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ABSTRACT

The Power Flow is a very well-known computational tool in Power
System Analysis. It finds multiple applications, like control and planning of
power systems, security analysis, dynamic simulations or optimization
among others. Due to its importance for power systems operators, the Power
Flow has attracted huge research efforts since mid 50’s. Even now, it is
object of many works and papers.

Mathematically, the Power Flow is a nonlinear problem which is
typically solved using iterative techniques. Usually, the Newton Raphson
technique is used for this purpose in industry tools. Although, plenty of
solution techniques have been developed, they have not found widespread
usage in industry tools.

Despite the plethora of works available in the literature, many gaps have
been on this field have been detected. The main issues which | aim at filling
by this work can be summarized as follows:

e In ill-conditioned systems, the performance of the standard Newton
Raphson method is totally unsatisfactory. In order to overcome this
drawback, many robust techniques have been proposed in the
literature. However, this kind of methods are totally inefficient to be
used in industry tools.

e Despite the huge amount of literature available about solution of
nonlinear equations, most of available solution techniques have not
been explored for Power Flow solution yet. This is surprising since

some of the available techniques may outperform the conventional



Newton Raphson method and, consequently, replace the traditional

technique as the most standard Power Flow solver.

This work aims at filling this gap by developing or analysing novel
solution techniques for the Power Flow problem. Some of the studied
technigues have been developed in the context of this work, while others are
already available in the literature but they have not been considered as
Power Flow solvers yet.

Various numerical results in several large-scale realistic systems are

provided in order to validate the analysed techniques.
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Chapter 1

Introduction

1.1.- Context and Motivation

Power Flow (PF) is probably the most important computational tool in power system
analysis. It finds innumerable such that power system planning, control and operation or

security and dynamic analysis, among others [1].

Mathematically, PF is a nonlinear problem which is customary solved using a
nonlinear iterative solver. From a PF solution method one mainly expects computational
efficiency (avoid heavy calculations), reliability (result obtained has to be accurate enough)
and robustness (a PF solver should not be affected by external factors like the starting guess
considered for initializing the iterative procedure) (see Fig. 1.1). Traditionally, the Newton-

Raphson technique (NR) has been widespread using in industry tools.

Despite that NR is frequently accepted in power system industry, this solver still

suffers some important drawbacks such that:

¢ NR presents local convergence. It means that its convergence features may be
lost if the starting guess considered for initializing the iterative procedure lies
too far from the PF solution. In fact, if this starting point lies outside of the so-
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Introduction

called Region of Attraction, NR will fail for finding the PF solution. This

behaviour is normally due to divergence or an oscillatory pattern.

NR has quadratic convergence, which leads this mapping to reaches the solution in
3-10 iterations. Although this amount of iterations may look acceptable, important

computational savings may be achieved with higher convergence orders.

Requirements » Reliability
J
» Low sensitivity to

4 N\

Efficiency

{ \
Low computational

burden

s
\.

Accurate results

!

s

Robustness external factors
q J . g

Fig. 1.1 - Requirements for a PF solver

Due to the importance of PF for power system operators, the development and
analysis of novel solvers, which aim at outperforming NR in some of the aforementioned

aspects is always well-justified and attractive.

1.2.- Literature Review

Different PF solvers have been developed during decades since the pioneer works at
mid 50’s [2]. Conventional solvers were developed on the basis of Newton-like techniques
[3], decoupled approaches [4-6], second order methods [7], [8], direct solutions [9], [10]
and inexact solvers [11], among others [12]. Apart from the conventional rectangular and
polar PF formulations based on power injections, other alternative forms have been
explored such as those based on current injections [13], [14], hybrid approaches [15], dq
reference frame [16], [17], multiphase framework [18-20] and complex notation [21].

PF solution of ill-conditioned systems became to be studied using minimization and
optimal step size-based techniques. The first steps in this direction were made in [22, 23],
and posteriorly embellished in other references [24-26]. This kind of techniques are
typically called optimal step-size solvers, since they are based on calculating an optimal

step, which aims at modifying the increment vector (5) so that the PF state vector is

12
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conducted on a direction which the residuals are reduced. Although this kind of techniques

are quite robust, they are unaffordable slow as the solution is approached [27].

Continuation or homotopy methods have been profusely studied for avoiding the
singularity of the Jacobian matrix in the vicinity of the maximum loadability point. The
Continuation Power-Flow [28] has been extensively used for voltage stability analysis.
Alternative approaches have been also considered using decoupled techniques [29] or in
distribution systems [30]. Homotopic approaches have been also used for calculating all
the possible PF solutions [31]. More recently, various works have been conducted on
studying the applicability of the Holomorphic Embedding technique for the PF equations
[32-34]. These techniques may be very robust and allow to calculate all the PF solutions,
however, they are not competitive with other conventional solvers due to they typically

require many PF calculations.

Alternative approaches have been conducted on solving the PF equations as an
optimization problem. Thus, some metaheuristic techniques can be exploited as PF solvers
[35-37]. These solution approaches are globally convergent (they may reach the PF solution
independently on the starting guess taken) and versatile enough to efficiently incorporating
some topics like the equipment limits. However, they result very inefficient in comparison

with conventional iterative solvers.

The Continuous Newton’s method [38], establishes that a set of algebraic nonlinear
equations can be conceived as an autonomous set of ordinary differential equations. On the
basis of this analogy, any numerical integration routine can be used for solving this kind of
systems. This idea was exploited for PF analysis by Milano [39]. Here, a formal analogy
between NR and the Forward Euler method was established. In this same reference, a robust
PF solver based on the 4™ order Runge-Kutta method was developed. Reference [39] only
explored the explicit formulation of the Continuous Newton’s method, pointing out that its
implicit counterpart may be not efficient due to the requirement of factorizing the inverse
of the Jacobian matrix. This issue was tackled by the same author in [40], proposing a
simple alternative for avoiding this calculation. Those PF solution methods based on the
Continuous Newton’s principle are typically more efficient than the optimal step size-based
techniques, however, these methods require as many factorizations as stages of the

numerical arrangement, which occasionally results on an unaffordable computational

13
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burden. In addition, although generally wider convergent than NR, their convergence

features are not global.

The set of equations (1) can be also raised as an artificial dynamic system. Thus, any
numerical integration routine (like ode solvers in Matlab) can be used for solving them.
This idea has been tackled in some recent papers [41-43]. The resulting solution paradigm
is barely affected by the starting guess, however, it is computationally not competitive and

totally prohibitive in large-scale systems.

The Regularization methods are devoted on avoiding the singularity of the Jacobian
matrix by adding some proper elements on its diagonal. These techniques have been studied
for PF considering some Levenberg-like methods [44-48]. These approaches are quite
robust, however, they present some important drawbacks. For example, this kind of
methods may offer very inaccurate results. On the other hand, they tend to be very slow
when the starting guess lies far away to the actual PF solution.

On the other hand, the high order Newton-like methods are those techniques with
higher convergence orders in comparison with NR (i.e. higher than 2). To the best of my
knowledge, only the reference [49] has tackled the applicability of this kind of techniques
for PF analysis. The authors of this reference considered a 3%, 4™ and 5" order techniques.
Among the tested methods, only the 3" order approach may be considered competitive with

NR as just one factorization is required each iteration.

1.3.- Detected Gaps

After a deep analysis of the available literature reported before, the following gaps

have been detected:

e Most of robust PF solvers are totally inefficient, which has limited their
widespread application in industry tools. In addition, some of them are not
easily coded to be considered in standard computational tools.

e Although ill-conditioned systems are becoming more frequent [41], the well-
conditioned cases are by far the most common situation. Since most of the
available robust techniques are not competitive with NR, its utilization in

industry tools has been very limited.

14
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e Although on the basis of the Continuous Newton’s method any numerical
arrangement can be applied as PF solver, only the 4" order Runge-Kutta has
been studied so far [39].

Despite the huge amount of high-order Newton-like methods available in the
literature (see e.g. [50] and references therein), only the reference [49] has been devoted on

analyzing this kind of techniques for PF analysis.

1.4.- Thesis Objectives

This Thesis has as main objective exploring a variety of alternative PF solvers, which
aim at filling the gaps showed by NR. For example, it is aimed to develop and validate a
variety of robust and efficient solvers, which should be suitable to be widespread used in
industry applications. To achieve that, the developed techniques should be computationally
competitive with NR and, of course, outperform other available robust methodologies. On
the other hand, although NR is quite efficient, the high order Newton-like methods may
easily outperform it as this kind of techniques usually require less iterations for converging,

surprisingly, these family of methods has been barely studied for PF yet.

In this context, a huge variety of different robust and efficient techniques will be
presented through this Thesis. Some of the studied techniques are already available in the
literature, but they have not been explored for PF yet, while other methods have been
developed in the context of this work. The analyzed techniques have been mainly
considered with the aim at filling the detected gaps in the available literature.

Various numerical results on either well or ill-conditioned systems are provided in
order to show the performance of the analyzed methodologies. In this regard, this work has
especially focused on realistic large-scale systems, in order to validate the tested

approaches for industry tools.

1.5.- Thesis Layout

This Thesis is organized in several chapters. A brief explanation about the content
and purpose of each chapter is provided below while the Thesis layout is showed in Fig
1.2.
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| Chapter 1 Introduction |
v
( Chapter 2 Conventional PF solvers )

Contributions

|

|

|

Chapter 3 Chapter 4 Chapter 5 Chapter 6 i
i

|

|

Solvers ba.lsed on the An effective solver Robust and efficient High order Newton-
Continuous based on Gauss- . .
, . solvers like techniques
Newton’s method Newton formulation
y
l Chapter 7 Numerical Results |

v

Chapter 8 Conclusions and Future works |

Fig 1.2 - Thesis Layout

Chapter 2 - Conventional PF solvers: in this chapter, the most conventional

solvers are described.

Chapter 3 - Solvers based on the Continuous Newton’s method: this section

presents some methodologies which aims at further analyzing the Continuous
Newton’s method as applied for PF analysis. In addition, different alternative

solution paradigms are also presented.

Chapter 4 - An effective solver based on Gauss-Newton formulation: this

chapter presents an effective PF solver based on Gauss-Newton formulation.

Chapter 5 - Robust and efficient solvers: several robust and efficient PF

solvers are developed in this chapter.

Chapter 6 - High order Newton-like technigues: in this chapter, various high

order Newton-like methods are studied for PF analysis. Some of them are
already available in the literature but they have not been studied for PF

calculation yet, while other have been developed in the context of this work.

Chapter 7 - Numerical results: various numerical results on either well or ill-

conditioned systems are provided in order to show the performance of the
analyzed methodologies.

Chapter 8 - Conclusions and Future works: the main conclusions and potential

future lines are duly drawn in this chapter.
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Chapter 2

Conventional Power Flow Solvers

Many PF solvers have been developed or studied during decades. However, very few have
found widespread usage in industry tools. In this section, the PF equations in their most
standard form are presented. Secondly, the most conventional PF solvers are described.
Finally, a logic-switch sequence for incorporating some functional restrictions within a PF
algorithm is described. In addition, the main advantages and drawbacks of the most
conventional methods are commented. It is worth noting that most references include the
Gauss-Seidel technique as a conventional PF solver. However, it has not been included in
this work since this Thesis is mainly devoted on industry applications. The Gauss-Seidel
method, at least recently, has found a marginal usage in industry applications. This
technique is, however, frequently used for academy purposes. The interested reader may

find a deep explanation about this method and others in [27].

2.1.- Power Flow Equations

In their most general form in polar coordinates, the PF equations are defined as a set

of n nonlinear algebraic equations as follows:

17
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__ (8p, Forall buses
g(x) = {gq, For PQ buses (2.1)
gp, = PF" = X1 Vil [Vi|Yij] cos(6;; — 6; + 6;) (2.2)
9o, = Q" = XjlVil [y sin(8y; — 6 + &) (2.3)

where, PS" € R and Q" € R are the active and reactive power injected at i** bus,
respectively. V;28; € C is the complex voltage at it" bus. Y;j26;; € Cis the ijt" element
of the admittance matrix, and n € N is the size of the state vector x € R"™, which is given

by:

x= [5PV|5PQ|VPQ]T (2.4)

where, 8py € R™ is the vector of voltage angles at PV buses, §py € R™ is the vector of
voltage angles at PQ buses and Vp, € R™ is the vector of voltage angles at PQ buses. On
the other hand, n, € N and n; € N represent the total number of PV and PQ buses,

respectively.

When (2.1) are well-conditioned, its solution is easily reachable, however,
conventional solvers may present convergence difficulties when the PF equations are ill-
conditioned (or ill-posed). A power system network may be ill-conditioned due to some of

the following reasons:

Large R/X ratios.

Heavy loading profile (i.e. close to the maximum loadability point).

Incidence at the same bus of large and short branches.

Cascading failures.

Difficult initialization of the iterative procedure.

During this Thesis, the definition of ill-conditioned system given below is followed
[39].

Definition 2.1. IllI-conditioned systems: a power system network will be denoted as ill-
conditioned if, despite its solution does exists, it is not reachable using NR and a flat start

(e.g. all voltage magnitudes equal to 1 pu and all voltage angles at PQ buses equal to 0
deg).

18
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2.2.- Classification of Buses

In PF analysis, the power system buses are typically classified according their known

and unknown specifications, as follows:

e Slack bus(es): at a slack bus, the voltage angle and magnitude are known, while the
injected active and reactive powers are unknown. In a network may be one or more

slack bus(es).

e PV buses: at a PV bus, the injected active power and the voltage magnitude are
known, while the injected reactive power and the voltage angle are unknown. This
kind of buses provides a variable to the state vector (voltage angle). The injected
reactive power is normally calculated so that the nodal voltage magnitude is kept at

its specified value. These buses normally correspond with generator nodes.

e PQ buses: at a PQ bus, the injected active and reactive power are known, while the
voltage angle and magnitude are unknown. So that, this kind of buses provide two
variables to the state vector. These buses normally correspond with load nodes.

Table 2.1 summarizes the main characteristics of the different type of buses.
Although the aforementioned buses are the most commonly classification in conventional
PF analysis, other types have been considered for some specific situations such as the
inclusion of FACTS (see e.g. [51]).

Table 2.1 - Main characteristics of the PF buses

Bus type Known Unknown
Slack V,8 P,Q
PV V,P 6,0
PQ P,Q V,s

2.3.- Newton Raphson

One can observe that (2.1) are strongly nonlinear. Hence, they cannot be directly
solved. Among all available nonlinear solution techniques, NR has been by far the most
widely used in PF analysis. Solution of the set of equations (2.1) using NR is iteratively
defined by:
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kD) — (O _ [gl(x(k))]_lg(x(k)) (2.5)

where, g’ = V,.g € R™ " is the Jacobian matrix and the superindexes indicate the iteration
counter. An iteration of the mapping (2.5) involves a function and a matrix evaluation, a
linear system solution and a LU factorization. This latter is considered as the heaviest part

of NR [39]. The elements of the PF Jacobian matrix are calculated as follows:

[0n @ on®@op (0 o ®)
96, 88, 0|Vl d|Vy|
on®  on®on ® o ®
, 98, 38, olvy V| [[h] []z]]
xX) = = 2.6
B =000 50000,®  20,0| 7 |l 4] 29
964 a6, 0lvyl 3|Vl
106, 06, 0|Vl 0|Vl

The diagonal elements of the Jacobian matrix are given by:

% = XjilVil [Vj|[Yis | sin(8i; — &; + &) 2.7)
aa|§l| = 2|Vi[Yy| cos 6y + il V;|Yij] cos(6i; — 8; + ;) (2.8)
‘3—‘§j = X il Vil [Vj|[Yis | cos (65 — &; + &) (2.9)
% = 2|V;||Y;| sin 0y + X | V; || Y] sin(6y; — 6; + 6;) (2.10)

While the off-diagonal elements are calculated as follows:

55 = Wl |17 sin(8y; = 6, +6;) v j #1i (2.11)
;|—[1:;|= [Vi||Y:j| cos(6;; — 6: +6;) Vj#i (2.12)
Z_gjl::_|Vi||Vj||Yij|COS(6ij—6i+6j) Vj#i (2.13)
;|—§]| = —Vil|Y;| sin(6;; — & + &) vj#i (2.14)

This Section is completed by summarizing the main steps of PF solution by NR using

pseudocode in Algorithm 2.1. During this work, ||g||. has been taken as convergence
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criteria. In addition, the algorithm is considered failed if the iteration counter surpasses a

predefined threshold namely k.«

Algorithm 2.1: PF solution using NR
1: Let x(O ¢, k.« be given

2: Initialize the iteration counter k < 0
3: while ||g(x®)]| > edo

4: Solve (2.5)

5. if[|g(x®**)|| < ethen

6: break # convergence
7 else

8: ke—k+1

9: if k > k. then

10: break # failure
11: end if

12:  endif

13: end do

14: return solution x®

2.4.- Fast Decoupled Load Flow

The Fast Decoupled Load Flow (FDLF) was proposed at mid 70°s [4], with the aim
at overcoming the heaviest computational part of NR, i.e. the factorization of the Jacobian
matrix. It is based on a clear decoupling between the active and reactive problems in
transmission networks. This principle is clearly observed in the structure of the Jacobian
matrix. Fig. 2.1 shows the pictorial representation of the Jacobian matrix in polar

coordinates for the IEEE-30 bus test system. As observed, submatrices J, and J5 are almost

null.
FDLF assumes the following simplifications:
Ji=H'
:z P (2.15)
Ja=H"
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where H' € R(w=Dx(wp-1) H'" € RM*™ gand n,, € N is the total number of buses.

