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1 | INTRODUCTION

Since the middle of the 20th century, linear elastic frac-
ture mechanics (LEFM) has provided simple and useful

Jose M. Vasco-Olmo" | M. Neil James>® |

Abstract

The present work uses a more accurate thermoelastic formulation than the
classical equation, based on the inclusion of a higher order term, to analyze
crack tip thermoelastic data. It is shown that this thermoelastic analysis (TSA)
model can be fitted to the Christopher-James—Patterson crack tip field model
and hence provides information on crack tip shielding. To validate the results
of this analysis, stress intensity factors (SIFs) were compared with results
obtained from digital image correlation (also fitted to the CIP model). A com-
parison was also made between these CJP-derived SIF values and those
obtained using a purely elastic Irwin-Westergaard approach. A high level of
agreement was observed between DIC and TSA results in assessing AKcyp that
is the net result of the driving and the shielding forces on the crack tip. The
ability to assess shielding using TSA is a significant step forward in its potential

use in a more accurate characterization of crack tip fields.
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CJP model, crack tip fields, crack tip shielding, digital image correlation (DIC),
thermoelastic stress analysis (TSA)

Highlights

1. A high-order thermoelastic formulation is used to evaluate the crack shield-
ing phenomenon.

2. CJP model experimental implementation using crack tip thermoelastic
data.

3. High level of agreement between TSA and DIC results in terms of AK¢yp.

mathematical tools for the analysis of fatigue cracks' and
has led to the widespread use of the damage-tolerant
approach to fatigue life prediction. In turn, this has pro-
vided improved mechanical component design as well as
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statistically reliable fatigue lifing. However, the plastic
zone induced by cracking mechanisms in ductile materials
surrounds the crack and modifies the range of SIF used to
characterize fatigue crack growth rate (FCGR) and,
depending on the type of loading, for example, constant or
variable amplitude loading—overload or underload—is a
major contributor to underestimation or overestimation of
fatigue life. This effect, originally called plasticity-induced
closure*® but more accurately described as plasticity-
induced crack shielding® (because it may derive from
influences other than simply crack face interaction), has
been widely studied since it was reported and named by
Elber in 1970.> More recent work, for example, by Pippan
and Hohenwarter,” has considered issues such as the
physical origin, the consequences for the experimental
determination, and the prediction of the effective crack
driving force for fatigue crack propagation.

Many other authors have examined the various prob-
lems and controversies surrounding fatigue crack closure
(shielding), for example, Fleck and Smith,® James and
Knott,” James,® Allison et al.,’ Jones et al.'° In terms of
more completely identifying potential mechanistic and
mechanical contributions to plasticity-induced shielding,
full-field optical experimental techniques have been dem-
onstrated to be very efficient in quantifying the effective
driving force for crack growth and in underpinning the
development of more advanced models to describe the
crack tip field and crack-shielding effect. Thus, the fatigue
and fracture literature contains an extensive body of work
that has used photoelasticity,""'* digital image correlation
(DIC),*™*> Moiré interferometry,' or thermoelastic stress
analysis (TSA)'”'® to analyze these phenomena.'®*° Ther-
moelastic stress analysis (TSA)'” has also been shown to
be a linear elastic technique that can measure the effective
fatigue crack driving force, for example, Diaz et al.*

The development of full-field experimental tech-
niques capable of measuring crack tip fields has also
made it possible to propose advanced models for these
fields that more completely identify and incorporate the
various effects that cause plasticity-induced shielding.
Hence, the novel mathematical crack tip model devel-
oped by Christopher, James, and Patterson (known as the
CJP model)*'"** describes the crack tip singularity in
terms of three stress intensity factors, one of them
representing the sum of the driving forces for crack
growth (Kp) that acts perpendicular to the crack plane
and is assessed at the crack tip, while other two SIFs
incorporate effects related to the plastic enclave that
encloses the crack and that leads to the plasticity-induced
shielding. This model was originally developed for stress
fields and validated against photoelastic data*** but
was subsequently extended to DIC and displacement
fields allowing its extension to metallic alloys.® It has
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been shown that the CJP model characterizes the
effective fatigue crack driving force over a wider range
of SIF that the standard Paris parameter AK, through
the parameter AKcp that is defined in the paper by
Vasco-Olmo et al.** as

AKcip = (KFmax £ Krmax) — (Kr.min £ Kgmin). (1)

It is important to note that negative signs for Ky in the
CJP model have a real meaning as, from the definition of
this parameter,” it can either assist or retard fatigue
crack growth. The effective SIF range given by
Equation (1) rationalizes fatigue crack growth rates
across a range of stress ratios and specimen types.*> This
improved characterization of crack growth rate using
elastic stress intensity factors is believed to reflect the
way that the stress intensity parameters are defined at
the crack tip (geometry independence) and the more
accurate incorporation of plasticity effects that lead to
shielding (plastic constraint effects at the elastic-plastic
boundary and shear-induced transport of material from
the crack wake to the crack tip®®).

Thus, the CJP model also demonstrates an improved
ability to characterize the plastic zone contour compared
with other linear elastic models.”” Further support for
the validity of the model has come from work done by
Nowell and Nowell*® which used DIC to measure near-
tip displacements, from which key parameters governing
crack growth were extracted and used to validate the
Pommier and Hammam?® and CJP** models of fatigue
crack deformation. Their conclusion was that both
models represented similar approaches to capturing the
effects of plasticity. It should be noted, however, that the
formulation of the two models and their approach to the
influences of plasticity are rather different. As noted in the
conclusions of Nowell et al.'s work,?® these two models
demonstrate a capability of full-field techniques in combi-
nation with elastic—plastic modelling, captured in a two-
term expression for near-tip deformation and stress, that
may offer a promising approach for characterizing fatigue
crack growth under more complex loading histories.

