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Abstract. The decarbonization of the electricity sector calls for new operational schemes and
businesses. In this context, traditional consumers have evolved towards prosumers, enabling the
active participation of domestic installations in the system operation. A set of prosumers can be
organized into energy communities to unlock different economic and energy benefits. This paper
develops a bi-level scheduling strategy for robust optimal operation of active distribution
networks in the presence of energy communities. The new proposal deals with energy
management in communities at the lower level while managing distributed assets at the upper
level. The uncertainties in demand, renewable generation, and energy prices are modeled using
interval notation, which allows to adopt pessimistic or optimistic strategies. In addition, a novel
Stackelberg-bisection sub-module is advocated to determine the distribution system operator
profit, which considers collective welfare. The developed Mixed-Integer-Linear programming
framework is tested in the IEEE 33-bus network incorporating energy communities, passive
consumers, and distributed assets. The results obtained serve to validate the new methodology as
well as analyse different results. For example, it is observed that the adopted strategy directly
impacts the monetary balance, thus varying the incomes by up to 28 % depending on the
robustness level. The proposed Stackelberg-based sub-module is also analysed, indicating that
the expected profit may vary by up to 3 % depending on the strategy adopted and the level of
robustness assumed.
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Nomenclature

Acronyms

BES Battery energy storage

CA Controllable appliance

DG Distributed generator

DN Distribution network

DR Demand response

DSO Distribution system operator

EC Energy community

EV Electric vehicle

HVAC Heating-ventilation-air conditioner
KKT Karush-Kuhn-Tucker

MILP Mixed integer linear programming
MINLP Mixed integer nonlinear programming
P2P Peer-to-peer

PV Photovoltaic

SOC State-of-charge

Sets

0 Allowable time windows

B Buses

S Distributed energy storage systems
g Distributed generators

&c Energy communities

AN Interruptible/non-interruptible controllable appliances
(4 Passive consumers

P Prosumers

T Time

Q Uncertainties

Superscripts

BES, chldch
DN
EV,chldch
EC
hotlcool
HVAC
buylsell
Air, inlout
I
NC

P2pP

PV

spldb

UG

Battery energy storage in charging/discharging mode
Distribution network

Electric vehicle in charging/discharging mode
Energy community

Heating/cooling mode

Heater-ventilation-air conditioner system
Imported/exported energy

Indoor/outdoor air

Minimum/maximum value

Non-controllable demand
Peer-to-peer energy exchanging
Photovoltaic unit
Set-point/dead-band

Utility grid

Constants and parameters

T
COP
A
DC

Y]

Branch resistance [ohm]
Coefficient of performance [pu]
DSO profit [pu]

Duty cycle [h]

Efficiency [pu]



T Energy price [$/kWh]

e2P Energy-to-power ratio [h]

C Heat capacity [kJ/(kg-°C)]

M Mass [kg]

T Temperature [°C]

RBuild Thermal resistance of the building [J/°C]

At Time step [h]

E[*] Expected value

tol. It refers to tolerances in iterative algorithms [-]
& Uncertain level [pu]

Decision variables

onlof f Activation/deactivation status [binary]
p Active power injection [kKW]
P Active power flow [KW]

u Commitment status [binary]

€ Energy [kKWh]

% Nodal voltage [V]

1 - Introduction
1.1 - Context & motivation

The effects of climate change and geopolitical conflicts have increased the necessity of
reducing energy consumption worldwide [1]. Consequently, numerous European countries
launched energy-saving programs in 2022 [2, 3] to reduce electricity consumption and thus
minimize the dependency on natural gas exported from other countries. Under this paradigm,
distributed generators (DGs), primarily based on renewable sources, will play a vital role in
providing a clean and safe energy supply [4]. In contrast to conventional large-scale generators,
DGs are located near to consumers, facilitating local energy supplying. However, this emerging
framework poses formidable challenges, notably complicating the operation of distribution
networks (DNs) that have evolved from passive to active systems [5].

This power system structure calls up for new agents and businesses like distribution system
operators (DSOs), who are responsible for operating and maintaining distributed assets, including
DGs [6]. This agent is keen to encourage the active participation of final users through demand
response (DR) initiatives. In this way, final users can partake by leveraging their own resources,
such as photovoltaic (PV) rooftop panels or small-scale battery energy storage (BES) banks [7].
To facilitate and promote the active participation of domestic users, they can be gathered into
energy communities (ECs). This new concept enables the centralized operation of a group of
consumers who provide local generation/storage to pursue collective welfare [8]. In this context,
the interaction among ECs and DSO is clear and direct as the formers are directly connected to
DNs. Hence, it is necessary to develop novel computational tools suitable for optimal coordination
of DSOs and ECs, in order to operate both systems in an optimal way taking into account the
multiple uncertainties brought by renewable generation, dynamic energy prices and electricity
demand [9].

1.2 - Literature review

Although ECs are gaining importance owing to recent legislative development [10], they
became to be studied seriously at early 2010°s [11]. Some very preliminary works focused on
studying the viability of different technologies in such frameworks [12]. Nevertheless, the
importance of energy management tools in ECs was firstly identified in [13], being nowadays
accepted as an ideal practise to optimally exploit the available resources. Since then, the number
of works dealing with energy management in ECs increased. Nowadays, the feasibility of ECs is
totally accepted from a technical, economic and legislative point of view [14], as demonstrated
various real-life projects worldwide [15].



Uncertainties modelling in active DNs is a hot topic profusely studied during years (see
review in [16]). The strong uncertain behavior of these systems is caused by intermittent character
of renewable DGs, but also inferred by dynamic prices or random consumption patterns.
However, literature about uncertainty modelling in ECs is still limited, and such an EC system
adds additional uncertain sources from numerous small-scale renewable generators and dispersed
residential consumptions. Existing works frequently assume deterministic conditions, while only
very few works consider simple stochastic approaches or other uncertain models that do not
account for the interaction with the grid. In this regard, only a few works account for the
coordination among DSO and prosumers, but only from a deterministic point of view.

In [17], a deterministic and optimal design/operation model for multi-energy communities
encompassing storage devices was developed. The resulting Mixed-Integer Nonlinear
Programming (MINLP) problem is decomposed into tractable subsystems to reduce the
computational complexity of calculations. An optimal day-ahead scheduling tool for cooperative
ECs was developed in [18]. The resulting formulation is based on the alternating direction of
multipliers and accounts for peer-to-peer (P2P) energy transactions among prosumers. Jo et al.
[19] focused on the role of customer-based storage devices in ECs. For this, a Mixed Integer
Linear Programming (MILP) framework was proposed to optimally coordinate the community’s
storage assets, including the internal market mechanism for sharing storage capacity. Feng, et al.
[20], presented a game-based transcative energy management tool for local ECs. In this work, the
authors demonstrated the superaditivity of the derived coalitional game, by which it proved that
the grand coalition is the best option for a given set of prosumers. In [21], a real case study was
conducted in Austria, where a simple MILP formulation showed the benefits of adopting
community structures. Privacy concerns have been also considered, for example, [22] proposed a
hierarchichal framework for flexibility sharing in ECs, in which only net demand profiles are
eefectively shared with other agents partaking in the community.

