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A B S T R A C T

Promising algorithm of alternating generalized projection method (AGP) is proposed for phase-only synthesis
process of satellite reflectarray antennas under intersection approach. This promising algorithm is a hybridized
algorithm of two specialized algorithms for non-convex sets rescued in the literature: algorithm based on
separating hyperplanes and algorithm based on decomposition method in polar cones. Since the sets involved in
phase-only synthesis process of satellite reflectarray antennas are non-convex, the conventional von Neumann
alternating projection method proposed in the literature does not guarantee convergence to the point in the
intersection of the involved sets. In addition, the results of the phase-only synthesis obtained by the different
algorithms were compared and promising improvements produced by the proposed hybridized algorithm were
shown.
1. Introduction and preliminaries

The design of broadcast and telecommunication satellite antennas
is very challenging due to stringent required electrical and mechanics
specifications for space missions [1]. Although during many years
shaped surface reflector antennas have been used to satisfy the stringent
requirements [2], the last decade reflectarray antennas has been an in-
teresting alternative due to easier and cheaper manufacturing process,
low profile and independent control of each polarization [3]. A printed
reflectarray antenna consists of a planar array of resonant elements on
grounded multilayer substrates illuminated by a feed antenna (typically
a feed-horn, see Fig. 1) [3]. The resonant elements scatter the incident
electric fields from the feed-horn with a certain phase-shift. For passive
reflectarrays (i.e. in absence of active devices connected to reflec-
tarray elements which supplies energy) the scattered electric fields
only suffer small energy losses produced by the dielectric support and
metallization of the layout (i.e. dielectric and ohmic losses). Since the
illumination of the reflectarray is fixed by the feed-horn, magnitude of
scattered electric field is mainly fixed by the feed-horn. In this way the
phase-shifts produced by each resonant element of reflectarray are the
only degrees of freedom to shape the reflected beam. So, the radiated
electric field is mainly controlled by these phase-shifts produced by
the reflectarray elements. The required value of the phase shift must
be determined for each reflectarray element to properly shape the
radiating beam and illuminate a specific desired geographic region.
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The process of the determining these required values of phase-shifts
is known as the phase-only synthesis process [3]. Once the values of
phase-shift are known, specific lengths of the layout of each resonant
element of the reflectarray are varied to produce the required value
of phase-shift. The entire process of synthesis and length adjustment
is known as the design process [3]. Since the reflectarrays are made
resonant elements, the main drawback of the design process is the
narrow bandwidth of resonant elements. Fortunately, in last few years
significant effort has been done to overcome this limitation [4–7].

Several techniques have been developed to generate shaped beams
using planar arrays [8–11]. Concretely, in [11] a comparison between
three reflectarray synthesis methods was carried out. Below we show a
summary table with the comparison of some synthesis methods:

It has been demonstrated that the phase-only synthesis based on the
Intersection Approach [12,13], previously developed for phased arrays,
is highly efficient for large reflectarrays [14]. However, according with
Table 1 [11], the main drawback of Intersection Approach is that it
is very sensitive to initial point (especially for large reflectarrays). In
the Intersection Approach technique, two sets are considered: the set
of the radiation patterns that can be generated by the reflectarray, and
the set of the radiation patterns which satisfy the mission requirements
(henceforth  and  sets respectively). So, the idea consists of search-
ing for intersection points of the two sets, or at least, a searching for
points of each set that are at the minimum distance in a metric space.
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Table 1
Comparison between three reflectarray synthesis method shown in [11].

Synthesis method Brief description Drawbacks

Synthesis method by This method approximates High sidelobes levels in
beam addition. the desired radiation non-coverage region.

pattern in the coverage
region as superposition of
nearby pencil beams.

Phase-only synthesis A cost function is High computational
based on gradient defined as the distant cost and CPU time
techniques method. between the desired for large reflectarrays.

radiation pattern and the
that produced
by the reflectarray for
generic phase-shifts.
The cost function
is minimized by
gradient methods.

Phase-only synthesis Two sets are defined: The convergence of
method based on set with possible radiated the method is very
alternating projections fields by the reflectarray sensitive to initial
(Intersection Approach). and set with those required point (especially with

in the coverage region. large antennas).
The method tries to
find the intersection
between both sets by
successive projections.

The intersection approach is carried out by means of method of
alternating projections (MAP). The sequences generated by MAP, or
its extensions, applied by projector operators onto involved sets, in
the case of a non-empty intersection, are iteratively applied until con-
vergence to an intersection point (feasible solution) is reached. In the
case of an empty intersection it converges to two points (each point in
each set) that determine the minimum distance between the sets [15].
MAP, in its simplest formulation, dates back von Neumann [16], who
studied the problem of finding the projection of a given point in a
Hilbert space onto the intersection of two closed subspaces. Later, this
scheme was extended by Cheney and Goldstein [17] to the case of two
closed convex sets. Unfortunately, in the reflectarray problem, as we
will demonstrate, the sets  and  are not convex. In general, when at
least one of involved sets is not convex, convergence to the intersection
set (if it is not empty) is not guaranteed by the method of projections
onto convex sets (POCS) [15]. Fortunately, when non-convex sets are
considered, in the known literature some strategies have been proposed
(see, for example, [18–21]). This generalized form of MAP, called the
alternating generalized projection method (AGP method) [18], was
chosen by the authors as the right strategy to face phase-only synthesis.

