−1
n+1ỹn+1|n

4: P̃n|n+1 ← P̃n|n − Θ̃n,n+1Ω̃
−1
n+1Θ̃

H

n,n+1

5: for i = n+ 2 to L do

6: Θ̃n,i ← Ξ̃n,i−1Φ̃
H

i Π̃i − Θ̃n,i−1Ψ̃
H

i−1Π̃i − Θ̃n,i−1Ω̃
−1
i−1Ṽi

7: Ξ̃n,i ←
[
Ξ̃n,i−1Φ̃

H

i − Θ̃n,i−1Ψ̃
H

i−1

] [
I2m − Π̃iΩ̃

−1
i Θ̃

H

i

]
+

Θ̃n,i−1Ω̃
−1
i−1Ṽ

H
i Ω̃
−1
i Θ̃

H

i

8: ˆ̃xn|i ← ˆ̃xn|i−1 + Θ̃n,iΩ̃
−1
i ỹi|i−1

9: P̃n|i ← P̃n|i−1 − Θ̃n,iΩ̃
−1
i Θ̃

H

n,i

10: end for

11: x̂n|L ← [Im,0m×m]ˆ̃xn|L

12: Pn|L ← [Im,0m×m]P̃n|L[Im,0m×m]T
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with the initial condition the filter ˆ̃xn+k|n+k. Moreover, the matrix Θ̃n+k,n obeys

the equation

Θ̃n+k,n = Λ̃n+k,nΠ̃n − Θ̃n+k,n−1Ω̃
−1
n−1Ṽ

H
n (29)

with

Λ̃n−1,n = P̃n−1|n−2

[
Φ̃n − Θ̃n,n−1Ω̃

−1
n−1Π̃n−1

]H
+ ŨH

n−1 − W̃n−2Ω̃
−1
n−1Θ̃

H

n,n−1 + Θ̃n−1,n−2Ω̃
−1
n−2Ṽ

H
n−1Ω̃

−1
n−1Θ̃

H

n,n−1 (30)

Θ̃n,n−1 = Φ̃nP̃n−1|n−2Π̃n−1 + Φ̃nW̃n−2 − Φ̃nΘ̃n−1,n−2Ω̃
−1
n−2Ṽ

H
n−1

+ Ψ̃n−1Ω̃n−1 (31)

where Ψ̃n is given in Theorem 1, and for k < −1

Λ̃n+k,n = Λ̃n+k,n−1

[
Φ̃n − Θ̃n,n−1Ω̃

−1
n−1Π̃n−1

]H
+ Θ̃n+k,n−2Ω̃

−1
n−2Ṽ

H
n−1Ω̃

−1
n−1Θ̃

H

n,n−1 (32)

Additionally, the SWL fixed-lag smoothing error is

Pn+k|n = [Im,0m×m]P̃n+k|n[Im,0m×m]T

where P̃n+k|n can be recursively obtained as follows

P̃n+k|n = P̃n+k|n−1 − Θ̃n+k,nΩ̃
−1
n Θ̃

H

n+k,n (33)

with the initial condition P̃k|0 computed from (27).

Remark 4. The SWL fixed-lag smoother is a very useful device since it allows

“on-line” production of smoothed estimates (see Algorithm 3). The equations in240

Theorem 3 for the SWL fixed-lag smoother bear some resemblance to the fixed-

point smoothing equations in Theorem 2 and both share similar characteristics

in terms of the treatment of missing observations. More specifically, the fixed-lag

smoother described by (28) may be viewed as being driven from the innovations

process and the gain matrices depend on both the innovations covariance matrix245

and the Bernoulli probabilities. As in the case of the SWL estimators given in
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Algorithm 3 SWL fixed-lag smoother