The references above propose analytical techniques for conducting the optimal planning or
operation of ECs. Although these techniques are generally preferred because of their capability
to reach the global optimum, other authors have explored the use of heuristic or metaheuristic
approaches which are occasionally able to reduce the computational burden of the problem. Such
is the case of the works developed by Liu et al. [23], where logic heuristic algorithms are
considered for scheduling the community assets. Such approaches are based on logical decisions
founded on heuristic criteria that usually lead to near-optimal solutions. On the other hand, the
reference [24] uses metaheuristic techniques based on evolutionary algorithms to optimally
allocate the commitment decisions among P2P transactions and other scheduling orders.

So far, all the references analysed consider deterministic conditions to determine the
scheduling plan for the community. This assumption is clearly unreal and may lead to
overoptimistic solutions. In real cases, ECs are operated under highly uncertain conditions. There
are limited studies on uncertain modelling in ECs. Some of them propose stochastic approaches.
Difficulties to assign probability distributions to uncertain parameters were addressed in [25] by
developing a Markovian-based day-ahead decision process for ECs, where in thermal necessities
were considered together with electricity consumption. The reference [26] dealt with
heterogeneus risk-character of prosumers, for which a risk trading mechanism based on Arrow-
Debreu securities. Within this framework, physical probabilities of scenarios are altered by
introducing risk-aversion strategy of users, thus ensuring that the solution encountered lies within
the conditional-value-at-risk. On the other hand, [27] proposes a holistic decision-making process
for ECs encompassing day-ahead and intra-day scheduling. In [28], a stochastic bilevel approach
was proposed for price-setting process in ECs incorporating collective storage systems.

Although stochastic programming is one of the most popular uncertainty models, its
application may suppose intractability issues due to the size of the resulting problem. This issue
is more evident when the problem is nonlinear [27], for which scenario reduction techniques can
be applied [25]. To overcome the issues drawn by stochastic programs, the reference [29]
proposed to use a simple interval algorithm based on confidence intervals on forecasted profiles
rather than scenarios, while [30] relied on the use of information gap decision theory, thus
reducing the complexity of the system.



The references analysed deal with isolated operation of communities, only considering the
point of view of the EC operator, while the interaction with the distribution grid is neglected or
oversimplified. Nevertheless, there exists some particular exceptions, like [31], where the stability
of the grid is contemplated when sizing the capacity of the communities involving a large number
of prosumers. On the ther hand, in [32] the figure of the DSO is included, considering interactions
between this agent and the rest of the prosumers, which can still exchange energy through P2P
mechanisms. Although including the network supposes an advance compared with other works,
such references do not properly model uncertainties yet. While [31] is performed under
deterministic conditions, [32] raises a simple Montecarlo-based approach to determine the reserve
requirements for properly minimizing the effects of unknowns without explicitly modelling all
the uncertainties involved in the problem.

1.3 - Gaps & contributions

To the best of our knowledge, dealing with multiple uncertainties in ECs is still an open topic.
As reviewed above, the existing works mostly envisage stochastic approaches that present various
significant drawbacks. The unique exception are the reference [29], where an iterative interval
notation inspired in [33] was used, and [30], where information gap decision theory is considered
to model the uncertainties associated with P2P sharing in communities. In this paper, we consider
the same approach but including the figure of the DSO. In this regard, we develop a bi-level
scheduling strategy for optimal cooperation among the DSO and ECs, involving DGs and
customer-owned assets located in communities. The problem of determining the distribution
energy prices, by which the communities can exchange energy with the grid, is also solved by
proposing a Stackelberg-based algorithm. Moreover, the DN is explicitly modelled to account for
bottelenecks or voltage issues. With this novel proposal, we aim to fill the major gaps encountered
in the literature since, for the first time, a coordinated framework among DSO and ECs
considering uncertainties through interval modelling is developed. The resulting MILP
formulation is tractable, as demonstrated by extensive numerical simulation results on the IEEE
33-bus distribution system.

In the rest of this paper, Section 2 provides some preliminary ideas and concepts. Section 3
presents the mathematical formulation under deterministic conditions. Uncertainties are included
via interval formulation in Section 4. Section 5 develops a Stackelberg-based approach for
determining distributed energy prices. A case study is presented in Section 6. The paper is
concluded with Section 7.

2 - Preliminaries

This article focuses on the optimal operation of DNs that incorporate ECs. In this task,
different agents are involved posing different objectives and managing strategies. A summary of
the different agents involved is depicted in Fig. 1, whose roles are further explained below:

e DSO: isresponsible of operating distributed assets, including DGs and large-scale energy
storage systems. This agent also operates the DN to which users are connected. It is
assumed that the DSO determines the price under which energy transactions among the
DN and the users are performed (distribution prices).

o EC operator: as commented, an EC is formed by a group of prosumers that are centrally
operated by the EC operator. There is a variety of different control schemes for ECs [34].
In this paper, we assume cooperative ECs in which P2P transactions are performed
solidary [18]. In this regard, the EC operator can manage local small-scale generators
(rooftop PVs) and BESs together with controllable appliances (CAs) and electric vehicles
(EVs). This paper assumes that the EC operator is also responsible of determining the
P2P transactions among prosumers, thus adopting a coordinated management strategy
[35]. The ECs can also exchange energy with the DN taking the prices fixed by the DSO
(distribution prices).

e Passive consumers: this definition encompasses those users that are directly connected
to the DN. However, in contrast to ECs, they are pure loads, and no local generation is
available. In this sense, their role is limited to acquiring energy from the grid.



e Transmission system operator (TSO)/retailer: this agent owns or operates the utility
grid to which the DN is connected and from which it can import/export energy. He sets
the day-ahead dynamic price signals under which can exchange energy with the DN at
convenience of the DSO.
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Fig. 1 - The different agents involved in DN operation

Fig. 2 sketches the timeline of the proposed coordinated scheduling strategy. Firstly, the
retailer communicates to the DSO the day-ahead energy prices. This is a reasonable assumption
since most retailers and utilities worldwide make publicly available their energy prices
(purchasing and selling) over a 24-h time horizon [36]. Then, based on these prices, the DSO
determines the distribution prices by adding his own profit. This process will be cleared through
a developed Stackelberg-based procedure, which seeks the equilibrium point among the DSO and
users (see Section 5). Finally, the scheduling program for the DN and ECs is established. This
task is formulated as a bi-level optimization framework. In this framework, the scheduling plan
of ECs is decided at the lower level, whereas the DSO establishes its program at the upper level.