The matrices H' and H'' are simplified admittance matrices, as follows:

Fig 2.1 - Pictorial representation of the Jacobian matrix for the IEEE 30-bus test system. The

lighter the area the higher the absolute value of the elements of the Jacobian matrix
e Line charging, shunts and transformer tap ratios are neglected when computing H'.

e Phase shifters are neglected and line charging and shunts are doubled when

computing H".

Aforementioned assumptions are reasonable in transmission systems, where the line
resistances are typically one order of magnitude lower than reactances. However, these
ideas are not generally applicable in distribution systems. In addition, the FDLF
formulation only allows to incorporate the voltage magnitudes and angles in polar

coordinates as variables.

PF solution using FDLF is achieved by iteratively solving the following two linear

systems:
[6(k+1) 6(’”1)] [5§>kv) 5(k) — [H 1 [v®]gp(x) (2.16)
[ (k+1)] [V(k) _1[V(k)]gQ(6g;+1), 6l(DkQ+1),V§)kQ)) (2.17)

where [V] = diag(Vl, V,, .., an). As observed, the matrices H' and H'' are constant
during the whole iterative procedure and, therefore, only two LU factorizations have to be
computed, which supposes the main merit of FDLF compared with NR. The main steps of

FDLF are summarized in Algorithm 2.2 using pseudocode.
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Algorithm 2.2: PF solution using FDLF
1: Let x(O, g, k.« be given

2: Initialize the iteration counter k « 0
3: Build and factorize B’ and B"”

4: while ||g(x®)|| > edo

5: Solve (2.16)

6: Solve (2.17)

7: if [|g(x**D)]| < e then

8: break # convergence
9: else

10: k<k+1

11: if k > k. then

12: break # failure
13: end if

14:  endif

15: end do

16: return solution x®

2.5.- DC Power Flow

All methodologies discussed so far manage with the exact form of the PF equations,
therefore it is expected that the studied solvers provided the exact solution of (2.1).
However, these conventional solvers typically face several problems related with the

nonlinearity of the PF equations [27]:
e Difficulties in finding the solution (divergence).
e Multiple solutions.

e In case of no convergence, it is not possible to determine if the problem is

unsolvable of its solution cannot be reached.

These issues may be bypassed by simplifying g in order to get it linear. In addition,
it does allow to obtain an acceptable PF solution quickly. With the aim at achieving it, the

following simplifications are introduced:
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e All voltage magnitudes are assumed to be equal to 1.0 pu and reactive powers are
neglected.

e Line resistance and charging are neglected when computing the simplified
admittance matrix H

e Bus voltage phases are considered small enough to assert that §;; = §j;
The resulting system of equations is:
P=Hé+ P? (2.18)

where P € R™ are the injected active powers, H € R™*™ is the simplified admittance

matrix, & € R™ is the vector of voltage angles and P? € R™ are the power shifts

introduced by phase shifting transformers.

As observed, equation (2.18) totally neglects the reactive power problem, which may
be arguable in some situations such as voltage stability analysis. Nevertheless, several
research efforts have been recently conducted in order to overcome this issue [9, 10]. In
addition, accuracy of the results obtained may be compromised especially for high loading
levels as observed in Fig 2.2. As main advantage of the DC power flow it is worth

commenting that equation (2.18) is totally linear and can be directly solved as follows:

& =[H]Y(P - P?) (2.19)

30

o]
W
T

[
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T

Phase angle max. error [%]
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T
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Loading level

Fig 2.2 - Maximum phase angle error introduced by the DC power flow as a function of the

loading level for the IEEE 30-bus system
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2.6.- A Logic-Switching Strategy for handling with
Equipment Limits

It is important including some restrictions within the PF calculation. One of most
important is related with the practical equipment limits. This kind of restrictions can be
easily incorporated within the described algorithms using a logic sequence. As example,
the following steps are devoted on including the generators’ reactive power limits in PF
calculation [39, 52]:

Step 1: Solve the PF problem. If there are not PV buses and no solution has been found, the

problem is declared unfeasible. Otherwise, take x) and go to Step 2.

Step 2: Check if any reactive limit is violated. If yes, go to Step 3, otherwise, return x% as

solution.

Step 3: Create a Q* set with those generators’ indices whose higher limit is violated and
go to Step 4.

Step 4: Create a Q~ set with those generators’ indices whose lower limit is violated and go
to Step 5.

Step 5: Convert those buses € [Q*, Q] to PQ buses and go to Step 6.

Step 6: For each j € Q* set Q; = Q;"** (where Q;*** is the upper bound on the injected

reactive power at bus j) and go to Step 7.

Step 7: For each j € Q set Q; = Q™™ (where Q™" is the lower bound on the injected

reactive power at bus j) and go to Step 8.
Step 8: Take x(® = x( and return to Step 1.

It is worth mentioning that similar strategies can be used for incorporating other

equipment limits or controls like tap changers or phase shifts.

2.7.- Conclusions

In this section we have described the most conventional PF solvers. In addition, a

logic sequence for incorporating the generators’ reactive and other equipment limits and
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controls has been explained. Table 2.2 summarized the main advantages and disadvantages

of the commented methods.

Solver

NR

FDLF

DC Power
Flow

Table 2.2 - Description of the most conventional PF solvers

Advantages

e Simple and efficient.

order.

o Very efficient.

e Reachability  of
solution is ensured if H is

invertible.

e Very fast (solution

directly obtained)

e Quadratic  convergence

the

is

Disadvantages

Fail in ill-conditioned systems
(local convergence).

Very sensitive to R/X ratio and
loading level.

Not suitable for distribution
systems.

Only voltage magnitudes and angles
can be taken as variables.

Linear convergence.
Reactive problem is neglected

(voltage magnitudes are not
calculated).

Low accuracy.
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Chapter 3

Various Power Flow solvers based on

the Continuous Newton’s method

On the basis of the Continuous Newton’s method [38], any numerical arrangement can be
considered for developing a nonlinear solver. The resulting technique usually presents
acceptable robustness and efficiency. Reference [39] was the pioneer on considering this
topic for PF analysis, however it was limited to study a PF solver based on the 4™ order
Runge-Kutta, while other numerical approaches were not considered. This Section aims at
filling this gap by firstly developing a common framework for considering any member of
the Runge-Kutta family [53] for PF analysis. On the other hand, other numerical
arrangements like the Adams-Bashforth’s family [54] and the Bulirsch-Stoer algorithm
(BS) [55] are considered. Finally, alternative further Continuous Newton-based paradigms
are developed. Thus, a Continuous Newton-Broyden and a multistep Continuous Newton’s

paradigm are presented.

3.1.- Outlines of the Continuous Newton’s method

Let us consider a set of n autonomous differential equations (ODES) as follows:
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x = f(x) (3.2)

For a specified time instant ¢ and an arbitrary time step At, the simplest method for

integrating (3.1) is the Explicit-Euler technique, as follows:
Ax® = Aef(x®) 3.2
xHA0 = x (O 4 Ax® (3.3)

As pointed out in [39], an analogy between (2.5) and (3.2)-(3.3) can be easily
established if one defines:

f() = -[g'(] g (3.4)

In other words, the traditional NR method for solving nonlinear equations can be

viewed as the Explicit-Euler formula for solving ODEs.

This paradigm is coherent with the Newton’s theorem. As observed in [56], NR
solves a nonlinear equation by approximation the area under the function by a rectangle.
Keeping this in mind, the Continuous Newton’s method can be viewed as a generalization

of the Newton’s theorem to any other integration form.

In order to study the stability of the Continuous Newton’s method, it may be suitable

to introduce the following definitions.

Definition 3.1. Hyperbolic point: let G = x**1 — x(¥) pe the dynamic system associated
with an iterative procedure. Then, x* such that g(x*) = 0 is an equilibrium point of this
system. In addition, x* is called hyperbolic point if and only if all the eigenvalues associated

with the Jacobian of G at the equilibrium point have a nonzero real part.

Definition 3.2. Hyperbolic point asymptotically stable: let G = x**V — x(®) pe the
dynamic system associated with an iterative procedure. If x* such that g(x*) =0 is a
hyperbolic point of this system, it is said to be asymptotically stable (or sink), if all the

eigenvalues associated with the Jacobian of G at x* have a negative real part.

Definition 3.3. Type-m equilibrium point: let x* be hyperbolic equilibrium point of the
system G = x*+1) — x(K) associated with an iterative procedure. Then, x* is said to be
type-m if the Jacobian associated with G at x* has exactly m eigenvalues with a positive

real part.
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From the Definitions 3.1-3.3 one expects from the PF solution x* to be a type-0
equilibrium point. The following Theorem demonstrates that x* such that g(x*) = 0 is a

type-0 solution for the Continuous Newton’s method.

Theorem 3.1. Stability of the Continuous Newton’s method: let x* be a PF solution such

that g(x*) = 0, then, it is a type-0 equilibrium point for the Continuous Newton’s method.
Proof. The function G related to the Continuous Newton’s method is:

G=—[g'(®)] sk (3.5)
By differentiating (3.5) with respect x one obtains:

VG = —V,[g' (0] 'g(x) — [g'(0)]7'g'(x) (3.6)
By evaluating (3.6) at the PF solution:

VGl = —I (3.7)

where I € R™*"™ is the identity matrix. Equation (3.7) says that all the eigenvalues of V,.G

at x* are equal to -1, which completes the proof. i

3.2.- Various Power Flow Solvers based on the
Runge-Kutta Formulas

The most general formulation of a Runge-Kutta technique for PF analysis is given
by:
2K+ — () 4 hyP_, bivgk) (3.8)

where, h € R™ is the step size, b’s € R are the weights, p € N is the number of stages and

v’s € R™ are calculated as follows:
k
fvg ) = f(x®)
v = f(x(") + ha21v§k)>

'ng) =f (x(k) + h(aglvgk) + a32V§k))) (39)

A

K k k §
v = f(x(k) n h(ap,lvg a0+ ap_pvfg_)l))
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where, a’s € R are the elements of the Runge-Kutta matrix. As observed, a Runge-Kutta

technique requires p LU factorizations each iteration. This supposes the main

computational burden of this kind of methods.

3.2.1.- Studied Runge-Kutta methods

Any member of the family of Runge-Kutta formulas, can be defined using the well-

known Butcher’s Tableau. The structure of this mnemonic device is shown in Fig. 3.1.

a a

p_lrp_l pip

Fig. 3.1 - Structure of the Butcher’s Tableau for the Runge-Kutta methods

—» Runge-Kutta matrix (4)

by,b,---b, — Weights vector (b)

The Runge-Kutta matrices and weights vectors of the considered PF solvers based on

Runge-Kutta techniques are given below.
Midpoint’s Rule (MP)

0 0O
A=l1/2 Ol,bz[o 1]

Heun’s 3" order method (30H)

0 0 0
1

A=|"/3 0 OLb=1[t, o 3/,]
0 2/3 0

4" order Runge-Kutta method (RK4)

0 0 O]

[ 0
0 0 o
P N PRIUVARTARTARA
1

ERNCR

(3.10)

(3.11)

(3.12)
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Simpson’s 3/8 rule (S38)

[10 0O 0 O

0O 0 O
a=| Lb=[Ys %5 Y5 Yo 613

/3 1 00

l 1 -1 1 OJ

The Runge-Kutta formulas described by equations (3.10)-(3.13), are well-known and
collect a wide variety of this kind of techniques. It is worth mentioning that higher order
Runge-Kutta formulas are available in the literature, however, as they require more than
for factorizations each iterations, presumably their computational burden would be totally
not competitive. Therefore, they have not been included in this work, nevertheless, they
may be easily validated using the common framework (3.8), (3.9). Nevertheless, one should
not ignore other further developments made in this area. For example, in reference [57], an
accelerated 3 order Runge-Kutta method (ARK3) was developed. This technique can be
adapted for PF calculation as follows:

Atk =0
vgo) = f(x(©®)
v =f (x(o) + hﬁv&o)) (3.14)

@ = x© 4 h'®
Fork >0

vgk) = f(x®)
v = (x(k) + hﬂvgo)) (3.15)
kx(k+1) — x® 4 p [alvgk) n Ei{vgk_l) n b(vgk) _ vgk—ﬂ)]

where, $ € R, b € R, a; € R and @; € R are defined following the guidelines facilitated
in [57] and reported in Table 3.1.

Table 3.1 - Parameters for ARK3

p b a a

Y3 Pl e
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It is worth noting that ARK3 achieves third order by just requiring two LU
factorizations each iteration. As comparison, the other third order Runge-Kutta formula

considered (30H), requires three matrix factorizations.
3.2.2.- Step size control

The control of the step size is a critical aspect for solving ODEs. Fig. 3.2 shows a
comparison for the Forward Euler methodology with different step sizes. Clearly, the
smaller step size the higher accuracy. However, higher computational burden is obtained
as counterpart since more intermediate points have to be calculated. From this analysis it is
deduced that a proper adaptive step size mechanism is fundamental for obtaining a good

performance from those PF solvers based on the Runge-Kutta formulas.

34
Exact Solution
32+ —D—h:0.5
“1|-9-h=025
—-@-h=0.125
3| —8—h=0.0625

Fig 3.2 - Influence of the step size for solving the ODE y = yt, with initial condition y(0) = 2

For the considered PF solvers based on the Runge-Kutta techniques, we can use the

half-step method for adapting h as follows [39]:

R 619

{if u > SF then h « max(oyh, hyin)

if u < SF then h « min(o,h, hyay) (3.17)

where SF € R is a security factor, o’s > 0 are damping factors while h,;, € Rt and
hmax € R* are the minimum and maximum step size, respectively. Algorithms 3.1 and 3.2
summarize the main steps involved in the PF calculation using the considered PF solvers

based on the Runge-Kutta formulas. As observed, the step size is initialized equal to h ;.
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This approach aims at improving the robustness features of the proposed algorithm, when
it evolves far away to the solution. Under this situation, poorer performance is expected

due to the local convergence of the Newton’s technique.