Require: {Φ̃i,W̃i−2, Ṽi, Ũi−1, Ψ̃i−1, ỹi|i−1, Θ̃i−1, P̃i−1|i−2}ni=2, {Ω̃i, Π̃i}ni=1,

and {ˆ̃xi|i, P̃i|i}n+ki=1

Ensure: x̂n+k|n and Pn+k|n for a fixed-lag k < 0

1: Θ̃2,1 ← Φ̃2P̃1|0Π̃1 + Φ̃2W̃0 + Ψ̃1Ω̃1

2: for i = 3 to n do

3: Θ̃i,i−1 ← Φ̃iP̃i−1|i−2Π̃i−1+Φ̃iW̃i−2−Φ̃iΘ̃i−1,i−2Ω̃
−1
i−2Ṽ

H
i−1+Ψ̃i−1Ω̃i−1

4: end for

5: for l = 2 to |k|+1 do

6: if l = 2 then

7: Λ̃1,l ← P̃1|l−2

[
Φ̃l − Θ̃l,l−1Ω̃

−1
l−1Π̃l−1

]H
+ ŨH

l−1 − W̃l−2Ω̃
−1
l−1Θ̃

H

l,l−1

8: Θ̃1,l ← Λ̃1,lΠ̃l − Θ̃l−1Ω̃
−1
l−1Ṽ

H
l

9: else

10: Λ̃1,l ← Λ̃1,l−1

[
Φ̃l − Θ̃l,l−1Ω̃

−1
l−1Π̃l−1

]H
+ Θ̃1,l−2Ω̃

−1
l−2Ṽ

H
l−1Ω̃

−1
l−1Θ̃

H

l,l−1

11: Θ̃1,l ← Λ̃1,lΠ̃l − Θ̃1,l−1Ω̃
−1
l−1Ṽ

H
l

12: end if

13: ˆ̃x1|l ← ˆ̃x1|l−1 + Θ̃1,lΩ̃
−1
l ỹl|l−1

14: P̃1|l ← P̃1|l−1 − Θ̃1,lΩ̃
−1
l Θ̃

H

1,l

15: end for

16: for i = 2 to n+ k do

17: for l = 1 + i to |k|+i do

18: if l − i = 1 then

19: Λ̃i,l ← P̃i|l−2

[
Φ̃l − Θ̃l,l−1Ω̃

−1
l−1Π̃l−1

]H
+ ŨH

l−1 − W̃l−2Ω̃
−1
l−1Θ̃

H

l,l−1 +

Θ̃l−1,l−2Ω̃
−1
l−2Ṽ

H
l−1Ω̃

−1
l−1Θ̃

H

l,l−1

20: Θ̃i,l ← Λ̃i,lΠ̃l − Θ̃l−1Ω̃
−1
l−1Ṽ

H
l

21: else

22: Λ̃i,l ← Λ̃i,l−1

[
Φ̃l − Θ̃l,l−1Ω̃

−1
l−1Π̃l−1

]H
+Θ̃i,l−2Ω̃

−1
l−2Ṽ

H
l−1Ω̃

−1
l−1Θ̃

H

l,l−1

23: Θ̃i,l ← Λ̃i,lΠ̃l − Θ̃i,l−1Ω̃
−1
l−1Ṽ

H
l

24: end if

25: ˆ̃xi|l ← ˆ̃xi|l−1 + Θ̃i,lΩ̃
−1
l ỹl|l−1

26: P̃i|l ← P̃i|l−1 − Θ̃i,lΩ̃
−1
l Θ̃

H

i,l

27: end for

28: end for

29: x̂n+k|n ← [Im,0m×m]ˆ̃xn+k|n

30: Pn+k|n ← [Im,0m×m]P̃n+k|n[Im,0m×m]T
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Theorems 1 and 2, the error covariances in Theorem 3 are independent of the

measurements and therefore they can be computed beforehand.

Remark 5. As noted above, the WL processing is isomorph to the real pro-

cessing and thus, any WL algorithm could be equivalently expressed through a250

real formalism. However, when the quaternions involved present Cη-properness

properties and a SWL processing has to be used then, the real processing becomes

inefficient due to a higher computational burden. Hence, whenever missing mea-

surements are present, the algorithms in Theorems 1, 2 and 3 provide the optimal

solution to the estimation problem with a notable reduction in the computational255

burden in relation to their WL counterparts that cannot be attained by using a

real framework. Actually, the dimension of the optimal WL estimator would be

4m whereas the optimal SWL estimator in the algorithms given here is 2m.

