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Abstract

This paper introduces a flexible and easy to use method for designing complex composite heterogeneous materials. These materials
feature two distinct phases called core and matrix that remain separate and distinct. Moreover, composite materials have an internal
microarchitecture that have to be precisely modeled. All the microarchitecture examples that are shown in this paper have been
modeled in the same way, without any particular case nor having to use different implementation strategies or changing the source
code depending on the microarchitecture.

The microarchitecture is modeled with a function that combines a material distribution function, which models the proportion of
each phase at each point of the solid and determines the thickness of the core phase, and a cellular noise function based on distance
fields that determines the shape, size, and distribution of the microarchitecture. Modeling the microarchitecture using two components
gives our model great flexibility. In addition, it also allows to vary the size or thickness of the microarchitecture continuously inside
the solid.

With this method, it is possible to model complex composite materials in which the phases (core and matrix) are in turn other
composites with two distinct phases. Another important advantage of this method is that a complex object consisting of several
different parts made of different materials can be modeled as a single computational object, which is very suitable for editing or
computing simulations

Keywords: • Computing methodologies→ Volumetric models; Parametric curve and surface models.

Figure 1: Example of composite material with a square cell microarchitecture.
Core phase is coloured in black, and matrix phase is coloured in ivory

1. Introduction

Composite heterogeneous materials, or more briefly com-
posites, are materials whose individual constituent components
remain separate and distinct within the finished material. Those
constituent materials are chemically dissimilar and separated by
a distinct interface [1, 2]. In general, the constituent materials of
a composite are called core and matrix phases (see Figure 1):
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• The core component is usually a homogeneous material
that acts as a structural element. It is typically arranged in
structured patterns like honeycomb and wires, and this geo-
metric design maximizes certain properties such as stiffness
or strength, and minimizes others such as weight.

• The matrix component is continuous and surrounds the
core. The main role of the matrix is to bind the core to-
gether and protect it from the environment.

One important aspect to be considered when designing new
composite heterogeneous materials is its internal architecture.
Material architecture refers to the way in which the different con-
stituent materials are arranged. It dramatically affects the phys-
ical and mechanical properties of the new material. For exam-
ple, a completely metallic panel is very rigid but may be too
heavy. However, a fiberglass panel reinforced with a regular grid
of metal cells retains a high rigidity while also being light [3].

Designing a composite heterogeneous material and its inter-
nal architecture is not an easy process. It is necessary to have
the assistance of a computer application, based on a well stated
framework, in order to address all the complex aspects of the
design process, including the size, shape and distribution of the
component substructures.

1.1. Main contributions of this paper
A comprehensive framework for modeling heterogeneous

solids in a simple and efficient way using Bézier hyperpatches
was introduced in [4]. This framework allows ensuring the con-
tinuity of both the geometry and the material distribution over
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the hyperpatch junctions when needed. Section 3 summarizes
the basic concepts of this framework in order to make this paper
self-contained.

This work extends the framework mentioned above, in order to
make it able to represent composite heterogeneous materials and
their internal microarchitecture in an accurate and highly config-
urable way. We present a method to create and edit the internal
microarchitecture of a composite. Our method allows modeling
a wide variety of microarchitectures (see some examples all over
the paper), no matter its scale and thickness, in the same way,
without the need for special cases nor different implementation
strategies, i.e. the data model to represent the microarchitecture
and the algorithm to evaluate it remain always the same, and it is
not necessary to modify them depending on the specific features
of a given desired microarchitecture.

This method also allows modeling complex composite mate-
rials in which the core and matrix phases are in turn other com-
posites made of two phases. This way, it is possible to model, for
example, a board with a square cell pattern made of a metallic
material, and whose holes are filled with resin with suspended
particles.

Another important advantage of the proposed method is the
fact that a complex object, composed of several parts made of
different materials, can be modeled as a single computational ob-
ject. This makes our method very suitable for editing purposes
or running simulations.

Moreover, the shape and distribution of the internal microar-
chitecture, as well as its thickness at a given point in the solid vol-
ume are not linked to its location and orientation in the modeling
space R3. As a result, a geometric deformation of the solid does
not affect its internal microarchitecture. In other words, each
point in the solid volume preserves its microarchitecture no mat-
ter its position and orientation, or the solid deformations. This
makes the modeling process fast and simple.

2. Previous work

In [5] Pasko et al. proposed several approaches for model-
ing both regular and irregular microstructures within the FRep
framework. It is an interesting work that uses the periodic func-
tion sin combined by the intersection and union operators to ob-
tain periodic regular architectures. They also proposed an ap-
proach to model microstructures based on cells. In this case,
they first define a geometric model of the architecture and then
replicate it along the FRep. We propose a simpler representation
for the microarchitecture that works on the parametric domain
instead of the Euclidean domain; this allows more control on the
variation of features like the size or thickness of the microarchi-
tecture over the solid volume. Moreover, our framework allows
interactive editing of the models, making it very suitable for me-
chanical design applications.