In the present work, the CJP model is applied to the
analysis of TSA data via a second-order thermoelastic
equation that includes shielding effects arising from the
plastic enclave. This second-order thermoelastic formula-
tion allows the temperature variation during loading to
be correlated with the five CJP model coefficients that
characterize the crack tip singularity. Experimental TSA
data have also been used to compare values of the CIJP
model stress intensity Kp with the standard Irwin-
Westergaard value of K; at different crack lengths. DIC
data were further used in combination with the CJP
model to validate and compare the CJP crack tip
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parameters obtained with TSA since as previously
reported, DIC is a well-stablished technique to assess
crack shielding effects through the CJP model. Although
finite element analysis is extremely useful and can pro-
vide stress values and subsequently determine the tem-
perature range, a comprehensive numerical model would
pose difficulties in reproducing nonlinear effects that
arise from the inclusion of a plastic enclave in the elastic
stress field, while experimental data are more definitive.

2 | THEORETICAL BACKGROUND

21 |
model

Irwin-Westergaard crack tip field

The Irwin-Westergaard model®>*' is a linear elastic
model that describes the crack tip singularity field using
the stress tensor components given by Equations (2)—(4),
where K; is the opening mode stress intensity factor, Kj;
is the in-plane shear mode stress intensity factor, T is
the nonsingular stress along the crack growth direction
(x), and r and 9 are a set of polar coordinates in the crack
plane (see Figure 1).
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(A) Displacement field components and (B) stress tensor components in a point surrounding the crack tip in terms of the

2.2 | CJP crack tip field model

The CJP model** ™ is a mathematical model that
describes the crack tip singularity field based on
Muskhelishvili complex potentials theory.** This linear-
elastic model considers the effect of the plastic enclave
on the global elastic field by taking into account any
crack face contact forces as well compatibility-induced
forces along the elastic—plastic boundary that arise from
the Poisson's ratio differences in the elastic and plastic
regions. James et al.>* describe these forces and their
origin in some detail and provide a schematic force
diagram to illustrate their action on the elastic and plastic
regions. The stress components surrounding the crack tip
are described through five coefficients as a function of a
set of polar coordinates, with the coordinate origin
located at the crack tip. The components of the plane
stress tensor are given by Equations (5)—(7).

1 1 0 1 560
0y = \/?{ —5(A+4B+8E)cos —-Beos—  (5)
1 50 0
— EE lln(r) (cos?+30085>
560 0
+ 6<sin2+3sin2> } +C,

1 [1 0 1 560
oy = —{E(A—4B—8E)COSE+EBCOS— (6)

VT 2
In(r) <cos 0 5cos Q)
2 2

50 /]
+¢9(sin—55in> }—F,
2 2

+1E
2
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_ 11 Asine—i-BsinSG (7)
AP 2 2
30 30
- Esin@(ln(r) cos;—i—@sin 7)] .

In these equations, A,B,C,E, and F are the coefficients
that describe the stress field and r and 6 the polar coordi-
nates. These coefficients are related with the crack tip
parameters (stress intensity factors and nonsingular stres-
ses) as shown in Expressions (8)—(12).

Kp= \/g(A —3B—8E), (8)
ko= /345 o
Kgr=—(27)*"E, (10)

T,=-C, (11)
T,=—F. (12)

KF is the opening mode stress intensity factor that sums
the driving forces for crack growth, K is the stress inten-
sity factor characterizing the interfacial shear stress, and
Kp is a stress intensity factor that characterizes the direct
stress opposing or retarding crack growth parallel with
the crack growth direction. It can be either negative or
positive in value and hence may act to either retard or
accelerate crack growth as observed in the definition of
AKcyp (Equation 1). T, and T, are the nonsingular stres-
ses in the crack growth (x) and crack opening (y) direc-
tions, respectively. The original model formulation
considered six coefficients to describe the crack tip singu-
larity field but assumed that D= —FE in order to model
the asymptotic behavior of the stress along the crack
flanks.>® The CJP model gives the displacement field sur-
rounding the crack tip through Equation (13):

26(u+vj) =« {—2(B+ 2E)2 +4Ez: — 2E22In(z) — #z
—z[—(B+2E)Z_21—Ez—211n(z)—$
— [Az‘i—Ez%T(z)HEz‘% +¥z} :
(13)

where u and v are the displacement field components,
j=+v/—1, k is a function of Poisson's coefficient, z is a
complex variable (r(cosf+jsind)), and the overbar
denotes the complex conjugate.

i . 7 1599
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2.3 | Thermoelastic stress analysis
Thermoelastic stress analysis (TSA) is based on the ther-
moelastic effect first reported by Kelvin.'” When a solid is
cyclically loaded under adiabatic and reversible condi-
tions, a temperature change occurs in the solid that is
related to the cyclic range of the first stress invariant.
Considering a plane stress state, the classical TSA equa-
tion is given by Equation (14).

ﬂ:]/(A6[<|>AO'[[). (14)

To
In this equation, AT is the peak-to-peak value of the tem-
perature signal, T, is a reference temperature corre-
sponding with the reference state of the solid, which, in
this paper, is taken as the mean temperature on the solid
surface, the A symbol indicates the range during a load-
ing cycle, o7 and oy are the principal stresses, and y is a
constant that depends on the specific heat, the thermal
expansion coefficient, and the density. This equation
describes the temperature range from only one term that
is related to the first stress invariant range. However, this
simplified equation is insufficiently accurate when there
is a mean stress effect and, hence, high-order terms effect
is not negligible.** Therefore, for a better modelling of
the thermoelastic effect, a higher order term should be
added to Equation (14). The inclusion of this term, gov-
erned by the second-order stresses, implies adding an
additional constant b.**"*> According to the formulation
of Di Carolo et al.,*® the normalized temperature range
during a loading cycle considering two terms is given by
Equation (15).