By applying the AGP method to two non-convex sets, it is expected
that the distance between projected and pre-projected points of each
set is reduced in each iteration. However, in practice it is possible to
detect convergence to pair of points, one of each set, so the distance
stops reducing in each iteration. This is a trapping situation, so it is said
that we fell into a trap point (any of them). The trap points produce a
local minimum of distance between involved sets. In [18] Andrade et al.
proposed two different algorithms to leave trap points when two sets
are considered, one convex set and other non-convex set. These two
proposed algorithms are: algorithm based on separating hyperplanes
and algorithm based on decomposition method in polar cones. The
results obtained by applying these algorithms were compared with the
results obtained by applying the MAP and the two proposed algorithms
showed promising results [18].

Therefore, we rescue the two algorithms of AGP proposed in [18] to
apply in the intersection approach for phase-only synthesis of satellite
reflectarray antennas. Since the sets  and  are not convex (as we
will show later), we will apply the two algorithms proposed in [18] to
our case. We would like to point out that, according with [18], it is
expected that the algorithm based on separating hyperplanes generates
2

Fig. 1. Scheme of reflectarray antenna of 𝑁𝑥 ×𝑁𝑦 elements of 𝑎 × 𝑏 size of the cell.
The reflectarray is illuminated by feed-horn. Tangential components of incident and
reflected electric field on an specific reflectarray element are shown.

a convergent sequence to an intersection point of the sets. On the
other hand, in [18] the decomposition method based on polar cones
is expected to work to leave the trap point. So, in this work not only
extensions of the two rescued algorithms are shown, but also hybridized
algorithm is proposed. The hybridized algorithm implemented consists
of applying the algorithm based on decomposition into polar cones
during the first iterations, and after applying the algorithm based on
separating hyperplanes for the remaining iterations.

The remainder of the paper is organized as follows. In the next
section, a computation process of radiation patterns generated by re-
flectarray antenna will be shown. This section is required to demon-
strate the correct understanding of the radiated electric fields from
the reflectarray and the subsequent definitions of the involved sets.
After that convexity of the involved sets will be studied in Section 3.
These are the set  of radiated electric fields which satisfy the mission
requirements (i.e. it satisfies a given specifications), and the set  of
radiated electric fields which can be generated by the reflectarray.
In Section 4 extensions of the rescued algorithms proposed in [18],
based on separating hyperplanes and based on decomposition in polar
cones, and hybridized algorithm will be shown to face the phase-only
synthesis reflectarray in intersection approach technique. In Section 6,
a comparison of the numerical results obtained by the algorithms will
be presented. Finally in Section 6 some concluding remarks will be
presented.

2. Computation of radiation patterns generated by reflectarray
antenna

Let us consider the scheme shown in Fig. 1. The scheme shows a
reflectarray panel of 𝑁𝑥 × 𝑁𝑦 elements arranged in 𝑁𝑥 rows and 𝑁𝑦
columns where the size of the cell of each element is 𝑎×𝑏. In this scheme
the reflectarray panel is illuminated by a feed-horn antenna.

Henceforth we will assume that the tangential components of inci-
dent electric field generated by the feed-horn, 𝐸inc

0𝑥 (𝑥, 𝑦) and 𝐸inc
0𝑦 (𝑥, 𝑦),

in the plane 𝑧 = 0, on the aperture of the reflectarray panel are
known. This assumption is motivated because of wide variety of ex-
isting techniques to obtain the tangential components of the electric
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field generated by the feed-horn [22–26]. Normally, the feed-horn has
a component of the tangential incident electric field whose magnitude
is significantly higher than the other component. In that case, it is said
that a polarized feed horn is used. For example, when |𝐸inc

0𝑥 (𝑥, 𝑦)| ≫
|𝐸inc

0𝑦 (𝑥, 𝑦)| then X-polarized feed-horn is used. Henceforth, without loss
of generality, we will refer X-polarized feed-horn.

When the components 𝐸inc
0𝑥 (𝑥, 𝑦) and 𝐸inc

0𝑦 (𝑥, 𝑦) are available, the
tangential components of the reflected electric field, 𝐸ref

0𝑥 (𝑥, 𝑦) and
𝐸ref
0𝑦 (𝑥, 𝑦) on the reflectarray panel can be computed by solving the scat-

tering problem of the incident electric fields on the resonant elements of
the reflectarray panel. Known numerical tools—such as finite element
(FE) [27], finite difference time domain (FDTD) [28], and method
of moments (MM) [29] are suitable to solve this scattering problem.
Since this scattering problem involves large structures made of resonant
elements, high computational resources are usually required for solving
the scattering problem with acceptable accuracy. In order to reduce
computational cost, it is preferable boundary element approach of the
scattering problem as techniques based on MM. For example, in [30]
MM scheme with Fast Fourier Transform (FFT) and Biconjugate Gradi-
ent Stabilized method (BICGSTAB) is proposed to solve the scattering
problem of the incident electric field on large reflectarray panel.

