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Abstract- Power-Flow solution in isolated Microgrids has attracted notable attention 

recently, because these systems present various particularities compared with the 

traditional Power-Flow solution in large meshed transmission networks. In this sense, this 

paper develops a novel Newton-like Power-Flow solver for isolated Microgrids. The new 

proposal is based on the Modified Midpoint method and shows high convergence order 

with relatively low computational burden. These characteristics bring superior theoretical 

performance compared with the standard Newton-Raphson method and other high order 

techniques, which has been conventionally used. Extensive simulations are performed on 

various small-, and large-scale benchmark Microgrids under different loading conditions 

and R/X ratios. Results provided serve to confirm the theoretical features of the developed 

solver, outperforming the Newton-Raphson technique as well as other recently developed 

solvers in all the studied systems with acceptable reliability even under high stressed 

conditions. 
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1 - Introduction 

The Power-Flow (PF) is likely the most important computational tool in power system 

analysis [1]. Its applicability to conventional power systems have been well-studied, 

tackling ill-conditioned problems [2], very large-scale networks [3], distribution grids [4], 

computational efficiency [5], etc. In contrast, the PF problem for islanded microgrids (PF-

IMGs) could be considered a few-explored issue. It is expected a growing emergence of 

this kind of systems, because its importance to further integrate renewable sources, 

electric vehicles and storage technologies [6]. In this regard, further research efforts 

should be conducted on investigating the PF-IMGs, in order to develop mature techniques 

and solvers able to manage with this problem efficiently.  

The PF-IMGs present several particularities compared to the traditional PF problem, 

which make the conventional PF tools unsuitable for PF-IMGs. The most notorious 

difference between the two problems is the consideration of the system frequency as a 

non-constant parameter in IMGs. Accordingly, the use of the slack bus concept is no 

longer valid in IMGs. The most common approach to manage with this issue consists on 

considering the system frequency as a free variable. Thus, one obtains a system of 

nonlinear equations for which the state vector has a larger dimension, which can be solved 

by applying conventional approaches like Newton-like methods [7]-[9], the backward-

forward sweep algorithm [10], trust region techniques [11] or metaheuristic methods [12]. 

Other authors have explored original algorithms to circumvent the frequency-variable 

behaviour of IMGs. Thus, the references [13], [14] proposed the loop-based iterative 

algorithms which aims at mimicking the conventional PF solution procedure. Thereby, a 

slack bus is randomly selected among all system buses. Then, the problem is iteratively 

solved until the power injections of the selected slack bus are zero.  

The non-constant frequency feature of IMGs brings other related issues that must be 

addressed. For instance, since the system frequency is variable, the bus admittance matrix 

is not constant during the iterative PF solution, because the dependency of the impedance 

value with the frequency. In this sense, Kumar et al. [15] proposed a two-loop iterative 

algorithm which is capable to manage with a variable admittance matrix. Another 

category of references has treated with the control principle of distributed energy 

resources (DERs). Thus, while most of the authors considered the conventional droop-

based control, other works have contemplated the isochronous operating mode [16], [17]. 

In the droop problem, the set of equation varies when a DER reaches its delivered power 

limits, which makes the solution of the system more complex. The authors in [18] posed 

an alternative formulation based on the Fischer-Burmeister method to manage with this 

issue. 

In conventional systems, system operators require rapid PF tools, in order to obtain a 

solution as quickly as possible. This requirement results essential for multiple online 

applications such as security analysis [19]. The same exigency is expected to be 

demanded by microgrid operators, since multiple tools must be still online performed 

[20]. In this sense, as in conventional networks, the nonlinear PF technique required to 

solve the resulting system of equations supposes the main computational bottleneck. In 

this regard, the existing literature has been largely focused on applying the traditional 

Newton-Raphson (NR) technique. This solver has multiple advantages; however, a 



plethora of algorithms have demonstrated computational superiority due to their high 

order of convergence. Such techniques are conventionally grouped in the family of high-

order Newton-like (HONL) methods [5]. Unlike the NR, the HONL solvers present an 

order of convergence higher than two, so that they are expected to converge employing a 

fewer number of iterations. If together to this feature, the computational complexity of 

the method is light yet, the resulting algorithm should be more competitive than the 

conventional NR. Despite this salient feature and the variety of existing HONL 

techniques (e.g. see the literature review of [21]), the applicability of these methods to 

PF-IMGs has not been investigated yet. This work aims at filling this gap by developing 

a novel HONL solver for PF-IMGs based on the Modified Mid-Point (MMP) rule, which 

has been called High Order MMP (HOMMP) method. The novel technique presents a 

multi-step structure by which its order of convergence is equal to N+1 (where N is the 

number of steps), however, its computational effort is comparable to the conventional 

NR. Multiple simulations are performed on various benchmark test cases under different 

conditions, in order to compare the performance of the new proposal with other available 

PF solvers. 

In the rest of this paper, Section 2 outlines the PF-IMGs and its solution using the NR. 

Section 3 describes the solution of the PF-IMGs with the developed HOMMP and proofs 

its convergence. Various numerical results are provided and analysed in Section 4. The 

article is concluded with Section 5. 

2 - NR-based solution of the PF-IMGs 

Throughout this paper, the formulation of the PF-IMGs used in [8], [9], and [20] with 

some modifications has been considered. This section is devoted on briefly explaining 

this formulation, without including unnecessary details, for which the reader is referred 

to the original references. Unlike the conventional PF, for which the constant-power load 

model is usually assumed, in IMGs it is necessary to consider the voltage-, and frequency-

dependent characteristics of the loads, as follows 

𝑃𝐿𝑖(𝑓,𝑉𝑖) = 𝑃𝐿𝑜𝑖 ⋅ (1 + 𝑘𝑝𝑓𝑖(𝑓 − 𝑓𝑜)) ⋅ (
𝑉𝑖

𝑉𝑜𝑖
)
𝑘𝑝𝑣𝑖

  (1) 

𝑄𝐿𝑖(𝑓,𝑉𝑖) = 𝑄𝐿𝑜𝑖 ⋅ (1 + 𝑘𝑞𝑓𝑖(𝑓 − 𝑓𝑜)) ⋅ (
𝑉𝑖

𝑉𝑜𝑖
)
𝑘𝑞𝑣𝑖

  (2) 

where the subscript 𝑖 stands for the 𝑖𝑡ℎ system bus; 𝑃𝐿𝑖 and 𝑄𝐿𝑖 are the active and reactive 

actual loads, respectively; 𝑃𝐿𝑜 and 𝑄𝐿𝑜 are the specified active and reactive powers of the 

load, respectively; 𝑘𝑓’s denote the coefficients of the frequency characteristics of the load; 

𝑘𝑣’s are the coefficients of the voltage characteristics of the load; 𝑉 and 𝑉𝑜 are the actual 

and nominal voltage of the load bus; and 𝑓 and 𝑓𝑜 are the observed and nominal system 

frequency. As observed, the equations (1) and (2) represent simple models by which the 

load is linearly dependent with the frequency, while the voltage affects exponentially. 