In [6], Liu et al. presented an interesting method based
on Markov Random Fields (MRF) to generate microstructures
whose geometry is reconstructed from a small material sample
image. They presented a method to solve the inverse problem of
material modeling. The presented method allows them to gen-
erate a great variety of random heterogeneous materials. Our
approach is different, as it allows to interactively model the solid
microarchitecture either from scratch or from a small set of fea-
ture points (that could be obtained by sampling the target ma-
terial), but in every case, the designer is enabled to change the
microarchitecture by changing the properties and the location of
these feature points in the solid volume.

In [7], Martı́nez et al. proposed an interesting method to di-
rectly model microarchitectures inspired by Voronoi open-cell
foams. Their method does not require any further global opti-
mization process, and the microarchitecture is directly generated.
Their method is inspired by the seminal work on cellular solid
textures by Worley [8], but it only applies to Voronoi-like mi-
croarchitectures. As an example, they apply the proposed method
to the fabrication of objects with spatially varying elasticity. The
approach that we apply in our proposal allows to produce a wider
variety of microarchitectures, and provides more control on the
microarchitecture features.

In [9] Elber et al. presented an interesting constructor for
micro-structures based on the general idea of FFD (Free Form
Deformations). The idea is to embed a geometric tile within a
tri-variated solid. The tile can be a polygonal mesh, a set of para-
metric curves, a set of parametric surfaces or another tri-variated
solid. The microstructures adapt to the shape of the tri-variated
solid when it is deformed. They can model a broad set of mi-
crostructures straightforwardly. This work was extended by Mas-
sarwi et al. [10], adding support for fractal-like micro-structures.
Compared to this approach, our proposal provides the designer
with more control over the microarchitecture features, namely
the shape, distribution and size of the phases, as well as the vari-
ation of these attributes over the solid volume. This allows us to
model from completely random to completely regular material
microarchitectures straightforwardly and in an interactive way.

In this work, we propose using heterogeneous Bézier hyper-
patches to represent the volume of the solids. There are many
references in the literature that deal with analogous mathemat-
ical representations for solid volumes; for example, Lin et al.
propose an iterative fitting algorithm to interpolate a B-Spline
solid (with Bézier conditions at the corners) from a tetrahedral
mesh [11], in order to obtain a suitable representation for per-
forming isogeometric analysis. Another interesting work deal-
ing with tricubic B-Spline geometry is the one from Sasaki et
al. [12]: they also produce a tricubic B-Spline model by means
of an iterative fitting algorithm, but in this case, the input data
is a random sample (thousands of points distributed all over the
geometry of the solid) of the material properties. Sasaki et al.
then use the B-Spline model to produce the volume slices and the
toolhead movements for 3D printing. None of these works deals
with the internal microarchitecture of the solids. Our work not
only allows to interactively model the solid volume, but also its
internal microarchitecture, hence enabling us to create enhanced
solid representations.

3. Heterogeneous solid modeling

Our work is based on the framework for heterogeneous solid
modeling presented in [4]. However, we are going to summarize
in this section the basics of this framework, in order to make this
paper self-contained. Please refer to the cited paper for a deeper
insight on the framework.

Definition 1 (Material distribution). Let M = {m1,m2, ...,mn}

be a set of primary materials and n its cardinality. The material
distribution at any given point p in an heterogeneous solid is a
tuple a = (a1, a2, ..., an), in which each ai represents the volume
fraction of the material mi at that point.

Given the definition of material distribution, the space of valid
material distributions V is defined as
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Figure 2: Projection of the parametric domain into the modeling and valid material distribution spaces as defined by an heterogeneous Bézier hyperpatch

V =

a ∈ Rn
∣∣∣∣∣ n∑

i=1

ai = 1; ai ≥ 0

 (1)

Definition 2 (Heterogeneous geometric coefficient). We define
an heterogeneous geometric coefficient h as a pair formed by a
3D point and a valid material distribution

h = (p, a)

p = (x, y, z) ∈ R3

a = (a1, a2, ..., an) ∈ V
(2)

Heterogeneous geometric coefficients represent not only ge-
ometry, but also material properties. This way, a set of heteroge-
neous coefficients are used to define heterogeneous cells that will
be used to describe solids:

Definition 3 (Heterogeneous Bézier Hyperpatch). An hetero-
geneous Bézier hyperpatch Bm is a volume defined by the func-
tion

Bm(u, v,w) =

3∑
i=0

3∑
j=0

3∑
k=0

hi jkB3
i (u)B3

j (v)B3
k(w)

u, v,w ∈ [0, 1]

(3)

where the hi jk are the heterogeneous geometric coefficients that
describe the shape and material distribution along the volume
of the hyperpatch, and B3

i , B3
j and B3

k are the well-known Bézier
blending functions.

An heterogeneous Bézier hyperpatch is therefore defined by
4 × 4 × 4 = 64 heterogeneous geometric coefficients. It defines
two projections from a 3D solid parametric domain (a unit size
cube in which every point u is univocally identified by a tuple
(u, v,w) such that u, v,w ∈ [0, 1]): a projection into the modeling
space (i.e. the Euclidean space R3) that is a set of points Pm, and
a projection Am into the space of valid material distributions,
that describes the mixture of materials a at each point p ∈ Pm
(see Figure 2).