3.3.- Adams Bashforth’s methods

The Adams-Bashforth’s methods form a family of explicit numerical integration
techniques [54]. They belong to the family of linear multistep numerical techniques, since
they need the information of several previous points to compute the following step. The
generic formulation of a p** order Adams-Bashforth method as applied to the PF problem

is given by:
xk+1D) — () 4 h[alf(x(k)) + apf(x®* D) 4 4 asf(x(k—P—l))] (3.18)

Algorithm 3.1: PF solution using solvers based on the Runge-Kutta methods
1: Let xO, ¢, kyax: SF, 01, 0y, Rmin and hyax be given

2: Initialize the iteration counter k < 0

3: Initialize the step size h « hpyiy

4: while ||g(x®)||_ > e do

5: Solve (3.8)

6: if |g(x**V)||_ < e then
7 break # convergence
8: else

9: u < solve (3.16)

10: h < solve (3.17)

11: ke—k+1

12: if k > k. then

13: break # failure
14: end if

15:  endif

16: end do

17: return solution x®
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Algorithm 3.2: PF solution using ARK3

1: Let xO, ¢, kynax, SF, 01, 02, Rpin and hy .y be given
2: Initialize the iteration counter k « 0

3: Initialize the step size h « hpy;y

4: while ||g(x®)|| > e do

S if k = 0 then

6: Solve (3.14)
7 else

8: Solve (3.15)
9: end if

10:  if ||g(x®*V)||_ < e then

11: break # convergence
12:  else

13: u < solve (3.16)

14: h < solve (3.17)

15: ke—k+1

16: if k > k. then

17: break # failure
18: end if

19:  endif

20: end do

21: return solution x®

where a’s € R. It is worth noting that equation (3.18) requires information of p — 1
previous points. Therefore, this kind of techniques requires to be initialized. It is customary
to use a (p — 1)** order Adams-Bahsforth technique for this labour. As example, let the
2" order Adams-Bashforth (AB2) procedure for solving the PF problem be described as

follows:
Atk =0
x@ = x© + pf(x@) (3.19)

Fork >0
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x0+D = 500 4 p[=1/ f(x D) + 3/, f(x®)] (3.20)

As observed, the developed PF solver based on AB2 uses a 1% order Adams-
Bashforth formula (Explicit Euler) at first iteration. If one desires to use a 3" order
expression, the Explicit Euler and the equation (3.20) would be used at k = 0, and k = 1,
respectively. Following this scheme, one can applied any Adams-Bashforth method to the

PF problem in the same manner.
3.3.1.- Step size control

A novel methodology to update the step size of the Adams-Bashforth methods is

used. It is based on the Richardson Extrapolation [58]. To achieve that, two guess values

of the unknown vector 525"*1) and ’;\Egk )

Euler method with h/2 and h/4 as follows:

, are computed each iteration using the explicit

2D = ke 4 gf(x(k"'l)) (3.21)
2D = ke 4 %f(x(k"'l)) (3.22)

Then, this information is used to calculate u:

S(k+1)  (k+1)
X1 )

)= - (3.23)

(o]

Then, this information is used for updating the step size using (3.17). In this case, the
step size is initialized using the following rule:

{if |gx®)||_ > pthenh « hpyy, .2

if |g(x@)||_ <pthenh <1

where p € R. The full explanation of the Adams-Bashforth-based PF solvers, is concluded
by describing the main steps of the PF solver based on AB2 raised by the mapping (3.19),
(3.20) in Algorithm 3.3 using pseudocode. One should note that any other Adams-

Bashforth formula may be applied for PF analysis using the same scheme.

3.4.- Bulirsch Stoer Algorithm

Now, a more sophisticated numerical integration method called Bulirsch-Stoer (BS)
[59] (also called the Gragg-Bulirsch-Stoer algorithm [60]) is explored. BS is a powerful
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method for solving set of ODEs. In fact, it is said that BS supposes the best-known way to
obtain high accuracy solutions to ODEs [61]. BS collects the advantages of various
numerical arrangements like the Explicit Euler method or the Modified Midpoint rule. This
approach starts taking an arbitrary “big” step size H € R*, which is splitted into N € N

equal smaller steps as follows:
h="H/y (3.25)

Algorithm 3.3: PF solution using AB2

1: Let xO, ¢, kpnax: SF, 01, 02, Amin, hmax and p be given
2: Initialize the iteration counter k « 0

3: Initialize the step size h « solve (3.24)

4: while ||g(x®)||_ > edo

5 if k =0 then

6 Solve (3.19)
7 else

8 Solve (3.20)
9 end if

10:  if ||g(x®*V)||_ < e then

11: break # convergence
12:  else

13: u < solve (3.23)

14: h < solve (3.17)

15: ke—k+1

16: if k > k. then

17: break # failure
18: end if

19:  endif

20: end do

21: return solution x

The normal BS procedure starts with a small value of n and increases it if the

calculated state value is not accuracy enough. Theoretically, the zero error is reached when
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N = oo. However, it is just an idealization and this value cannot be reached in practical

applications. Instead, two series have been proposed in the literature [59], [61], [62]:
N =2,4,6,8,12,16,24,32,48,64 ... (3.26)
N =2,4,6,8,10,12,14 ... (3.27)

Theses series are endless. Therefore, it is necessary to truncate them at a specified
value. It is worth noting that the highest N implies the highest robustness. Nevertheless, the
highest N also induces the heaviest computational effort. Fig 3.3 plots the sketch of BS for
solving the ODE (3.1). As observed, more accuracy results are achieved by increasing N,

however, more intermediate points need to be calculated.

-
—_—
-

-

-
-
-
-

Approximation
with N=

N
n

—
-~
Fig 3.3 - Sketch of BS

BS can be adapted for PF calculation applying the principles described in [39]. To do
that, it is suitable firstly define:

x() = 709 (3.28)

The following step consists on calculating z, using the Forward Euler method as

follows:
29 = 209 — nf(z{”) (3.29)

Next, up to p intermediate points are calculated using the Modified Midpoint Rule as

follows:
k k k .
z}+)1 = z} ) th(z} )), forj=23,..,N (3.30)
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Finally, the state vector is updated using the trick proposed by Gragg:
xkD =1/, [zg‘) +20 + hf(zl(f))] (3.31)

3.4.1.- The Reverse-Bulirsch-Stoer algorithm

BS was originally conceived for set of ODEs, hence, in this case it is suitable to start
with the smallest possible value of N and increase it until the desirable accuracy is reached.
Thus, expensive steps are not computed if they are not necessary. However, in PF analysis,
this approach is not desirable. Instead, it would be convenient starting the iterative
procedure with the maximum value of N (i.e. Ny .5), then, it may be reduced until its
minimum value of N (i.e. N,;,). The main idea behind this approach is founded on the
traditional behavior of a PF solver: when an iterative procedure is susceptible to diverge,
the most difficult part is the computation of the first steps. Hence, the main idea would be
using the most exact steps (i.e. the biggest N) at first iterations and then would be
convenient to change to bigger steps in order to accelerate the convergence. This
philosophy, applied to BS, has blossomed in the proposed Reverse-Bulirsch-Stoer method
(RBS). For the sake of exemplary, Fig. 3.4 shows the procedure of the BS and the RBS, for
a truncation at N = 6, are compared. As observed, while BS increases the value of N each

iteration, RBS proposes the opposite scheme.

__________________________________________________________
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Fig. 3.4 - A comparison between BS and RBS.

The main idea behind RBS lies on reducing the total amount of factorizations
required. For example, let us consider the case of BS, we start with N = 2 and it would be

increased up to the biggest N. Then, iterations are computed repeatedly with N = 6 until
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the convergence is reached. Therefore, BS would require to compute up to 6 + 6(K — 2)
factorizations (where K is the total number of iterations). On the other hand, let us consider
the same case for RBS, starting with N = 6 and reduce it until N = 2. Then, remainder
iterations would be computed repeatedly with N = 2 instead of N = 6. Thus, RBS would
need to compute 10 + 2(K — 2) factorizations. Considering a reasonable K = 10, BS

would compute 54 LU decompositions, while RBS would require 28 less factorizations.
3.4.2.- Step size control

For controlling the “big” step size, the following updating rule is proposed:
K k
=z - ZI(le”oo (3.32)

{if u > SF then H « max(o1H, Hpyin)

if u < SF then H « min(o,H, Hyyay) (3.33)

where Hp,i, € R* and Hp,,x € R* are the minimum and maximum “big” step size. The
main steps of BS and RBS as applied to PF problem are summarized in Algorithm 3.4 using

pseudocode.

3.5.- The Continuous Newton-Broyden paradigm

The main disadvantage of the Continuous Newton’s methods is its high
computational cost. As commented, when for example a Runge-Kutta formula is adapted
as PF solver, it requires as many LU factorizations as stages of the numerical approach
considered. With the aim at alleviating this computational effort, the Broyden’s method is
used in combination with the Continuous Newton’s framework. To do that, the function

(3.4) is modified as follows:
(00 = -p{g(x) (3.34)

The matrix D € R™ ™ varies with the iteration k and the stage s of the Runge-Kutta method

considered. Thus, this matrix is given by:
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Algorithm 3.4: PF solution using BS and RBS

1: Let xO, €, kpnax: SF, 01, 021 Huins Hmaxs N, Nipin and Ny,q, be given
2: Initialize the iteration counter k « 0

3: Initialize the step size H

3: Initialize N = N, # In the case of RBS take N = Ny«

4: while ||g(x®)||_ > e do

5: h < solve (3.25)

6: Solve (3.29)

1 j=2

8: for j < N do

9: Solve (3.30)
10:  enddo

11:  x®*D « solve (3.31)
12: if ||g(x®*V)||_ < e then

13: break # convergence

14:  else

15: u < solve (3.32)

16: H < solve (3.33)

17: N « take the immediately higher/lower value of N

18: if N > Np,.x do # In the case of RBS it would be N < Npip
19: N = Npax # In the case of RBS it would be N = Ny,
20: end do

21: k<k+1

22: if k > k. then

23: break # failure

24: end if

25:  endif

26: end do

27: return solution x
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D(O) [g(x(O))] (3.35)

T -
(s80-plDy(0) (0T k1)

1
(k)TD(k 5, L fork>0 (3.36)
1 14 1

p® = pt 4

T
(s89-p%, y ()5 ¥

D{¥ = DY, +—— " L, fors # 1 (3.37)
Ss Ds 1Ys

where:

s = x{9 — £ (3.38)

7 = g(x?) — g(x5Y) (3.39)

sgk) = xgk) — xgl?l, fors =1 (3.40)

ygk) = g( (k)) g( @ ) fors #1 (3.41)

The different x,’s depend on the Runge-Kutta formula used, in a generic form, they

respond to the following expression.
(%) = f(x®) = f(x(k))
) = (x(k) + ha, ~(k)) = f(x(k))

9 = (500 + h(apt + a5,)) = F(x80) (342)

~(0) _ & B . vy ;
500 = f (x(k) + h( AV + ap B+, B )1)> f(xl(a ))

As observed, the proposed solution paradigm (3.42) just requires a matrix inversion
at s =1 and k = 0. However, this calculation has to be computed explicitly, which
supposed a heavier computation than a LU decomposition. Definitely, equation (3.42) is
normally more competitive than (3.9) in small-scale systems, while it normally presents a
prohibitive computational burden in large-scale networks since the computations involved

in (3.35)-(3.37) suppose an important computational burden.

Finally, the state vector is updated similarly to (3.8):
x(+D) = x(0) 4 B3P ~<’<) (3.43)

3.5.1.- Step size control
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For the step size control of the proposed paradigm (3.42), we can use the half-step

approach as for (3.9). In this case, the expression (3.16) is accordingly modified:
p= 7 = x| (3:44)

The main steps of the proposed paradigm (3.42) are summarized in Algorithm 3.5

using pseudocode.

Algorithm 3.5: PF solution using the proposed Continuous Newton-Broyden paradigm
1: Let xO, ¢, kynax: SF, 01, 0y, Rmin and hyax be given

2: Initialize the iteration counter k < 0

3: Initialize the step size h « hpyiy

4: while ||g(x®)|| > e do

5: Solve (3.43)

6: if |g(x**V)||_ < e then
7 break # convergence
8: else

9: u < solve (3.44)

10: h < solve (3.17)

11: ke—k+1

12: if k > k. then

13: break # failure
14: end if

15:  endif

16: end do

17: return solution x®

3.6.- A Framework based on a Multistep
Continuous Newton’s paradigm

Now, a modification of the standard Continuous Newton’s method is proposed. It is

mainly based on modifying the equation (3.8) into a multistep paradigm as follows:
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~(k K
xg ) = x4 hYP blivg )
~() Sk k
xg ) = xg ) + hZ?zl bZiv( ) (345)

i

kx(k+1) — Qg{k_)l + hzll{;l bKiV(k)

i
where v’s are calculated as in (3.9). As observed, the main difference of (3.45)
compared with (3.8) lies in the fact that the updated vector is recursively refined in order

to obtain a more accurate value. Thus, up to K steps are computed. In addition, the weights

b’s are now organized in a matrix form as follows:

byy by blp]
B =lb_21 by bap| g i (3.46)
bI(l bI(Z ves pr

This matrix arrangement allows to concatenate different Runge-Kutta formulas. This
introduced solution paradigm can be conceived as the application of the Embedded Runge-
Kutta formulas [63] for solving the PF. However, the introduced solution paradigm shows

several important differences with respect the standard Embedded Runge-Kutta methods:

e The introduced solution paradigm is more versatile since it allows to use K

numerical methods with the same order or any other combination.

e In calculation of ODEs, typically higher order implies higher accuracy as showed
in Fig. 3.5. However, it is important noting that higher order supposes higher
computational burden, since as many factorizations as the order of the Runge-Kutta
method considered have to be computed. In this case, rather than the order, superior
computational performance is achieved for higher K.

3.6.1.- Step size control

As commented, methods based on the introduced solution paradigm and the
Embedded Runge-Kutta formulas have similar structure. These techniques allow an
effective step size control based on the estimation of the local truncation error. Thus, we
can take advantage of this characteristic within the introduced solution framework.
Specifically, in reference [64], the step size is updated each iteration according to the

following rule:
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3.4

Exact Solution

3.2 || B> Explicit Euler method
~-@- 4" order Runge-Kutta formula

Fig 3.5 - Accuracy of the Explicit Euler and 4" order Runge Kutta formulas for solving the ODE
y = yt, with initial condition y(0) = 2 and h = 0,2

. 1 p+1
h = min | hy, .4, max (hmin, 0.9h (@) ) (3.47)
where € is the local truncation error which can be calculated as follows:
e = [xt+n -2 | (3.48)

Nevertheless, the step size has to be initialized. To do that, the following expression

is used:

. 1
h = min <hmax' max (hmint W)) (349)
where W is the sum of square of residuals given by:

w(x®) =3 [g(x®)] g(x®) (3.50)
3.6.2.- Two Power Flow solvers based on the developed

multistep Continuous Newton’s paradigm

On the basis of the developed solution paradigm, two PF solution techniques have

been developed. Their matrix A and B are given below:

Midpoint-Euler (MPE)
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A—[O O]B—[O 1] (351)
B 1/2 U 1/2 0 '
Trapezoidal-Midpoint-Euler (TMPE)
1 1
0 0 /2 /2 350
A_[1 O],B— oy, (3.52)
/2 o

The main steps of the developed MPE and TMPE as applied for PF analysis are
summarized in Algorithm 3.6 using pseudocode.

Algorithm 3.6: PF solution using the proposed Multistep Continuous Newton paradigm
1: Let xO, ¢, kpaxs Amin and hpax b€ given

2: Initialize the iteration counter k < 0

3: Initialize the step size h « solve (3.49)

4: while ||g(x®)|| > e do

5: Solve (3.9) # using (3.51) or (3.52)
6: x®+1)  solve (3.45) # using (3.51) or (3.52)
7. if||g(x®)|| < e then

8: break # convergence

9: else

10: h < solve (3.47)

11: ke—k+1

12: if k > k. then

13: break # failure

14: end if

15:  endif

16: end do

17: return solution x®

3.7.- Conclusions

The Continuous Newton’s method as applied for PF analysis was firstly studied by
Milano in [39]. However, this reference is limited to study the 4™ order Runge-Kutta
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formula. In this Section, a common framework to incorporate any other Runge-Kutta
formula for PF analysis has been described. This proposal has been used for developing a

variety of novel PF solvers based on this kind of integration techniques.

On the other hand, other families of numerical integration schemes have been
considered. Thus, the family of Adams-Bahsforth methods along the Bulirsch-Stoer
algorithm have been also considered for developing various PF solvers.

Those techniques based on the Continuous Newton’s method may present a high
computational burden, due to the numerous LU factorizations required. With the aim at
overcoming this issue, a combined Continuous Newton-Broyden paradigm has been
introduced. It replaces a LU factorization by vectors and matrix computations. However,
the Jacobian matrix has to be explicitly inverted at first iteration, which may suppose an

unaffordable effort especially in large-scale cases.