For generation buses, as well as traditional PV and PQ mode, the droop-control 

strategy is used for appropriate power sharing among DERs.  For the droop-controlled 

DERs, the power equations vary with the utilized control strategy which are depending 

on their output impedance. In the case where the imaginary part of equivalent impedance 

is greater that the real part, the inductive droop mode is utilized. This strategy is often 



called conventional droop mode, as the majority of inverter-interfaced DERs with their 

output filters meet this situation. By this strategy, the injected active and reactive powers 

are related to the frequency and voltage, respectively (i.e., 𝑃𝐺𝑖 = 𝑃𝐺𝑖(𝑓) and 

𝑄𝐺𝑖 = 𝑄𝐺𝑖(𝑉𝑖)). In contrast, when a resistive (or inverse) droop mode is enabled, active 

and reactive powers are related to the voltage and frequency, respectively (i.e., 𝑃𝐺𝑖 =

𝑃𝐺𝑖(𝑉𝑖) and 𝑄𝐺𝑖 = 𝑄𝐺𝑖(𝑓)). While in the case of complex droop mode the active and 

reactive powers are related to both frequency and voltage (i.e., 𝑃𝐺𝑖 = 𝑃𝐺𝑖(𝑓,𝑉𝑖) and 

𝑄𝐺𝑖 = 𝑄𝐺𝑖(𝑓,𝑉𝑖)). Employing two binary parameters x and y makes it possible to express 

all three-droop operating mode in the unified formulas, as follows  

𝑃𝐺𝑖(𝑓,𝑉𝑖) = 𝑃𝐺0𝑖 − (
𝑥𝑖

𝑥𝑖+𝑦𝑖
) ⋅ (

𝑓−𝑓0

𝑚𝑖
) − (

𝑦𝑖

𝑥𝑖+𝑦𝑖
) ⋅ (

𝑉𝑖−𝑉0𝑖

𝑛𝑖
)  (3) 

𝑄𝐺𝑖(𝑓,𝑉𝑖) = 𝑄𝐺0𝑖 + (
𝑦𝑖

𝑥𝑖+𝑦𝑖
) ⋅ (

𝑓−𝑓0

𝑚𝑖
) − (

𝑥𝑖

𝑥𝑖+𝑦𝑖
) ⋅ (

𝑉𝑖−𝑉0𝑖

𝑛𝑖
)  (4) 

{
𝑃𝐺𝑖,𝑚𝑖𝑛 ≤ 𝑃𝐺𝑖 ≤ 𝑃𝐺𝑖,𝑚𝑎𝑥
𝑄𝐺𝑖,𝑚𝑖𝑛 ≤ 𝑄𝐺𝑖 ≤ 𝑄𝐺𝑖,𝑚𝑎𝑥

 (5) 

where 𝑃𝐺/𝑄𝐺 and 𝑃𝐺0/𝑄𝐺0 are the injected and set-point active/reactive power, 

respectively; 𝑓0 and 𝑉0 are the frequency and voltage set-points, respectively; and 𝑚 and 

𝑛 stand for the static frequency and voltage droop gains of the corresponding DER, 

respectively. The set of constraints (5) imposes bounds on the injections from the DERs. 

𝑃𝐺0 and 𝑄𝐺0 are normally set to zero and the operational requirements can be met by 

adjusting 𝑓0 and 𝑉0 [20]. By setting 𝑥𝑖 = 1 and 𝑦𝑖 = 0, one activates the conventional 

droop; whereas 𝑥𝑖 = 0 and 𝑦𝑖 = 1 expresses the inverse droop; and 𝑥𝑖 = 1 and 𝑦𝑖 = 1  

enables the complex droop mode.  

In conventional and PF-IMGs analysis, the network (branches and transformers) are 

represented by their nominal admittance that are drawn in the well-known 𝒀𝑏𝑢𝑠 matrix. 

Since the frequency is a variable in the PF-IMGs, contrary to the traditional PF, the 

elements of 𝒀𝑏𝑢𝑠 and consequently their partial derivations with respect to the frequency 

are not constant. In addition, no slack bus is included and any change in local power 

generation and/or demand would affect the system frequency [7]. With these 

considerations, the PF-IMGs mismatch equations are stated as follows 

{
∆𝑃𝑖(𝑓,𝑽,𝜹 ) = ∑ {𝑉𝑖 ⋅ 𝑉𝑗 ⋅ 𝑌𝑖𝑗(𝑓) ⋅ cos(𝛿𝑖 − 𝛿𝑗 − 𝜃𝑖𝑗(𝑓))}

𝑗=𝑁𝑏
𝑗=1 − [𝑃𝐺𝑖(𝑓,𝑉𝑖) − 𝑃𝐿𝑖(𝑓,𝑉𝑖)]

∆𝑄𝑖(𝑓,𝑽,𝜹 ) = ∑ {𝑉𝑖 ⋅ 𝑉𝑗 ⋅ 𝑌𝑖𝑗(𝑓) ⋅ sin(𝛿𝑖 − 𝛿𝑗 − 𝜃𝑖𝑗(𝑓))}
𝑗=𝑁𝑏
𝑗=1 − [𝑄𝐺𝑖(𝑓,𝑉𝑖) − 𝑄𝐿𝑖(𝑓,𝑉𝑖)]

 (6) 

where 𝑁𝑏 is the total number of buses; 𝑌𝑖𝑗∠𝜃𝑖𝑗 ∈ ℂ is the 𝑖𝑗𝑡ℎ element of the admittance 

matrix; and 𝑉𝑖∠𝛿𝑖 ∈ ℂ is the complex voltage at 𝑖𝑡ℎ bus. The main difference of the 

equations above compared to traditional PF equations is the inclusion of the system 

frequency as a variable. This dependency is also clearly stated in the elements of the 

admittance matrix and power injections, as previously discussed. After some 

mathematical manipulations, the PF iterative solution based on the NR can be finally cast 

in a matrix form as 

𝒙(𝑘+1) = 𝒙(𝑘) − [𝐠′(𝒙(𝑘))]
−1
⋅ 𝐠(𝒙(𝑘)) (7) 



where 𝐠:ℝ𝑛 ⟼ℝ𝑛 are the PF equations (6); [∙]−1: ℝ𝑛×𝑛 ↦ ℝ𝑛×𝑛 is the inverse operator; 

𝐠′ ∈ ℝ𝑛×𝑛 is the Jacobian matrix formed by the first partial derivatives of (6) w.r.t. the 

variables; and 𝒙 ∈ ℝ𝑛 is the state vector which is defined as 

𝒙 = [𝑓, 𝜹, 𝑽]⊺ (8) 

where 𝜹 and 𝑽 are the vector of nodal voltage angles and magnitudes, respectively. It is 

worth noting that in contrast to the conventional PF, in which a slack bus with pre-

specified voltage magnitude and angle is always fixed, here a Reference Bus (RB) with 

only pre-specified 𝛿 (normally zero) is considered and its voltage magnitude is included 

in 𝑽. Furthermore, in addition to traditional flat start initial guesses (i.e., 𝜹 = 0 and 𝑽 =

1), the initial operating condition for variable system frequency, 𝑓, is set to 𝑓0, while 𝑉𝑖 

for buses with droop-controlled DERs is set to 𝑉0𝑖. Concisely, compared to conventional 

PF, the mismatch equations for RB is also considered to handle two extra states namely 

𝑓 and 𝑉𝑅𝐵. 

3 - The developed HOMMP for PF-IMGs 

3.1 - Outlines of the MMP for solving set of ordinary differential equations (ODEs) 

In this section, the MMP for solving set of ordinary ODEs is firstly described. It 

supposes the original use of this technique, and the developed solver has been built based 

on the formulation below. Let us consider a set of 𝑛 ODEs, as follows: 

𝒚̇(𝑡) = 𝛗(𝒚(𝑡)) (9)  

where, 𝒚̇(𝑡) = ∇𝑡𝒚(𝑡) is the system vector, 𝛗:ℝ𝑛 ↦ ℝ𝑛 and 𝑡 is usually the time. 