5. Numerical Simulations

The aim of this section is to numerically demonstrate that the algorithms in260

Theorems 1-3 outperform their standard counterparts (i.e., the SWL filtering,

fixed-point, and fixed-lag algorithms which ignore the presence of uncertainties

in the observations) when a phenomenon of intermittent observations is present.

Such standard estimation algorithms used for comparison purposes are obtained

as particular cases of those given in Theorems 1-3 by setting the Bernoulli265

probabilities to be the unity. It is noteworthy that both techniques have the

same computational complexity.

We consider a SWL state-space model as in (5) where xn = [xn,1, xn,2]T,

Hn = En = 02×2 and

Fn =

 0.1− 0.3η + 0.2η′ + 0.1η′′ 0.2− 0.1η + 0.4η′ + 0.5η′′

−0.1− 0.1η − 0.1η′ + 0.1η′′ 0.1− 0.1η + 0.1η′ − 0.1η′′


Gn =

0.2 + 0.3η − 0.2η′ + 0.1η′′ 0.2− 0.1η + 0.3η′ + 0.09η′′

0.1 + 0.3η − 0.2η′ − 0.2η′′ 0.1 + 0.1η − 0.2η′ − 0.1η′′


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The state noise is defined as un−1 = wn−1 + λwn, λ ∈ R, being wn a

quaternion white Gaussian noise with real covariance matrix given by

E[wr
nwrT

n ] =



10 1 0 0 1 −2 1 3

1 5 0 0 1 −2 2 1

0 0 10 1 1 3 −1 2

0 0 1 5 2 1 −1 2

1 1 1 2 3 2 0 0

−2 −2 3 1 2 10 0 0

1 2 −1 −1 0 0 3 2

3 1 2 2 0 0 2 10


and the measurement noise in (10) is defined by vn = αwn, α ∈ R. Finally, the

initial state is a quaternion Gaussian vector determined by the following real

covariance matrix

E[xr0x
rT
0 ] =



9 −1 0 0 1 −2 2 0.3

−1 6 0 0 2 1 0 3

0 0 9 −1 2 0.3 −1 2

0 0 −1 6 0 3 −2 −1

1 2 2 0 12 1 0 0

−2 1 0.3 3 1 8 0 0

2 0 −1 −2 0 0 12 1

0.3 3 2 −1 0 0 1 8


In order to compare the performance of the optimal estimators in Theorems

1-3 with their standard versions for the state-space model defined above, the

error variances associated with the estimations of each component, xn,1 and

xn,2, of xn are compared under different scenarios. For that, by using Monte

Carlo simulation we have generated 1000 values of x̄n and z̃n for each n =

1, . . . , 100 and for several values of the Bernoulli probabilities. Denote by x̄
(j,p)
n

and z̃
(j,p)
n the value of x̄n and z̃n, respectively, generated in the jth simulation

and for a specific combination of probabilities p. The standard SWL estimators

based on the observations z̃
(j,p)
n in the jth simulation and for probabilities p
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are denoted by x̌
(j,p)
n|n (filter), x̌

(j,p)
9|L (fixed-point smoother at the instant n = 9),

and x̌
(j,p)
n−3|n (fixed-lag 3-step smoother). Also, x

(j,p)
n,l , l = 1, 2, stand for the two

first components of x̄
(j,p)
n and a similar notation is used for the components of

the estimators (e.g., x̌
(j,p)
n|n,2 is the second component of the filter x̌

(j,p)
n|n ). The

accuracy of such estimators has been assessed by computing their associated

mean square errors (MSEs). For example, the MSEs for every component in

the filtering problem are calculated in the following way2:

MSE
(p)
n|n,l =

1

1000

1000∑
j=1

‖x(j,p)n,l − x̌
(j,p)
n|n,l‖

2, l = 1, 2; n = 1, . . . , 100

The MSEs for the other estimators are defined in a similar way and are de-

noted by MSE
(p)
9|L,l for the fixed-point smoother and MSE

(p)
n−3|n,l for the fixed-

lag 3-step smoother. Such quantities are compared with the error variances270

associated with the optimal estimators in Theorems 1-3. Denote the filter-

ing error variance of the lth component and computed for probabilities p by

P
(p)
n|n,l, l = 1, 2. Similar notations are used for the error variances in the

other two estimation problems, i.e., P
(p)
9|L,l and P

(p)
n−3|n,l. Moreover, denote by

pn,l = [pn,l,r, pn,l,η, pn,l,η′ , pn,l,η′′ ]
T, with l = 1, 2, the Bernoulli probabilities275

affecting each component xn,l of xn.

We have considered five different situations:

1. Case 1: pn,l = [0.1, 0.1, 0.1, 0.1]T = 0.1, l = 1, 2.

2. Case 2: pn,l = 0.5, l = 1, 2.

3. Case 3: pn,l = 0.9, l = 1, 2.280

4. Case 4: pn,1 = 0.1 and pn,2 = 0.9.

5. Case 5: pn,1 = 0.9 and pn,2 = 0.1.

These five cases represent different levels of uncertainties which, together

with the choice of different degrees of autocorrelation and cross-correlation of

the system noises, allow us to carry out a representative performance compari-285

son. Specifically, Case 1 represents the most unfavorable situation in which the

2The norm of xn is ‖xn‖ =
√

x2
n,r + x2

n,η + x2
n,η′ + x2

n,η′′ .
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probabilities that the components of the state are present are the smallest. Case

3 is the opposite situation and here there is a high probability that the infor-

mation received is successful, i.e., a low probability of missed data. Case 2 is an

intermediate situation where the information transmitted is likely to be missing290

(every component has a probability of 0.5 to be successful or to be missing).

On the other hand, Cases 4 and 5 aim to evaluate the impact on the estimators

performance of high probabilities of missing data in one component and low

probabilities in the other component. The question is to determine whether the

useful information available about a state can compensate to some extent for295

the lack of data in the other, enabling us to achieve a higher estimation accu-

racy than in Case 1. Also, we have considered two correlation scenarios: low

correlations (λ = 0.5 and α = 0.75) and high correlations (λ = 5 and α = 7.5).

Fig. 1 depicts the differences of the MSEs (MSE
(p)
n,l − P

(p)
n|n,l, l = 1, 2) for

the filtering problem in the above five cases and under the two correlation sce-300

narios. Likewise, Fig. 2 and Fig. 3 show the same quantities for the fixed-point

smoothing in the instant n = 9 (MSE
(p)
9|L,l−P

(p)
9|L,l, l = 1, 2) and fixed-lag 3-step

smoothing (MSE
(p)
n−3|n,l − P

(p)
n−3|n,l, l = 1, 2) problems, respectively.

As we can see on the above numerical results, the accuracy of the suggested

estimators is always better than that of the standard estimators which ignore305

the uncertainty in the measurements. This superiority in performance increases

when the uncertainty in the measurements becomes higher, i.e, as the proba-

bilities that the state is present becomes smaller. In fact, Case 3, which closely

resembles the conditions for the ideal application of the standard methods, reg-

isters the least difference in performance between both estimation techniques310

and under both correlation scenarios. The results for Case 2 and especially for

Case 1 show that the performance of the standard estimators is substantially

degraded when the uncertainty becomes higher and when correlations increase.

In particular, the notable improvement in performance of the suggested estima-

tors while correlations increase is remarkable (compare figures on the right and315

left).

Finally, by comparing in all figures Cases 4 and 1 for the first component
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(in both pn,1 = 0.1), we can check that the reduction of the uncertainty in the

second component implied by Case 4 (where pn,2 = 0.9) decreases the difference

in performance between both estimation techniques in the first component (sim-320

ilar comments are valid comparing Cases 5 and 1 for the second component).