Day of scheduling realization

Th? e This paper Communication of the day-ahead
communicates thf{ day- Day-ahead scheduling plan for distributed assets, scheduling plan to the local
ahead energy prices energy exchanging with the utility and ECs controllers and agents
e BRID Eximlielaes it This paper Real-time control, if enabled (not

expected profit and determines
the day-ahead distribution
energy prices

Cooperative Stackelberg game to covered in this paper)
decide the distribution energy
prices considering uncertainties

Fig. 2 - Timeline of the proposed coordinated scheduling strategy

3 - Deterministic problem

This section presents the mathematical formulation from a deterministic point of view. As
commented, the scheduling strategy is arranged as a bi-level optimization framework where the
ECs and DSO partake in a coordinated way. At the lower level, the ECs define their scheduling
plan while the DSO reacts at the upper level setting the distribution prices as wel as deciding the
scheduling strategy for the different distributed assets.

In this paper, we prefer a bi-level framework due to two reasons:

e The DSO and EC operators are different entities and therefore the amount of information

exchanged between them should be limited.

e The EC scheduling plan is decided as a reaction to the distribution prices fixed by the

DSO, which are at the same time a consequence of the scheduling plan performed by the
DSO. So that the scheduling result of ECs must be performed a posteriori.

3.1 - Lower level: ECs scheduling



At the lower level, the scheduling plan of the communities is decided. EC operators usually
perform this task, for which rooftop PV arrays, P2P transactions, small-scale BESs, domestic
CAs, and EVs can be managed in a coordinated way among the prosumers in the community. In
this regard, we deal here with a particular case of ECs in which P2P transactions among prosumers
are performed without expecting a monetary counterpart. In other words, the different prosumers
partaking in the community are keen to share resources by free. Note that this is a plausible
assumptions in ECs, where the minimization of the collective bill is typically pursued. In this
sense, sharing enegy through P2P exchanges leads to minimize the electricity bill and thus users
may be keen on partaking in the community operation.

The objective of this level is to minimize the operating cost of each community, for which it
is assumed that the distribution prices are known. Accordingly, this level reads as:

—DN,buy —DN,sell DN,bu DN,bu, DN,sell DN,sell
Y ]<— m1n FEC—At Zte:r{ V. Y qgphset. se };Vce
x

c|t 'pc|t clt t clt
EC (1)
Subject to:

DN,b DN,b l ,sell
D Y =Yiep {Pm uy}, ﬁltvse =Yiep { ﬁévse };veeEenteT 2)

DN,b BES,dch EV,dch DN,sell BES,ch EV, h
Pie i+ pl|t + Dije ¢ + Dy ot Z}'E?c{pf—%ﬂt} = Dijt T+ pl|t + Dy ot Piit’ ‘

j#i
1
Zle{hot;}{P HVACIY | Zae{ﬂzuﬂwz}{u”t pi}+ Z,egoc{pl_,”t} ViEP.ACEECALET (3)
cool j#i

PN — P =0V, jEPACEECALET (4)
pet <uptt 5" iVi € P Ac € ECALET ALE (buy;sell} (5)
up P Ut <L Vie PoACEECALET (6)

lLdch
14 .
s}lt:e§|t_1+At-<nfESCh pit" — %);VIETC/\CESC/\L“ET\L“>1/\IE

;i
{(BES; EV} (7
l

piit < ujjy = v ViEPcACEECAL €T ALE (BES;EV} Am € {ch; dch) (8)

ui" +ufit <L, vie P Ac€ ECAL €T AL € (BES;EV} (9)
—BES ,

ﬁifl] ﬁT[end] =¢ ,VieP.NceE&EC (10)
Elof i = €t EitofVena) = & 5 Vi€ PcACEEC (11)
uflt = 0; Vi€ P.Ac € ECAL & OF Al € {ch;dch} (12)
Air,in At Air,in At Tz?tlrfut

Tilt = (1 - 103,MAiT.in,CAir,RBuild) “lile-1 103-MAT N, - Air pBuild +

At'COP?VAC(pHVAC'hOt— HVAC,cool

it it ) ,
0_000277.le4ir'i".CAir s VIEP. AcEECALET\t>1 (13)

TIVACSP _ ppvACdb < palnin < pHVACSP L HVACAD, vie P AceECALET (14)
piiy At < ufly 4ot 5V vie PoAc € EE At € T AL € {hot; cool} (15)
uﬁ;’“'h‘” + uﬁf“‘c'c""’ <L,ViEP,ACEECALET (16)



T?}Tll]n = i??l;r['ei:lld] = THVAC,SP; VieP.ANce&C (17)

i i

Yecoo{ufl} = DCH Vi€ PcAc e ECNa€ (A UAY) (18)
ufj, — uff,_y = onfl, — of fi{; Vi€ P.Ac EECALtET\t >1Aa € A} (19)
Yecoefonfi} = 1, Vie P AceECnaE A (20)

where xE¢ and uZ¢ are the vectors of continuous and binary decision variables for the ¢t" EC,
respectively (see Appendix A). By minimizing the energy cost of the community (1), the energy

that must be imported from the DN is obtained @?lN'b”y ), together with the maximum exportable

t
power @fﬁ"se”). These two values are calculated as in (2) and sent to the DSO, who uses this

information to determine his own scheduling plan (see Section 3.2).

The power balance of the community is established in (3). This balance ensures that
generation meets demand any time instant taking into account P2P exchanges among prosumers,
which can be conceived as virtual loads/generators depending whether the prosumer
exports/imports power. On the other hand, (4) ensures that the power exported from the i
prosumer to the j™ prosumer is equal to the power that the j™ prosumer imports from the i
prosumer [12], thus ensuring equilibrium in P2P exchanges. Moreover, (5) establishes limits in
the importable/exportable power, assuming that the DSO imposes a bound of the energy flows to
avoid surpass thermal limit of branches or equipment, while (6) avoids simultaneous purchases
and sales, as customary [29].