Considering an initial time instant 𝑡0 and 𝐻 step size (or time step), the MMP starts 

evaluating (9) for 𝑁 intermediate points as follows 

{
 
 

 
 
𝒚̇(𝑡0) = 𝛗(𝒚(𝑡0))                                 

𝒚̇(𝑡1) = 𝒚̇(𝑡0) + ℎ ⋅ 𝛗(𝒚(𝑡0))            

𝒚̇(𝑡2) = 𝒚̇(𝑡1) + 2 ⋅ ℎ ⋅ 𝛗(𝒚(𝑡1))       

⋮                                                           
𝒚̇(𝑡𝑖+1) = 𝒚̇(𝑡𝑖−1) + 2 ⋅ ℎ ⋅ 𝛗(𝒚(𝑡𝑖))

 (10) 

where, ℎ = 𝐻 𝑁⁄ . As seen, the first step (𝑖 = 1) is calculated using the Euler method, 

whereas for remainder points, the ODEs are evaluated using a double grid namely 2ℎ and 

the (𝑖 − 1)𝑡ℎ calculated point. Therefore, the MMP requires to evaluate the concerned 

function 𝑁 times. In the solution of ODEs, the parameter 𝑁 is normally taken variable, 

being adapted according the requirements of the system to keep the error properly 

bounded. Finally, the system vector is updated using the trick introduced by Gragg [24], 

as follows 

𝒚̇(𝑡0 + 𝐻) =
1

2
⋅ [𝒚̇(𝑡𝑁) + 𝒚̇(𝑡𝑁−1) + ℎ ⋅ 𝛗(𝒚(𝑡𝑁))] (11) 

The trick (11) was introduced to avoid large and sustained oscillations around a 

constant value. In the following subsection, the iterative multi-step scheme (9)-(11) 

dedicated to ODEs is adapted for solution of system of nonlinear equations, resulting in 

a solver with (𝑁 + 1)𝑡ℎ order of convergence. 



3.2 - The developed PF-IMGs solver 

Let us begin observing the first step of (10) which, as said before, corresponds to the 

conventional Euler’s procedure. In [25] was shown that the NR can be conceived as the 

application of the Euler’s technique to PF problem. Applying the same principle, the 

HOMMP begins calculating a first intermediate point, namely 𝒙1, using the NR as follows 

𝒙0
(𝑘)
= 𝒙(𝑘) (12) 

𝒙1
(𝑘)
= 𝒙0

(𝑘)
− 𝛼1 ⋅ [𝐠

′(𝒙0
(𝑘)
)]
−1

⋅ 𝐠(𝒙0
(𝑘)) (13) 

where 𝛼1 ∈ ℝ replaces the step size ℎ and will be tuned to achieve higher convergence 

rate (see Section 3.C). The assimilation of the Euler as a conventional NR mapping is 

based on a clear analogy between these two methods. Indeed, one can easily deduce an 

analogy between the mapping (9) and (13) if the function 𝛗 is replaced by 𝒙 −
[𝐠′(𝒙)]−1𝐠(𝒙), as Milano deduced in [25]. This idea allows to adapt the MMP procedure 

(10) to systems of nonlinear equations in the same way (PF-IMGs in our particular case). 

However, if the similitude between the Euler and NR methods is directly applied to (10), 

the resulting iterative algorithm would be computationally costly due to the Jacobian 

matrix should be evaluated and factorized 𝑁 times as 𝛗 is in turn evaluated at 𝑁 different 

points. Since this calculation supposes the heaviest part of any Newton-like method [25], 

it is necessary to reduce the number of factorizations to obtain a competitive solver. In 

this sense, we adduce to the structure of the well-known multistep (or multipoint) 

nonlinear solvers [21]. This kind of methods achieve high convergence rate by evaluating 

the function at several points rather than the Jacobian. In fact, if one examines e.g. [21, 

eq. (2)], which corresponds with a generic multistep nonlinear solver, a clear analogy is 

observed with the method (10). In this case, the function 𝛗 should be replaced by 𝚽, 

which is defined for convenience as follows 

𝚽(𝒗,𝒘, 𝒛) = [𝐠′(𝒗)]−1 ⋅ [𝐠(𝒘) + 𝐠(𝒛)] (14) 

where 𝒗,𝒘, 𝒛 ∈ ℝ𝑛 are arbitrary vectors. The function (14) is particularly important for 

the new proposal since allows to reuse the LU decomposition calculated at 𝒗. Thereby, 

the Jacobian and the function 𝐠 can be evaluated at different points, thus avoiding to 

compute extra Jacobian factorizations, which are, by far, the heaviest calculation in 

Newton-like methods [21]. Once the function (14) is defined, the ideas outlined in [25] 

and the multistep nonlinear paradigm drawn in [21, eq. (2)] can be combined to obtain a 

multistep PF-IMGs solver defined as 

{
 
 

 
 𝒙2

(𝑘)
= 𝒙0

(𝑘)
− 2 ⋅ 𝛼2 ⋅ 𝚽(𝒙0

(𝑘)
, 𝒙0
(𝑘)
, 𝒙1
(𝑘))      

𝒙3
(𝑘)
= 𝒙1

(𝑘)
− 2 ⋅ 𝛼3 ⋅ 𝚽(𝒙0

(𝑘)
, 𝒙1
(𝑘), 𝒙2

(𝑘))      

⋮                                                                  

𝒙𝑁
(𝑘)
= 𝒙𝑁−2

(𝑘)
− 2 ⋅ 𝛼𝑁 ⋅ 𝚽(𝒙0

(𝑘)
, 𝒙𝑁−2
(𝑘)

, 𝒙𝑁−1
(𝑘)

)

 (15) 

𝒙(𝑘+1) =
1

2
⋅ [𝒙𝑁

(𝑘)
+ 𝒙𝑁−2

(𝑘)
− 𝛽 ⋅ 𝚽(𝒙0

(𝑘)
, 𝒙𝑁−2
(𝑘)

, 𝒙𝑁−1
(𝑘)

)] (16) 

where 𝛼’s, 𝛽 ∈ ℝ are tuned to achieve high convergence order (see Section 3.C). The 

mapping (13)-(16) supposes the main core of the developed HOMMP in which 𝛼’s, 𝛽 



and 𝑁 are parameters whose importance is posteriorly discussed. The developed 

HOMMP responds to the standard multistep (or multipoint) structure in which the 

Jacobian matrix is only factorized (and evaluated) once per iteration. Indeed, as observed 

in (16), the function 𝚽 takes 𝒙0
(𝑘)

 for the Jacobian calculation. Therefore, if one observes 

(14), it can be deduced that the Jacobian must be factorized once each iteration, resulting 

in a computational burden similar to the NR. Certainly, HOMMP involves more function 

evaluations and linear systems solutions than NR, nevertheless, these calculations can be 

efficiently addressed and they do not have a significant impact in the overall 

computational cost [25].  

For the sake of summarizing, Table 1 collects the main calculations involved in the 

developed HOMMP. It is also worth noting that the solution of 𝐠 is a type-0 fixed point 

of the mapping (13)-(16), therefore, the developed HOMMP constitutes an asymptotically 

stable PF-IMGs solver. These proofs are trivial, and they have not been included for 

simplicity, being referred to [25] for a further explanation. 