AT 2 2
T_o =y(Aor+ Aoyr) + bRy (—ZI/AGIAGH + Aoc;” + Aoy ),
(15)

where Ry is a function of the R ratio ((1—R)/(1+R)) and
v is Poisson's coefficient. From the relationships between
the principal and Cartesian stress components derived
from the stress invariants, Equation (15) can be expressed
in terms of the components of a generic Cartesian stress
tensor as shown in Equation (16).

AT
—=7(Acx+ Acy)
Ty

+ bRy (721/ (Aaany — AT)ZCy) + Aa)zc + AGJZ) + 2AT)2W) .
(16)

3 | EXPERIMENTAL DETAILS

The experimental verification of the concept used a pure
grade 2 titanium compact-tension specimen tested under
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FIGURE 2 Dimensions of CT-specimen

TABLE 1 Mechanical properties for pure grade 2 titanium?
Mechanical property Units Value
Young modulus GPa 105
Yield stress (0.2%) MPa 390
Ultimate tensile stress MPa 448
Elongation at failure % 20
Poisson's coefficient Dimensionless 0.34

constant amplitude cyclic loading at 11 Hz with stress
ratios of either 0.1 or 0.6. In both cases, the maximum
load was 750 N. Specimen dimensions are shown in
Figure 2, while material properties and chemical compo-
sition are given in Tables 1 and 2, respectively. Thermal
properties are displayed in Table 3. As shown in Table 3,
the material thermal diffusivity, which is an indicator of
the internal material adiabaticity, is 6.95 mm?/s. In addi-
tion, the cyclic frequency used helps to avoid any risk of
heat dissipation, thus ensuring adiabatic conditions
under linear elastic conditions. An MTS Landmark
370.02 servohydraulic testing machine was used in the
work. For DIC image acquisition, a CCD Marlin 2MPix
camera was used fitted with a macro-zoom lens (MLH-
10X EO) to increase resolution. The experimental setup is
shown in Figure 3. One side of the specimen was painted
with matt black paint to increase the surface emissivity
for TSA, and the other side was painted with a stochastic
speckle pattern of black on white. Temperature data were
recorded over intervals of 22 loading cycles (2 s) at the
maximum frame rate (300 Hz). Thus, 27 points were
acquired per cycle. For data acquisition, a 2-ms integra-
tion time was selected, and DIC images were recorded at
the end of each thermal data acquisition interval by
applying a cyclic load and capturing 20 images per cycle.
This process was repeated at intervals during the test,
and data were recorded at a variety of different crack
lengths in the interval from 5 to 10 mm.

To obtain the thermal calibration constants, an initial
test was performed. In this case, a flat plate was tested
under several stress conditions for different ratios between
alternating and mean stress components. Data acquisition
parameters were the same as those used in the fatigue test.
The calibration loading conditions and calibration process
are described in detail in the following section.

4 | EXPERIMENTAL DATA
PROCESSING AND CRACK TIP
PARAMETER DETERMINATION

4.1 | Determination of crack tip
thermoelastic data and singularity
parameters

Figure 4 illustrates the concept of acquiring a sequence of
temperature map data during the measurement interval
of 2 s over a complete load cycle. The basic concept is
that an initial map is acquired at time t = t' and subse-
quent maps are acquired at specific intervals until time
t = t*. Figure 5 presents experimental data for the tem-
perature variation measured through the loading cycle
interval of 2 s and the result of fitting these data to a
Fourier series (Equation 17).

T(t) =To+M,t+ iMisin(ia)t—I—(ﬁi). (17)
i—1

i=

Here, T(t) is the temperature signal, T, is the reference
temperature, M, is temperature rate, M; is the tempera-
ture amplitude of the i# harmonic, ® is the circular
frequency, and ¢; is the phase of the iy harmonic.
The coefficient M, can be also included in the model
fitting of mean temperature variations during the acquisi-
tion process.*® However, provided that the acquisition time
is around 2 s and the laboratory temperature is constant,
this term can be neglected without affecting the results.

Fitting the experimental data to Equation (17) leads
to solving a nonlinear problem, and the use of numerical
methods requires an initial solution. To avoid this prob-
lem, it is convenient to rewrite the Fourier series in its
trigonometric form (Equation 18) instead of the compact
form (Equation 17).

T(t)=To+M,t+ i(misin(ia)t) +n;cos(iot)).  (18)

i=

Thus, the amplitude and the phase of each harmonic are
then defined through the coefficients m; and n; as shown
in Equations (19) and (20):

95U8017 SUOWIWOD SA 181D 3 (dedt[dde au Ag peusenob a1e seoie VO ‘8sn JO S9Nl Joj AIq)8UIUO AS]IA UO (SUOTHPUOD-PUE-SLUIBY/W0Y™A8 | 1M Afe.d jBuUOy/:SdNL) SUORIPUOD pue SWi | 81 88S "[£20zZ/c0/rT] uo AriqiTauluo A8|im (-l eAnde) aqnopesy A 6v6ET 9)/TTTT OT/I0P/L00 A8 1M Aleiqijeul|uo//SAny Woi) pepeojumod ‘v ‘€202 ‘569209 T



CAMACHO-REYES ET AL.