Equation (7) models the instantaneous state-of-charge (SOC) of storage devices (BESs and
EVs) as a function of the SOC at the previous time step and the energy exchanged. On the other
hand, (8) fixes the rated power of batteries considering the total capacity and energy-to-power
ratio [37], whereas (9) avoids simultaneous charging-discharging of storage devices. Since (7) is
not defined at t = 1, the initial SOC of stationary batteries is fixed by (10). As customary, the
initial SOC is set equal to the total capacity and, in order to keep the model coherent, the final
SOC is fixed equal to the initial in (8) [38]. In contrast, the initial SOC of EVs is considered a

random parameter given by eiEV'O, while we assume that users are keen to get the vehicle fully
charged at tits departure time [39], as said (11). Lastly, it is worth noting that EV's can only be
scheduled ghen they are pluuged, which is endured by (12) where the EV time window is given
by the set %",

The indoor temperature of each home is determined by (13), which is a function of the
outdoor temperature and the action of heating-ventilation-air conditioner (HVAC) devices. This
model is derived from the differential equations that model heat transfer in buildings, which can
be linearized on the basis of plausible assumptions [30]. Equation (14) establishes thermal
comfort by limiting the indoor temperature to comfortable bounds. In such limits, deadband terms
are included to avoid frequent operation of HVAC devices. Equation (15) upper bounds the
HVAC consumption to rated values while (16) establishes complementarity in heating and
cooling modes. Similar to batteries, equation (17) completes the HVAC model by fixing the initial
and final values of the indoor temperature, since (13) is not defined at t = 1 [39].

Finally, the set of constraints (18)-(20) models the CAs, which are divided into interruptible
and non-interruptible [40]. While the former can be interrupted at convenience, the latter must
complete their duty cycles over a continuous operation mode. In addition, we consider that CAs
cannot be scheduled feeely and home inhabitants eatsblish predefined time windows within
wwhich the operation of appliances can be shifted. These time windows (given by ©¢) aim at
modelling the different users’ preferences on the operation of CAs. According to these premises,
(18) ensures that duty cycles are completed within pre-established time windows, while the
equations (19) and (20) are particular to non-interruptible appliances, establishing continuity and
ensuring a unique activation order, respectively [40].

3.2 - Upper level: DN scheduling



Once the DSO receives information from the retailer (day-ahead energy prices), the day-
ahead scheduling strategy for distributed assets (i.e., DGs and large-scale BESs) can be
performed. The DSO aims to minimize the operating cost of the DN while satisfying the demand
of the connected users (i.e., ECs and passive consumers). To this end, the retailer communicates
the day-ahead energy prices, which are subjected to uncertainty. As a consequence of the
decisions taken at this level, the distribution prices are cleared (see Section 5). Note that
distribution prices are not actually decided at this level rather than the scheduling plan for the
distributed assets. The different distribution prices are online calculated by the Stackelberg-game
framework developed in Section 5. In this sense, distribution prices are taken as parameters at this
level.

Thus, the upper level can be formulated as follows:
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where xPV and uP¥ collect the continuous and binary decision variables of the upper level,
respectively (see Appendix A). The objective function (21) encompasses cost-revenue balances
with the utility grid and ECs, determined by energy exchanged with such users as well as revenues
obtained from selling energy to passive consumers.

The power balance (22) ensures that consumers’ demand is fully satisfied, taking into account
self-generation and storage via DGs and distributed BESs, respectively. This equation also
includes the energy exchanged with the utility grid. However, the DSO can decide whether
exportable power from ECs is used or not, as said (23). In this sense, ECs communicate their



maximum exportable power, which is calculated by solving the lower level. Nevertheless, this
information supposes a limit in the exportable power that is available at the DSO’s convenience,
who can decide to exploit such energy or not. On the other hand, (24) and (25) limit the power
exchanged with the utility grid and avoid simultaneous imports and exports, respectively. In this
regard, we assume that the retailer and TSO can be different entities. Indeed, while the retailer
communicates prices, the TSO concers about operatibility of the utility grid and can impose limits
in importable/exportable power in consequence.

We assume that DGs are based on rewable sources. As such, their potential generation is
uncertain and it relies on weather parameters such as solar irradiance and wind speed. In this
sense, (26) limits the maximum DG exportable power to expected values, whose inherent
uncertainty is modelled in Section 4 using interval notation. Note that dispatchable DGs can be
easily incorporated just by modifying (26) to include rated powers instead of expected values, as
in [41].

Furthermore, (27) and (28) model the network using the LinDistFlow equations. It is worth
noting that other power flow models exist based on exact trigonometric equations or second
oerder exact approsimations. Nonetheless, such models rely on nonlinear equations. In this sense,
we prioritize the tractability of the developed formulation, for which we believe essential keep
the linearity of equations. In this regard, whose usefulness and accuracy of the LinDistFlow model
has been well-proved [42]. The network model is completed by (29) and (30), which establish
limits for power flows through branches and nodal voltages, respectively. Finally, the set of
constraints (31)-(34) models the distributed BESs, which are analogue to (7)-(10).

4 - Interval-based procedure to include uncertainties

Energy management in active DNs is subjected to multiple uncertainties. In this section, we
modifiy the bi-level operational model described in Section 3 to accommodate a variety of
uncertain parameters. In this regard, we assume that uncertainties are only concerned at the upper
level since at this stage uncertainties from all the communities are aggregated, being so more
easily manageable.

Uncertainties modelling in active DNs has attracted huge attention recently. In this field one
can finf a number of scenario-based [43] or robust approaches [44] in the literature. Regarding
ECs, stochastic approaches have been successfully applied in [27]. Nonetheless, as commented
in the Introduction, these techniques pose various drawbacks. In this regard, we prefer using
robust techniques, among which one can find robust reformulations [45], Information Gap
Decision Theory approximations [46], or interval-based problems [47]. This paper uses interval-
based procedures, assuming that related uncertainties can be predicted with acceptable accuracy.

In their original form, interval problems may be computationally unaffordable due to
complementarity constraints that must be added to convert the original optimization framework
into a single-level structure [47]. To overcome this issue, [33] proposed an iterative procedure,
which has also been applied to other related problems [48]. This procedure is iteratively
performed in three stages, as summarized in the flowchart in Fig. 3. The convergence criterion is
given by
pDSO_pDso
% < tol, (35)
where the subscript denotes the kt" iteration of the iterative procedure. In this paper, the tolerance
threshold is 0.01 [33]. Subsequent sections are devoted to applying the procedure described in
Fig. 3 to the problem presented in Section 3.
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Fig. 3 - Flowchart of the iterative procedure to consider uncertainties via interval optimization

4.1 - Stage 1: deterministic problem

The first stage focuses on solving the upper level (21)-(34) under deterministic conditions,
i.e., assuming expected (forecasted) values of uncertainties. In this case, the commitment result
of assets is stored, thus defining this stage as
uPN* - argmin FPSO (E[Q]) (36)

xDN y DN
Subject to: (22)-(34)
4.2 - Stage 2: interval-based problem

This stage seeks for favourable or unfavourable values of uncertainties depending on whether
an optimistic or pessimistic operational strategy is adopted. To this end, involved uncertainties
(i.e., utility energy prices, renewable generation, and demand) are considered as decision
variables, allowing them to vary within predefined confidence intervals described in (37).