Table 1 - Main calculations involved in the developed HOMMP 

Calculation Required each iteration 

LU decompositions 1 

Function evaluations 𝑁 
Linear systems 𝑁 
Matrix systems 0 

 

3.3 - Convergence analysis of the developed HOMMP 

It remains to be studied the convergence order of the developed HOMMP. So far, we 

have demonstrated that computationally cost of the developed solver is similar to NR as 

the Jacobian matrix is factorized once each iteration. However, if the order of 

convergence is less than or equal to two, the resulting algorithm would be not competitive 

with the conventional NR. In this regard, the Theorem 1 is devoted on proving the 

(𝑁 + 1)𝑡ℎ order of convergence of the developed HOMMP technique. To this end, the 

Taylor expansion technique [21] has been used. 

Theorem 1. Let 𝐠: D ⊆ ℝ𝑛 ↦ ℝ𝑛 be sufficiently differentiable at each point of an open 

neighborhood 𝐷 of 𝒓 ∈ ℝ𝑛, this is a solution of the system 𝐠(𝒙) = 𝟎. Let us suppose that 

𝐠(𝒙) is continuous and nonsingular in 𝒙. Then, the sequence {𝒙(𝑘)}
𝑘≥0

 obtained using the 

developed HOMMP converges to 𝒓 with order 𝑁 + 1 if and only if 𝛼1 = 𝛽 = 1 and 𝛼𝑖 =
1

2
;  ∀𝑖 ∈ {2,3, … ,𝑁} 

Proof. From the Taylor expansion of 𝐠(𝒙(𝑘)) and 𝐠′(𝒙(𝑘)) about 𝒓, we obtain 

𝐠(𝒙0
(𝑘)
) = 𝐠′(𝒓) ∙ [𝒆(𝑘) + 𝑪𝟐 ∙ 𝒆

(𝑘)2 + 𝑪𝟑 ∙ 𝒆
(𝑘)3] + 𝑶(𝒆(𝑘)

4
) (17) 

𝐠′(𝒙0
(𝑘)
) = 𝐠′(𝒓) ∙ [𝑰 + 2 ∙ 𝑪𝟐 ∙ 𝒆

(𝑘) + 3𝑪𝟑 ∙ 𝒆
(𝑘)2] + 𝑶(𝒆(𝑘)

3
) (18) 



where 𝒆(𝑘) = 𝒙(𝑘) − 𝒓 ∈ ℝ𝑛, 𝒆𝑖 = (𝒆, 𝒆, … , 𝒆)⏟      
𝑖−times

, 𝑪𝑗 = (1 𝑗!⁄ )[𝐠′(𝒓)]−1𝐠(𝑗)(𝒓) ∈

𝐿𝑖(ℝ
𝑛, ℝ𝑛), 𝐠(𝑗) ∈ 𝐿(ℝ𝑛 ×…× ℝ𝑛, ℝ𝑛), [𝐠′(𝒓)]−1 ∈ 𝐿(ℝ𝑛) and 𝑰 ∈ ℝ𝑛×𝑛 is the 

identity matrix. The inversion of (18) can be calculated through the inverse definition. 

For the sake of brevity, let us provide here just the result, being referred to [5] for a further 

explanation 

[𝐠′(𝒙0
(𝑘)
)]
−1

= [𝑰 − 𝑿𝟏 ∙ 𝒆
(𝑘) + 𝑿𝟐 ∙ 𝒆

(𝑘)2 − 𝑿𝟑 ∙ 𝒆
(𝑘)3] ∙ [𝐠′(𝒓)]−1 + 𝑶(𝒆(𝑘)

4
) (19) 

where 𝑿𝟏 = 2 ∙ 𝑪𝟐, 𝑿𝟐 = (4 ∙ 𝑪𝟐
2 − 3𝑪𝟑) and 𝑿𝟑 = (4 ∙ 𝑪𝟒 − 12 ∙ 𝑪𝟐 ∙ 𝑪𝟑 + 8 ∙ 𝑪𝟐

3). It is 

noteworthy that only three terms of the inverse function were calculated, nevertheless, 

infinity terms could be calculated easily following the same procedure. However, it lacks 

of sense for the present deduction. Substituting (17) and (19) into (13) yields 

𝒆1
(𝑘)
= 𝒙0

(𝑘)
− 𝛼1 ∙ [𝐠

′(𝒙0
(𝑘))]

−1

∙ 𝐠(𝒙0
(𝑘)) − 𝒓 = (𝑪𝟑 − 𝑪𝟐

2)2 ∙ 𝛼1 ∙ 𝒆
(𝑘)3 + 𝛼1 ∙ 𝑪𝟐 ∙

𝒆(𝑘)
2
+ (1 − 𝛼1) ∙ 𝒆

(𝑘) + 𝑶(𝒆(𝑘)
4
) (20) 

where 𝒆𝑗
(𝑘)
= 𝒙𝑗

(𝑘) − 𝒓. As seen in (20), the procedure (13) yields linear convergence 

because the term  𝒆(𝑘) has not vanished. Nevertheless, the developed procedure is 

sufficiently versatile to eliminate it if the parameter 𝛼1 is properly tuned. Indeed, by 

observing (20) it can be easily deduced that quadratic convergence is only possible if 

𝛼1 = 1, which yields 

𝒆1
(𝑘)
|
𝛼1=1

= 𝑪𝟐 ∙ 𝒆
(𝑘)2 + 𝑶(𝒆(𝑘)

3
) (21) 

As seen, the parameter 𝛼1 allows to eliminate 𝒆(𝑘) in (20) and thus achieving superior 

convergence. Nevertheless, the deduction so far does not contribute with any novelty as 

the resulting map corresponds with the conventional NR, which was expected since the 

first step of the developed method was assimilated to the Newton’s technique, as 

discussed before. To achieve higher convergence rate, the other steps in (15) play a crucial 

role. To analyze them, let us define the Taylor expansion of 𝚽 about 𝒓 as 

𝚽(𝒙0
(𝑘), 𝒙𝑗−2

(𝑘) , 𝒙𝑗−1
(𝑘) ) = [𝑰 − 𝑿𝟏 ∙ 𝒆

(𝑘) + 𝑿𝟐 ∙ 𝒆
(𝑘)2 −𝑿𝟑 ∙ 𝒆

(𝑘)3] ∙ [(𝒆𝑗−1
(𝑘) + 𝒆𝑗−2

(𝑘) ) + 𝑪𝟐 ∙

(𝒆𝑗−1
(𝑘) 2 + 𝒆𝑗−2

(𝑘) 2) + 𝑪𝟑 ∙ (𝒆𝑗−1
(𝑘) 3 + 𝒆𝑗−2

(𝑘) 3)] = 𝒆𝑗−2
(𝑘) + 𝒆𝑗−1

(𝑘) + 𝑪𝟐 ∙ 𝒆𝑗−2
(𝑘) 2 + 𝑪𝟐 ∙ 𝒆𝑗−1

(𝑘) 2 +

⋯ (22) 

It is noteworthy to note that 𝒆𝑗−2
(𝑘)

 upper bounds the convergence order of (22). So that, the 

Taylor expansion (22) could be trivially simplified by 

𝚽(𝒙0
(𝑘), 𝒙𝑗−2

(𝑘) , 𝒙𝑗−1
(𝑘) ) = 𝒆𝑗−2

(𝑘)
+ 𝑶(𝒆𝑗−1

(𝑘)
) (23) 