TABLE 2 Ch.eml.cal igmposmon Element (wt %)
for pure grade 2 titanium
Standard
Specimen
TA B LE 3 Thermal p.rope.rne;and Specific heat
density for pure grade 2 titanium
523 J/kg K

’ 1601
ﬁim E:‘gllg::efi‘nzc;:\-';ziz{s & Structures _Wl L E Y

Fe C N (0} H Ti
<0.20 <0.08 <0.05 <0.20 <0.015 Balance
0.10 0.01 <0.01 0.12 0.002 Balance
Thermal conductivity Density?® Thermal diffusivity
16.4 W/m K 4.51 g/cm? 6.95 mm?/s

“Density is included here due to its influence on thermal diffusivity.
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FIGURE 3 Experimental setup for DIC and TSA
measurements [Colour figure can be viewed at wileyonlinelibrary.
com|

Temperature map
att =tk

T(x,y,tk)

7
Temperature map
att=t!

FIGURE 4
during an interval of time [Colour figure can be viewed at

Ilustration of the acquisition of temperature data

wileyonlinelibrary.com]

M;=\/m?+n?,

(19)

(20)

m;
;=arctan|{ — ).
i =arctan 7

The trigonometric form of the Fourier series allows deter-
mination of the amplitude as well as the phase of each
harmonic through solving a system of equations as
shown in Equation (21):

[1 ¢ sin(wt') sin(iot') cos(wt") cos(iwt") |
1 £ sin(ot?) sin(iof®)  cos(wt®) cos (iot?)
1 £ sin(wt®) sin(iof’) cos(wt’) cos(imt’)
1 t* sin (wtk) sin (ia)tk) cos (a)tk) cos (ia)tk )|

_ To _ r Tl .

M, T?
my

m; - ’
n

L n; _ _Tk_

(21)

where superscripts 1tok indicate time while subscripts
1toi indicate the term number. Employing a suitable
matrix factorization, the Fourier series coefficients can
then be calculated. The fit quality was assessed via the
Pearson correlation coefficient (the ratio of the covari-
ance and the product of the standard deviations) between
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the quality of fit [Colour figure can be viewed at wileyonlinelibrary.com]

the measured and fitted data. Initially, 10 terms were
employed to model the temperature signal. However,
only the first harmonic amplitude is significant since the
other harmonic amplitudes are considerably small and
thus negligible. As illustrated in Figure 5, the tempera-
ture data in the elastic region during the cyclic loading
show an almost perfect sinusoidal form, which explains
why higher order harmonics are very close to zero in the
bulk of the specimen far from the high-strain zone where
linear elastic conditions exist. In fact, as reported by
Pitarresi and Cappello,® the temperature second har-
monic is clearly visible near the crack tip and along the
crack flanks immediately behind the crack tip but is not
significant beyond these zones. Figure 6 shows the calcu-
lated first harmonic temperature amplitude maps and
Pearson correlation coefficient maps for the two stress
ratios of 0.1 and 0.6.

Figure 6 shows that the temperature change is lower
for R = 0.6 than at R = 0.1. As the maximum value of
cyclic load was constant for both stress ratios, this corre-
lates with the decrease in stress intensity change at
R = 0.6 compared with R = 0.1 due to the higher mini-
mum load at R = 0.6. This can be observed in both the
temperature amplitude (first harmonic) data and in the
maps of the Pearson correlation coefficient. Both types of
data also contain information on the different crack tip
stress zones, particularly the correlation coefficient maps.
The crack tip singularity zone is identified with a correla-
tion coefficient >70%, since smaller values imply that
temperature values do not present a sinusoidal form
when plotted against time. This value of 70% is derived
from Figure 6C,D. As shown in these figures, there is a
rapid decrease in Pearson's coefficient in the region from
70% to 35%. Moreover, if both fitted and experimental
temperature signals are plotted, the agreement between
them is very good in this region. Then, it starts to

decrease when the singularity no longer affects the field
since, although the rest of the specimen is experienced a
stress cycle, these do not contribute to the temperature
amplitude. Moreover, the specimen edge-affected zone is
also recognized since in that zone, the temperature
amplitude increases again. This can be observed in
Figure 7 which plots a temperature amplitude profile
(peak-mean signal value) for § =0 (temperature profile
ahead of the crack tip and along the crack growth or hor-
izontal direction).

The data in Figure 7 also provide information about
the different zones surrounding the crack tip. The maxi-
mum temperature amplitude can be considered as corre-
sponding with the crack tip. The next zone corresponds
to a high-strain plastic zone where nonlinear effects gov-
ern the stress field and the temperature decreases. Then,
a trend change is observed where LEFM parameters gov-
ern the stress intensity (AT o r~/2) until the temperature
amplitude increases again due to specimen edge effects
(that last zone in Figure 7 corresponds to the zone imme-
diately near to specimen edge). The initial region in the
left part of Figure 7, where an initial temperature
increase is followed by a decrease, reflects heat dissipa-
tion arising from high-stress gradients near the crack tip
and crack edge effects. Figure 7B shows a temperature
profile along the crack growth direction for a stress ratio
of 0.6. Figure 7A shows that the same zones also occur at
the lower stress ratio of 0.1. However, the temperature
profile for the high-stress ratio is noisier than for the low-
stress ratio. This would be expected because smaller tem-
perature changes (smaller loading amplitudes) imply
noisy measurements.

To calculate the crack tip singularity parameters from
the temperature amplitude maps, the Multi-point Over-
Deterministic Method (MPODM) developed by Sanford
and Dally*® was employed. However, to remove the effect
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First harmonic amplitude map R=0.1
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First harmonic amplitude map R=0.6
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(A) First harmonic temperature amplitude map for a stress ratio of 0.1; (B) first harmonic temperature amplitude map for a

stress ratio of 0.6; (C) Pearson's correlation coefficient map for a stress ratio of 0.1; and (D) Pearson's correlation coefficient map for a stress
ratio of 0.6. All maps for a crack length of 8.5 mm [Colour figure can be viewed at wileyonlinelibrary.com]

of reference temperature on the temperature amplitude
maps, they were normalized using the reference tempera-
ture, To. Data for stress intensity calculations were
extracted from these maps at discrete points in an annu-
lar array that avoided inclusion of any nonlinear data
and the high-strain gradient zones where adiabatic condi-
tions may not be satisfied (see Figure 8). The techniques
used in choosing these array points are explained below.
As these data must be referenced relative to the crack
tip (the coordinate system origin) to calculate stress
intensity values, the mesh center was taken as the maxi-
mum value point seen in Figure 7. An inaccurate location
of this value might lead to an error in computed crack tip