Definition 4 (Heterogeneous solid). An heterogeneous solid B
is a finite collection of n pairwise disjoint heterogeneous Bézier
hyperpatches

B = {B1,B2, ...Bn}

∀Pi ∈ Bi, ∀P j ∈ B j, i , j, Pi ∩
∗ P j = ∅

(4)

In other words, this framework uses a cell decomposition
scheme to represent solids, and each of these cells is a hetero-
geneous Bézier hyperpatch. In the rest of the paper we will use
either hyperpatch or cell indistinctly to refer to the elements that
compose an heterogeneous solid.

Although our framework works on the basis of a decomposi-
tion using heterogeneous Bézier hyperpatches, the concepts and
algorithms proposed in this work could be adapted to other types
of hyperpatch (trivariate B-Spline, for example), or to Bézier hy-
perpatches with higher degree. However, tricubic Bézier hyper-
patches provide us with enough flexibility to model complex fig-
ures, and at the same time their evaluation and associated calcu-
lations are simpler.

Representing heterogeneous solids with this framework allows
to accurately model not only the shape, but also the material dis-
tribution along the solid volume, due to the fact that both prop-
erties depend on the parametric coordinates of each point in the
solid, and these do not change under modeling operations. More-
over, heterogeneous geometric coefficients provide a simple and
intuitive edition tool for designers.

The heterogeneous geometric coefficients that influence the
most on the shape and material of the hyperpatches are those
located at the corners of the control point net of each hyperpatch.
These points are labeled as corner points. Continuity conditions
on both the shape and the material distribution along the joints
between hyperpatches depend on the alignment and material dis-
tribution values of these corner points respectively, as described
in [4].

In order to avoid deformations in the internal structure of the
hyperpatches that might cause faulty material distributions, a va-
lidity condition is imposed on the location of the heterogeneous
geometric coefficients [13, 4]. The rest of the paper assumes that
the hyperpatches comply with this condition.

Taking this framework as foundation, in the following sections
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we introduce a new method for modeling the material microar-
chitecture of heterogeneous solids represented with this model.

4. Modeling microarchitecture

This section introduces our proposal of a new method to model
material microarchitecture, based on the framework summarized
in the previous section. As explained in section 3, each point in
an heterogeneous Bézier hyperpatch Bm is identified by a three
parameter tuple u = (u, v,w), such that u, v,w ∈ [0, 1]. For sim-
plicity, in this section we are going to use u to refer to the solid
points.

4.1. Basic process
Let M be a set of two materials M = {core,matrix}. We define

a function m(u) : U3 → M to characterize the microarchitecture
present at a given point u of an heterogeneous Bézier hyperpatch
Bm. The function m(u) returns the material (core or matrix) that
is present at that point.

The function m(u) is in turn based on two functions fcore(u)
and fmat(u) whose domain is U3 and whose range is the closed
interval [0, 1].

The function fcore(u) : U3 → [0, 1] defines the shape and dis-
tribution of the core component of the composite, i.e. the internal
structure of the core phase of the material. Therefore, fcore(u) de-
termines the general shape of the composite architecture.

The function fmat(u) : U3 → [0, 1] defines the probability of
finding the core or the matrix material phases at the point u in
Bm. It is a cutoff function that determines the thickness of the
core phase with respect to the matrix one.

Definition 5 (Microarchitecture function). We define the mi-
croarchitecture function m(u) : U3 →M as:

m(u) =

 core i f fmat(u) < fcore(u)
matrix i f fmat(u) ≥ fcore(u)

(5)

∀ u = (u, v,w) ∈ U3

Each point u = (u, v,w) ∈ U3 such that fmat(u) < fcore(u)
is assumed to be occupied by the core material and similarly,
each point u ∈ U3 such that fmat(u) ≥ fcore(u) is assumed to be
occupied by the matrix material (see Algorithm 1).

Algorithm 1 Evaluate microarchitecture at point u of a hyper-
patch Bm

Input: Value of the cutoff function fmat(u).
Input: Value of the core function fcore(u) at the point u
Output: Value of the microarchitecture function m(u) at the

point u. It is the material (core or matrix) that best repre-
sents the material mixture at the point u

1: if fmat(u) < fcore(u) then
2: Return core material
3: else
4: Return matrix material
5: end if

Figure 3 shows a simple 1D example of the process. In this
example, the functions fcore(u) and fmat(u) have been defined as:

fcore(u) =
sin(2πx)

2
+ 0.5 , fmat(u) = 0.6

Our work aims at achieving a framework that allows model-
ing straightforwardly a range of microarchitectures as wide as
possible, without any particular case nor having to use different
implementation strategies for developing the functions for each
microarchitecture. Therefore, we have chosen as fcore(u) the cel-
lular noise function based on distance fields published by Wor-
ley in [8]. This function is widely used for generating procedural
textures.