The expression (23) establishes that the order of convergence for the 𝑗𝑡ℎ of the developed 

method is in fact bounded by the (𝑗 − 2)𝑡ℎ step, which results inefficient. To solve this 

issue, we make use of (23), from which the generic error function for the 𝑗𝑡ℎ step of the 

mapping (15) can be derived as 



𝒆𝑗
(𝑘)
= 𝒆𝑗−2

(𝑘)
− 2𝛼𝑗𝚽(𝒙0

(𝑘), 𝒙𝑗−2
(𝑘) , 𝒙𝑗−1

(𝑘) ) = 𝒆𝑗−2
(𝑘) − 2 ∙ 𝛼𝑗 ∙ 𝒆𝑗−2

(𝑘) + 𝑶(𝒆𝑗−1
(𝑘) ); 𝑗 ≥ 2 (24) 

The equation (24) reflects the importance of the 𝛼’s parameters. In fact, the order of 

convergence can be increased by properly tuning them. In this case, it is clear than the 

maximum order of convergence in (24) is achieved with 𝛼𝑗 =
1

2
, for which the term 𝒆𝑗−2

(𝑘)
 

vanishes. It is noteworthy that the expression (24) is valid for any 𝑗 ≥ 2. Therefore, the 

parameter 𝛼 should be tuned equal to 
1

2
 regardless the step counter. With this adoption, 

the error function for all the steps involved in (15) can be calculated, yielding 

{
 
 
 

 
 
 𝒆2

(𝑘)
= 2 ∙ 𝑪𝟐

2 ∙ 𝒆(𝑘)
3
+ 𝑶(𝒆(𝑘)

4
)                

𝒆3
(𝑘)
= 4 ∙ 𝑪𝟐

3 ∙ 𝒆(𝑘)
4
+ 𝑶(𝒆(𝑘)

5
)                

⋮                                                                    

𝒆𝑗
(𝑘)
= 2𝑗−1 ∙ 𝑪𝟐

𝑗
∙ 𝒆(𝑘)

𝑗+1
+ 𝑶(𝒆(𝑘)

𝑗+2
)  

⋮                                                                    

𝒆𝑁
(𝑘)
= 2𝑁−1 ∙ 𝑪𝟐

𝑁 ∙ 𝒆(𝑘)
𝑁+1

+ 𝑶(𝒆(𝑘)
𝑁+2
)

 (25) 

The error function for the last step of the HOMMP (16) can be written by using the results 

obtained in (25), as follows 

𝒙(𝑘+1) − 𝒓⏟      
𝒆(𝑘+1)

=
1

2
∙ [𝒆𝑁

(𝑘)
+ 𝒆𝑁−2

(𝑘)
− 𝛽 ∙ 𝚽(𝒙0

(𝑘), 𝒙𝑁−2
(𝑘) , 𝒙𝑁−1

(𝑘) )] (26) 

As demonstrated by (22), the order of convergence of the function 𝚽(𝒙0
(𝑘), 𝒙𝑁−2

(𝑘) , 𝒙𝑁−1
(𝑘) ) 

would be 𝒆𝑁−2
(𝑘)

. Keeping this in mind, it is clear that 𝛽 = 1 would yield the maximum 

order of convergence in (26), since this adoption would eliminate the error 𝒆𝑁−2
(𝑘)

. Thus, 

assuming 𝛽 = 1, the expression (26) can be developed, yielding 

𝒆(𝑘+1) =
1

4
∙ 2𝑁 ∙ 𝑪𝟐

𝑁 ∙ 𝒆(𝑘)
𝑁+1

+ 𝑶(𝒆(𝑘)
𝑁+2
) (27) 

The equation (27) stands for the error function at the (𝑘 + 1)𝑡ℎ iteration and, 

consequently, determines the order of convergence of the HOMMP [5]. Thereby, it has 

been proved that the developed HOMMP converges to 𝒓 with order 𝑁 + 1 as maximum, 

which completes the proof.  □ 

Theorem 1 is especially relevant since, besides demonstrating the order of 

convergence of the developed HOMMP, it deduces the ideal values for the 𝛼’s and 𝛽. In 

this way, these parameters are not free since it lacks of sense giving them other different 

values. This result therefore simplifies the applicability of the developed solver, omitting 

the existence of free parameters that may be case-dependent, as occurred with other PF 

solvers (e.g. [25]). 

3.4 - Computational comparison with other solvers 

In this section, the computational cost of the developed HOMMP is compared with 

the conventional NR. The NR supposes the most conventional solver for PF problems in 

IMGs and transmission systems [25]. This way, it results useful comparing the developed 

solver with the Newton’s technique. In addition, we have included the 6th order method 



(6OM) developed in [26] for comparison. This technique demonstrated a good 

performance in large-scale transmission networks, and it can be easily adapted to IMGs. 

In [26], other two HONL solvers were developed, however, the 6OM turned out to be 

clearly superior. Therefore, it is reasonable including only the 6OM in the analysis.  

From a computational point of view, two nonlinear solvers can be compared using the 

so-called efficiency index, which is defined as follows [7] 

𝐹𝐸𝐼 = 𝑝
1
𝐶𝑂⁄  (28) 

where, 𝑝 is the order of convergence and 𝐶𝑂 stands for the total computational cost of an 

iteration in terms of flops. In this sense, the following theorem is generally used to 

estimate the cost of a LU decomposition [27]. 

Theorem 2. The number of products and quotients required for solving 𝑞 linear systems 

of equations with the same matrix of coefficients, by using LU factorization, is 

𝑜(𝑛, 𝑞) =
1

3
𝑛3 + 𝑞𝑛2 −

1

3
𝑛 (29) 

Proof. See [26].  □ 

It is also necessary to consider the computational cost of each function evaluation 

𝑜(𝐠) and Jacobian evaluation 𝑜(𝐠′). Thereby, the total computational cost of an iteration 

can be estimated as follows 

𝐶𝑂 = 𝐾1 ∙ 𝑜(𝐠) + 𝐾2 ∙ 𝑜(𝐠
′) + ∑ 𝐾3𝑗 ∙ 𝑜(𝑛, 𝑞𝑗)

𝑗=𝑁𝐿𝑈
𝑗=1  (30) 

where 𝐾1, 𝐾2 and 𝐾3 stand for the total number of function evaluations, Jacobian 

evaluations and linear systems solutions with the same LU decomposition per iteration, 

respectively; and 𝑁𝐿𝑈 is the total number of LU decompositions each iteration. However, 

while (29) is suitable for small-scale systems, it is not fully indicative for large cases since 

it tends to 1 if 𝑛 is high. Anyway, it can be still used for comparison purposes. The 

following theorem is devoted on calculating the efficiency index for the developed 

HOMMP. 

Theorem 3. For HOMMP, we have 𝐹𝐸𝐼 = (𝑁 + 1)

1
1
3
𝑛3+(𝑁+1)𝑛2+

3𝑁−1
3

𝑛 

Proof. The developed HOMMP requires 𝑁 functions evaluation besides a Jacobian 

factorization each iteration. In addition, it requires to solve 𝑁 linear systems using the 

same LU decomposition, consequently one has 𝐶𝑂 = 𝑁𝑛 + 𝑛2 +
1

3
𝑛3 + 𝑁𝑛2 −

1

3
𝑛 =

1

3
𝑛3 + (𝑁 + 1)𝑛2 +

3𝑁−1

3
𝑛 □ 

Fig. 1 compares the efficiency index (29) for the conventional NR, 6OM and 

HOMMP for various values of 𝑁. As observed, the developed solver outperforms NR and 

6OM for  𝑁 ≥ 2. This is expected since the HOMMP presents higher convergence rate 

than NR, while each iteration is maintained computationally light as just one LU 

decomposition is required. On the other hand, the 6OM requires two Jacobian evaluations 

and factorizations per iteration, which serves to outperform NR but not HOMMP. It is 

worth noting that no further improvement is observed beyond 𝑁 = 4, this is due to the 



increment of the convergence order does not compensate the extra Jacobian and function 

evaluations required. Therefore, by the analysis performed in this section, it seems clear 

that 𝑁 > 4 is not justified. As empirically demonstrated in Section 4, the ideal value for 

𝑁 is normally between 3 or 4. Nevertheless, the developed method turns out to be well-

behaved with both values and, therefore, it can be set coarsely without any problem.  