parameters. To bypass this problem, the crack tip loca-
tion was included in the fitting algorithm. The inner
radius of the annular array was calculated through the
Dugdale approximation for plastic zone size®
(Equation 22). Representative values of this variable of
2.20 mm and 5.63 mm were obtained for the minimum
and maximum crack lengths used in the analysis. The
Dugdale equation provides an overestimation of the plas-
tic zone and hence removes the risk of partial inclusion
of plastic data in the data fitting collection region. The
outer radius was determined as the point where the tem-
perature amplitude profile drops to zero before increasing
again, as shown in Figure 7. A linear distribution of
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FIGURE 7 Temperature amplitude (signal
peak-mean value M) profile along the crack
growth direction for a stress ratio of (A) 0.1 and

(B) 0.6. Displayed SIFs ranges correspond to
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FIGURE 8 Annular array of data used in the fitting process. (A) 2D map view and (B) 3D surface view [Colour figure can be viewed at
wileyonlinelibrary.com]

measurement points was selected with 10 points per line
and 20 lines equally distributed over the 180° mesh. The
fitting process therefore used an array of 200 points.

G e
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To fit the temperature data with the analytical equation
used to evaluate the crack tip parameters, the nonlinear
nature of Equation (15) required the adoption of a non-
linear optimization approach. As the temperature ampli-
tude data were to be fitted to two different crack tip field
models (Irwin-Westergaard and CJP), two different
objective functions were defined. Error functions for the
CJP model and for the Irwin-Westergaard model are
shown in Equations (23) and (24), respectively.

, (23)

<Z&]n) cJp <337i>6np
To To ,

ﬂ West B £ exp
To To

(24)

CJP: n
AA,AB,AC,AE,AF, 8,5,

Irwin — Westergaard :

min
AKjy, AKjr, ATy, 6x,0y

cJp West
In these equations, (%) and (%) are the analyti-
0 0

cal expressions of the normalized temperature range for
the CJP model (Equations 5-7 into Equation 15) and the
Westergaard model (Equations 2-4 into Equation 15),

exp
while (AT—OT is the experimentally measured data, &y

and ¢, are the crack tip location, and double vertical bars
denote the operator norm. It is important to note that to
obtain the range or peak-to-peak values of the crack tip
parameters, twice the normalized amplitude must be
used (AT =2M;).

To reduce computational time, the crack tip position
was searched within a predefined region. This region was
calculated relative to the origin of the annular mesh by
considering a square window of size 15 pixel (0.5 mm).
This necessitates adding two constraints to both optimi-
zation problems. The Interior Point Algorithm was
selected to solve these optimization problems.*' This
deterministic gradient-based method was then imple-
mented via a quasi-Newton approach. Thus, the objective
function gradient was computed using second-order
finite differences (central derivative) and the Hessian
matrix, employing the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithm which is an iterative method
for solving wunconstrained nonlinear optimization
problems.**”** Each optimization subproblem was solved
by via a trust region method using a conjugate gradient
approach. The trust-region method is one of the most
important numerical optimization methods in solving
nonlinear programming problems. It works by first defin-
ing a region around the current initial solution, in which
the applied model can, to a first approximation, represent
the original objective function. Initial solutions were gen-
erated from empirical and numerical correlations* for
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the stress intensity factor and the nonsingular stress
along the crack growth direction in a CT specimen as
shown in Equations (25) and (26).

P 2+4a 5 3
N —— 3{0.886+4.64a—13.32a +14.72a
gvVW (1—a)?
— 5.6(14} R
(25)
Ty =2 10.1477 10.937465 — 08718347 +0.351865%].
V7q
(26)

In these equations, P is the applied load, g is the
specimen thickness, W is the specimen width, «a is
the crack length normalized by the specimen width, f is
the specimen thickness normalized by the width, Ky
is the nominal stress intensity factor, and Ty is the nomi-
nal nonsingular stress along the crack growth direction.
The crack length, which is necessary to define these values,
was obtained employing a method based on the analysis of
the wvertical displacements measured with DIC. This
method allows the crack tip to be obtained in the displace-
ment maps and to calculate the corresponding crack
length using the pixel-mm relationship. This method is
fully explained in the work of Vasco-Olmo.** When using
the Irwin-Westergaard approach, these values were
directly included into the algorithm. For the CJP model,
relationships between nominal values and the CIJP
coefficients were derived assuming that there is no
shielding effect on the elastic field>' Thus, initial
coefficients supplied to the solution algorithm are given by
the following expressions:

. Kn(1-R)
AM=-aB==NT, (27)
AE=0, (28)
AC=—AF=Ty(1—R). (29)

For the crack tip position, the initial supplied value was
the annular mesh center employed during the data col-
lection process.