Finally, a Multistep Continuous Newton’s paradigm has been developed. It aims at
improving the convergence properties of the standard Continuous Newton’s framework by

refining the updated state vector within a multistep paradigm.
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Chapter 4

A Power Flow solver based on

Gauss-Newton method

Regularization methods have been extensively studied for ill-posed nonlinear problems
[65]. For PF analysis, several solution techniques based on regularization methods have
been proposed [45]-[47]. This kind of techniques bring an effective mechanism for
avoiding the singularity of the Jacobian matrix at turning points. This is achieved by adding
some elements to the Jacobian matrix so that its invertibility is ensured. A so-called
regularization matrix is typically used for this purpose. In this section, the application of a
regularization technique based on Gauss-Newton formulation for PF analysis is explored.

4.1.- Gauss-Newton method for Power Flow
analysis

As commented, the solution of the PF equations is typically found using iterative
solvers. This procedure is properly equivalent to solve the following nonlinear gradient

equation:

W (x) = [g'(x)]"g'(x) =0 (4.1)
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where [-]*: R™™ — R™™ is the adjoint operator. As observed, the Newton’s method can

be used for solving (4.1), which leads to the following mapping:
VaW (x) = [g'(0)]"g'(x) + R (4.2)

where V2 W is the Hessian matrix of (4.1) and R the second order term. In this case, the
Newton’s technique may be not tractable due to the calculation of the Hessian matrix.
Alternatively, the gradient equation (4.1) may be solved using the Gauss-Newton’s method

as follows:
xk+1D) — x(k>_[A(k)]‘lgf(x<k))g(x(k)) (4.3)

The main merit of this alternative approach lies on the fact that the matrix A € R™*"
can be calculated in some efficient way. Different alternatives exist. For example, the
matrix A may be Moore-Penrose pseudoinverse of the Hessian matrix [66]. On the other
hand, this matrix can be equal to [g'(x@)] g'(x®) [67] or [g'(x®)] g'(x™). In this

case, this latter option is preferred due to the following reasons:

e The main advantage of using 4% = [g'(x(@)] g'(x®) is avoiding the
factorization of Jacobian matrix each iteration. However, if a regularization

scheme is introduced, this advantage will be lost.

e The use of A% = [g'(x™®)]"g'(x™) always provides a better a better

approximation for x) since the most updating Jacobian matrix is used. Thus,

the convergence is normally speed up.

Therefore, replacing 4 in (4.3) by the option preferred one obtains:

20D = 00 _[[g/(x00)] g (x)] g (x®)g (x) (4.4)

If the operator [g'(x®)] g’ (x®) is no boundedly invertible, it may be necessary to
introduce a regularization mechanism. It basically consists on adding some elements on the
diagonal of the introduced operator, in order to avoid the singularity of the Jacobian matrix
at turning points. This is achieved by using a so-called regularization matrix. Multiple
approaches have been proposed in the literature [68], however the identity matrix is
normally preferred due to it contributes to retain the sparsity pattern of the system [69]. In
addition, a sequence of positive numbers {a};-, — 0 is also introduced in order to control

the influence of the regularization matrix. This latter point is crucial since the accuracy of
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the results obtained depends on the progression of this sequence [70]. After introducing the

regularization mechanism, equation (4.4) becomes to:

204D = 200 _[[g/(x®)]"g (x®) + a,]‘l (gr(xac))g(x(k)) + a(x® — x(o>)) (4.5)
The damping factor a can be updated using the following formula:

a = ae %k (4.6)

where e represents the natural exponential. The main steps of the developed PF solver based

on Gauss Newton formulation are summarized in Algorithm 4.1 using pseudocode.

Algorithm 4.1: PF solution using Gauss-Newton
1: Let xO ¢, k.., and & be given

2: Initialize the iteration counter k « 0

3: while ||g(x®)]| > edo

4: Solve (4.5)

5 if[|g(x®*)|| < ethen

6: break # convergence
7 else

8: ke—k+1

9: a < solve (4.6)

10: if k > k. then

11: break # failure
12: end if

13:  endif

14: end do

15: return solution x®

4.2.- Conclusions

In this chapter, a PF solver based on Gauss-Newton formulation has been presented.
It aims at avoiding the singularity of the Jacobian matrix using a regularization scheme

while the resulting iterative mapping is efficient yet.
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Chapter 5

Robust and Efficient Power Flow

solvers

As explained in Chapter 1, most of available robust PF solvers are, in fact, very inefficient
to be used in realistic large-scale systems. This reason has limited the widespread
application of this kind of solvers in industry applications. This chapter is devoted on
presenting various efficient and reasonably robust PF solution methods. They aim at being
comparable with NR regarding computational efficient, while outperform this conventional
method in the resolution of ill-conditioned cases. The presented solvers have been
developed on the basis of some available numerical methodologies like the Richardson
extrapolation method, the homotopy principle or the Newton-Cotes formulas, among

others.

5.1.- Arobust and efficient Power Flow Solution

paradigm based on a Combined approach

This Section presents a PF solution paradigm based on combining three powerful
numerical methods. On the one hand, it uses the Newton’s method and a numerical

integration technique (e.g. the Runge-Kutta formulas) in an original combination. On the
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other hand, these two numerical arrangements are framed using a homotopic-based

approach.
5.1.1.- Basic principles of Homotopy

Homotopy-based techniques are global convergence continuation-like techniques
widespread used for solving nonlinear equations [71]. Let us assume that f is, in this case,
difficult to solve. However, it is available other version of the PF equations g which is
easier to be solved. Then, a homotopy-based method solves f by building a chain of
“intermediate” points from g to f. This chain is constructed by introducing an external
parameter ¢ € [0,1]. This parameter is linked with the original set of nonlinear equations
by a so-called homotopy function h(x, §): R*** - R™*1, The main idea of the homotopy
principle is to construct this homotopy function so that h(x,0) = g and h(x,1) = f. As
observed, the original set of equations is solved for & = 1. The basic principle of homotopy
is sketched in Fig. 5.1.

Solution path h(x, &)

> <
Fig. 5.1 - Sketch of the homotopy principle

5.1.2.- Solution of the Power Flow equations using the homotopy
principle
The very first ingredient for solving the PF equations using the homotopy principle

is building a homotopy function. This function has to meet two requirements. On the one

hand, at £ = 0 the homotopy function has to correspond with the “easy” system, i.c.
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h(x,0) = g. On the other hand, the homotopy function has to be equal to the objective
systemat ¢ = 1,i.e. h(x,1) = f. Taking into account these points, the following homotopy

function is used in this case [72]:

h(x,§) =+ (1-8)8 (5.1)

In a second term, we need to define the “easy” system. In this case we have used the

fixed point function [72], which may be given as follows:

g xg‘) - xgk_l) (5.2)

As observed, in this case the PF state vector is updated within two loops. On the one
hand the reader can observe the standard iteration loop defined by the counter k. On the
other hand, a secondary loop is defined by the evolution of the parameter £. The main idea
of the presented paradigm is to force the state vector to lie on the homotopy path defined
by (5.1) through the defined secondary loop. To do that, the vector x is updated using the

Forward-Euler technique as follows:
k k k
2y =2 +hxh(xF,¢), forg =0tog =1 (5.3)

where Aé € R* is the increment of the parameter €. Instead of the Forward-Euler method,

the Ralston formula could be used as follows:

(s
y = x{7 +=hk;
. ky = (2+208) ke, + (1 (2 +§A5)) (y - £0)

kq+3k;
4

, foré§ =0toé =1 (5.4)

(I (9]

It is worth mentioning that any other Runge-Kutta formula may be used in the same
way. The main effect of introducing the homotopy function is showed in Fig. 5.2 for a
generic 2-bus system, which has been taken from the system described in [73] (pp. 337-
338) eliminating the bus #3. As observed, the PF state vector evolves according along the

homotopy path.
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MO
0 x5 _
W — —o— xék)
l—Y—J ]
E=0-¢&=1 Voltage magnitude at PQ bus

Voltage angles at P bus

# iteration

Fig. 5.2 - Solution paths and the progression of the PF state vector in 3-bus tutorial example

[73], using the presented solution paradigm

For determining the step size, two guess values for x are considered in a similar way
to (3.21) and (3.22) as follows:

~ k 1 k

R/ = 657 + (20 (55)
~ 1

R = %57 +11(x?) (5.6)

Then, this information is used to calculate u:

X(1/2)=%(1/4)
h

j= (5.7)

[00]

Finally, this information is used for updating the step size using (3.17). The main
steps of the presented PF solution paradigm are summarized in the Algorithm 5.1 using

pseudocode.
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Algorithm 5.1: PF solution using a combined approach

1: Let O, &, kyax, SF, 01, 02, Amin, Amax and AE be given
2: Initialize the iteration counter k « 0

3: Initialize the step size h « hpy;y

4: while ||g(x®)|| > edo

5 xU9 « x®

6 <0

7 for{ < 1do

8 Solve (5.3) # or (5.4)
9 §=¢+AS

10:  enddo

11 x**D xgk)

12: if ||g(x®*V)||_ < e then

13: break # convergence
14:  else

15: u < solve (5.7)

16: h < solve (3.17)

17: ke—k+1

18: if k > k. then

19: break # failure
20: end if

21:  endif

22: end do

23: return solution x®

5.2.- A Robust Power Flow Solution technique
based on Richardson Extrapolation
The Richardson Extrapolation is a very popular technique, widespread used for

obtaining very high order integration by just using a series of values from trapezoidal rule

[53]. Let us consider the problem of numerically integrating a scalar function f: R — R.
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This considered function can be properly approximated by an auxiliary function F: R - R,
which depends on an arbitrary step size h € R*. Then, the quadratic behaviour of the errors

can be given as follows [74]:
?=f+¢2h2+¢4h4+”' (5.8)

where, the functions ¢,, are normally unknown. If h is small enough, ¢, and superior may
be neglected. The main ingredient of the Richardson extrapolation is to combine two
separate discrete solutions f; (coarse) and £, (fine), on two different step sizes h, and h,

(hy > hy). This approach allows to eliminate ¢,. Then, the value of f can be estimated as:

f ~ f2 +f2—f1 (59)

rv—1

where, r is the ratio % and 1 is a real coefficient. Equation (5.9) corresponds with the h?-
2

extrapolation, it is worth mentioning that f may be more refined approximated by
evaluating more than two points, however, it requires the solution of a system of

simultaneous linear equations, which implies an arithmetic burden.

The main idea of the Richardson extrapolation can be easily translated to the PF
problem. To do that, two guess values of the PF state vector are calculated using the
Explicit-Euler method, then, the value of x can be properly refined using (5.9). This arises

in the following mapping for solving the PF equations:

2 = x4 pf(x®)

k) _ h
2, = x0 + ~f(x®) (5.10)
|aern) 2025l

2¥-1

The information provided by x; and X, can be used for calculating the parameter u

as follows:
u= &2 -2 (511)

Thus, the value of (5.11) can be used for updating the step size using (3.17). The
developed PF solver based on the Richardson extrapolation is summarized in Algorithm

5.2 using pseudocode.
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Algorithm 5.2: PF solver based on Richardson extrapolation

1: Let x| €, kpnax: SF, 01, 02, Amin, hmax and 1 be given

2: Initialize the iteration counter k « 0

3: Initialize the step size h = 1

4: while ||g(x®)|| > edo

8: Solve (5.10)

o: if [|g(x**D)]| < & then
10: break # convergence
11:  else

12: u < solve (5.11)

13: h « solve (3.17)

14: k<k+1

15: if k > k. then

16: break # failure
17: end if

18: endif

19: end do

20: return solution x®

5.3.- A three-stage Power Flow solver based on a
Semi-Implicit approach

In this Section a novel PF solver based on a Semi-Implicit approach (SIA) [75] is

presented, but combining the following three numerical methods in an original way:

Lavrentiev’s regularization [76], for enhancing the robustness characteristics at

turning points.

Chebyshev-like method with cubic convergence [77], for speeding up the

convergence features.

Heun’s method [53], for obtaining a good balance between robustness and

efficiency.
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The resulting algorithm aims at gathering the features of these three numerical

techniques, arising in a robust and efficient PF solver.

5.3.1.- Solving nonlinear equations using a Semi-Implicit

approach

Firstly, let me briefly outline how SIA [75] is used for solving nonlinear problems.
Let me begin with the simplest 1-dimensional case given by:

fM=y—-e@)=0 (5.12)
where, y € Rand @: R ~ R is a primitive iterative method as follows:
y**D = @(y®) (5.13)

Eqg. (5.13) can be modified to become a new equation with the same roots as:

YD = p (0 — o(y®)) + o(y®) (5.14)

where, p € R introduces a new degree of freedom introduced to optimize the convergence

rate.

Now, the more general n-dimensional case is considered. Thus, equation (5.12) is

extended to its multivariable counterpart as follows:

y*k+D = (A0 — ) (y®) 4 y© (5.15)

where y € R™, A € R™" and ¢i: R™ — R" is given by:

Yx)=y— @) (5.16)

where, ¢@: R"™ — R" is an old iteration method, which is defined as follows:

o) =y—1(y) (5.17)
Elements of matrix A are computed by differentiating (5.16):

A=1+R-D[f'(M]? (5.18)

where f' = ng (y) € R™" is the Jacobian matrix formed by the first partial derivatives of

f with respect y and:
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P11 Pin

R= € R (5.19)

Pn1 = Pnn

Elements of the matrix R are taken as free parameters which should be adapted each
iteration. One should note that the matrix A4 is only defined if f’ is invertible. Grouping
(5.16)-(5.19), a generic k*" iteration of SIA for solving systems of nonlinear equations is

given by the following map:

0 = (RO = D[ )] () + 5 620

5.3.2.- A three-stage Power Flow solver based on a Semi-Implicit

approach

Now, the process described in the preceding section is properly adapted for
developing a novel PF solver. As commented, the developed algorithm is based on
combining three powerful numerical methodologies. It is worth noting that the mapping
(5.20) is only stable if the Jacobian matrix is continuously invertible. However, this point
may not be true at the vicinity of a turning point. To overcome this drawback, a
Regularization scheme may be used (see Chapter 4). Two basic regularization mechanisms
are available in the literature. On the one hand, the Tikhonov’s regularization [78] is quite
stable and produces better condition numbers, on the other hand, the Lavrentiev’s
regularization scheme [76] is more efficient. In this work, the latter scheme has been

preferred due to its efficiency.

Most of available robust PF solvers are very inefficient, at least, in comparison with
NR. A reason of this low degree of efficiency is their linear convergence rate, which is
reflected in a huge amount of iterations for achieving a solution. Alternatively, other
nonlinear solvers with high convergence rate can be considered. This kind of techniques
present a convergence order higher than two (NR has quadratic convergence order).
However, this high-order methodology should be efficient. In that sense, those techniques
that require more than a matrix factorization per iteration should be avoided. This motivates

us to use the Chebyshev-like method with cubic convergence defined in [77].

High-order methodologies are typically weaker than NR [79]. In order to preserve an
acceptable robustness but maintaining the resulting algorithm efficient enough, it is

compulsory to establish some mechanism for balancing the efficient and robust properties

59



Robust and efficient Power Flow solvers

of the considered numerical arrangements. The Heun’s method [53] present a particular

structure which allows to easily achieve this target.

Result of combining the aforementioned techniques is a three stage algorithm. Thus,
the Lavrentiev’s regularization is introduced in a first step. On the other hand, the
Chebyshev-like [77] and Heun’s methods are respectively used at second and third stage.
Finally, the described SIA has been found as an elegant framework for combining the
considered numerical arrangements. The developed algorithm has been called 3S-SIA, and

its conceptual idea is sketched in Fig. 5.3.

SIA

1ststage W ( 2"d stage \ ( 3rdstage

Lavrentiev’s Chebyshev-like Heun’s method
Regularization cubic method

Fig. 5.3.- Conceptual idea of the developed solver.