 

Figure 1 - Comparison of the efficiency index (28) for the NR, 6OM and HOMMP for different values of 

𝑁 

3.5 - Computational implementation 

Industrial software packages usually incorporate the NR code by default since, as 

commented, this solver is by far the most conventional one and has been widely used in 

a variety of tools. Some available nonlinear solvers are hard to be implemented because 

they require major modifications of standard codes. This is the case, for example, of the 

2nd order solvers [28], which requires to implement a secondary routine for the calculation 

of the Hessian, or the optimal multiplier-based techniques [29], which needs a subroutine 

for optimally calculating the step size iteratively. In this regard, Fig. 2 presents the 

flowcharts of the NR, the loop-based method [14, 20] and the developed HOMMP solver 

as applied to PF-IMGs. As seen in this figure, the overall procedure of the HOMMP is 

quite similar to that implemented for other standard solvers. Actually, only the so-called 

Modified midpoint loop has to be added. This routine however does not entail extra 

calculations, since it only needs the Jacobian matrix and the values of 𝛼’s, 𝛽 and 𝑁 as 

entries. For these steps, the computational processes already implemented to calculate the 

Jacobian and PF equations can be reused, thus saving codification efforts. This structure 

allows to easily reuse available codes for the NR. In this way, the implementation of the 

HOMMP in commercial software tools is straightforward, requiring only some minor 

modifications. 



 

Figure 2 - Flowcharts of the NR, Loop-based solvers and HOMMP as applied to PF-IMGs 

3.6 - Limitations 

A priori, the developed solver does not present any important limitation beyond those 

showed by NR and other derived techniques. Therefore, it can be straightforward applied 
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to any network and system in which NR can be used as well. In this regard, maybe the 

main barrier of the developed method is its applicability in ill-conditioned systems. As 

pointed out in [25], ill-conditioned systems are characterized for provoking divergence 

of NR, which is naturally caused by a badly-initialization. In this sense, a flat starter may 

lie far away to the final solution, and at last out of the so-called region of attraction of 

NR, which causes divergence. The behavior of high-order Newton-like methods in ill-

conditioned cases is still very few studied, however, some studies pointed out that high 

order methods may be weaker than NR in ill-conditioned cases [30]. Nevertheless, ill-

conditioned cases mainly appear in very large-scale systems (>3,000 buses), which is an 

unusual situation for IMGs. Therefore, the new proposal is presumably straightforward 

applicable to a wide variety of cases, configurations and load profiles that may appear in 

IMG operation without any important limitation.  

4 - Numerical Experiments 

In this section, the proposed HOMMP method is compared with the NR method and 

6OM method in 10 different IMGs. Different topologies (i.e., radial or weakly meshed), 

different load models and different droop control strategies are considered to have a 

comprehensive study. The main features of the studied test systems are reported in Table 

2. To validate the PF-IMGs results it is vital to compare the results with the steady-state 

values obtained from time-domain simulations. This issue is reasonable and feasible to 

perform for small-scale systems, which is performed for systems #1 to #6. The results for 

all studied methods are consistent with high accuracy compared to the steady-state results 

obtained by PLECS software. Consequently, the accuracy of the results obtained for other 

test systems has been accepted. Three different scenarios namely base-case, increased 

load level, and increased R/X ratio are investigated. For the first scenario, different 

convergence tolerances ε are imposed, while for the rest 𝜀 = 10−6 has been taken. The 

flat start (i.e., 𝑽 = 1 p.u., 𝜹 = 0, and 𝑓 = 1 p.u.) is considered as an initial solution for 

all methods, except for 𝑽 of the droop-controlled buses and 𝑓, which depends on 

operational settings and might be varied. All the tested methodologies were coded under 

Matlab environment using the Matpower software package [31]. All simulations have 

been run under Windows 10 on a 2.0-2.6 GHz Intel Core i7-4510U personal laptop (8 GB 

RAM). In addition, the reported computational times have been obtained as the mean 

value of 5000 simulations, in order to minimize the influence of other computational 

activities. 

Table 2 - Main features of the studied test systems 

Sys. 

No. 
Name 

Branches 

No. 

DERs 

No. 

DERs Capacity Nominal Load Voltage 

(kV) 

Freq. 

(Hz) 

DERs Droop 

Mode 
Load Model Reference 

(MW) (MVar) (MW) (MVar) 

#1 The 7-bus system-case1 

6 3 0.020 0.012 0.010 0.003 0.40 50 

All CD M: CP, CZ [20] 

#2 The 7-bus sysrem-case2 All ID M: CP, CZ [20] 

#3 The 7-bus system-case3 All COD M: CP, CZ [20] 

#4 The 7-bus system-case4 M: CD, PV M: CP, CZ [20] WM 
#5 The 38-bus system-case1 

37 5 6.55 3.00 3.71 2.30 12.66 60 
All CD M: R, I, C [8] 

#6 The 38-bus system-case2 All CD M: R, I, C [8] WM 

#7 The 41-bus system 40 14 0.890 0.552 0.687 0.284 0.40 50 All CD M: R, I, C [32] WM, [20] 
#8 The 69-bus system 68 5 7.80 4.83 3.80 2.70 12.66 60 All CD CP [33] WM 

#9 The 118-bus system-case1 
132 6 44.00 27.27 22.71 17.00 11.00 NS 

All CD CP 
[34] WM 

#10 The 118-bus system-case2 All CD M: CP, R, I, C 

CB: Capacitor Bank, CD: Conventional Droop, ID: Inversed Droop, COD: Complex Droop, CP: Constant Power, CZ, Constant Impedance, R: Residential, 

I: Industrial, C: Commercial, M: Mixed, WM: With Modifications, NS: Not Specified. Note: In System #4 a capacitor with the capacity of 500 Var at 
nominal voltage and nominal frequency is placed at bus 7. In System #6 compared to System # 5, in addition to the different load coefficients, capacitor 

effect of some lines is considered. 



4.1 - Base-case scenario 

In this section, in order to verify the results of the proposed method and its superiority 

in the ability to solve systems with different sizes and conditions, in addition to comparing 

the NR and 6OM results, the results of loop-based methods with 1 loop (1L), 2 loops 

(2L), and 3 loops (3L) are also presented. First, the results have been reported in terms of 

the total number of iterations/repetitions for two different convergence criteria, in Table 

3. The developed HOMMP method under the studied schemes 𝑁 = 2, 3 and 4 presents 

third, fourth and fifth convergence rate, respectively. As can be seen, this characteristic 

allows to the developed algorithm converges in fewer iterations than the NR and 6OM 

methods. It is worth noting that in the theoretical papers, base-case scenario normally 

corresponds to the hypothetic situation in which the generators can deliver as much 

reactive power as the system demands. However, in this paper to attain logical results in 

accordance with the electrical conditions of the system, in the base-case, as well as other 

scenarios, both active and reactive limitations of DERs are considered according to (5). 