This is due to the fact that, unlike Case 1, Cases 4 and 5 represent schemes

where a component has a high probability of being present and its relation with

the other component established by the state equation compensates the missing

information up to a point. Likewise, by comparing the performance differences325

for the second component in Cases 4 and 3 (in both pn,2 = 0.9), we observe

that the performance of the standard methods get worse in this component in

relation to the suggested solutions when the uncertainty increases in the first

component (pn,1 = 0.1 in Case 4 against pn,1 = 0.9 in Case 3). Such behavior

is also observed for the first component in Cases 5 and 3.330

In summary, the suggested solutions outperform the standard techniques

whenever some degree of uncertainty is present in one component or simultane-

ously in both components. Actually, the performance of the standard techniques

is seriously affected by the intermittent observation phenomenon, a problem ag-

gravated if the correlations of the system noises increase.335

6. Conclusions

The optimal SWL estimation problem from missing measurements has been

investigated for discrete-time vectorial quaternion systems with autocorrelated

and cross-correlated noises. Specifically, filtering, fixed-point and fixed-lag smooth-

ing algorithms are devised. The approach used to model the possibility of lack340

of data (i.e., observations containing only partial information about the state or

even only noise) consists in introducing a sequence of independent quaternion

Bernoulli variables with known probabilities. The proposed formulation implied

by the properness properties significantly reduces the computational burden in

comparison with the analogous algorithms based on either a real or a WL pro-345

cessing. Furthermore, the superiority in performance of the proposed estimators
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Figure 1: Differences of MSEs associated with each component in the filtering problem for

Cases 1-5 and the two correlation scenarios.
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Figure 2: Differences of MSEs associated with each component in the fixed-point smoothing

problem for Cases 1-5 and the two correlation scenarios.
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Figure 3: Differences of MSEs associated with each component in the fixed-lag smoothing

problem for Cases 1-5 and the two correlation scenarios.

over more traditional estimators has been shown by means of a numerical ap-

plication.
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8. Appendix

8.1. Proof of Theorem 1355

We use the innovations technique to show the result. Define the innovations

by ỹj|j−1 = z̃j − ˆ̃zj|j−1. By applying the orthogonal projection theorem we
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obtain

ˆ̄xn|n = ˆ̄xn|n−1 + ΘnΩ̃
−1
n ỹn|n−1 (34)

with Θn = E[x̄nỹH
n|n−1] and Ω̃n = E[ỹn|n−1ỹ

H
n|n−1] and then, Eq. (12) is

immediately devised.

Taking projections on both sides of (5) onto the linear space spanned by

{ỹ1|0, . . . , ỹn−1|n−2} and taking into account that

E[ūn−1ỹ
H
n−1|n−2] = Un−1[Π̃n−1,02m×2m]T + [T̃H

n−1, S̃
H
n−1]H

we have

ˆ̄xn|n−1 = Φn ˆ̄xn−1|n−1 + Ψ̄n−1ỹn−1|n−2 (35)

where Ψ̄n−1 =
[
Un−1[Π̃n−1,02m×2m]T + [T̃H

n−1, S̃
H
n−1]H

]
Ω̃
−1
n−1. Hence, from

the block-diagonality of Φn, (13) follows.

On the other hand, taking similar projections on both sides of (10), it follows

that ˆ̃zn|n−1 = [Π̃n,02m×2m]ˆ̄xn|n−1 + ṼnΩ̃
−1
n−1ỹn−1|n−2, and then

ỹn|n−1 = z̃n − [Π̃n,02m×2m]ˆ̄xn|n−1 − ṼnΩ̃
−1
n−1ỹn−1|n−2 (36)

from which (14) holds. Denote the prediction error by ε̄n|n−1 = x̄n − ˆ̄xn|n−1

and the prediction error covariance matrix by P̄n|n−1 = E[ε̄n|n−1ε̄
H
n|n−1]. From

(36), (10), (5), we have

Θn = [W̃H
n−1, X̃

H
n−1]H + P̄n|n−1[Π̃n,02m×2m]T −ΦnΘn−1Ω̃

−1
n−1Ṽ

H
n − Ψ̄n−1Ṽ

H
n

and thus, from the block-diagonality of Φn and denoting by P̃n|n−1 the first360

2m × 2m submatrix of P̄n|n−1, we derive (15). Also, taking into account that

ỹ0|−1 = 02m, Eq. (16) is similarly obtained.