4.2 | Calculation of thermal constants

As mentioned in Section 3, a 25 x 100 x 1 mm flat plate
of commercially pure titanium was used to calculate the
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TABLE 4 Loading cases used for thermal calibration and statistical values of the temperature in the ROI used for calibration

Loading case Amplitude load (N) Mean load (N) u (AT/Ty) s (AT/T,) 2(AT/T,)
1 700 1400 5.5213E—04 5.9095E—06 0.01070310
2 700 1600 5.5715E—04 4.0155E—06 0.00720722
3 700 1800 5.5715E—04 4.0155E—-06 0.00720722
4 1000 1400 7.6609E—04 3.8791E—06 0.00506350
5 1000 1600 7.6358E—04 4.1196E—06 0.00539511
6 1000 1800 7.6840E—04 5.0197E—06 0.00653267
7 1200 1400 9.1200E—04 4.5539E—-06 0.00499331
8 1200 1600 9.1857E—-04 4.6660E—06 0.00507963
9 1200 1800 9.2572E—-04 4.0124E—-06 0.00433436

Cyclic load FIGURE 9 (A) Illustration of the

(A) T (B) region of interest (ROI) in the
calibration specimen and
AT (x,

/ Image (x,) (B) dimensions of the ROI demarcated
with white lines, superimposed on an
amplitude map [Colour figure can be

ROI viewed at wileyonlinelibrary.com]|
« u (AT)
s (AT)
400 x 400 pix
1 18 X 18 mm

thermoelastic constants. The plate specimen provides a
uniaxial stress state to relate the applied stress range with
the temperature variation.>**>*® Nine stress levels were
used in the calibration, with different amplitudes and
mean stresses (Table 4). Temperature amplitudes were
calculated from the temperature maps, and a suitable
region of interest (Figure 9) was defined to calculate the
value of the thermoelastic constants. This region was
defined centered at the plate, far from the loading points
and avoiding corners where lens distortion might occur,
as well as far from the plate edges where the temperature
field may experience edge effects.

In Table 4, 4 and s denote the mean and the standard
deviation of the normalized temperature amplitude. The
last column in Table 3 shows the Pearson variation coeffi-
cient for the temperature data, with values <1%. This
means that the measurement dispersion is very low, and
hence, the temperature distribution is uniform and con-
stant in the region of interest.

To fit the calibration constants, Equation (16) must
be simplified to fit the test case of uniaxial loading. In
addition, this equation is reorganized through division by
the alternating stress to obtain the equation of a straight

TABLE 5 Experimentally determined thermoelastic constants
v (1/MPa) b (1/MPa?)
3.1765 x 10°° 43715 x 10°

line. The normalized temperature amplitude for the uni-
axial loading case is then given by Equation (30).

AT
2T06a

=y+b-op, (30)

where o, is the stress amplitude and o, is the mean
stress component. Calibration parameters were then
obtained through a linear least squares fit to the line. The
constants y and b obtained by this process are shown in
Table 5.

4.3 | Determination of crack tip
parameters from DIC data

The procedure for determining crack tip parameters from
DIC data is similar to the method that has been explained
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for the TSA data. Displacement maps were obtained
using commercial DIC software (VIC2D provided by Cor-
related Solutions Inc). The data points used in the fitting
process were extracted from both horizontal and vertical
displacement maps as shown in Figure 10. The inner
mesh radius was calculated employing the Dugdale plas-
tic radius approximation.*’ The outer radius was defined
by analyzing vertical displacement contours as reported
by Vasco-Olmo et al.*” When displacement data are used
for crack tip parameter determination, three additional
parameters that take into account any rigid body motion
displacement experienced by the specimen should be
included into the fitting problem. Hence, employing a
small-displacement correction, these three parameters
are a horizontal displacement uy, a vertical displacement
Vo, and an in-plane rotation Ry,

(A) Horizontal displacement map
2
4
E s
=
8
10
12
2 4 6 8 10 12 14 %107
X (mm)
Vertical displacement map x10™

(B)

2
2m
4
B
£ 6 1.5m
>
8
1m

2 4 6 8 10 12 14
X (mm)
FIGURE 10 Annular set of measurement data points shown
superimposed on (A) the horizontal displacement map and (B) the

vertical displacement map. Maps for a crack length of 8.5 mm
[Colour figure can be viewed at wileyonlinelibrary.com]
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. . \CJP -\ exp
— . 1
A,B,C,E,F,r%igy,uo,vo,nyH(u+] V) (u+) HZ (31)

For DIC data, both maximum and minimum load maps
were processed and crack tip parameters were calculated
as the difference between the maximum and the mini-
mum loads. Initial solution values were determined in a
similar fashion to TSA data processing (Equations 25-
29), and the initial rigid body motion coefficients were
set as zero.

5 | RESULTS AND DISCUSSION

Figure 11 shows the experimentally measured values of
AKr for the CJP model and AK; for the Irwin-
Westergaard model. These have been calculated from
TSA and DIC data for each of the two stress ratios of 0.1
and 0.6 and are shown together with a line that plots the
standard stress intensity solution for a CT specimen,
given in ASTM E647.

For the higher stress ratio R = 0.6, the absolute values
of SIF range obtained using TSA are very similar for both
the Irwin-Westergaard (4K;) and CJP (AKy) models and
are also close to the ASTM standard CT stress intensity
solution line. This is perhaps not surprising, as there
would be expected to be only a minor influence on crack
growth from plasticity-induced shielding. Table 6 shows
that the relative difference between the average values of
the TSA and DIC solutions and the standard value is all
relatively small, TSA value differences of 2.99% (CJP) and
2.45% (Westergaard) and a CJP DIC difference of 3.67%.

50 T T T
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FIGURE 11
by TSA and DIC data plotted versus the normalized crack length
for the two different stress ratios of 0.1 and 0.6

Stress intensity factor ranges AK; or AKy obtained
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TABLE 6 SIF value AK error (%) relative to the standard definition
TSA DIC

Crack length ASTM ASTM CJP CJpP West West CJP CJP

(mm) R=01 R=10.6 R=01 R=10.6 R=01 R=06 R=01 R=10.6

5.82 26.21 12.02 +1.58 —6.59 —0.47 +4.91 —8.34 —7.80

6.13 27.31 12.53 +3.25 —-3.01 +2.50 +5.13 —9.51 +3.55

6.49 28.60 13.17 +1.94 +0.14 +2.51 +2.01 —6.61 -1.87

6.87 30.03 13.65 —0.25 —6.20 +0.86 —1.40 —8.49 +4.08

7.23 31.43 14.55 +0.14 —4.70 +2.81 +1.27 —5.70 —0.35

7.76 33.70 15.31 +0.37 +1.90 +3.55 —0.85 —4.20 +3.21

8.46 37.00 16.67 —5.60 +0.51 -1.09 —0.24 —2.21 +7.07

9.38 42.04 18.78 —4.37 —0.89 —2.55 —3.88 —0.89 —1.44

Mean abs value — — 2.18 2.99 2.04 2.45 5.74 3.67
Note: Crack length is defined from specimen holes.
Inspection of the values in Table 6 as a function of crack 50 ' ' ' '
length indicates a more significant variation as the sl o GpreaRod
shielding contribution changes during crack growth. N 2?;'\4;\0&10.6