Elw] — ¢ -Aw' < w < E[w] +¢ - Aw'; Vo € Q (37)

The constraint (37) allows to model the generic uncertainty w as an interval number of the
form w € [E[w] — Aw*, E[w] + Aw']. In (37), € € [0,1] is the so-called uncertain level, which
allows tuning the level of the considered confidence intervals [48]. Moreover, considering energy
prices as variables produces nonlinearity by adding bi-linear terms in (21), which may become
the problem non-convex. To solve this issue, we use the linearization technique defined in [49],
which is described by the constraints (38)-(49). This technigue allows converting the original
guadratic problem into a manageable MILP.

2l = gl plelvt € T AL € {buy; sell} (38)
ngGl (nﬁf Y vteTAie€{1,2 ..,n} AL € {buy; sell} (39)
(tlllel ﬁﬁfl - ﬁé’lf 11’ vte T Ai€{1,2,..,n} Al € {buy; sell} (40)

m ¢ = SiEenit -l + 0t Ve € T AL E {buy; sell} (41)
<p§’lfl € SOS1; Vt €T Ai € {1,2,...,n} Al € {buy; sell} (42)
0< 5ﬁ§’|‘” <Gt vee T AL € (1,2, n} Al € {buy; sell} (43)

p ¢t = TiZHopy '} vt € T Al € {buy; sell} (44)



0<6plft <P’ vt e T Ai€{12,...,n} AL € {buy; sell} (45)

t|i
2/ = lzg:gl{ﬁgf_'ll - 8pit}+ 6z, Yt € T AL E {buy; sell} (46)
8z = RIZHT O - spdety + 27 - BisHowaT = (it it Ve € T AL € {buy; sell}
(47)
8z, <" - RIZHsRY) s Ve € T AL E {buy; sell} (48)
8z, < TIZHCUS" - LY vt € T ALE {buy; sell} (49)

where the §’s define continuous variables that measure the deviation of a variable with respect to
its grid-point in its piecewise representation ({x)), which are denoted by (¥); and ¢ is a special
ordered set 1 (SOS1) binary variable. Indeed, the set of constraints above allows representing the
nonlinear product i - p by the dummy linear variable z, which is calculated using piecewise
representation of the energy prices and additional constraints for describing the behavior of the
bi-linear product as a function of the value of the two variables involved.

In this way, Stage 2 can be fully described as follows:

QP - argmax FPSO (uPN+)
xPN oy
Q°Pt — argmin FPSO (uPN+)
xDN o @
Subject to: (22)-(34), (37)-(49)
where W is the vector collecting the auxiliar variables for the formulation (38)-(49) (see
Appnedix). Note that Stage 2 varies if the assumed strategy is pessimistic or optimistic. In (50),
the objective function is maximized in the former chase or minimized otherwise. It has been
proved that this approach leads to calculating favourable or unfavourable profiles of uncertainties
depending on the strategy adopted (optimistic or pessimistic, respectively) [48].

(50)

4.3 - Stage 3: adjustment problem

Finally, the problem is solved again, but assuming the value of uncertainties calculated at
Stage 2, as follows:
uPN* - argmin FPSO(QY); | = pes v opt (51)

xDN’uDN

Subject to: (22)-(34)

5 - Determination of distribution prices

After performing the developed optimization model described in sections 3 and 4, the
scheduling plan for the distributed and community assets is decided for fixed distribution prices.
However, we have not discussed yet how these prices are calculated. To this end, a Stackleberg-
game framework is developed in this section, which is executed just after the DSO receives price
signals from the retailer. This way, the scheduling plan for distributed assets can be performed
under known prices and communities can react in consequence.

Determining the distribution prices is not a trivial task for DSOs. The DSO aims to obtain
revenue as a service provider. In other words, the DSO aims at obtaining a profit, which is defined
by the parameter A = 0, so that distribution prices can be rewritten as a function of the utility
ones, as follows:

T[?N,buy — (1 + /1) . TL_;]G,buy’ n_tDN,Sell — (1 _ /1) . n_é]G,sell; Vt € T (52)

However, the profit should not be excessively high in order to ensure the welfare of users.
Otherwise, they could be discouraged from importing energy from the DN recurring to other
alternatives (e.g., incrementing their level of self-supplying). This problem is described as a
Stackelberg-game framework (see Appendix B), whose objective is determining the optimal
profit that ensures the collective welfare (hamely A*). Stackelberg games describe a leader with
one or more followers (participants), strategies, and benefits. Generally, there are two approaches
to solve Stackelberg games. Firstly, KKT-based procedures can be used, leading to bi-level



structures that must be converted to single-level problems [50]. As commented earlier, this
approach may lead to unaffordable computational efforts. To solve this issue, metaheuristic-based
routines have been also proposed [51]. However, this approach would require solving the iterative
procedure in Fig. 3 many times, leading to a very complex and computationally costly procedure.
To solve such issues, a simple bisection algorithm has been proposed based on [52], which is
described below.

Firstly, it is necessary to define the game structure formally. For the particular case here
concerned, the following Stackelberg game is defined to estimate the optimal profit.

{DSO U EC U €}
I ed=1{2; {ﬁDN’b”y povsell, ye e gent e T} (53)

c|t 'Felt

Z[DSO]; E[EC U €]

In (53), the DSO and users (ECs and passive consumers) are the participants, being leaded by
the DSO, as sketched in Fig. 4. For a given a profit, the ECs can respond by adjusting their
consumption profile so that the strategy is given by the profit and net demand of the ECs,
assuming that passive consumers are inelastic loads. Finally, the benefits are here described by
fitness functions given by
fI1-£T1

[1= FI—£T1 (54)

[1]

where
{ f[DSO] = FPsO
f[gc U C] = Zce&C{FcEC} + ZCEC{FCC}

Leader: DSO 0

Receives day-ahead energy prices from TSO <-,
and adjust his own profit to calculate the
distribution prices

(55)

H A
! N Followers: passive consumers 0

Receive distribution prices

Followers: ECs 0

:__.> Receive distribution prices and adjust their — --
import/export profile accordingly by
scheduling their own assets

Fig. 4 - Sketch of the Stackelberg-based mechanism to determine the distribution prices
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As seen in (55), the fitness functions of each participant are described by their operating costs,
while (54) is introduced to range the values of f’s within [0,1] and thus facilitating the
comparison between fitness functions. The upper and lower bound of costs in (54) can be
calculated by establishing an arbitrarily high profit A and its minimum assumable value (i.e., 1 =
0), as follows:

fIDSO] = FPS9(2 = 0); f[EC U €] = TceeclFE (A = 0)} + YeeelFF (A = 0)}
f[DSO] = FP50(2 = 2); fIEC U €] = Teegel FFC(A = 2)} + Teeel FE (4 = 2)}

The idea behind the formulation above is depicted in Fig. 5. It is reasonable to think that the

fitness function of users will value 1 when 1 is taken, while the fitness function of the DSO will
take O at this point. At the other extreme (i.e., 4 = 0), the fitness functions of the participants will
take their opposite values (1 in the case of the DSO and 0 for the users). Therefore, as seen in Fig.