Now, the formulation of the developed 3S-SIA is presented. Firstly, let me define the

following increment vector based on the Lavrentiev’s regularization scheme:

™ = [g'(x®) + al]‘lh(xw)) (5.21)
where h: R™ — R" is given by:

h(x) =x—-H(x) (5.22)
where #: R" — R" is defined as:

Hx)=x—¢€ (5.23)

where € = g(x). In this case, (5.23) is used for calculating an intermediate value of the PF

state vector as follows:
2 = (R® —1)p® + x® (5.24)

Now, in order to accelerate the convergence of the developed algorithm, the
structure of the considered cubic Chebyshev-like method can be used for calculating a

second increment vector as follows:

3P = [g/(x®) + a® 1]_1g(55(k)) (5.25)
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It is worth noting that (5.21) represents a robust evolution of x in the sense of it uses
the Lavrentiev’s regularization. On the other hand, (5.25) aims at speeding up the
convergence rate in the sense of it shares structure with the cubic methodology [77]. Higher
convergence rate is in this case provided by evaluating the PF state vector in two different
points namely x®) and (%), This is the basis of the multipoint iterative methods [80] which
achieves higher convergence rate without extra matrix factorizations. Since both (5.21) and
(5.25) bring different features on the evolution of x, it makes sense on providing some
mechanism in order to properly balance the influence of each element. This can be elegantly

achieved using the Heun’s method as follows:
xR+ = () 4 (R(k) — 1)(¢(k) + (’IS(R)) (5.26)

The developed 3S-SIA have two degrees of freedom namely R and «. In order to get
a simple implementation, these parameters should be updated each iteration using adaptive
mechanisms. In this case, SIA provides easy updating schemes as it will be showed during

this section. Firstly, matrix R can be initialized as follows:
P = 8ipo (5.27)

where § is the Kroenecker delta and p, € (0,1). A logic strategy is fixed p, close to
1 and reduces it as solution is successfully approached [75]. In that sense, ||g||. provides
a good indicator for determining if the solution is successfully reaching. Thus, R is updated

for k > 1 as follows:

(1)

R® = [ g1 [P, | gk-1) (5.28)

where e is the natural exponential.

It is worth mentioning that R evolves according to the value of «, this is because both
parameters should follow similar patterns. The reader can observe that equation (5.21),
does not lead to the actual solution of PF equations for a # 0 [44]. However, if « is fixed
too short, robustness properties of the Lavrentiev’s scheme are lost due to the
nonsingularity of the Jacobian matrix is not ensured. Thus, it is easily deduce that «, as

elements of R, should be large at first iterations while they should be progressively reduce
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as the iterative procedure progresses Following this guideline, the damping factor ¢ may

be updated as follows:
a = max (diag(R("))) (5.29)

The main steps of the developed 3S-SIA are summarized in Algorithm 5.3 using

pseudocode.

Algorithm 5.3: PF solution using 3S-SIA
1: Let x| ¢, k,.x and p, be given

2: Initialize the iteration counter k « 0
3: R « Solve (5.27)

4: while ||g(x®)||_ > e do

a < Solve (5.29)

Solve (5.21) # Stage 1

Solve (5.24)

Solve (5.25) # Stage 2

Solve (5.26) # Stage 3

10:  if ||g(x®*V)||_ < e then

11: break # convergence
12:  else

13: if k > k. then

14: break # failure
15: end if

16: R®) « solve (5.29)
17:  endif

18: end do

19: return solution x®

5.4.- A Robust Power Flow solver based on the
Composite Newton-Cotes formula

This Section is devoted on presenting a novel PF solver based on the Composite
Newton-Cotes formulas [81]. Despite that the Composite Newton-Cotes formulas are a
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family of well-known numerical integration techniques, the reader should not confuse the
introduced technique with those solvers described in the Chapter 3, since the developed

solver is not devoted in integrating the function (3.4).
5.4.1.- Newton-Cotes formulas

Firstly, the solution of an integral problem using the Newton-Cotes formulas is
briefly explained. To do that, consider the following continuous function f over the interval
[a, b]:

[ Fo)dy (5.30)

Solution of the integral problem (5.30) can be solved using the well-known
Trapezoidal rule [53]. This technique approximates (5.30) by evaluating f at two different

points as follows:

[P f0dy = Z2(f(a) + F (b)) (5.31)

Since the Trapezoidal rule uses two points on the function f for solving (5.30), it is
known as a second order numerical integration approach. However, solution of (5.30) can
be also obtained using third order techniques like the Simpson’s method or even fourth

order approaches like the Boole’s rule.

However, as reader can detect, this approach is limited to the number of points
considered. Alternatively, more accurate approximations of (5.30) may be achieved by
dividing [a, b] into smaller subintervals. This idea is sketched in Fig. 5.4, where it is easily
checked that accuracy in the calculation is improved as more subintervals are considered.
However, computational efficient of the method is affected since more calculations are
required.

f)

Fig. 5.4.- Sketch of Composite Integration techniques using 2 (left), 4 (middle) and 8 (right)

subintervals
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This is the main ingredient of the Newton-Cotes formula. For example, the
Trapezoidal rule can be extended to its composite counterpart as follows:

) feydx ~ == (E2 1 3l f (a+i22) +12) (5.32)

Ngi 2

where, ng; € N is the number of subintervals. It is worth mentioning that other numerical
strategies (e.g. the Simpson or Boole’s rules) can be used instead of the Trapezoidal rule in

the same way.
5.4.2.- Motivation on the usage of the Newton-Cotes formulas

As it is well-known, PF is in fact a nonlinear problem. Solution of this kind of
problems is an extensive in applied mathematics. Some of the available nonlinear solvers
are conceived on the basis of the Newton’s theorem, which founds that the well-known
Newton’s method can be derived as the approximation of the area under the studied
function by a rectangle. On the basis of this deduction, one can immediately deduce that
other geometric figures instead of a rectangle could be used. Indeed, this has been studied
in other papers like [56]. Alternatively, the area under a function (or a curve), can be also
approximated using quadrature formulas [82, 83]. Keeping this in mind, one can suspect
that the Newton-Cotes formulas can be properly conceived as a power foundation for
developing robust PF solvers.

5.4.3.- Application of the Newton-Cotes formulas for solving

Power Flow

For considering the Newton-Cotes formulas for solving the PF problem, it is suitable

to firstly define the following function:

f(x,y) = -[g()] '8y (5.33)

One can observe the main difference between (3.4) and (5.33), since the latter allows
to evaluate the function g and its Jacobian at different points (i.e. y and x, respectively).
One of the main topics on integration using the Newton-Cotes formulas is to establish the
main interval namely [x, x,]. While the lower bound can be fixed in this case % = x(,

the upper bound can be calculated as follows:

xg? = 209 + nf(x09, x80) = 289 + nf(x?) (5.34)
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As observed, equation (5.34) corresponds with the application of the Forward Euler
method to the function (3.4). The step size can be updated each iteration by the following

rule:

hmin

. ) max
h = min max/

|(x2,28)| (5.35)

hmax

The following step should be devoted on splitting the main interval [x,, x;]. To do

that, up to m — 1 intermediate points (where m € N) are given by:

x = 200 + 2(x00,x00) for i = 2,3,. (5.36)

i

Finally, using the information of the main interval and the intermediate points, the
state vector can be updated as follows:

= = Q)
¢ = pf(x0, x07) + Pi(xL, x07) + p iy £(x07, x() (5.37)
x0T = 0 %qb(") (5.38)

where, ¥ € R* and p € R* are the extreme and intermediate slope coefficients,
respectively and g € R* is the damping factor. The developed solver has some degrees of
freedom defined by the parameters involved. The following expressions are devoted on

providing some updating rules for these parameters.

1

_m
y=" (5.40)
Y = min[y, Ymax] (5.41)
. (round(y)
m = max {mln {mmax (542)
Mmin
p = max[y, ﬁmin] (5-43)

where; 4 € R, mpyin E N> 2, mpax €N, Bnin € R and Y.« € R define the minimum
and maximum values of different parameters. On the other hand, round(-) rounds to the

nearest integer.
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The performance of the developed solver based on the Composite Newton-Cotes is

strongly influenced by the values of the involved parameters. The value of these parameters

along the updating rules (5.39)-(5.43) have been built according to heuristic principles a

logic ideas. The following points aim at explaining the main ideas behind this topic:

Step size (h): the self-adapted mechanism (5.35) aims at reducing the step size
when the evolution of the algorithm is not satisfactory, thus, it aims at ensuring the
convergence. This issue can be intuitively measured by the size of f(x,, x,). The
idea behind this mechanism is as; if the size of this increment vector is too large,
the step size should be reduced in order to compensate it and reduce the risk of
divergence. Oppositely, if the increment vector is reasonably short, the step size can
be increased with the aim to accelerate the convergence. The bounds related with
the step size may be fixed attending to get an optimal balance between efficiency

and robustness.

Parameter {: this parameter is devoted to properly scale the size of the main
interval considered. A reasonable value for this parameter may be found on the
interval 0.01 < ¢ < 0.1.

Slope coefficients (p and y): these parameters can be viewed as the weights
attributed for each intermediate point. Basically, as showed in Fig. 5.5, the
developed solver performs as a truncated version of NR when p is high. Oppositely,
when the extreme slope coefficient ¥ is large, the developed technique performs
similarly to a high order NR technique. One can expect from the main interval to
be large at first iterations. Oppositely, when the convergence is ensured, the size of
the main interval tends to drastically decrease. In this situation, p is should be tuned
high while i tends to vanish (see Fig. 5.6). This is explained in the fact that,
frequently the solution at last iterations lies presumably close to the intermediate
points. Increasing the value of p, one gives more importance to intermediate than
extreme points, so that, convergence is normally accelerated as showed in Fig. 5.7.
Regarding the bound of these slope coefficients, it is found that 1 < yY™** <2

works quite well in most cases.
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Evolution with

Evolution with
the standard NR

the standard NR

.................. B AR O\ O
XY X,

Evolution with
a high order NR

(b)

Evolution with
the truncated NR

(a)

Fig 5.5.- Behavior of proposed CNC-PF for large values of the intermediate (a) and extreme
slope coefficients (b)

e

Fig 5.7.- Behavior of proposed CNC-PF when the size of main interval is small enough (Note as
the point calculated for a large value of p is closer to the solution)

e Number of intermediate points (m): In this case, it is worth mentioning that one
cannot take less than 1 sub-intervals. Therefore, at least one intermediate point

should be taken. Consequently, a good option is fixing my,;, = 2. Intuitively,

67




Robust and efficient Power Flow solvers

taking more intermediate points should imply more robustness since more
information is extracted from the increment vector, nevertheless, too many
intermediate points should not be considered since they would imply many
computations. Therefore, my,.,x = 3 looks a logic option. The self-adapted
mechanism of this parameter is focused on reducing it as soon as possible in order

to save computational effort without affecting the robustness.

e Damping factor (B): this factor has been included in order to mimetic the standard
formulation of Newton-Cotes formula. It acts as a compensation for the step size.
Thus, it is recommended to reduce it as the algorithm evolves, following the
opposite pattern of the step size. In this regard, it should be lower bounded in order
avoid instability, in practice it is founded that 2 < B, < 4 works quite well in

many cases.

The main steps of the developed PF solver based on the Newton-Cotes formulas are
summarized in Algorithm 5.4 using pseudocode.

5.5.- A Power Flow approach based on the S-
Iteration process

The Picard Iteration was introduced for finding the fixed points of nonexpansive

mappings. In a general way, the Picard Iteration can be established as follows:
xk+D) = T(x0)) (5.44)

where T: R™ — R" is a mapping. This map can be defined in multiple ways, the most

common way is maybe the Newton’s method given by:

T(x®) = x® — [g'(x®)] " g(x®) (5.45)

In this case, the fixed point iteration (5.44) is usually called Picard-Newton Iteration.
Due to the issues experimented by (5.44) in some nonexpansive mappings (even in Banach
spaces), alternative fixed point iterations were developed. The most popular are maybe the
Krasnoselskii [84], Mann [85] and Ishikawa [86] fixed point iterations. More recently, a

fixed point iteration called S-iteration process was introduced in [87], which is given by:
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Algorithm 5.4: PF solver based on the Composite Newton-Cotes formulas
1: Let x(O), g, kmax’ Cr l/)maxv Bmin’ hminv hmax’ m, Mpjn and Mmax be given
2: Initialize the iteration counter k < 0

4: while ||g(x®)|| > e do

5: h < Solve (5.35)
6: Solve (5.34)

7: ) « Solve (5.41)
8: m « Solve (5.42)
9: B < Solve (5.43)
10 j=2

11:  forj <mdo

12: Solve (5.36)
13:  enddo

14:  Solve (5.38)

150 if ||z‘3(3f(k+1))||oo < e then

16: break # convergence
17:  else

18: if k > k., then

19: break # failure
20: end if

21:  endif

22: end do

23: return solution x®)

{y(k) = (1 — B(k))x(k) + ﬁ(k)T(x(k))

xk+1D) — (1 _ a(k))T(x(k)) n a(k)T(y(k)) (5.46)

where, {a®} and {8} are real sequences in (0,1) which satisfy the following condition:

Fi, @B (1 - ) = oo (5.47)

It is demonstrated that the S-iteration process has similar convergence rate to the
Picard iteration, but it is faster that the Mann and Ishikiawa’s fixed points methods [87].

The S-iteration process has been also used for solving constrained minimization and split
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feasibility problems [88]. Indeed, if the mapping T is defined as (5.45), the process (5.46)
is called the S-iteration-Newton process. Nevertheless, an alternative approach was
proposed in [89]. In this reference, a Newton’s mapping with fixed Jacobian was used in

combination with the S-iteration process. Thus, the following mapping was obtained:

20 — () _ [gr(x(m)]‘lg(x(k))
y® =1 - a)x® + qz® (5.48)

x kD = 00 _ [gr(xm))]‘lg(ym)

In this case, @ € R" is a parameter rather than a serie. As observed, the mapping
(5.48) presents a very low computational burden since the Jacobian matrix is only
factorized once. However, this advantage provokes linear convergence rate, which may be
problematic especially in heavy loading systems. In order to overcome this drawback, we
could update the Jacobian matrix (and factorize it), only when the convergence turns very
slow. To do that, the following indicator can be used:

w=|||lg )] g )| - |8 g )| | (5.49)

If (5.49) is lower than a predefined threshold €, the Jacobian matrix should be updated

in order to accelerate the convergence.

The mapping (5.48) defines itself a PF solver which has been called S-iteration-
Newton’s method (SIP-NR). In order to avoid confusions, when the indicator (5.49) is used
within SIP-NR, the resulting PF solver has been called the Modified SIP-NR (MSIP-NR).
These two techniques are summarized in Algorithms 5.5 and 5.6, respectively, using
pseudocode.

5.6.- A robust and efficient PF solver based on
Heun and King-Werner’s methods

The King-Werner’s methods [66], form a family of high order Newton-like methods
for nonlinear problems. They are usually quite efficient and present convergence orders
higher than two. Examples of this kind of techniques can be found in [90-92]. This kind of
techniques are generally less robust than NR, however, combining them with some well-
known robust approach, an efficient and reasonably robust solver may be obtained. In this

case, a King-Werner-like method has been combined with the Heun’s method [53] for
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obtaining a competitive algorithm. The developed PF solver may be summarized in the

following steps:

Algorithm 5.5: PF solution using SIP-NR
1: Let x©, ¢, k¢ and a be given

2: Initialize the iteration counter k < 0

4: while ||g(x®)||_ > e do

5: Solve (5.48)

6: if [|g(x**D)]| < & then

7 break # convergence
8: else

9: if k > k. then

10: break # failure
11: end if

12:  endif

13: end do

14: return solution x®

Step 1: calculate (3.4) at x.

Step 2-Euler’s update: the Heun’s method is a 2-stage Runge-Kutta formula which uses, as

first stage, the Forward Euler method as follows:

In this case, step size has to be initialized. To do that, the following rule is considered:
h = max {hmin, min {hmax, 1/(SSR(O))€}} (551)
where, ¢ € R* while SSR is given by:

SSR® = 2 [g(x®)]"g(x®) (5.52)

Step 3-The King-Werner’s update: as in [92], the state vector is now updated by calculating

the midpoint of the interval defined by x and y.

7 =2 (x(0 + y®) (5.53)
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Step 4-Evaluation of the midpoint: in this step, the midpoint calculated in the previous step

is used for evaluating within the function (3.4). The reader can check that this step supposes
an extra factorization, which implies an extra computational burden. However, this step

provides to the resulting algorithm of good properties as explained in Section 5.6.1.