Exposure to these conditions in the Systems #5, #6, #8 and #9 has influenced the number 

of iterations. This issue is further investigated in the following subsection. Besides, the 

relatively large number of DERs in System #7 has led to an increase in the number of 

iterations. Referring to Table 3, some explanations and discussion can be found on loop-

based methods. In these cases, the presented values refer to the total number of outer 

loops for calculating the 𝑓 and 𝑉𝑅𝐵. The 2L and 3L methods, consist of 2 and 3 nested 

loops, respectively, in which several conventional PF analyses (e.g., the NR) is 

performed, the numbers in brackets refers to the total number of conventional PF analysis. 

Method 1L can handle all types of droop modes and is computationally efficient in most 

cases. Method 3L is complementary to Method 2L for large-scale systems, as stated in 

[14]. However, methods 1L and 2L in some cases diverge with the format presented in 

the [20] and [14], indicating require modifications in the procedure of 𝑓 and 𝑉𝑅𝐵 

adjustment. Generally, the loop-based methods, take more computational time compared 

to the NR, 6OM and HOMMP methods, due to their repetitive nature. It is also deduced 

from Table 3 that performance of the developed HOMMP method in all schemes are less 

affected by increasing the convergence tolerance. To have an in-depth insight on 

convergence process, the convergence characteristics of the Systems #5 and #10 are 

plotted in Fig. 3. 

Table 3 - Comparison of the Total Number of Iterations/Repetitions at Base-case Scenario 

Syst. 

No. 

𝜀 = 10−6 𝜀 = 10−8 

NR 6OM 
HOMMP Loop-based methods 

NR 6OM 
HOMMP Loop-based methods 

N = 2 N = 3 N = 4 1L 2L 3L N = 2 N = 3 N = 4 1L 2L 3L 

#1 6 3 3 2 2 7 (7) 18 (56) 18 (68) 8 4 4 3 2 7 (7) 18 (56) 18 (68) 

#2 7 4 4 3 2 46 (46) US US 10 5 5 3 3 46 (46) US US 
#3 8 4 4 3 2 18 (18) US US 11 6 6 4 3 18 (18) US US 

#4 4 2 2 2 1 7 (7) 16 (52) 19 (79) 6 3 3 2 2 7 (7) 16 (52) 19 (79) 

#5 11 6 6 4 3 * * 28(223) 15 8 8 6 4 * * 28(223) 
#6 13 7 7 5 4 * * 25(128) 17 9 9 6 5 * * 25(128) 

#7 18 9 9 6 5 50(50) * 20(111) 24 12 12 8 6 50(50) * 20(111) 

#8 12 6 6 4 3 22(22) 16(37) 18(78) 17 8 9 6 5 22(22) 16(37) 18(78) 
#9 15 7 8 6 4 * * 21(119) 20 10 10 7 6 * * 21(119) 

#10 12 6 6 4 4 * * 21(124) 17 9 9 6 5 * * 21(124) 

*: Diverged, US: Unable to Solve 

 



 

Figure 3 - Convergence characteristics of the System #5 (for 𝜀 = 10−6) and System #10 (for 𝜀 =

10−8) at base-case scenario. 

Table 4 reports the computational time of the different considered PF methods. In all 

cases, the HOMMP outperforms the other methods. Particularly, the 𝑁 = 4 and 3 schemes 

are the effective and the winners are distinguished in bold. Only in System #4 for 𝜀 =

10−6, NR outperforms the 𝑁 = 3 scheme which is marked with underline. As it can be 

seen from Table 3 and Table 4, loop-based methods suffer from the solvability issue in 

some systems. Therefore, they will not be further evaluated in the following. 

Table 4 - Comparison of the Computational Time (ms) at Base-case Scenario 

Syst. 

No. 

𝜀 = 10−6 𝜀 = 10−8 

NR 6OM 
HOMMP Loop-based methods 

NR 6OM 
HOMMP Loop-based methods 

N = 2 N = 3 N = 4 1L 2L 3L N = 2 N = 3 N = 4 1L 2L 3L 

#1 6.8 8.3 5.8 5.1 6.0 14.6 107.2 130.2 8.6 10.4 7.2 7.1 6.0 14.5 109.5 128.1 

#2 7.5 9.9 7.1 6.9 5.9 86.4 - - 10.3 12.2 8.6 7.0 8.3 85.5 - - 
#3 8.3 9.0 7.0 6.9 5.8 35.3 - - 10.9 13.9 9.8 8.7 8.1 35.2 - - 

#4 5.0 5.8 4.3 5.2 3.7 21.9 105.1 148.8 6.8 7.9 5.8 5.2 6.0 24.8 150.0 204.3 

#5 17.8 23.3 16.8 14.8 13.8 - - 557.5 23.2 31.4 21.4 21.0 17.5 - - 682.6 
#6 20.0 26.3 18.7 17.6 17.3 - - 328.0 25.3 33.6 23.3 9 21.0 - - 372.8 

#7 26.2 33.0 23.0 20.1 20.6 150.7 - 270.2 34.2 43.5 29.8 26.1 24.2 165.0 - 332.6 

#8 25.8 31.7 22.7 20.0 18.6 98.5 136.4 240.9 34.7 41.9 32.3 28.3 29.0 110.1 175.4 289.9 
#9 45.6 54.3 43.9 43.1 35.9 - - 598.0 58.6 77.4 53.3 48.8 51.5 - - 661.6 

#10 37.9 47.5 34.4 30.5 37.0 - - 619.6 49.9 69.7 48.1 42.4 43.7 - - 691.3 

 

4.2 - Heavily loaded scenario 

To examine the effect of load level on the developed PF methods, in the second 

scenario the specified active and reactive power of loads (i.e., 𝑃𝐿𝑜 and 𝑄𝐿𝑜 in (1) and (2)) 

are simultaneously multiplied by a real factor namely loading level 𝜆. The highest 

theoretical loading level, 𝜆𝑚𝑎𝑥,𝑡, represent the most demand of the system and are 

achieved by increasing 𝜆 in steps of 0.01 pu until “al” considered methods diverge. 

However, these hypothetical conditions may not be practically realized because of they 

violate the permissible limits of the system. Hence, in addition to 𝜆𝑚𝑎𝑥,𝑡, a practical 
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loading level limit is considered here in which the maximum and minimum operational 

limits, don’t violate the defined values, ±1% of nominal frequency and ±10% of nominal 

voltage, as stated in Standard EN50160 [35]. Table 5 reports the total number of iterations 

at defined limit loading level. As expected, and can be deduced from this table, the 

convergence becomes slow as the loading level grows. The HOMMP method requires 

less iterations in all studied systems. Moreover, the NR and 6OM methods diverge for the 

Systems #5 and #10 in the case of theoretical limit loading level. For further clarification, 

the iteration counters at different loading level up to 𝜆𝑚𝑎𝑥,𝑝 is depicted in Fig. 4(a) for 

System #9. Trends of active and reactive power injections of resources are shown in Fig. 

4(b) as well. Referring to Table 2 and this figure, this system comprises 6 DERs in which 

DERs #2-#4 have the same capacity, and following conclusions can be extracted: i) for 

the studied system, in all load level the HOMMP outperforms the NR with the schemes 

order of 𝑁 = 4, 3 and 2, ii) Because of the conventional droop strategy, the DERs #2-#4 

inject the same active power. iii) DER #1 from the base load, and subsequently DER #6 

and DER #5 reach their reactive power limits from loading level 𝜆1 and 𝜆2, respectively. 