At the lower stress ratio value of R = 0.1, a greater 40F| w CJPDICROSG 1
relative percentage difference is observed in the CJP DIC & TTTnASTMROG £
data compared with the standard solution, and as the AK ﬁi % |
values are higher than at R = 0.6, the difference can be %— 30 i
easily observed in Figure 11. This would be expected, as 2
the CJP model incorporates plasticity-induced shielding 5 % A0 1
influences in the calculated values of both Ky and K. In 20l ]
the case of the driving force Ky, this is primarily plastic __,.--—-"’_'"
blunting that reduces it, while for Ky, crack wake contact 15 - e 1 1
and compatibility-induced strains are more important ___,_,_.,4—-—»;"1"1'—A :
and their interaction can provide a stress intensity that 025 03 0.35 04 045 05
either retards or accelerates crack growth. Average per- Normalised crack length o
centage differences from the standard solution at R = 0.1 )
FIGURE 12 Plot of the CJP model effective range of stress

are given in Table 6 as 2.18% for the case of the CJP
model using TSA, 2.04% for the TSA solution using the
Irwin-Westergaard model, and 5.74% for the CJP model
using DIC. As expected, the results obtained using the
Irwin-Westergaard approach and TSA data agree closely
with the standard value at both values of R due to the lin-
ear elastic nature of the model. The CJP model, based on
a more inclusive capture of the influences of the plastic
zone surrounding the crack, which are relatively small
for this titanium alloy, gives a more informative picture
as discussed above and the relative differences between
its predictions of AK obtained with either TSA or DIC
agree very well at R=0.6 and slightly less well at
R =0.1. This may reflect at the necessity for a slight
tweaking of the higher order terms used in TSA model to
identify the effects of plasticity on crack growth. None-
theless, the approach outlined in this paper offers a very
significant step forward in applying TSA to crack growth
in the presence of plasticity. However, it has been

intensity factor, calculated using Equation (31) for both DIC and
TSA data, versus the normalized crack length for the cases of
R=0.1and 0.6

previously shown®* that the range of Kr is insufficient to
quantify the fatigue crack driving force since the CIP
model provides a more comprehensive crack tip shielding
influence through the AKgp by combining AKp and
AKy as shown in Equation (1) which is repeated here for
convenience. In this equation, the sign of Kz matters in
terms of either assisting or retarding crack growth, and
this is based on the direction assigned to it as a retarding
force on the elastic field in the original mathematical der-
ivation.?® Thus, as reported by Vasco-Olmo et al.,** nega-
tive values retard the crack growth (Kr—|Kg|) and
positives values enhance the crack growth (Kp+ |Kg|).
The correct direction is pointing back to the crack origin,
and a positive value then makes it a retarding force on
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the elastic field. In the discussion in this paper, however,
as TSA data are stored as an absolute value, that is, sign-
free, the absolute values of AKp will be used in
Equation (1), changing it to

AKCJPZAKF—|AKR‘. (32)

Figure 12 shows a plot of AK¢yp versus the normalized
crack length for both the DIC and TSA data and at both
stress ratios.

Figure 12 demonstrates that the differences observed
in Figure 11 at R = 0.1 in the stress intensity factor range
measured with the TSA and DIC techniques have now
been eliminated when data are plotted using the AK¢jp
instead of the AKpr parameter. It should be noted that
this graph is not plotted against crack growth rate,
da/dN, and therefore, the growth rate curves do not coin-
cide at the two stress ratio values. The close correspon-
dence of the AKcjp values for TSA and DIC with AKp,
while the AKg values are different (see Figure 13), can be
mathematically explained by considering the coefficient
E that models part of the shielding effect. E is included in
the formulation of both Kz and K, and a comprehensive
crack shielding influence should be quantified through
the inclusion of both parameters that then gives its com-
plete influence. The AK¢jp values have a fairly uniform
difference of approximately 13% compared with the stan-
dard solution at R=0.1. At R=0.6, a more variable but
smaller difference of ~5% (lower than the standard solu-
tion) was observed.

Figure 13 shows the absolute values of the retardation
stress intensity factor range (AKy) plotted as a function of
the normalized crack length. At the higher R value,
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FIGURE 13
range AK plotted as a function of the normalized crack length for
both TSA and DIC data and at both stress ratio values

Values of the retardation stress intensity factor
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similar values are observed for AKy using either TSA or
DIC techniques, as the shielding will be limited. Larger
differences were observed at the lower stress ratio
R = 0.1, particularly of normalized crack length <0.42.
Those differences might be attributed to the influence of
coefficient E in both K and Ky and hence on their corre-
sponding stress terms (z /2 and z~'/?Inz). However, as
shown in Figure 12, when a comprehensive parameter as
AKcp is used (gives the full influence of both stress
terms), differences are removed. Figure 13 also shows
that AKy values increase as the crack grows demonstrat-
ing how the plasticity-induced crack shielding effect
increases as the crack length increases. Figure 14 com-
pares AKcjp values obtained with the two techniques
(TSA and DIC) and a perfect agreement would follow the
straight line at 45°. The plot also shows 5% deviation
lines, and it is clear that the data fall inside this band
(mean difference of 2.3% for R=0.1 and 4.1% for R =0.6).