5, it is clear that both fitness functions cross at some point between A = 0 and A = A. According
to the market theory [53], this point corresponds to the maximization of the collective welfare
and, therefore, with the value of A*. Indeed, by observing Fig. 5 it is clear that A* corresponds to
the point where all the participants achieve their maximum welfare, since at this point any of them

(56)



can improve their fitness function without deteriorating others. This sentence holds if we assume

that fitness functions are continuously increasing/decreasing within [0, I], which is perfectly
plausible since the fitness functions used in this paper correspond to energy costs, which are
expected to be directly impacted by the profit A (this idea has been confirmed by empirical
evidences).
To estimate the value of A%, we develop a simple bisection algorithm which is summarized in
the following points:
1. Set k, =0, start with 1, = A/2 and solve the optimization problem subjected to
uncertainties.
If £[DSO] > E[E€ U €] then define @ = [0, 4y, ], else @ = [A4,, A].

3. Setly,4 = @211 5 check the convergence criteria (57)

|Ak2 - Ak2+1| < tOlz (57)

where tol, = 0.01 in this paper.
4. 1f (57) is met, then 2" = 4, and stop, else k, = k, + 1 and go to step 5.
5. Solve the optimization problem subjected to uncertainties. If Z[DSO] > Z[EC U €] then
define @ = [Ay,—1, A, |, €lse @ = [A,, Ak,—1]. GO to Step 3.
A=0 A=A
1 A

Equilibrium point ®

Fig. 5 - lllustrative representation of the equilibrium point (1*) as calculated using the developed
Stackelberg-based bisection procedure

Empirical evidences demonstrate that the developed bisection algorithm usually converges

after 3-4 iterations if 2 ~ 0.10, resulting in an assumable computational burden. Note that the
developed bi-section mechanism assumes that distribution prices follow the same profile that
prices fixed by the TSO (utility prices), which is perfectly plausible.

6 - Case study
6.1 - Case study data

This section presents a case study on the modified IEEE 33-bus network, as shown in Fig. 6.
The original network, whose data can be found in [54], has been modified to include 10 ECs
together with 2 PV plants, 3 wind farms, 2 storage systems, and 6 passive consumers. Fig. 7
reports the expected passive demands and renewable potential from the generators connected to
the network, while Fig. 8 plots the expected utility prices. Both storage banks connected to the
network have a capacity of 1000 kWh with 95 % efficiency [37], an energy-to-power ratio of 2-
h [37], and an 80 % depth-of-discharge. The data in Figs. 7 and 8 are generated based on real
databases. In particular, weather parameters namely solar irradiance, temperature and wind speed
correspond to real profiles observed at Virgin Islands (U.S.) in 2016 [55]. On the other hand,
demand corresponding to passive consumers was adapted to real consumption profiles observed
at La Palma Island (Spain) in 2016 [56]. Finally, energy prices correspond to real-time prices for
PJM Fe Ohio, also in 2016 [57]. To account for uncertainties, 20 % confidence intervals are
established on the expected profiles. The resulting MILP problem described in previous sections
is solved with a 30-min resolution, coded under Matlab R2021a. This computational arrangement



results very suitable for the developed optimization model. Note that current version of Matlab
offers a friendly problem-oriented coding for optimization problems, in which MILP formulations
can be accommodated easily. Such coding environment serves as interface for the applicability
of advanced solvers like Gurobi [58]. Moreover, Matlab allows to easily implement iterative
routines and repeatedly calling different optimization problems as the algorithm advances,
resulting very applicable for the methodology described here and facilitate data exchanging
among the different steps of the algorithm.
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Fig. 6 - The modified IEEE 33-bus network used in simulations
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Fig. 9 presents the expected non-controllable demand and PV generation in ECs (taking
individual data for each prosumer within the community). The non-controllable demand has been
taken from [59], which extracts the representative profiles following the methodology in [39].
Likewise, solar irradiance has been extracted from [55]. In this case, it is assumed that all the
prosumers in a community receives the same irradiance because of their proximity, while outdoor
temperature is the same as in [60]. With these data and typical PV panels rated power between



0.25-2.5 kWp, the PV profiles in Fig. 9 were constructed. The data regarding domestic assets and
appliances were generated similarly by taking typical parameters reported in the literature (e.g.
[39]). Table 1 summarizes these data.
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Fig. 9 - Expected non-controllable demand and PV generation in ECs starting from EC #1 at top
far left corner and ending with EC #10 at bottom far right corner
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Table 1 - A summary of ECs data

No. of Total PV Total Total EV Total HVAC No.
gc Prosumers capacity storage capacity power installed of

capacity CAs

1 8 12.75 kWp 24 kKWh 142 kWh 16.5 kW 19
2 5 5.25 kWp 13 kWh 61 kwWh 11 kW 17
3 13 16.5 kWp 37 kWh 222 kWh 26.5 kW 39
4 9 14 kWp 28 kWh 166 kWh 17.5 kw 33
5 10 14.5 kWp 28 kwh 168 kWh 20 kw 26
6 7 7.75 kWp 11.5 kwWh 108 kWh 13.5 kW 17
7 3 6.5 kWp 12.5 kWh 59 kWh 4.5 kW 12
8 4 6 kWp 5.5 kWh 55 kWh 8 kw 16
9 6 8 kWp 17 kWh 85 kWh 12.5 kW 17
10 15 16.5 kWp 39 kWh 258 kWh 30.5 kW 40