The iteration counters for the remain systems at different loading levels and for practical 

aspects, are also shown in Fig. 5. As it can be seen, the convergence becomes slow as the 

loading level grows. The highest convergence rate typically implies the lowest iteration 

counter, thus, HOMMP method with 𝑁 = 4 converged in less iterations than remainder 

methods. Table 6 reports the computational time of the different considered PF methods 

at both theoretical and practical limit load levels. Like the base-case scenario, in all the 

studied systems, HOMMP method is generally superior to NR and 6OM methods in terms 

of computational speed, and this is especially evident in the 𝑁 = 4 and 3 schemes. Only 

in Systems #6 and #7 and for theoretical aspect, NR outperforms the 𝑁 = 2 scheme which 

are marked with underline in Table 6.  

Table 5 - Limit Load Level and Total Number of Iterations at Limit Load Situation 

Syt. 

No. 

Theoretical aspect Practical aspect 

𝜆𝑚𝑎𝑥,𝑡 
(pu) 

NR 6OM 
HOMMP 𝜆𝑚𝑎𝑥,𝑝 

(pu) 
NR 6OM 

HOMMP 

N = 2 N = 3 N = 4 N = 2 N = 3 N = 4 

#1 2.09 96 61 50 33 25 2.09 96 61 50 33 25 

#2 2.91 465 233 233 155 117 1.81 10 5 5 4 3 

#3 2.90 405 202 202 135 101 1.43 10 6 5 4 3 

#4 1.89 9 5 5 3 3 1.89 9 5 5 3 3 

#5 6.10 * * * 685 514 1.73 171 86 86 57 43 

#6 1.95 183 127 116 75 57 1.80 45 22 22 15 11 

#7 1.67 766 401 485 285 272 1.40 47 26 26 17 13 

#8 1.72 58 29 29 20 15 1.26 13 7 7 5 4 

#9 1.51 234 117 117 78 59 1.21 48 24 24 16 13 

#10 3.32 * * 105 70 53 1.46 21 11 11 8 6 

* Diverged. 



 

Figure 4 - (a) Total number of iterations and (b) DERs' injections for different loading levels in System 

#9. 

 

Figure 5 - Total number of iterations for different loading levels. 
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Table 6 - Comparison of the Computational Time (ms) at Limit Load Situation 

Syt. 

No. 

Theoretical aspect Practical aspect 

NR 6OM 
HOMMP 

NR 6OM 
HOMMP 

N = 2 N = 3 N = 4 N = 2 N = 3 N = 4 

#1 96.1 133.7 80.5 69.2 64.3 96.1 133.7 80.5 69.2 64.3 

#2 419.4 504.5 342.4 296.0 274.4 10.5 12.4 8.7 9.0 8.4 

#3 389.1 430.4 314.8 273.0 252.3 10.4 14.4 8.6 9.0 8.3 

#4 20.3 31.9 18.9 17.0 17.3 25.1 32.5 23.3 20.8 21.1 

#5 - - - 2205.0 2040.3 242.7 313.4 211.0 182.4 170.0 

#6 258.6 474.8 284.8 241.0 223.4 65.4 80.6 55.3 49.3 44.8 

#7 1146.3 1422.8 1263.4 956.9 1125.2 64.5 92.4 62.1 53.1 50.1 

#8 116.7 153.2 105.9 90.9 85.7 26.6 36.6 25.2 23.7 23.3 

#9 1122.4 888.4 1042.1 933.2 836.4 143.2 179.6 130.9 114.4 114.9 

#10 - - 532.0 465.2 435.7 66.8 84.3 63.7 60.6 56.6 

 

4.3 - High R/X ratio scenario 

In addition to the high loading level, the robustness of the PF algorithms is usually 

evaluated in the condition of increased R/X ratio of the system's branches. Therefore, in 

the third scenario, similar to the increased loading scenario, R/X ratio of whole branches 

are increased by multiplying the resistances with a factor 𝛾. Without losing any generality 

here only the practical situation is considered and the results for number of iterations and 

computational times are tabulated in tables 7 and 8, respectively. A similar trend is 

observed for the efficiency of the developed HOMMP method in comparison with NR 

and 6OM methods in this scenario. To get a better overview of computational 

improvement offered by the developed PF method (in the case of winner scheme) 

compared to the NR and 6OM methods, Figs. 6 and 7, respectively, depict this issue for 

three studied scenarios. It is noteworthy that the NR and 6OM methods did not converge 

in Systems #5 and #10 for the second scenario from the theoretical aspect. 

Table 7 - Practical R/X Ratio Limit and Total Number of Iterations at this Situation 

Syt. 

No. 

𝛾𝑚𝑎𝑥,𝑝 

(pu) 
NR 6OM 

HOMMP Syt. 

No. 

𝛾𝑚𝑎𝑥,𝑝 

(pu) 
NR 6OM 

HOMMP 

N = 2 N = 3 N = 4 N = 2 N = 3 N = 4 

#1 8.75 14 7 7 5 3 #6 4.68 19 10 9 6 4 

#2 6.01 12 6 6 4 3 #7 3.48 28 15 14 9 7 

#3 4.34 11 6 6 4 3 #8 1.60 13 7 7 5 4 

#4 7.79 10 6 5 2 2 #9 1.65 17 8 9 6 5 

#5 4.51 90 45 46 31 23 #10 2.10 12 6 6 4 3 

 

Table 8 - Comparison of the Computational Time (ms) at Practical R/X Ratio Limit 

Syt. 

No. 
NR 6OM 

HOMMP Syt. 

No. 
NR 6OM 

HOMMP 

N = 2 N = 3 N = 4 N = 2 N = 3 N = 4 

#1 23.4 19.7 19.2 17.8 13.6 #6 30.4 40.6 25.3 22.0 18.4 

#2 17.7 16.4 14.5 12.8 12.0 #7 44.9 53 38.5 32.5 31.3 

#3 18.1 16.2 16.0 14.1 13.2 #8 30.8 35.9 28.9 27.1 26.9 

#4 19.4 15.7 16.0 9.4 11.0 #9 54.7 60.2 52.2 46.0 47.5 

#5 129.0 181.7 114.0 100.4 91.9 #10 42.5 48.5 38.9 34.5 32.4 

 



 

Figure 6 - Percentage computational time improvement of the developed HOMMP method in best scheme 

w.r.t NR method at: (a) Base-case scenario, (b) Limit loading level, and (c) Practical limit of increased 

R/X ratio scenario. 

 

Figure 7 - Percentage computational time improvement of the developed HOMMP method in best scheme 

w.r.t 6OM method at: (a) Base-case scenario, (b) Limit loading level, and (c) Practical limit of increased 

R/X ratio scenario. 

5 - Conclusions and future works 

A novel Newton-like solver for Power-Flow solution in isolated Microgrids has been 

presented. The new proposal is based on the Modified Midpoint method and presents a 

multi-step structure by which is able to reach 𝑁 + 1 order of convergence (where 𝑁 is the 

number of steps involved) whereas the computational burden is preserved light and 

comparable to the Newton-Raphson technique. 

Superior features of the new method in comparison with the Newton-Raphson solver 

have been firstly demonstrated by using a theoretical efficiency index and posteriorly by 

extensive simulations. In this last regard, various numerical results have been presented 

on different small-, and large-scale benchmark microgrids. In all cases, the new method 

was more efficient than the Newton-Raphson solver, which is considered the most 

conventional Power-Flow solver. For more verification, the proposed method is also 

compared with the recently developed loop-base methods and a method with convergence 

rate of order 6. Results have also shown that the developed methodology is able to 

calculate reliable results under different demanding scenarios like heavy loading levels 

or high R/X ratio conditions. 

Future works will be focused on studying the applicability of the developed solution 

scheme in other power system tools, and adaptation of this method for unbalanced three-

phase networks. 
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