As Worley describes, the cellular noise function requires a set
of feature points FP = {fp1, fp2, ..., fpn}, located in the paramet-
ric space U3. In our framework, the amount and distribution of
these feature points is freely chosen by the solid designer, and
determine the material microarchitecture. Note that the feature
points are independent from the heterogeneous geometric coef-
ficients of the hyperpatches. The decision on the position and
feature values on these points is up to the solid designer; this
provides the designer with a very powerful semantic tool to de-
fine the microarchitecture of the solid material.

Given a hyperpatch Bm, the value of the function fcore(u) for a
point u in Bm is computed in the following way: first of all, the
distances from u to every feature point in the parametric space of
the hyperpatch U3 are computed. Then, these distances (named
basis functions) are sorted, so that F1(u) is the shortest distance
and Fn(u) is the longest one. Then, the value of fcore(u) is com-
puted as a linear combination of the basis functions, but as Wor-
ley states in his work, it is enough with the first four basis func-
tions to get a good result (see Figure 4):

fcore(u) = c1F1 + c2F2 + c3F3 + c4F4 (6)

Due to the way they are defined, both the basis functions and
the fcore(u) function are continuous in U3. Moreover, as the cal-
culations are performed in the parametric space, the actual posi-
tion of the point in the modeling space R3 is not relevant.

As fcore(u) represents a material fraction, it is expected to have
a value in the range [0,1]. Therefore, for those cases in which
the choice of values for the coefficients ci can result in fcore(u)
producing values outside the [0,1] range, it is necessary to nor-
malize these values. To do so, fcore(u) is evaluated at a large
enough number of random points in U3, and its maximum (vmax)
and minimum (vmin) values are stored for performing the normal-
izing operation in subsequent function calls. The calculation of
the minimum and maximum values should only be done once,
since their value does not change if the feature point set FP or
the coefficients ci are not changed.

Definition 6 (Normalized core function). The normalized core
function f̄core(u) is defined as:

f̄core(u) =
fcore(u) − vmin

vmax − vmin
(7)

Regarding the function fmat(u) : U3 → [0, 1], remember that it
is a cutoff function that defines the probability of finding the core
or the matrix material phases at the point u in Bm. This function
determines the thickness of the core phase with respect to the
matrix one. In other words, the function fmat(u) represents the
material distribution function Am(u) of the hyperpatch Bm, with
a material set of two elements.

As explained in section 3, a material distribution is a tuple of
as many values as elements in the material set. For the case of
composite materials, valid material distributions consist of two-
tuples (acore, amatrix), that can be rewritten as (acore, 1 − acore).
Therefore, the function fmat(u) is defined for our purposes as:

fmat(u) = Am(u) = acore (8)
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(a) fcore(u) (b) fmat(u) (c) m(u) (d) Process

Figure 3: Simple 1D example that shows how the microarchitecture is calculated. a) fcore(u) represents the distribution of the core composite. b) fmat(u) represents the
overall proportion between the core and the matrix phases. c) m(u) represents the presence of the core (1) or matrix (0) phases at the point u. d) Superposition of the
three functions

Figure 4: Example of feature point set (in black) and first four basis functions
Fi(u) for a given point u ∈ U3 (in red)

(a) (b) (c)

Figure 5: Functions used to define the microarchitecture. a) Cellular noise func-
tion f̄core(u) based on distance fields. It defines the shape and distribution of the
core component. b) Cutoff function fmat(u). It defines the material distribution
(i.e. the probability of finding the core or the matrix phases) at a given point.
The size of the core phase with respect to the matrix phase depends on its value.
c) f̄core(u) and fmat(u) are combined into the material function m(u). It allows
us to define easily and accurately the shape, size and distribution of the internal
architecture of the composite material

Figure 5 illustrates the process we present for modeling the
internal microarchitecture of composite materials.

As the cutoff function fmat(u) can vary continuously over each
hyperpatch, it allows us to modify the thickness of the core phase
with respect to the matrix phase. This way, we can model pieces
made of composite materials with a thicker or thinner material
microarchitecture where needed, in order to, for example, reduce
the weight or any other physical property (see Figure 6).

Using this framework, it is possible to model very different
material microarchitectures from a fixed feature point set just by
changing the values of the coefficients ci in f̄core(u) (see Figure

7). For example: if c1 = 1 and the other coefficients are set
to 0, then f̄core(u) = F1(u), and the resulting microarchitecture
consists of spheres surrounding the feature points; if c1 = −1,
c2 = 1 and c3 = c4 = 0, then f̄core(u) = F2(u) − F1(u), and the
resulting microarchitecture mimics the Voronoi diagram of the
feature points.

Our method can also model composite materials with cavities,
since one of the two materials, core or matrix, can be set to vac-
uum.

4.2. Continuity
In our framework, an heterogeneous solid is a cell decompo-

sition in which each cell is an Heterogeneous Bézier Hyperpatch
(See definitions 3 and 4).

The continuity inside each cell is guaranteed by f̄core(u) and
fmat(u). The basis functions Fi(u), from which f̄core(u) is ob-
tained, are calculated as distances from u to some feature point
fpi. As u changes, Fi(u) varies smoothly since the distance be-
tween u and the feature point also varies smoothly. On the other
hand, fmat(u) = Am(u) is also continuous inside the cell, as it is
the convex combination of the 64 valid material distributions ai jk
associated to the heterogeneous geometric coefficients, using the
cubic Bézier blending functions B3 as weights.