6.2 - Results: deterministic case



To validate the proposed mathematical model, we analyse the deterministic case, for which
uncertainties are neglected. Fig. 10 shows the scheduling result for the distributed assets (storage
systems and renewable generators). As seen, peak generation occurs in the morning when the
wind generation reaches its maximum and the PV generation of plant #2 rapidly increases. This
high renewable generation enables selling surplus energy to the utility grid and thus obtaining a
monetary revenue. During night, the low demand allows to sell the surplus wind generation to the
utility grid. This process is complemented by the storage systems, which allow to increment the
exportable energy. During midday, the renewable generation is still high regardless of the reduced
wind generation since PV plant #1 has reached its maximum generation capacity. During these
periods, the DN profusely operates the distributed storage assets to sell as much energy as
possible. At about 17:00 h, the purchasing price reaches its maximum; in this situation, the storage
systems are mostly discharged to fully cover the local demand and thus reduce the energy
imported from the grid. At this hour, the selling price is also high. However, the local generation
is not sufficient to produce surplus energy that could eventually be exported. During the night,
the DN acts as a consumer primarily since renewable generation falls to its minimum. Thus, much
energy must be imported to cover the demand and charge the batteries to recover their SOC.
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Fig. 10 - Scheduling result for the distributed assets under deterministic conditions.
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Fig. 11 is analog to Fig. 10 but particularizing for EC #1 (for simplicity, only one EC is
analysed, being possible to yield the same conclusions for the other communities). At noon, BESs
and EVs are first discharged to increment the exportable energy. Posteriorly, EVs are charged,
and most CAs are scheduled, coinciding with the beginning of their time windows. As such, the
peak demand is observed at about 4:00 h, which occurs when the purchasing price is low. In the
morning, when the PV generation increases, demand attributable to CAs is still high, and non-
controllable demand grows. Increasing PV generation together with the completed duty cycles
allow to progressively reduce the imported energy to zero at about 9:00 h, thus turning the
community into a net generator at about 12:00 h, when the PV generation achieves its maximum.
Similar to the DN, BESs are profusely scheduled during the evening to either increase the
exportable power or reduce the imported energy. These processes are focused on improving the
economy of the EC since, during these periods, both selling and purchasing prices achieve their
maximum values. When the PV generation approaches zero at night, the second peak demand is
observed, mainly because many CAs must be scheduled during the night, due to their predefined
time windows.
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Fig. 11 - Scheduling result for EC #1 under deterministic conditions. In this figure, negative

values indicate ‘to-the-EC’ flow direction



6.3 - Impact of uncertainties

In the developed framework, uncertainties are incorporated via interval modelling and
iterative procedure. This methodology allows to adopt two different strategies, namely optimistic
and pessimistic, depending on the assumed deviation of uncertainties. Thus, if the operator
assumes a pessimistic perspective, the results obtained will be risk-averse. If a negative impact of
uncertainties is assumed, the results will be risk-seeker otherwise. It is observed in Fig. 12, where
the actual wind and PV generation are compared under deterministic conditions and optimistic
and pessimistic strategies (¢ = 1), that this adoption has a notable impact on the results,. As seen
in this figure, the developed optimization tool assumes more favourable or unfavourable profiles
depending if the operator adopts an optimistic or pessimistic scheduling strategy. Thus, less
renewable generation is expected in case of assuming a pessimistic perspective. Actually, total
renewable generation is reduced by 19% under pessimistic circumstances, while this parameter
increases by 16% when an optimistic point of view is adopted.
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Fig. 12 - Actual wind (top) and PV (bottom) generation under deterministic, pessimistic and
optimistic conditions (¢ = 1)

The uncertainties also notably impact on utility energy prices, under which the DN exchanges
energy with the utility grid. In this regard, Fig. 13 compares the average purchasing and selling
prices for different cases. As observed, purchasing prices are considered higher when adopting a
pessimistic strategy, while the opposite is assumed under optimistic conditions. In contrast,
selling energy prices increase under optimistic conditions and decrease when a pessimistic
strategy is assumed. The variation of energy prices with respect to expected profiles leads to a
more favourable or unfavourable cost-revenue balance depending on the operational strategy
adopted. Thus, the total purchasing cost notably increases in the pessimistic case. It is noteworthy
that this parameter scarcely grows in the optimistic case. However, extra monetary expenditures
are compensated by a notable revenue increment by selling energy, while this parameter falls to
zero in the pessimistic case. This result is due to the fact that the DN imports more energy in both
the optimistic and pessimistic cases, as seen in Fig. 14. However, this amount of energy can be
more efficiently managed in the former case. Indeed, in the optimistic case, energy can be
imported cheaper and sold at a higher cost, for which storage systems play a vital role.
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It is remarkable that local demand is higher when uncertainties are considered. In the
pessimistic case, this circumstance forces to purchase much energy from the utility grid at a high
price. In contrast, when adopting an optimistic perspective, this demand can be supplied from
either cheap energy from the utility but also from renewable generators. This increasing demand,
together with the assumed high renewable generation, bring additional income to the DSO, thus
improving the monetary balance. Finally, exported energy from ECs decrease in both the
pessimistic and optimistic case. In the former case is due to the negative impact of uncertainties
that reduce the exportable energy from ECs. Whereas, in the latter case, the DN does not need to
acquire much energy from the communities since the renewable generation is high. In this context,
the developed methodology prioritizes acquiring energy from renewable generators since
exported energy from ECs may eventually be expensive and limited.

The developed methodology has the advantage of being adaptable by adjusting the value of
the uncertain level (i.e., £). This parameter sets the degree in which the confidence intervals are
considered, in the way that the higher value of &, the more uncertain-oriented the scheduling result
is. Fig. 15 shows that £ has an evident impact on the monetary balance for the DSO. As seen,
total incomes grow with the uncertain level in the optimistic case, expecting to be incremented
by 22 % at extreme values. On the other hand, the monetary revenues are progressively reduced
as more pessimistic conditions are assumed. In particular, total profit falls by 28 % for & = 1.
This monetary reduction is known as the cost of robustness [61] since it represents the monetary
loss that the operator must assume to obtain a risk-averse result.
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6.4 - Profit analysis

The developed methodology incorporates a sub-routine to determine the DSO profit to
maximize collective welfare (see Section 5). This section analyses how uncertainties affect the
DSO profit. Fig. 16 reports the DSO profit for different values of the uncertain level. In the
optimistic case, the optimal profit value seems independent of &, keeping relatively constant about
5 % in the range & € [0, 1]. However, as seen in Fig. 15, the total monetary revenues grow with
the value of the uncertain parameter. The explanation of this result is illustrated in Fig. 17, where
the monetary balances of the different agents connected to the DN, i.e., large passive consumers
and ECs, are presented. As seen, monetary expenditures of all the consumers connected to the
DN grow, thus incrementing the incomes for the DSO. It is worth noting that ECs revenues by
exporting energy also increase with the uncertain level. However, payments transferred from the
DSO by this service are not high and eventually avoid importing energy from the community. In
such circumstances, the DSO profit does not necessarily increase with the uncertain level since
the favourable value of uncertainties (higher renewable generation and demand together with
lower prices) favors the increment of monetary revenues without incrementing the profit, which
may provoke undesirable effects (e.g., reduction of exportable energy from ECs).
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Fig. 17 - Monetary balances for ECs and passive consumers for various values of &

On the other hand, the profit grows to 8.4 % under pessimistic conditions, keeping constant
intherange ¢ € [0, 0.8]. In this case, the DSO needs to increase his own profit in order to maintain
his level of income, which inevitably decreases because of the negative impact of uncertainties
(see Fig. 15). When the effect of uncertainties becomes notable, expenditures of ECs notably
increase together with the incomes from exporting energy. This is because, in such circumstances,



the ECs sell energy at higher prices and import power from the DN at a higher cost. Despite that,
the DSO still needs to import energy from ECs to compensate for the lower renewable generation
in the network. When & = 1, the DSO profit can be reduced to 4.7 %. This is due to a notable
increment in passive demand that increases the monetary incomes for the DSO. In this context,
the DSO can afford to reduce his profit to maintain social welfare.