Next, we express the innovations in the following way

ỹn|n−1 = (Γ̃n−[Π̃n,02m×2m])x̄n+ṽn+[Π̃n,02m×2m]ε̄n|n−1−ṼnΩ̃
−1
n−1ỹn−1|n−2

(37)
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Thus, since E[Γ̃n] = [Π̃n,02m×2m], we have

E
[
(Γ̃n − [Π̃n,02m×2m])x̄nx̄H

n(Γ̃n − [Π̃n,02m×2m])H
]

=

E
[
Γ̃nx̄nx̄H

nΓ̃
H

n

]
− [Π̃n,02m×2m]E

[
x̄nx̄H

n

]
[Π̃n,02m×2m]T =

T̃ m

{
Cov(γrn) ◦

(
T H
mΣ̃nT m

)}
T̃ H

m

where Σ̃n is given in (18), and we have applied the property of the Hadamard

product stated in the Preliminaries section, besides Eqs. (1) and (9). Moreover,

we have that E[ε̄n|n−1ṽ
H
n] = Θn− P̄n|n−1[Π̃n,02m×2m]T, E[ṽnỹH

n−1|n−2] = Ṽn,

and ε̄n|n−1⊥ỹn−1|n−2. Thus, the innovations covariance matrix is obtained from

(37) as

Ω̃n = T̃ m

{
Cov(γrn) ◦

(
T H
mΣ̃nT m

)}
T̃ H

m + R̃n − ṼnΩ̃
−1
n−1Ṽ

H
n

− [Π̃n,02m×2m]P̄n|n−1[Π̃n,02m×2m]T +[Π̃n,02m×2m]Θn+ΘH
n[Π̃n,02m×2m]T

from which we get (17). Eq. (19) follows similarly from (37) and taking into

account that ỹ0|−1 = 02m.

Next, consider the filtering error covariance matrix P̄n|n = E[ε̄n|nε̄
H
n|n] with365

ε̄n|n = x̄n− ˆ̄xn|n. From (34), it is easy to check that P̄n|n = P̄n|n−1−ΘnΩ̃
−1
n ΘH

n

and thus (20) holds.

Finally, from (5) and (35) we get

ε̄n|n−1 = Φnε̄n−1|n−1 − Ψ̄n−1ỹn−1|n−2 + ūn−1 (38)

Due to ε̄n−1|n−1⊥ỹn−1|n−2, E[ūn−1ε̄
H
n−1|n−1] = Un−1 − Ψ̄n−1Θ

H
n−1 and

E[ūn−1ỹ
H
n−1|n−2] = Ψ̄n−1Ω̃n−1 then, we have

P̄n|n−1 = ΦnP̄n−1|n−1Φ
H
n + Φn

[
UH
n−1 −Θn−1Ψ̄

H

n−1

]
+
[
UH
n−1 − E[x̄n−1ỹ

H
n−1|n−2]Ψ̄

H

n−1

]H
ΦH
n − Ψ̄n−1Ω̃n−1Ψ̄

H

n−1 + Qn−1

and from the block-diagonality of Φn, (21) follows.

8.2. Proof of Theorem 2

Defining Θn,L = E[x̄nỹH
L|L−1] then, Eq. (22) is derived from a similar rea-

soning to that employed in obtaining (12). Moreover, from (36), (10), (35), and
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(5) we have

Θn,L = E[x̄nε̄
H
L−1|L−1]ΦH

L[Π̃L,02m×2m]T

−Θn,L−1Ψ̄
H

L−1[Π̃L,02m×2m]T −Θn,L−1Ω̃
−1
L−1VL

and from the block-diagonality of ΦL, (23) is obtained being Ξ̃n,L = E[x̃nε̃
H
L|L].370

Eq. (24) for Θ̃n,n+1 is similarly devised.