As stated before, the material function m(u) is composed of
two functions: f̄core(u) that determines the shape and size of the
microarchitecture, and fmat(u) that determines its thickness. Both
functions are independent, hence it is possible to configure the
continuity of both aspects separately. This allows modeling very
interesting situations such as those shown in Figure 8.

Moreover, our framework can also guarantee the continuity
of the microarchitecture at the junction between two adjacent
cells in those areas of the solid object where they are needed.
The function f̄core(u) is intrinsically continuous between cells,
because the distance calculation algorithm considers the para-
metric domains of contiguous cells as connected. In addition,
the function fmat(u) = Am(u) can be defined to be continuous or
discontinuous at the junction between cells as needed (see [4])
by assigning the same or a different material distribution a to the
heterogeneous geometric coefficients that are next to the corner
points of the hyperpatches. This allows modeling discontinuities
in the microarchitecture wherever it is necessary, as shown in
Figure 8.

4.3. Periodicity
The function f̄core(u) as defined above determines the microar-

chitectural pattern of the composite material. This pattern is ap-
plied as a unit to the hyperpatch, but it is very easy to make it
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(a) (b) (c)

Figure 6: Several examples of pieces in which the thickness of the material microarchitecture varies over the solid volume. These changes are achieved through the
assignment of different material distribution values to the heterogeneous geometric coefficients hi jk of the hyperpatches

(a) (b) (c)

Figure 7: Different microarchitectures computed with the same feature point set
and changing the values of the coefficients ci. As can be seen, the same feature
point set with different coefficients results in very different microarchitectures. a)
Feature point set. In this example, we have placed a feature point in the center of
each of the six faces of the unit-size cube defined by the parametric space U3. b)
f̄core(u) = F1(u). c) f̄core(u) = F2(u) − F1(u).

repeatable over the hyperpatch volume by substituting the value
of u = (u, v,w) with the following u′:

u′ = (u′, v′,w′) =

( f ract(u · pru), f ract(v · prv), f ract(w · prw)) (9)

in which the values pru, prv and prw are the periods (i.e. num-
ber of times the pattern is repeated in each parametric direction,
see Figure 9), and f ract is a function that returns the fractional
part of its parameter. The use of f ract assures that the value of
u′, v′ and w′ will always belong to the range [0, 1). Moreover,
the period values can be associated to the heterogeneous coeffi-
cients hi jk, so that the actual values of pru, prv and prw are in-
terpolated over the hyperpatch volume (see Figure 10) using the
Bézier blending functions in the same way as with the material
distributions and the shape.

The possibility of having independent variable period values
for each parametric direction all over each hyperpatch makes
our framework extremely flexible, allowing the designer to easily
adapt the material microarchitecture to the specific needs of the
modeled solid.

4.4. Abrupt termination

Sometimes it is necessary that the core phase of a composite
material occupy all the volume at some locations of the solid (to
create a reinforcement or a rigid border, for example, see Figure
11 b) and c) ). In order to be able to model these situations with
our framework, we have added to the heterogeneous geometric
coefficient definition a new element, l that consists of an upper
and a lower limit for the function f̄core(u′), namely lmax and lmin.
These limits are applied to the calculation of the material at a

(a) Continuous thickness, shape and
size

(b) Continuous shape and size and dis-
continuous thickness

(c) Continuous shape and size and
mixed continuity in thickness

(d) Discontinuous thickness, shape
and size

Figure 8: Continuity between cells. Our framework allows us to choose the type
of continuity at each corner point. In addition, it is possible to establish continuity
in size and shape and thickness of the microarchitecture separately

given point u′ ∈ Bm by replacing the evaluation of the function
f̄core(u′) with:

f̄ ′core(u′) = min ( lmax, max ( lmin, f̄core(u′) ) )

lmin ∈ [0, 1] lmax ∈ [0, 1] lmin < lmax
(10)

Therefore, the function m(u′) for choosing the material to be
used at a given point in a hyperpatch becomes:

m(u′) =

 core i f fmat(u′) < f̄ ′core(u′)
matrix i f fmat(u′) ≥ f̄ ′core(u′)

(11)

∀ u′ = (u′, v′,w′) ∈ U3

Due to the way heterogeneous geometric coefficients are de-
fined and used, the limits lmin and lmax are also interpolated over
the hyperpatch volume, in the same way as the other coefficient
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(a) (b)

Figure 9: Effect of the periods on a hyperpatch microarchitecture a) The periods
in u, v and w are equal (pru = prv = prw). b) The periods in u, v and w are
different (pru , prv , prw)

(a) (b)

Figure 10: The microarchitecture periods in u, v and w can be interpolated over
the hyperpatch volume by assigning different period values to the heterogeneous
geometric coefficients hi jk

properties. This provides the designer with the capability of eas-
ily modifying the thickness of the reinforcement or border if
needed (see Figure 11 d) ).