Algorithm 5.6: PF solution using MSIP-NR
1: Let (O, &, k., @ and e be given
2: Initialize the iteration counter k < 0

4: while ||g(x®)||_ > e do

5: Solve (5.48) # using the most updated Jacobian matrix

6:  if[|g(x**)|| < ethen

7 break # convergence
8: else

9: if k > k. then

10: break # failure
11: end if

12:  endif

13:  u « Solve (5.49)

14:  if u < e # update the Jacobian matrix and factorize it
15:  endif
16: end do

17: return solution x®

Step 5-Heun’s update: finally, state vector is updated using the Heun’s method as follows:
h ~
xlrD) = 500 + > (wf(x(")) +(2- 1,[1)f(x(k))) (5.54)

where ¥ € (0,2). This parameter is here introduced for naturally leading the developed
approach to achieve quadratic convergence. One should note that the developed method

corresponds with NR when ¢ = 2.

Step 6: if the convergence criteria is not satisfied, increase the iteration counter. If k >

knax OF the method has converged at x(*1 then, stop, otherwise go to Step 7.
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Step 7-Update parameters: the developed iterative procedure has two degrees of freedom

namely h and y. These parameters are updated each iteration according to the following

rules:

e = ||x® — y&=1|| (5.55)
= (L h ™ otheraise (5.56)

V= |% (5.57)

Once the parameters have been properly updated, return to Step #1.

The main steps of the developed Heun-King-Werner’s method are summarized in
Algorithm 5.7 using pseudocode. It is worth noting that equation (2.5) is used when ¥ >
Ymax (Where ¥,.«) In order to alleviate the total computational cost of the algorithm. It has
sense since, as commented, the developed Heun-King-Werner’s method correspond with

NR when y = 2. Consequently, setting ¥,.x = 2 Is recommended.

The developed Heun-King-Werner’s approach shows some interesting features,

which are commented in the following Sections.
5.6.1.- Natural suitability for both well and ill-conditioned cases

Steps 1-7 described in Section 5.6, describe a naturally robust algorithm. This can be
clearly observed in Fig 5.8. In this figure, the process for solving an ill-conditioned case is
sketched. In this case, scenario with h = h,,, = 1 is showed since it clearly supposes the
most unfavorable situation. As seen, naturally evolution of the developed technique leads

it to reach the correct solution, while NR diverges.

Since h = 1 in the considered scenario, the effect of this parameter can be considered
null. Consequently, only the developed iterative procedure is itself analyzed. Hence, it can
be concluded that the developed Heun-King-Werner algorithm constitutes a robust

technique, independently of the value of the step size.

The performance of the developed technique in well-conditioned cases is sketched in
Fig. 5.9. As observed, the developed method performs like a high order Newton-like

technique, employing less iterations than NR for reaching the solution.
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From previous examples, one can conclude that the developed Heun-King-Werner’s

method present acceptable characteristics for both well and ill-conditioned systems. These

universal features are not easy to find in available solvers. Indeed, while the robust Pf

solvers are usually very inefficient to be used in well-conditioned systems, the conventional

methods perform poorly in ill-conditioned cases.

the developed method

A
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Update with ey
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the standard NR _-~"|
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Fig. 5.9.- Behavior of developed HKW in case of well-conditioned cases

5.6.2.- Natural evolution towards quadratic convergence

As previously commented, the developed method has quadratic convergence when
Y =2 and h = 1. Adaptive mechanisms (5.56) and (5.57) have been developed so that

both y and h, naturally evolve until achieve quadratic convergence characteristics (as NR).
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Algorithm 5.7: PF solution using the Heun-King-Werner’s method
1: Let x9, €, kpnaxs Amin, Mmax, ¢ and 1 be given
2: Initialize the iteration counter k < 0

4: while ||g(x®)|| > e do

51 if ) > P

6 Solve (2.5) # Newton-Raphson
7 else

8 ifk=0

9 h < Solve (5.51)

10: end if

11: Solve (5.50)

12: Solve (5.53)

13: Solve (5.54)

14:  endif

15:  if|[g(x®*V)|| < e then

16: break # convergence
17:  else

18: if k > k. then

19: break # failure
20: end if

21:  endif

22:  h « Solve (5.56)
23: Y « Solve (5.57)
24: end do

25: return solution x®

5.7.- Conclusions

One of the main objectives of this work, is to develop PF solvers which present
acceptable robustness and efficiency to be suitable to be widespread used in industry tools.

Various solvers which aim at covering this point has been presented in this Chapter. All the
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presented techniques have been developed in the context of this work, with the exception

of SIP-NR which was already developed in reference [89].

Most of introduced PF solvers present a competitive computational burden
(comparable to NR), which supposes an inescapable characteristic for any industrial or
commercial solver. However, it is difficult to know a priori which of the developed
techniques is more competitive since the convergence rate here supposes a critical aspect.

This will be discussed in Chapter 7, where various numerical results are provided.
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Chapter 6

High Order Newton-like methods

The most conventional PF solver, i.e. NR, has been widely used due to some
interesting features. On the one hand, its robustness is acceptable in many cases. On the
other hand, it presents a very competitive computational burden since just a matrix
factorization is computed each iteration. Nevertheless, NR may require many iterations in
some cases like heavy loading systems. This is due to its quadratic convergence. Although
this feature supposes an advantage of NR with respect other conventional solvers, it may
be insufficient under some conditions. Unlike to NR, the high order Newton-like methods
present a convergence order higher than two, which is usually reflected in a lower number
of iterations. Despite the huge amount of high order Newton-like techniques available in
the literature (see e.g. [50]), only the reference [49] has considered this kind of methods for
PF analysis. This chapter presents two novel PF solvers based on high order Newton-like
methods. While the methodology described in Section 6.1 was already developed for
nonlinear equations in [92], the method introduced in Section 6.2 has been developed in
the context of this work.

6.1.- The Newton-Raphson Predictor Corrector
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In reference [92], McDougall and Wotherspoon introduced an efficient high order
Newton-like method. It belongs to the family of King-Werner’s method and achieves a
convergence order of 1 ++/2. For a scalar function f(x), the method described in [92]

proceeds as follows:

Atk =0
2(0) — 4 (0)
@D = (0 _ 11‘(& (6.1)
£1(2x@+2))
Fork > 1
©)
(200 = oo - I
F1(Ax0+26-0))
@ (6.2)
| Ot = 0 _ __S(D)
fr(Axt+200))

where f' is the first Fréchet derivative of f. As observed, this method performs as NR at
k = 0. The authors of [92] identified the first step of (6.2) as a predictor while the second
step is called corrector. Due to that, | have called this technique the Newton-Raphson
Predictor Corrector (NRPC). Fig. 6.1 sketches the performance of NRPC.

——1ststep (NR) f (x(O))
Predictor
Corrector

#*
i
1
1
1
1
1
1
1
1
1
1
1

o
x® 204 x £

I 1y [x® + 2] 1

Fig. 6.1.- Sketch of NRPC

NRPC can be easily uses for PF analysis by simply extending its formulation to the
n-dimensional case. This leads to the following mapping:
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Atk =0
20 — £
@D = 5O _ [g ( (x© + x(o)))] g(x©) (6.3)
Fork > 1
200 = () _ [g ( (2 4 0 1)))] g(x®)
(6.4)

ﬂmn:xwx_h(aﬂm+ymgﬂ g(x®)

It is worth noting that the mapping (6.3)-(6.4) only requires a matrix factorization
each iteration, which results in a computational burden comparable with NR. However, the
convergence order achieve by NRPC is 1 + 2 ~ 2.14. The main steps of NRPC for PF

analysis are summarized in Algorithm 6.1 using pseudocode.

6.2.- An efficient multistep method

Basically there are two ways for achieving high convergence order. On the one hand,
one can recur to multiple Jacobian evaluations and factorizations, this approach has been
used for a wide family of nonlinear solvers [82, 93-96]. On the other hand, instead of
multiple Jacobian evaluations, one can recur to evaluate the function in several points. The
latter option is undoubtedly more attractive for PF analysis as heavy calculations are
avoided. Those nonlinear solvers which achieve high convergence rate by evaluating the
function in different points are called multistep (or multipoint) techniques [80] and they are

based on the following theorem [97].

Theorem 6.1. Let r be a simple zero of a function f(x) and let ¢ define an iterative

method of order p. Then, a composite method 1 (x) introduced by Newton’s method

f(o()

) =) — =75 (6.5)

defines an iterative method of order p + 1

On the basis of this Theorem, the following mapping for PF analysis is developed.
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k
(200 = 5

D = R il GO g (G fri =23 @9
lx(kﬂ) §V 1}’§k)

Algorithm 6.1: PF solution using NRPC

1: Let x©, g and kppax
2: Initialize the iteration counter k « 0

3: while ||g(x®)|| > edo

4: ifk=0

5: Solve (6.3)

6: else

7 Solve (6.4)

8: end if

9: if[|g(x®**W)|| < ethen
10: break # convergence
11:  else

12: kek+1

13: if k > k. then

14: break # failure
15: end if

16:  endif

17: end do

18: return solution x

where N € N is the total number of steps carried out within the mapping (6.6). The
convergence rate of the developed PF solver strongly depends on the value of N as
demonstrated in the following Section. The PF solution using the paradigm (6.6) is
described in Algorithm 6.2 using pseudocode.
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Algorithm 6.2: PF solution using the multistep method (6.6)
1: Let x©, ¢, kax and N

2: Initialize the iteration counter k « 0

3: while ||g(x®)|| > edo

4: Solve (6.6)

5. if lg(x®*V)||_ < e then

6 break # convergence
7 else

8 k<k+1

9 if k > k. then

10: break # failure
11: end if

12:  endif

13: end do

14: return solution x®

6.2.1.- Convergence analysis

This Section is devoted on demonstrating the order of convergence of the developed

multistep method (6.6).

Theorem 6.2. Let g: D € R™ — R"™ be sufficiently differentiable at each point of an open

neighborhood D of € R™, this is a solution of the system g(x) = 0. Let us suppose that

g(x) is continuous and nonsingular in x. Then, the sequence {x(k)}k>0 obtained using the

developed PF solution algorithm (4) converges to r with order N.

Proof. From Taylor expansion of g(ygk)) and g’(y(lk)) about r we have:
g(ygk)) ~ g'(r) [egk) + Cze(lk)2 + Cgegk)3 + C4e(1k)4] +0 (eik)s)

g (y1?) =g/ [1+2C.el” +3C3el" + 4C,e{"| + 0 (")

where, C; = (1/j)[g' (] gV () e R™", j =23,..,ande; =y; —r ER"

Considering the following inverse definition:

(6.7)

(6.8)
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[g'(x®)] g (x®) = g'(x®)[g' (x®)] " =1 (69)

And solving the resulting linear system one obtains:

&/ (5] = [1 - 262¢( + (a€, - 3€)e] [ ()1 + 0 () (6.10)

Now, taking i = 2 one obtains:

-1
00— = 5 _ [g (y<1k>)] g(ygo) — —e® 4 20,e®" — 4(C3 — C3)e®"
2(—4C3 +7C,C5 — 3€)el?" — 2(=8C% + 16€3C; — 6€,C, — 3¢2)e®” +
0 (el") (6.11)

At this point one has:

252,90 -1 = C,el?" - 2(C - €3)el?" — (—4€3 +7C,€5 - 3¢,)el" -
o0

(—8C3 + 16€3C; — 6C,C, — 3¢3)el”” + 0 (ef") (6.12)
g(252yP) ~ g/ () [ef + el + el + Chel"| + 0 () (6.13)
Now, for i = 3 one has:

K _1 , 1 n
¥ —r =132 50 - 3[g(y¥)] 8(GZhiy)-r=—20,e{"" +2(5¢% -

2€3)e™’ — (=35€3 + 35C,C5 — 6€,)el?” + (74C% — 100C2C5 + 18C,C, +

12¢2)el”’ +o( %) (6.14)

Xy = 2626’ + (—9C3 + 7€,€3)el” + (30C% — 44C4C; + 10C,C4 +
oo

6c2)el” + o( %) (6.15)

Repeating for i = 4 and i = 5, one can check that:

e = 4c3el”" + 0 (e} (0?2 ) (6.16)
el? = 8ctel” +0(ef") (6.17)
5 = 026 :

Thus, it is deduced for a generic N
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el = el = 2% 2y el + 0 (ef?") (6.18)

Therefore, from (6.18) one can observe that the developed PF solution paradigm (6.6)

converges with order N, and the proof is completed. o

6.3.- Comparative analysis

In this section, a comparison of various high order Newton-like methods

methodologies is addressed. To do that, the following efficiency index has been used [98]:
FEI = p'/co (6.19)

where, p € R* is the order of convergence and CO stands for the total computational
cost of an iteration in terms of flops. In this regard, the following theorem is generally used

to estimate the cost of a LU decomposition [99].

Theorem 6.3. The number of products and quotients required for solving g linear systems

of equations with the same matrix of coefficients, using LU factorization, is:
1 3 2 1
o(n,q) = SN +gqnt —on (6.20)

The total cost of each function evaluation o(g) and Jacobian evaluation o(g’), are

also relevant calculations which can be considered as follows:

CO = o(g) +o(g") +o(n,q) (6.21)

1
1 2
Theorem 6.4. For NRPC, one has FEI = 1 ++2 /§”3+3”2+§”

Proof. NRPC requires 2 function evaluations along a Jacobian factorization each iteration.

In addition, it requires to solve 2 linear systems using the same LU decomposition,
consequently: CO = 2n +n? + §n3 + 2n? — %n = §n3 + 3n? +§n O
Theorem 6.5. For the developed PF solution method (6.6), one has FEI =

1/
1 3N-4
n3 245 7%
N 3n+Nn+ 3 n

Proof. The developed PF solution paradigm requires N — 1 function evaluations along a

Jacobian factorization each iteration. In addition, it requires to solve N — 1 linear systems
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using the same LU decomposition, consequently: CO = (N — 1)n + n? + §n3 + (N —

1 1 3N-4
1)n2—§n=§n3+Nn2+Tn O

Fig. 6.2 shows the value of the efficiency index for various solvers. As observed, the
developed PF solver (6.6) is computationally competitive with NRPC. On the other hand,
the Darvishi’s 3" order method and the developed paradigm with N = 3 show the same
computational cost. Superiority of the developed paradigm with respect to the other
methods is achieved for N > 3. It is worth noting, the computational efficiency is not

notably improved for N > 5.

6.4.- Conclusions

This Chapter is motivated in the fact that very few studies have been tackled in order
to apply the high order Newton-like methods for PF analysis. With the aim at filling this
gap (at least partially), two high order technigues have been studied. On the one hand, the
method developed in [92] has been extended to the n-dimensional case and apply to PF

analysis. On the other hand, an efficient multistep methodology has been developed.

The two introduced techniques have been compared with those high order Newton-
like methods studied in [49]. As concluded, these two methodologies are more robust than
NR. The developed solution paradigm is more efficient than NRPC and the most efficient

high order technique for N > 4.
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Fig. 6.2.- Efficiency index (6.19) for various PF solution methods.
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Chapter 7

Numerical Results

In this Chapter, the presented PF solvers are numerically compared in various scenarios.
Since one of the main objective of this work is to validate the developed methods for
industry tools, realistic cases have been considered for simulations. Results are compared

with the most conventional PF solver, i.e. NR.

7.1.- Simulation conditions

All tested methods have been coded in Matpower v6.0 [100] and run under Matlab
R2014b on a 64-bit i5-8500F Intel Core personal computer (3 GHz, 8 GB of RAM). As it
is well-known, the runtime of any computational procedure may be difficult to measure,
since it strongly depends on some factors like the coding language, machine used... In
order to reduce the intrinsic stochastic character of this point, the reported solution times
have been calculated as the average value of 100 simulations. Finally, all the simulations
have been initialized from a flat start, the required convergence tolerance is 1076 and
kmax = 2000 has been taken.

7.2.- Studied systems
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In order to validate the tested methodologies, the following well and ill-conditioned

realistic systems have been considered:
e case300: the IEEE 300-bus test system [101].

e (Case2736sp: the 2736-bus snapshot of the Polish Transmission system at summer
2004 peak [102].

e case3012wp: the 3012-bus snapshot of the Polish Transmission system at winter
2007-2008 evening peak [102].

e case3375wp: the 3374-bus snapshot of the Polish Transmission system at winter
2007-2008 evening peak [102].

e case9241pegase: the 9241-bus portion of the European Transmission system from
the EU Pegase project [103, 104].

e (Casel3659pegase: the 13659-bus portion of the European Transmission system
from the EU Pegase project [103, 104].