Now, from (34), (35), (36), and (5) we express the filtering error as

ε̄L|L = ΦLε̄L−1|L−1 + ūL−1 −
[
Ψ̄L−1 −ΘLΩ̃

−1
L ṼLΩ̃

−1
L−1

]
ỹL−1|L−2

−ΘLΩ̃
−1
L

[
Γ̃Lx̄L + ṽL − [Π̃L,02m×2m]ˆ̄xL|L−1

]
(39)

and from (38), it follows that

E[x̄nε̄
H
L|L−1] = Ξ̄n,L−1Φ

H
L −Θn,L−1Ψ̄

H

L−1 (40)

Thus, taking (39) and (40) into account, we have

Ξ̄n,L =
[
Ξ̄n,L−1Φ

H
L −Θn,L−1Ψ̄

H

L−1

] [
I4m − [Π̃L,02m×2m]TΩ̃

−1
L ΘH

L

]
+ Θn,L−1Ω̃

−1
L−1Ṽ

H
LΩ̃
−1
L ΘH

L

and from the block-diagonality of ΦL, (25) holds. Also, (26) is similarly ob-

tained.

Finally, (27) can be easily derived from (22).

8.3. Proof of Theorem 3375

Eq. (28) is obtained similarly to (12). Moreover, by defining Λn+k,n =

E[x̄n+kε̄
H
n|n−1] and from (37) it is easy to check that

Θn+k,n = Λn+k,n[Π̃n,02m×2m]T −Θn+k,n−1Ω̃
−1
n−1Ṽ

H
n

from which (29) holds with Λ̃n+k,n = E[x̃n+kε̃
H
n|n−1]. Moreover, since

ˆ̄xn|n−1 = Φn ˆ̄xn−1|n−2 + Θn,n−1Ω̃
−1
n−1ỹn−1|n−2
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then, from (5) and (37), the prediction error can be expressed as

ε̄n|n−1 = Φnε̄n−1|n−2 + ūn−1−Θn,n−1Ω̃
−1
n−1

[
(Γ̃n−1 − [Π̃n−1,02m×2m])x̄n−1

+ ṽn−1 + [Π̃n−1,02m×2m]ε̄n−1|n−2 − Ṽn−1Ω̃
−1
n−2ỹn−2|n−3

]
Hence, we have

Λn−1,n = P̄n−1|n−2

[
Φn −Θn,n−1Ω̃

−1
n−1[Π̃n−1,02m×2m]

]H
+ UH

n−1

− [W̃H
n−2, X̃

H
n−2]HΩ̃

−1
n−1Θ

H
n,n−1 + Θn−1,n−2Ω̃

−1
n−2Ṽ

H
n−1Ω̃

−1
n−1Θ

H
n,n−1

and from the block-diagonality of Φn, (30) follows. Moreover, Eq. (32) is simi-

larly devised.

On the other hand, from (5), we have

Θn,n−1 = ΦnE[x̄n−1ỹ
H
n−1|n−2] + Un−1[Π̃n−1,02m×2m]T + [T̃H

n−1, S̃
H
n−1]H

= ΦnP̄n−1|n−2[Π̃n−1,02m×2m]T + Φn[W̃H
n−2, X̃

H
n−2]H

−ΦnΘn−1,n−2Ω̃
−1
n−2Ṽ

H
n−1 + Un−1[Π̃n−1,02m×2m]T + [T̃H

n−1, S̃
H
n−1]H

where (37) has been applied in the last equality. Thus, Eq. (31) follows.

Finally, (33) is easily derived from (28).
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[52] J.D. Jiménez-López, J. Linares-Pérez, S. Nakamori, R. Caballero-Águila,515
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