Finally, the new definition of heterogeneous geometric coeffi-
cient as described in sections 4.3 and 4.4 is the following:

Definition 7 (Heterogeneous geometric coefficient). We define
an heterogeneous geometric coefficient for composites h as a tu-
ple formed by a 3D point, a valid material distribution, a triad of
periods in each parametric direction and the limit values for the
material distribution.

h = (p, a,pr, l)

p = (x, y, z) ∈ R3

a = (a1, a2, ..., an) ∈ V
pr = (pru, prv, prw)

l = (lmin, lmax)

(12)

pru ∈ [1,∞] prv ∈ [1,∞] prw ∈ [1,∞]

lmin ∈ [0, 1] lmax ∈ [0, 1] lmin < lmax

4.5. 2D and 3D composites

The process described so far produces 3D microarchitectures,
however, there are 2D microarchitectures that are also very use-
ful. A 2D microarchitecture varies only in two of the three para-
metric directions u, v,w, and remains exactly the same along the

remaining parametric direction. The honeycomb microarchitec-
ture is a typical example of 2D microarchitecture. Figure 12
shows an example of 2D and 3D microarchitecture.

Given a hyperpatch in which a set of feature points FP have
been defined, a 2D microarchitecture can be computed by setting
the parametric direction d in which the microarchitecture will be
deployed. Then, the feature points are projected into a 2D para-
metric plane U2 by discarding their d coordinate, and the basis
functions Fi are computed as the 2D distances between the pro-
jected feature points and the projection (also obtained by discard-
ing its d coordinate) of the point u on the same parametric plane.
Figure 13 shows this process for obtaining the microarchitecture
from Figure 12 left; in this example, d is set to w.

Algorithm 2 Evaluate a material composite m(u) at a point u in
an heterogeneous Bézier hyperpatch Bm

Input: Parametric coordinates of the point u = (u, v,w) ∈ U3

Input: Set of 4×4×4 = 64 heterogeneous geometric coefficients
hi jk, i, j, k ∈ {1, 2, 3, 4} of the hyperpatch Bm

Input: Composite feature point set
Input: Coefficients ci, i ∈ {1, 2, 3, 4} for the linear combination

of the composite basis functions
Input: Set of materials M = {core,matrix}
Output: Material (core or matrix) at the point u

1: Compute
∑3

i=0
∑3

j=0
∑3

k=0 hi jkB3
i (u)B3

j (v)B3
k(w) to obtain the

interpolated values h = (p, a,pr, l) at u
2: u′ ← ( f ract ( u ∗ pru), f ract ( v ∗ prv), f ract ( w ∗ prw) )
3: Compute Fn(u′), i ∈ {1, 2, 3, 4}
4: f̄core(u′)← c1F1(u′) + c2F2(u′) + c3F3(u′) + c4F4(u′)
5: f̄ ′core(u′)← min ( lmax, max ( lmin, f̄core(u′) ) )
6: if a < f̄ ′core(u′) then
7: Return material core
8: else
9: Return material matrix

10: end if

4.6. Recapitulation

Algorithm 2 summarizes the whole process for computing the
material (core or matrix) at a given point u in an heterogeneous
hyperpatch Bm.

As shown in the algorithm, a material composite can be evalu-
ated with a reduced, fixed-size set of data and simple, mostly vec-
torial operations on 2 and 3 component vectors. Moreover, the
data and the calculations depend only on the hyperpatch being
evaluated, and therefore, the algorithm can be easily parallelized
using modern GPUs, dramatically improving its performance.

5. Crafting complex composites

There are two main aspects that have to be considered when
designing complex composites. The first one is the proper choice
of the feature point set and the coefficients ci for the fcore(u)
function. The second one is the fact that our framework allows
each composite material (core or matrix) to be in turn compos-
ites made of another two materials (see Figure 14); this provides
great modeling flexibility. Let us review these two aspects in de-
tail.

7



(a) (b) (c) (d)

Figure 11: Effect of applying limits to the function f (u). a) Reference model with honeycomb microarchitecture and no limits. b) Using limits in order to create an
internal reinforcement. c) Using limits in order to create homogeneous borders. d) Using varying limits in order to create borders with changing thickness. Different
limit values are assigned to each heterogeneous geometric coefficient; the interpolation of these values over the hyperpatch volume result in a continuous series of
thickness changes in the border

Figure 12: Composite material with 2D microarchitecture (left) and with 3D
microarchitecture (right)

point coordinates point coordinates
fp1 (0.0, 0.0, 0.0) fp2 (0.0, 1.0, 0.0)
fp3 (1.0, 0.0, 0.0) fp4 (1.0, 1.0, 0.0)
fp5 (0.0, 0.0, 1.0) fp6 (0.0, 1.0, 1.0)
fp7 (1.0, 0.0, 1.0) fp8 (1.0, 1.0, 1.0)
fp9 (0.0, 0.5, 0.5) fp10 (1.0, 0.5, 0.5)
fp11 (0.5, 0.0, 0.5) fp12 (0.5, 1.0, 0.5)
fp13 (0.5, 0.5, 0.0) fp14 (0.5, 0.5, 1.0)

Table 1: Location of the feature points in the cubic parametric domainU3 accord-
ing to the face-centered cubic crystal structure. There is one feature point fpi at
each of the eight corners of the domain, and another one at the center of each of
its faces. This feature point set allows us to create interesting microarchitectures

5.1. Design of a composite material

In order to achieve useful microarchitectures, the feature
points have to be conveniently distributed over the parametric
domain of the hyperpatch U3. Small changes on the position of
the feature points can produce significant differences in the shape
and distribution of the microarchitecture. A good starting point
can be to use known distributions, like the face-centered cubic
crystal structure that appears in some metals. Table 1 shows the
location of the feature points according to this distribution.