Some of the studied systems are well-conditioned while other may be categorized as
ill-conditioned according to definition 2.1. In addition, they can be considered realistic
enough to cover the targets of this work. Table 7.1 summarizes the main characteristics of
the studied systems.

Along the base case scenario, the studied systems have been tested in the presence of
the generators’ reactive power limits and for a limit loading level. The former scenario has
been considered using the strategy described in the Section 2.6. For the limit loading case,
the nodal injected active and reactive powers have been modified introducing the loading

level 2 € R™* as follows:
Pt = AP5", for PQ and PV buses (7.2)

seh = 2Q7°", for PQ buses (7.2)
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Table 7.1.- Main characteristics of the studied systems

System Buses Branches Generators Load

MW MVar
case300 300 411 69 23525.8 7788
case2736sp 2736 3504 420 180745 5339.5
case3012wp* 3012 3572 502 27169 10200
case3375wp* 3374 4161 596 48363 19527

case9241pegase 9241 16049
casel3659pegase* 13659 20467

* 1ll-conditioned system

1.445 312354.1 73581.6
4092 381431 98523

N° of
variables
(n)
530
5237
5725
6355
17036

23225

The main aim of the limit loading scenario is to validate the considered PF solvers

close to the maximum loadability point. To do that, the parameter A is progressively

increased up to the fourth decimal until all the considered methods fail. Then, the

immediately lower loading level is taken for simulations. For example, A = 1.3463 pu has

been taken for the case2383wp since A = 1.3464 pu gives rise divergence. Table 7.2

collects the loading levels considered in simulations.

Table 7.2.- Loading levels considered in simulations

System A [pu]
case300 1.0360
case2736sp  1.6671
case3012wp 1.2734

System A [pu]
case3375wp 1.1586
case9241pegase  1.0767
casel3659pegase 1.0017

7.3.- Results for those methods based on the
Continuous Newton’s paradigm

In this Section, various results related with those solvers discussed in the Chapter 3

are presented. The following techniques are considered in this Section:

e Standard NR.
e Midpoint’s rule (MP).

e Heun’s 3" order method (30H).
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e 4" order Runge-Kutta method (RK4).

e Simpson’s 3/8 rule (S38).

e The accelerated 3" order Runge-Kutta method (ARK3).
e 2" order Adams-Bashforth’s method (AB2).

e Bulirsch-Stoer algorithm (BS).

e Reverse-Bulirsch-Stoer algorithm (RBS).

e 4" order Runge-Kutta-Broyden’s method (RK4B).

e Midpoint-Euler’s method (MPE).

e Trapezoidal-Midpoint-Euler’s method (TMPE).

The considered methods respond to the Algorithms 3.1-3.6. Table 7.3 collects the
parameters employed within the considered methodologies. The tested methods are

compared in the studied ill-conditioned systems.

Table 7.3.- Parameters for the Continuous Newton-based solvers considered in simulations

MP 30H RK4 S38 ARK3 AB2 BS RBS RK4B MPE TMPE
Initial A 0.4 0.4 0.4 0.4 0.4 - 0.75 1 0.4
Amin (Hmin) 0.4 0.4 0.4 0.4 0.4 0.3 0.5 0.5 0.4 0.4 0.4
hmax (Hmax) 1.2 12 12 12 12 12 2 2 12 1 1
SF 10 10 10 10 10 0.003 8 8 10
o, 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95 0.95
o, 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05 1.05
p -- - - - - 263
Np, 2 2
Np, 6 6

Table 7.4 provides the results obtained for base cases. As expected, NR failed in all
studied systems. While all the studied techniques successfully solved the case3012wp and
case3375wp, some of them obtained unsatisfactory results in the case13659pegase. Thus,
RK4, AB2 and RKA4B failed in the largest system, while MP, 30H, S38 and ARK3
converged to its low voltage solution (this value is considered erroneous if one admits that
the high voltage value is usually wanted). Comparing the convergence rates of the different
studied methods, one can clearly check that those methods based on the multistep

Continuous Newton’s paradigm introduced in Section 3.6 were the most competitive. On
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the other hand, AB2 usually showed the lowest convergence rate. Regarding the solution
times, which measure the computational efficiency, again MPE and TMPE were the fastest
methods. On the other hand, RK4B presented the lowest computational efficiency. This
was expected since, as commented in Section 3.5, despite that this technique only required
a LU factorization, it needs to explicitly invert the Jacobian matrix once, which supposes
an important computational burden. In addition, the factorization of the Jacobian matrix is
substituted by various vectors and matrix calculations which are, especially in large-scale

systems, very inefficient.

Table 7.4.- Results of the Continuous Newton-based methods for base cases

case3012wp case3375wp casel3659pegase
Method # iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail -- Fail -- Fail --
MP 35 1.18 36 1.36 33* 5.21
30H 23 1.16 23 1.28 43* 10.12
RKA4 27 1.78 28 2.07 Fail --
S38 27 1.78 28 2.07 32* 10.05
ARK3 23 0.81 23 0.90 46* 7.42
AB2 48 0.86 49 0.97 Fail --
BS 18 1.99 19 2.35 19 10.17
RBS 14 0.82 14 0.91 15 4.13
RK4B 27 38.25 27 47.27 Fail --
MPE 6 0.21 6 0.24 6 0.98
TMPE 5 0.18 5 0.20 5 0.82

* Low voltage solution

Next, the ability of the tested methods with the generators’ reactive limits enabled is
explored. Table 7.5 collects the results obtained under this conditions. In this case, AB
clearly showed worse performance, failed in all studied cases. Regarding remainder
methods, although more iterations are generally required for achieving a feasible solution
since various PF problems have to be solved, similar conclusions as those extracted for the

base cases can be extrapolated to this scenario.
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Table 7.5.- Results of the Continuous Newton-based methods with reactive limits

case3012wp case3375wp casel3659pegase
Method # iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail - Fail -- Fail --
MP 76 2.61 87 3.33 61* 9.62
30H 55 281 65 3.70 64* 15.10
RK4 63 4.23 74 5.54 Fail --
S38 63 4.23 74 5.54 56* 17.56
ARKS 57 2.07 66 2.70 67* 10.89
AB2 Fail -- Fail -- Fail --
BS 42 4.66 49 6.01 33 17.50
RBS 33 2.02 38 2.67 26 7.27
RK4B 63 95.58 73 138.55 Fail --
MPE 10 0.36 11 0.45 8 1.30
TMPE 7 0.26 8 0.33 6 0.99

* Low voltage solution

Finally, the tested PF solvers are analyzed in a limit load scenario, considering the
loading levels collected in Table 7.2. Table 7.6 collects the results for this scenario. As in
the base case, NR failed for solving all the studied systems. In this case, RKB converged
to the low voltage solution in the Polish snapshots while it failed in the case13659pegase.
RK4, AB2 and RBS also failed in the case13659pegase while MP and 30H converged to
the low voltage solution. On the other hand, MPE and TMPE successfully solved all the
studied systems. These methods required less iterations and were faster than the remainder

techniques.
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Table 7.6.- Results of the Continuous Newton-based methods for limit load cases

case3012wp case3375wp casel3659pegase
Method # iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail - Fail -- Fail --
MP 35 1.18 36 1.36 33* 5.21
30H 23 1.16 23 1.28 24* 5.69
RK4 27 1.78 28 2.07 Fail --
S38 27 1.78 28 2.07 48 15.08
ARKS 23 0.81 23 0.90 Fail --
AB2 55 0.98 56 1.19 Fail --
BS 18 1.99 19 2.35 19 10.17
RBS 14 0.82 14 0.91 Fail --
RK4B 39* 53.95 49* 82.93 Fail --
MPE 10 0.35 10 0.39 8 1.29
TMPE 8 0.28 8 0.31 6 0.98

* Low voltage solution

7.4.- Results for Regularization-based methods

As commented, the regularization methods are usually quite robust, especially in the
vicinity of the maximum loadability point, where these techniques avoid the singularity of
the Jacobian matrix by adding some elements on its diagonal. In this section, the following
conventional and Regularization-based methods are compared.

e Standard NR.

e Levenberg PF solver with adaptive damping factor [44].

e High order Levenberg-Marquardt’s method (HOLM) [45].

e The developed PF solver based on Gauss-Newton’s formulation (GN).

One of the most critical aspect of any regularization method, is the mechanism used

for updating the damping factor. For the developed GN, the damping factor is initialized
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equal to 103 and is updated using the equation (4.6). For the remainder Regularization-like

methods this parameter is updated according the following rule [45]:
a =gl (7.3)

Since the regularization methods are usually focused on solving ill-conditioned cases,

we have considered in this section the case3012wp, case3375wp and
casel3659pegase.Tables 7.7-7.9 provide results for the considered Regularization-like
methods for base cases without and with reactive limits, and limit load cases, respectively.
As observed, the developed GN is the most competitive method. Let me remark the results
reported in Table 7.8, here, although HOLM occasionally required less iterations than GN,
the former was slower due to it requires to solve two linear systems. It is remarkable the
huge amount of iterations required by Levenberg and HOLM in the case13659pegase,
which manifests the difficulties of this kind of methods when the starting guess lies far
away to the solution. Fig. 7.1 shows the convergence profiles for base cases. While GN
normally shows a higher a residual at first iterations, it quickly falls down to convergence.
The reader should also observe the oscillatory pattern of Levenberg and HOLM in the

case13659pegase.

Table 7.7.- Results of some Regularization-like methods for base cases

case3012wp case3375wp casel3659pegase
Method # iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail -- Fail -- Fail --
Levenberg 20 0.30 20 0.36 65 6.51
HOLM 14 0.51 13 0.52 34 6.95
GN 8 0.12 8 0.15 9 0.93
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Table 7.8.- Results of some Regularization-like methods with reactive limits

case3012wp case3375wp casel3659pegase
Method _ ) ) ) ) )
# iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail -- Fail -- Fail -
Levenberg 27 0.42 28 0.52 69 6.93
HOLM 20 0.73 21 0.88 38 7.77
GN 20 0.32 25 0.45 15 1.55
Table 7.9.- Results of some Regularization-like methods for limit load cases
case3012wp case3375wp casel3659pegase
Method _ ) ) ) ) )
# iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail -- Fail -- Fail --
Levenberg 103 1.53 101 1.79 392 39.18
HOLM 48 1.67 49 1.94 177 36.10
GN 14 0.21 14 0.26 12 1.23

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
# Iteration # Iteration # Iteration

@ (b) (©

Fig. 7.1.- Convergence profiles for base cases in the case3012wp (a), case3375wp (b) and
case13659pegase (c).

Other critical aspect of the Regularization-like techniques is related with the accuracy
of the results. In that sense, it can be observed that GN produces better results than
Levenberg and HOLM. To illustrate that, Fig. 7.2 shows the error in the angles calculated
for the limit load scenario in the case13659pegase. In this case, the results obtained with
NR using the default starting guess provided by Matpower have been considered as the

correct values. As observed, both Levenberg and HOLM produced very inaccurate results.
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Fig. 7.2.- Error in voltage angles for the limit load scenario in the case13659pegase

7.5.- Results for robust and efficient Power Flow
solvers

In Chapter 5, various robust and efficient PF solvers were presented. In this Section,
these techniques are numerically compared with the conventional NR. Thus, the following

methods are considered in this Section:
e Standard NR.

e Forward-Euler-homotopy method (FEH) defined by equation (5.3) and algorithm
5.1.

e Ralston-homotopy method (RH) defined by equation (5.4) and algorithm 5.1.
e Richardson Extrapolation PF solver (RE).

e Three-stage algorithm based on SIA (3S-SIA).

e A PF solver based on the Composite Newton-Cotes formulas (CNC).

e Two solvers based on the S-iteration process defined by algorithm 5.5 (SIP-NR)
and algorithm 5.6 (MSIP-NR).

e Heun-King-Werner approach (HKW) for PF analysis.

The considered methods involve various parameters which are collected in Table
7.10. As robust solvers, it is suitable compared them in the considered ill-conditioned

systems.
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Table 7.10.- Parameters for the robust and efficient solvers considered in simulations

SIP- MSIP-

FEH  RH RE 3SSIA CNC o NR  HKW
Initial A~ 0.05 0.1 1 = - - - -
Rimin 005 01 075 - 0.2 - - 0.4
Nimax 0.5 1 2 - 1.2 - - 1
Ag 0.1 0.1 - - - - - -
SF 0.3 0.3 8 = - - - -
o 095 095  0.95 - - - - -
o, 105 105  1.05 - - - - -
Po - - - 0.9 - - - -
¢ - - - - 0.06 - - 0.06
Wmax - - - - 2 - - 1.9
Pmin - - - - 2 = - -
:rrlitial B B ~ ~ 3 ~ ~ B
Mmin - - - -- 2 - -- --
Mmax - - - - 3 = - -
a - = = = - 0.8 0.8 -
€ - - -- - - - 1072 -

Tables 7.11 and 7.12 collect the results obtained with the studied robust and efficient
approaches for base cases without and with reactive limits, respectively. All tested methods
successfully solved all studied systems, whit the exception of FEH, which converged to the
low voltage solution in the case13659pegase. Typically, 3S-SIA required less iterations
than the remainder methods. However, those methods based on the S-iteration process (i.e.
SIP-NR and MSIP-NR) were the most efficient. This is undoubtedly due to their low
computational burden, one should note that SIP-NR only require a LU matrix factorization
in a whole iterative procedure. However, this feature turns in its main disadvantage due to

it entails linear convergence. It can be intuited in the casel3659pegase, where SIP-NR
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required many iterations. This has propitiated to MSIP-NR to be more efficient than SIP-
NR.

Table 7.11.- Results of the robust and efficient methods for base cases

case3012wp case3375wp casel3659pegase
Method # iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail -- Fail -- Fail --
FEH 26 0.47 26 0.52 26* 2.13
RH 16 0.30 15 0.31 16 1.34
RE 15 0.27 15 0.31 16 1.32
3S-SIA 5 0.10 4 0.09 5 0.46
CNC 8 0.17 9 0.21 10 0.91
SIP-NR 7 0.04 7 0.04 33 0.34
MSIP-NR 6 0.06 6 0.06 13 0.27
HKW 7 0.18 7 0.20 7 0.83

* Low voltage solution

Table 7.12.- Results of the robust and efficient methods with reactive limits

case3012wp case3375wp casel3659pegase
Method # iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail -- Fail -- Fail --
FEH 62 1.13 74 1.51 48* 3.92
RH 37 0.70 44 0.92 28 2.34
RE 37 0.68 44 0.91 29 2.38
3S-SIA 11 0.23 13 0.31 8 0.73
CNC 16 0.34 20 0.48 14 1.28
SIP-NR 11 0.09 12 0.13 36 0.44
MSIP-NR 10 0.11 11 0.15 16 0.37
HKW 13 0.37 16 0.52 10 1.25

* Low voltage solution

Next, the performance of the studied robust methods for heavy loading conditions is

explored. To do that, the studied systems for the limit loading levels reported in Table 7.2
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have been considered. Results for this scenario are reported in Table 7.13. In this case, all
considered approaches (except NR), successfully solved all the studied systems. 3S-SIA
and CNC usually required less iteration than the other solvers. It is worth noting that SIP-
NR required in this case a huge amount of iterations. This is due, as commented to its linear
convergence. This feature provokes bad performance when the condition of the system is
especially poor, as in the case of heavy loading conditions. Due to that, MSIP-NR was the

most efficient technique.

Table 7.13.- Results of the robust and efficient methods for limit load cases

case3012wp case3375wp casel3659pegase
Method # iter. Time [s] # iter. Time [s] # iter. Time [s]
NR Fail -- Fail -- Fail --
FEH 28 0.51 28 0.56 28 2.29
RH 17 0.32 17 0.35 17 1.42
RE 16 0.29 16 0.32 15 1.24
3S-SIA 8 0.16 8 0.18 7 0.63
CNC 9 0.19 9 0.21 9 0.82
SIP-NR 321 0.74 299 0.75 48 0.43
MSIP-NR 12 0.12 12 0.13 18 0.32
HKW 12 0.27 12 0.30 9 0.99

* Low voltage solution

7.6.- Results for high order Newton-like solvers

Finally, this section is focused on the high order Newton-like methods. As
commented, these kind of techniques present a convergence order higher than two,
therefore, et least a priori, they normally require less iterations than NR for achieving a
solution. The high order Newton-like methods aim at computationally outperforming NR
rather than solving ill-conditioned systems. Therefore, it is suitable to validate the
considered methods in the studied well-conditioned systems. Along the standard NR and
the high order techniques studied in Chapter 6, those techniques considered in reference

[49] are also validated. Thus, the following PF solvers have been compared in this section:

e Standard NR.
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e Newton-Raphson Predictor-Corrector (NRPC) which responds to Algorithm 6.1.
e 3order Darvishi’s method (30D) [49].
e 4" order Jarrat’s method (40J) [49].

e 5" order Sharma’s method (508S) [49].