Finally, the fit quality for TSA data represented with
the Pearson correlation coefficient is shown in Figure 15
for both the Irwin-Westergaard approach and the CJP
model. It shows the Pearson correlation coefficient
between experimental TSA data (peak-to-peak tempera-
ture) and the theoretically fitted data obtained by recon-
structing the peak-to-peak temperature map through the
analytical equations for the two models.

Figure 15 illustrates three significant points. First, the
correlation coefficients are higher than 98.5% with either
model, any crack length, and both stress ratio values, dem-
onstrating that the experimental and theoretical data agree
very well. Second, correlation coefficients for the low-
stress ratio (higher temperature amplitude) are higher
than for the lower amplitude data. This fact could be due

45 T T T T T

40

1/2

AK_ . TSA (MPam'?)
N
(6]

~ 5% deviation lines

5 . . . . .
10 15 20 25 30 35 40

1/2
AK_ , DIC (MPam'?)

FIGURE 14 Comparison between the stress intensity factors
ranges obtained using the CJP model and the TSA and DIC
techniques
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data from both models (CJP and Irwin-Westergaard) and both
stress ratios, compared with the experimental peak-to-peak
temperature map

to a higher noise in the lower temperature amplitude data
since smaller temperature measurements commonly
implies a noisier signal. This can be also observed in
Figure 6 where temperature amplitude maps are better
shaped for higher amplitudes. The third and the most
important point is that the correlation coefficient using the
CJP model always provides a better fit to the experimental
data than the Irwin-Westergaard approach. This is inter-
preted as highlighting the improved ability of the CJP
model to capture the influence of plasticity on the global
stress field surrounding a fatigue crack in contrast to
purely elastic-based models such as Irwin-Westergaard.

6 | CONCLUSIONS

This work proposes a method for calculating crack tip
stress parameters using a high-order thermoelastic for-
mulation that allows at least partial capture of the influ-
ence of plasticity. The proposed technique was validated
against digital image correlation data and compared with
the purely elastic Irwin—Westergaard model and with the
CJP model of crack tip fields that includes the plasticity-
induced shielding effects. The results in terms of the
range of stress intensity factor and fitting quality parame-
ters demonstrate the improved capability of the CIJP
model in characterizing the crack tip stress field when
the plastic enclave surrounding the crack affects the
global stress field and induces a retardation/acceleration
effect on the fatigue crack growth rate. The work has
demonstrated that the TSA approach can identify a plas-
ticity influence in the crack tip field, provided that higher

order terms are used, and that the technique can then be
fitted to the CJP model to yield K and Ky terms. In this
initial work, only two stress terms are used in the TSA
equation, following the approach of Di Carolo et al.>* It is
possible that further work would identify additional
higher order terms that would increase the accuracy of
the TSA approach, albeit with an increased complexity in
the analysis. Hence, potential future work could include
the analysis of variable amplitude loading during fatigue
crack growth by analyzing not only the CJP model
parameters but also going deeper into high-order har-
monics that appear as the consequence of high-
magnitude nonlinear effects.
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NOMENCLATURE

Gx, Oy, Txy Plane stress tensor (MPa)

r,0 Polar coordinates (mm,rad)

K; Opening mode stress intensity fac-
tor (MPa /m)

K In-plane shear mode stress inten-
sity factor (MPa y/m)

Ty Nonsingular stress along the crack
growth direction (MPa)

A,B,C,E,F CJp model coefficients
(MPa /m,MPa)

Kr CJP model opening mode stress
intensity factor that drives growth
forwards (MPa /m)

KF.max CJP opening mode stress intensity
factor that drives growth forward
at maximum load (MPa /m)

KF min CJP opening mode stress intensity
factor that drives growth forward
at minimum load (MPa /m)

Kgr CJP model stress intensity factor
that acts to retard crack growth
(MPa /m)

KR max CJIP model stress intensity factor

that acts to retard crack growth at
maximum load (MPa \/m)
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CJP model stress intensity factor
that acts to retard crack growth at
minimum load (MPa /m)

CJP model shear stress intensity
factor (MPa /m)

Irwin stress intensity factor range
(MPa /m)

CJP model effective SIF range
(MPa /m)

Nonsingular stress along the crack
opening direction (MPa)

Plane displacement field (mm)
Complex variable (mm)

Imaginary unit (v/—1)

Shear modulus (GPa)

Poisson's coefficient

Variable dependent on either plane
stress or plane strain conditions
Temperature range (°C)

Reference temperature (°C)
Thermoelastic constants
(1/MPa,1/MPa?)

Principal stresses ranges (MPa)
Stress ratio

Stress ratio function

Plane stress tensor components
ranges (MPa)

Temperature signal (°C)
Temperature rate (°C/s)

i'™ harmonic amplitude (°C)
Angular frequency (rad/s)
i harmonic phase (rad)
Time (s)

Sum index

Amplitude components (°C)
Crack tip coordinates (mm)
Dugdale plastic radius (mm)
0.2% Yield Stress (MPa)
Irwin stress intensity
(MPa /m)

Nonsingular T-stress (MPa)
Normalized crack length
Normalized thickness
Applied load (N)

Specimen width (mm)
Specimen thickness (mm)
CJP model coefficients ranges
(MPa /m,MPa)

Mean and standard deviation
Alternating and mean stress com-
ponents (MPa)

Rigid body motion -coefficients
(mm,rad)

factor

“ : 1611
ﬁi d ‘ ‘ 1 Eﬁg?::eﬁnzﬁ;;erizfs & Structures _WI L EYJ_
AK

I Mode I Irwin-Westergaard stress
intensity range (MPa y/m)
AKFp CJP mode opening mode SIF range
(MPa /m)
AKpg CJP model retardation SIF range
(MPa /m)
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