Once the feature points have been located, it is necessary to
choose the coefficients ci that define the fcore(u) function. The
same feature point set can produce very different microarchitec-
tures just by changing the values of these coefficients. Figure
7 b) and c) show two very different microarchitectures that are
obtained from the same feature point set but using different coef-
ficients.

As explained in section 4.1, it is necessary for fcore(u) to have

Figure 13: Example of calculation of 2D microarchitecture. The deployment
direction d is set to w. In this example, the feature points are located at the corner
points of the cell

Figure 14: Example of complex composite. This composite is made of a core
phase with honeycomb architecture and a matrix phase which is in turn a compos-
ite with fiber architecture and with higher core phase density at the endings.The
microarchitecture is 2D as described in Section 4.5. The feature points for the
honeycomb are located at the coordinates {(0, 0),(1/2, 0),(1, 0),(1/4, 1/2),(3/4,
1/2),(0, 1),(1/2, 1),(1, 1)} and periodic in u and v, with fcore(u) = F2 − F1. The
fiber architecture was created with the feature point set {(0, 0), (1, 0), (0, 1), (1, 1),
(1/14, 8/16), (2/14, 4/16), (3/14, 12/16), (4/14, 2/16), (5/14, 10/16), (6/14, 6/16),
(7/14, 14/16), (8/14, 1/16), (9/14, 9/16), (10/14, 5/16), (11/14, 13/16), (12/14,
3/16), (13/14, 11/16)}, and fcore(u) = F2 − F1

8



(a) (b) (c)

Figure 15: Effect of normalizing the value of the function fcore(u). a) Representa-
tion of the not-normalized value of fcore(u). b) Representation of the normalized
value of f̄core(u). The maximum and minimum values used for the normaliza-
tion were computed empirically. c) Microarchitecture obtained with the function
f̄core(u) = 2F3(u) − F2(u) − F1(u). The feature point set used in this example is
distributed according to the face-centered cubic crystal structure (Table 1)

(a) (b)

Figure 16: Examples of material microarchitectures obtained by applying differ-
ent f̄core(u) functions. a) Microarchitecture obtained with the function f̄core(u) =

F1(u)+F2(u)+F3(u). b) Microarchitecture obtained with the function f̄core(u) =

3F1(u) − F2(u) + F3(u) + F4(u). The feature point set used in these examples is
distributed according to the face-centered cubic crystal structure (Table 1)

a value in the range [0, 1], and this is achieved by normalizing
its value using the maximum and minimum values that it may
produce (see Definition 6). In order to compute these extreme
values, a random sampling of fcore(u) is performed, and the maxi-
mum and minimum values obtained are conveniently stored. Our
experiments show that 100000 samples are enough to get values
close enough to those extreme values.

Table 2 shows several core functions and the maximum and
minimum values used for normalizing them. The feature point
set is distributed according to the face-centered cubic crystal
structure in all the cases.

Figure 15 c) shows the microarchitecture obtained using the
function f̄core(u) = 2F3(u) − F2(u) − F1(u). Figure 15 a) rep-
resents the not-normalized value of fcore(u), while Figure 15 b)
represents the normalized value of the same function. Figure
16 shows another two examples using different f̄core(u) functions
from Table 2

5.2. Designing a complex composite material
As stated before, the core and matrix materials of a composite

can be either primary materials or other composites made in turn
of other primary or composite materials, and so on (see Figure
17).

A primary material has physical and/or chemical properties
of interest, like colour, reflection index, thermal conductivity or

fcore(u) min max
F1 0.001306 0.496692
F2 0.353736 0.701418

F2 − F1 0.000000 0.701052
F1 + F2 0.707107 0.993436

F3 0.408409 0.705434
2F3 − F2 − F1 0.000296 0.705607
F1 + F2 + F3 1.224746 1.494825

F4 0.434643 0.746173
3F4 − F3 − F2 − F1 0.000296 0.705607
F1 + F2 + F3 + F4 1.732099 2.119050

Table 2: Some examples of fcore(u) functions, and their maximum and minimum
values for a feature point set distributed according to the face-centered cubic
crystal structure (Table 1)

Figure 17: A material can be either a primary material or a composite. Composite
materials in turn are made of two materials that may be primary or composites.
This way, very complex materials can be easily designed

breaking strength, among others. Primary materials can be used
in more than one hyperpatch; therefore, in our implementation,
the materials are stored separately, and the cells keep references
to them.

A composite material consists of:

• Two materials, that can be either primary or other compos-
ites.