The developed multistep paradigm (6.6) with N = 4 (4N) and N = 5 (5N).

Table 7.14 shows the results obtained with the considered methods for base cases. As
observed, the total iterations required is usually related with the convergence rate of the
method. However, that is not true for 40J, which was occasionally slower than NRPC. The
reason of this is observed in Fig. 7.3, where the convergence profiles for the case300 are
plotted. Here, one can observe that at first iterations 40J did not perform with 4™ order of
convergence. This is due to this technique has a strongly local convergence. Thus, its
convergence properties are lost when this algorithm evolves far away to the solution.
Regarding the execution time, the overall performance depends on the total factorizations
required. This can be checked in Table 7.15, where the total LU factorizations required by
each method is reported. As observed, 5N was the most efficient method in the case300,
while 4N was the winner in the remainder cases. 40J is totally inefficient because it requires
to solve a matrix system each iteration, which supposes a cost of 0(n3"). It is worth

mentioning that 30D failed in the case2736sp and case9241pegase.

Table 7.14.- Results of various high order Newton-like methods for base cases

case300 case2736sp case9241pegase
Method # iter. Time # iter. Time #iter.  Time [ms]
[ms] [ms]

NR 5 13.44 6 102.80 6 384.73
NRPC 4 11.30 5 89.35 5 332.83
30D 3 9.94 Fail -- Fail --
40] 4 124.67 5 18065.22 5 620744.46
50S 2 10.84 3 104.19 3 389.62
4N 3 10.06 3 62.19 3 220.88
5N 2 8.44 3 64.49 3 223.29
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Fig. 7.3.- Convergence profiles of various high order Newton-like methods for the case300 for

base cases

Table 7.15.- Total LU factorizations required by various high order Newton-like methods for base

cases
Method case300 case2736sp case9241pegase
NR 5 6 6

NRPC 4 5 5

30D 3 Fail Fail

40] 8 10 10

50S 4 6 6

4N 3 3 3

SN 2 3 3

Table 7.16 provides the results with reactive limits. In this case, 5N was the most
efficient method in the case300 while 4N outperformed the remainder methods in the
case2736sp and case9241pegase. Finally, Table 7.17 collects the results for the limit load
scenario. In this latter case, 30D successfully converged in all studied systems. 4N was in

this case the most efficient method.
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Table 7.16.- Results of various high order Newton-like methods with reactive limits

case300 case2736sp case9241pegase

Method # iter. Time # iter. Time # iter. Time [ms]
[ms] [ms]

NR 11 30.04 11 203.20 13 859.54
NRPC 9 27.36 10 191.36 12 802.16
30D 7 24.67 Fail -- Fail --
40] 10 321.16 10 37155.15 12 1453000.16
50S 5 29.41 6 220.40 7 915.65
4N 7 24.89 6 133.59 7 524.42
5N 6 23.15 6 138.71 7 534.6

Table 7.17.- Results of various high order Newton-like methods for limit load cases

case300 case2736sp case9241pegase
Method # iter. Time #iter. Time #iter.  Time [ms]
[ms] [ms]
NR 9 24.66 12 202.70 10 633.24
NRPC 8 19.94 9 159.14 8 522.07
30D 7 19.09 8 148.47 7 469.99
40] 7 209.51 9 31817.25 8 984441.33
50S 5 25.54 6 205.42 5 637.39
4N 5 15.61 6 118.34 5 349.62
5N 5 16.61 6 122.24 5 360.86

7.7.- Conclusions

This section has been devoted on presenting various numerical results, with the aim
at validating the studied PF solvers. Several well and ill-conditioned large-scale networks
have been considered for this purpose, analyzing three different scenarios. Results have
been presented using the same classification followed during this Thesis. Thus, the main

conclusions of this section can be summarized in the following points:
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e Regarding those methodologies based on the Continuous Newton’s method, the
developed multistep solution paradigm clearly was the most competitive approach.
On the other hand, it has been showed that some sophisticated schemes like the
Bulirsch-Stoer algorithm, may occasionally show better performance than other

simpler approaches like the Runge-Kutta formulas.

e Some issues related with the regularization techniques have been manifested. These
kind of techniques usually showed bad performance when the starting guess is far
away to the solution. In addition, the solution calculated may not be accurate

enough. The developed GN seems to efficiently solve these problems.

e Various robust and efficient approaches have been studied. Among them, those
techniques based on the S-iteration process look very promising. However, this kind
of techniques typically suffer slow convergence due to its linear convergence rate.
In this regard, some numerical combined schemes like 3S-SIA or HKW have

showed promising results.

e Finally, various high order numerical methods have been compared. On the light of
the results obtained, it is clearly concluded that the higher convergence order, the
lower iteration number. However, one should be very careful with the local and
global convergence characteristics (see results for 40J). In addition, a PF solver
should remain efficient enough to be competitive with NR. For example, despite
that 50S exhibits very high convergence rate, there efficiency is questionable due
to its high computational burden. In that sense, the developed solution paradigm
(equation (6.6)), can achieve very high convergence order retaining a high degree
of efficiency. This has been manifested in very competitive results.
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Chapter 8

Conclusions and Future works

8.1.- Conclusions

Various PF solvers have been studied, introduced or developed in the context of this work.
Some of the discussed methodologies are focused on efficiently solve ill-conditioned cases,
while other methodologies are more focused on well-conditioned systems. This is
important since the formers do not aim at overcoming NR from a computational point of
view. The reader can check that the considered robust methods are notably less efficient
than the conventional technique. This kind of methods simply aim at successfully solving
ill-conditioned cases, where NR fails. On the other hand, in Chapter 6 two high-order
Newton-like methods have been considered for PF analysis. These techniques should
necessarily be competitive with NR, however, their performance in ill-conditioned systems
is, a priori, irrelevant. Several numerical results in either well or ill-conditioned realistic
large-scale systems have been provided, in order to show the performance of the tested

methods. The main conclusions of this work can be summarized in the following points.

e It has been demonstrated that the computational performance of those methods
based on Runge-Kutta formulas strongly depend on the order of the method. Thus,

MP and 30H were usually more efficient than RK4 and S38. This was expected
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since this kind of techniques require as many factorizations as their order.
Nevertheless, the Continuous Newton’s solution paradigm has been further
exploited considering other numerical arrangements like the Adams-Bashforth’s
methods or the Bulirsch-Stoer algorithm. In these latter cases, the developed
techniques were more efficient than those methods based on the Runge-Kutta
formulas. However, the best results were obtained with those methods based on the
developed multistep Continuous Newton’s paradigm. Finally, the Continuous
Newton-Broyden’s framework turned out to be very inefficient, due to the
calculations involved in this developed paradigm are difficulty tractable in large-

scale systems.

e The Regularization methods have manifested their ability to manage with ill-
conditioned cases. However, some problems have arisen. Firstly, this kind of
techniques normally suffered slow convergence when the initial guess lies far away
to the solution. Secondly, the solution obtained may not be accurate enough. These
drawbacks seem minimized by using the introduced PF solver based on Gauss-

Newton formulation.

e With the aim at overcoming some drawbacks showed for most of available robust
PF solvers in large-scale ill-conditioned systems, various robust and efficient
techniques have been developed. Those methodologies based on the S-iteration
process turned out to be the most competitive. However, these techniques showed
very low convergence rate especially under heavy loading conditions. Oppositely,

3S-SIA showed a better trade-off between convergence rate and efficiency.

e Two high order Newton-like methods have been studied. On the one hand, a King-
Werner-like method with 1+ +/2 convergence rate has been adapted for PF
analysis. On the other hand, a multistep paradigm with N** order of convergence
(where N is the number of steps involved) has been developed. A comparative
analysis showed that both techniques are more efficient than NR. In addition, the
developed multistep paradigm is more efficient than the other high order Newton-
like methods for PF analysis available in the literature for N > 4. The reported

results have confirmed these points.

8.2.- Future works
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Several ideas and works could be tackled based on the results reported in this work.

These ideas may be summarized in the following lines:

e From the results obtained, it is concluded that the standard Continuous Newton’s
paradigm is manifestly improvable. Thus, future works should be focused on
proposing alternative solution frameworks. For example, promising lines could be
introducing regularization, proposing continuous versions of different high order

Newton-like methods or developing computationally cheaper schemes.

e Further developments on the regularization methods should be tackled. The
adaptive mechanism for the damping factor looks a critical aspect in this kind of
techniques. The accuracy and computational performance of these methods strongly
depends of this mechanism. In addition, a deep analysis between the two most
popular regularization methods (i.e. Lavrentiev and Tikhonov’s schemes) should be
made in future works. As commented, different regularization matrixes have been
proposed in the literature, the impact of these matrixed in the performance of the
regularization techniques should be explored. A further analysis of the vast
literature available may bring novel techniques, which could show very good results
in PF analysis.

e Since those techniques based on the S-iteration process showed the best
performance, this kind of techniques should be further explored for PF solution in
the future. For example, various methodologies based on the S-iteration process and
Newton’s method are available in [89, 105]. In addition, other fixed point iterations
like the Mann [85] or Ishikawa’s iterations [86], should be explored for PF analysis

in the future.

e The studied high order Newton-like methods have reported very good results in
well-conditioned systems, however, their performance in ill-conditioned cases has
not been explored yet. This line should lead to develop universal solvers, able to
outperform NR in well-conditioned systems and successfully solve ill-conditioned
cases. For covering this point, other high order Newton-like methods available in

the literature should be applied to PF analysis.

e The studied techniques should be considered for other related tools like the

Continuation Power Flow [28], Optimal Power Flow or Security Analysis [106].
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Appendix A

Linear Systems solution in Matlab

A.l.- Sparse matrix

Typically, a matrix is denominated sparse when the number of zero elements is
proportionally much greater than the number of nonzero elements. Oppositely, a matrix is
called dense when it has many nonzero elements. This concept is clearly observed in Fig.
A.1 where pictorial representations of a dense and a sparse matrix are plotted. As observe,
the sparse matrix has a great proportion of zero elements. It is worth mentioning that similar
concept can be also applied to vectors. Sparse matrixes have several advantages with
respect the dense matrixes like low memory requirements or the possibility of using cheap
calculations. With the aim at getting fully advantage of their sparse structure, different

particular sorting algorithms and factorizations have been developed during decades [107].

In Matlab, a sparse matrix can be built using the command sparse(.). Fig. A.2 shows

an example which the matrix A is converted to sparse format in Matlab.
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Fig. A.1 - Examples of a sparse (left) and a dense (right) matrix. As observed, although both
matrixes have the same dimension, the dense matrix has much more nonzero elements (nz) than

the sparse matrix

%% Building a sparse matrix
A=[000030;

300100;

000004;

050000;

110000;

0601009];

A= sparse(A);|

Fig. A.2 - Code for converting the matrix A into sparse format in Matlab

A.2.- Sparse linear systems

Let the following linear system be considered, which the coefficient matrix A is
sparse:
Ax=Db (A1)

The standard solution of the system (A.1) can be reached by multiplying both sides
of (A.1) by the inverse of the coefficient matrix, as follows:

[A]"Ax = [A]"'b - x = [A]"'b (A2)

However, explicitly inverting a matrix is a very heavy calculation, which should be
avoided especially in large systems. Alternatively, one can use a process called Gaussian

Elimination, which the coefficient matrix is converted into a triangular matrix by elemental
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modifications. These modifications, as applied also to the vector b lead to the following

system:
Ux=bh (A.3)

where U is an upper triangular matrix built by elemental modifications over A. The system
(A.3) is much cheaper to solve than (A.1). For example, one can use the Backward
Substitution technique starting by the last element of x. In Matlab, the Backward

Substitution can be applied using the command \, as showed in Fig. A.3.

%% Solving a linear system

A=[000030;
300100;
000004;
050000;
110000;
0601009];

b=[304220];
A = sparse(A);

X = A\b.";

Fig. A.3 - Code for solving the linear system (A.1) using backward substitution in Matlab

A.3.- LU factorization

The LU factorization is simply another way to represent the Gaussian Elimination.
In this case, both triangular matrixes are calculated. On the one hand, an upper triangular
matrix U is computed in the same way that (A.3). On the other hand, a lower triangular
matrix L is computed by storing the scalar elements used in the element transformations of
A into U. Formally, a third matrix D is calculated, which collects the diagonal elements of
U, so that the diagonal of the upper triangular matrix remain equal to 1. Due to that, the LU
factorization is also known as LDU factorization. Thus, the matrix 4 is decomposed as

follows:
A=L-D-U (A.4)

where the matrix U is equal to U but with the diagonal elements equal to 1. The main merit

of the LDU factorization is that it can be reused for different vectors b. One should note
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that this feature has important implications in some PF solvers like FDLF. By using a LDU

factorization, the linear system (A.1) can be solved by computing the following steps:
1. Anintermediate vector z is calculated by Forward Substitution as follows:
Lz=b (A.5)

2. By dividing the elements of z by the diagonal elements of D, the vector y is

calculated as follows:

Dy =z (A.6)
3. Finally, the unknown vector is calculated by Backward substitution as follows:

Ux=y (A7)

In Matlab, the LDU factorization can be computed using the command lu(.). Fig. A.4

shows an example for solving the linear system (A.1) by using LDU factorization.
%% LDU Factorization

[L, U, P] = lu(A);

y = L\(P*b.");

x = Uly;

Fig. A.4 - Code for solving the linear system (A.1) using LDU factorization in Matlab

A.5.- Cholesky Factorization

The Cholesky factorization is a cheaper alternative to the LU factorization (twice as
efficient as LU factorization), only applicable for Hermitian positive-definite matrixes.
This kind of matrixes can be decomposed into a lower triangular matrix L and its conjugate

transpose as follows:
A=L-L* (A.8)

where L* is the conjugate transpose of L. Alternatively, the LDL factorization can be
established for the Cholesky factorization in an analogue manner to LDU factorization.

Thus, the matrix A can be decomposed as:

A=L-D-I* (A.9)
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where L is equal to L with the diagonal elements are equal to 1, and D is a diagonal
matrix with the elements of the diagonal of L. By using the Cholesky factorization, the

linear system (A.1) can be solved carrying out the following steps:

1. Anintermediate vector z is calculated by Forward Substitution as follows:

Iz=b (A.10)

2. By dividing the elements of z by the diagonal elements of D, the vector y is

calculated as follows:

Dy =z (A.11)
3. Finally, the unknown vector is calculated by Backward substitution as follows:

IPx=y (A.12)

The Jacobian matrix of the PF problem is typically not positive-definite, so that the
Cholesky factorization is generally not applicable. However, the Jacobian matrix can be
converted into a positive-definite form by carrying out the product [g'(x)]*g’'(x). If one

shall to apply this approach to NR, the mapping (2.5) should be converted into:

x4 = 209 [[g/ ()] g (x)] [/ (9)] 82 ) (A13)

The computational savings offered by the Cholesky factorization on NR, are
normally not attractive since the matrix [g'(x)]*g'(x) is much denser than g’'(x). In
addition, an extra matrix-matrix product and an extra matrix-vector product have to be
computed. In Matlab, the Cholesky factorization can be computed using the command
chol(\) Fig. A5 shows an example for solving the system (A.1l) using Cholesky

factorization.
%% Cholesky Factorization
% Suppose a matrix A positive-definite
L = chol(A);

x = L\(L."\b);

Fig. A.5 - Code for solving the linear system (A.1) using Cholesky factorization in Matlab. If the

matrix A is not positive-definite, the command chol(.) will fail
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e M. Tostado, S. Kamel and F. Jurado, “Developed Newton-Raphson based
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