7 - Conclusions and future works

A novel bi-level scheduling strategy for active DNs has been developed. The new proposal
envisages a bi-level framework by which operators schedule ECs at the lower level while DSO
directly manages distributed assets at the upper level. To cope with uncertainties in demand,
generation, and energy prices, a novel MILP interval-based formulation has been proposed, which
effectively handles with uncertain parameters without degrading the computational efficiency of
the optimization framework. An effective yet simple sub-module has been designed to determine
the distribution prices based on an original Stackelberg-bisection procedure.

The case study on the IEEE 33-bus network has been analysed, incorporating 10 ECs, 6
passive consumers, and a variety of distributed renewable generators and storage assets. The
results validated the model by analysing the deterministic case, yielding interpretable results.
Secondly, the impact of uncertainties has been studied, concluding that the level of robustness
directly affects renewable generation and demand, allowing to adopt pessimistic or optimistic
strategies. In this context, uncertainty-aware results can be obtained but at the expense of reducing
the DSO revenues by 28 % under pessimistic conditions, while risk-seeker strategies would
enable increment of the monetary incomes by 22 %. Finally, a profit analysis has been presented,
demonstrating that the profit determination in DNs encompassing ECs is a complex task, which
must consider the individual consumption and the exportable capacity of communities.

Future work is to investigate active DNs in the presence of ECs by incorporating more
advanced demand response strategies.

Appendix A - Decision variables

The vectors of decision variables mentioned throughout the paper are fully defined in (Al1)-
(A5).

DNk, BES,l.
Py P1|t' Pye o
EC Evi. p2p . HvACm,| Vi,JEP.NcEECAtET Nk € {buy;sell}

Xc" = Pije i Pisjles Pije AL € {ch;dch} Am € {hot; cool} (A1)
SBES EV, TALT ,in )
it llt' i|t
DNk, a . BESL.  EV.L. ViEP . Nc€ECNt ET ANk € {buy;sell}
|t th' i\t it .
uk¢ { ;HVACm On‘ of;-‘m }; ANa € {AjUAYM} AL € {ch;dch} (A2)
il iie; of fiit Am € {hot; cool} A aa € AN’
DNk, vVt € T Ak € {buy; sell}
xDN:{ 5; “Potei vl B'ES i AJEGACEECASES (A3)
Psie 5 Poit: Voiei&e ) Al € {ch;dch}Ab € B < |B|
= {u/ " ul ) vt € T Ak € {buy; sell} As € S Al € {ch; dch} (A4)
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Appendix B - Proofs of existence and uniqueness for the Stackelber game described in
Section 5

To formally describe the Stackelberg game framework defined in Section 5, we need to prove
its existence and uniqueness [51], whose proofs are detailed below.

Proof of existence

When the following conditions are met, there exists a Stackelber equilibrium solution.



1. The leader’s objective function is the non-empty continuous function of all game
strategies.

2. The objective function of each follower is a non-empty continuous function of all game
strategies.

3. The objective function of each follower is the quasi-convex function of its own strategy.

Proof of 1
The objective function of the DSO (21) can be rewritten as a function of the profit, as follows:

t t t

b , , b b
pé)lzgl uy _ 1-2)- ngG sell _pﬁ]g/ sell} + ZCEC{(]- +2)- néjG uy pﬁztv uy}} (B1)

UaG,b uaG,b UG,b
e Lt T ) T e (CEROR A

This agent partakes in the game by adjusting his own profit A. Thereby, for a given followers’
strategy, the first partial derivative of (B1) is

) sell sell UG,b DN,b UG,b DN,b
o = At Yeer {Zceec{ﬂga e pﬁltv R Pl uy} + ZCEC{T[t iy uy}}
(B2)
From (B2) it is evident that (B1) is a continuously increasing function of A, since pfﬁ'“” and

pfﬁ'b“y are greater than zeroVc € {ECU C} At € t € T, and negative prices are not allowed.

On the other hand, the strategy set of DSO is non-empty given these conditions [62].
Proof of 2

The objective function for ECs can be rewritten as a function of the DSO’s profit, as follows:

FCEC = At - ZtET{(l +2)- T[é]G,buy . pchlt\l,buy -1-=-2- né]G’Se” . pcl:)llt\l’sell};VC eE&C (B3)

ECs participate by adjusting their own import/export profile as response to the prices fixed
by DSO. Therefore, the first partial derivatives of (B3) with respect ECs’ strategy is

EC EC
=+ ), aa:%u = (A-1) -7l ve e gc (B4)
clt clt

From (B4) it is clear that (B3) is a continuous function of the ECs’ strategy. In addition, since
negative prices and profit are not allowed, the strategy set of ECs is non-empty [62].
Likewise, for the passive consumers one has

FE = At Seer{ (1 + 1) - m/ P - p2i* hve e € (B5)

Whose continuous and non-emptiness proofs are trivial by observing (B4).
Proof of 3

The second partial derivatives of (B3) and (B5) with respect their strategies yield zero, which
indicates that both functions are concave [62].

Proof of unigueness

When the game model satisfies the following conditions, there is a unique Stackelberg
equilibrium solution.

a. When the leader’s strategy is given, all the followers have unique optimal solutions.
b. When the follower’s strategy is given, the leader has a unique optimal solution.

Proof of a

By observing (B4) and assuming A < 1, it is clear that (B3) is a continuously increasing
function of pfﬁy and decreasing of pgf—;” Vce ECAt et eT. On the other hand, the second

partial derivatives of (B3) and (B5) yield zero, which indicates concavity. These two results
demonstrate that (B3) and (B5) have a unique optimal solution within allowable ranges of A.



Proof of b

This proof is trivial by observing (B2), since (B1) is a continuously decreasing function of A
and, in consequence, it has a unique solution.
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