• A set of feature points FP, so that each composite that is
used in a hyperpatch can have a different internal microar-
chitecture. It is important to note that the same set of fea-
ture points could be used for more than one composite, and
that is the reason why in our implementation, these sets are
stored separately. There is a reference from each cell to the
set of feature points for each composite it is made of.

• A set of coefficients ci, as well as the maximum and min-
imum values that will be used for evaluating the material
function.

For each different material in a hyperpatch Bm the following
data is necessary:

• The material information. It can be a primary or a com-
posite material (see Figure 17). Materials can be shared by
more than one hyperpatch, therefore, each hyperpatch ref-
erences the materials it needs.

• The material-related components of the 4 × 4 × 4 = 64
heterogeneous geometric coefficients of the hyperpatch:
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(ai jk,pri jk, li jk), with i, j, k ∈ {0, 1, 2, 3}. These values de-
termine the thickness, period and limits of the material mi-
croarchitecture. Different materials can have different val-
ues for these components.
The geometry-related component of each heterogeneous ge-
ometric coefficient, pi jk, is stored only once.

These two blocks of data allow to compute the functions
f̄ ′core(u) and fmat(u) that are necessary to produce the microarchi-
tecture. The value of the function f̄ ′core(u) is obtained from the
composite material data, while the value of the function fmat(u)
is obtained from the material-related components of the hetero-
geneous geometric coefficients of the hyperpatch.

All the composite material examples shown in this paper have
been evaluated in the same way, as described in Algorithm 2.
There are no special cases nor situations that require specific
treatment. This provides our model with great flexibility, and
allows us to easily model complex composites.

6. Results

Figure 18 shows the modeling process of a typical fiber-
reinforced material. Figure 19 shows different alternatives that
can be obtained from the initial model, just by changing some of
the parameter values.

To prove the validity of the proposed framework, we have
modeled several complex objects made of composites with dif-
ferent microarchitectures (see Figures 20 and 21) that mimic dif-
ferent types of materials with and without reinforcements. The
advantages of our framework are:

• The materials are assigned on a per-cell basis. Each cell has
a reference to its material, and the neighbouring cells may
have a reference to the same material or to a completely
different one.

• The edition of the geometry is independent from the mate-
rial edition.

• Different primary materials and composites can be easily
used in the same solid model.

• Although the materials may differ from one cell to the other,
the whole object model is handled as a single heterogeneous
solid. This simplifies tasks like edition or simulation.

All the figures in this paper were created using a 2014 Mac-
Book Pro computer with a 4-core 2,5 GHz Intel Core i7 proces-
sor, 16GB of RAM memory and an NVIDIA GeForce GT750M
graphics card with 2GB of memory. The rendering algorithm
is implemented in GPU using Metal. In order to do this, it is
necessary to tesselate the hyperpatches, but it is not necessary
to generate a very detailed triangulation, as the parametric coor-
dinates of each fragment are passed as input to the shaders (to-
gether with the rest of the microarchitecture related parameters).
The evaluation in GPU of the functions described in the previous
sections determines the pixel colour. The visualization algorithm
runs smoothly at a frame rate of 30fps with 4K image resolution,
allowing interactive editing of the models.

7. Discussion and conclusions

This paper presents a framework for modeling the internal mi-
croarchitecture of composite heterogeneous materials to be used

for representing heterogeneous solids. The solids are represented
by means of a cell decomposition, in which each cell is in turn
modeled as an heterogeneous Bézier hyperpatch. The main ad-
vantages of this framework are the following:

• The shape, size, and volume fraction of the phases at a point
in a cell is not linked to the position or orientation that the
cell occupies in the modeling space R3, but to the paramet-
ric representation of the point in the parametric domain U3.
This is because we use different functions for mapping the
parametric domain U3 to the geometry and the material (see
Figure 2). As a result, geometric deformations on the solid
do not affect its internal microarchitecture (see Figure 22).
This makes the modeling process easier.

• Our framework allows modeling and editing interactively a
wide range of microarchitectures for composite materials in
the same way, no matter their shape, size, scale and thick-
ness. None of the examples shown in this paper has required
different implementation strategies, nor special treatment.

• The data required for evaluating the material function m(u)
is very small. Moreover, the algorithms are simple, mostly
based on vector operations. This makes it very suitable
for its implementation in GPU. Executing the algorithms
in GPU has allowed us to obtain frame rates clearly over
30fps with 4K image resolution, making it possible to inter-
actively edit the models.

• It is possible to model complex composite materials in
which either the core or the matrix, or both, are in turn other
composites made of two materials. See Figures 14, 20 and
21 for examples.

• A complex object, composed of different parts made of dis-
tinct materials, can be represented as a single computational
model. This way, both editing and running numerical simu-
lations on the object is straightforward.

• The main features of the material microarchitecture, like pe-
riod or thickness, are computed from the heterogeneous ge-
ometric coefficients hi jk of the hyperpatches. This informa-
tion is interpolated over the volume of each hyperpatch, and
this provides a very powerful and intuitive tool for editing.
Assigning material properties to specific zones in the solid
is easy for a user.
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