Either way, the components 𝐸ref
0𝑥 (𝑥, 𝑦) and 𝐸ref

0𝑦 (𝑥, 𝑦) of the reflected
electric field can be obtained from the components 𝐸inc

0𝑥 (𝑥, 𝑦) and
𝐸inc
0𝑦 (𝑥, 𝑦) of the tangential incident electric field in plane 𝑧 = 0, on

the reflectarray panel. In reflectarray antenna designs, usually the po-
larization of the incident electric field from the feed-horn is kept in the
produced reflected electric field. So, if X-polarized feed-horn is used,
then X-polarized reflectarray is usually desired (i.e. If |𝐸inc

0𝑥 (𝑥, 𝑦)| ≫
|𝐸inc

0𝑦 (𝑥, 𝑦)| then |𝐸ref
0𝑥 (𝑥, 𝑦)| ≫ |𝐸ref

0𝑦 (𝑥, 𝑦)| is desired). Moreover, we
would like to point out that, for passive elements of the reflectarray
(i.e. reflectarray elements that are not coupled to active devices such as
diodes, transistors, etc, that supply energy) the magnitude of the more
significant component of the tangential reflected electric field is always
less or equal to the magnitude of the more significant component of
the tangential incident electric field (i.e. |𝐸ref

0𝑥 (𝑥, 𝑦)| ≤ |𝐸inc
0𝑥 (𝑥, 𝑦)| for

X-polarized reflectarray antennas). We will revisit this topic once the
convexity of the set  has been studied.

Once the tangential components of the reflected electric fields in
the plane 𝑧 = 0 are available, the spherical angular components of the
radiated electric field can be obtained by [25]:

𝐸rad
𝜃 (𝑟, 𝜃, 𝜙) =

𝑗𝑘0
2𝜋𝑟

𝑒−𝑗𝑘0𝑟
[

cos(𝜙)𝐸ref
0𝑥 (𝑢, 𝑣) + sin(𝜙)𝐸ref

0𝑦 (𝑢, 𝑣)
]

(1)

𝐸rad
𝜙 (𝑟, 𝜃, 𝜙) =

𝑗𝑘0𝑒−𝑗𝑘0𝑟

2𝜋𝑟
cos(𝜃)

[

cos(𝜙)𝐸ref
0𝑦 (𝑢, 𝑣) − sin(𝜙)𝐸ref

0𝑥 (𝑢, 𝑣)
]

(2)

where 𝑗 is the imaginary unit and where 𝑢 = sin(𝜃) cos(𝜙), 𝑣 =
in(𝜃) cos(𝜙). The observation points with respect to the reference
ystem shown in Fig. 1 are described by their spherical components
𝑟, 𝜃, 𝜙) with 𝑟 ≫ 2𝜋

𝑘0
. The functions 𝐸ref

0𝑥 (𝑢, 𝑣) and 𝐸ref
0𝑦 (𝑢, 𝑣) are the

angular spectrum of plane waves of the tangential components of the
reflected electric fields 𝐸ref

0𝑥 (𝑥, 𝑦) and 𝐸ref
0𝑦 (𝑥, 𝑦) [25]:

𝐸ref
0𝑥∕𝑦(𝑢, 𝑣) = ∫

∞

−∞ ∫

∞

−∞
𝐸ref
0𝑥∕𝑦(𝑥, 𝑦)𝑒

𝑗𝑘0(𝑢𝑥+𝑣𝑦) 𝑑𝑥 𝑑𝑦 (3)

Note that (3) is not strictly a Fourier Transform of 𝐸ref
0𝑥∕𝑦(𝑥, 𝑦) since

𝑢2 + 𝑣2 ≤ 1. This fact is imposed because the angular spectrum of
plane waves only take into account the continuous contribution of
electric fields 𝐸ref

0𝑥∕𝑦(𝑥, 𝑦)𝑒
𝑗𝑘0(𝑢𝑥+𝑣𝑦) of plane waves with real propagation

constant 𝐤 = 𝑘𝑥𝐱̂+𝑘𝑦𝐲̂+𝑘𝑧𝐳̂, with magnitude |𝐤| ≤ 𝑘0. We would like to
point out that the magnitude of 𝐸ref

0𝑥∕𝑦(𝑥, 𝑦) is neglected on the outside
region of reflectarray panel in ‘𝑥’ and ‘𝑦’ directions. In fact, the limits
of integration shown in (3) are reduced to the surface, 𝑆RA (see Fig. 1),
of reflectarray panel in 𝑧 = 0. In this way, the spectrum of plane waves
is usually approximated by:

𝐸ref
0𝑥∕𝑦(𝑢, 𝑣) ≈ 𝐸ref

0𝑥∕𝑦(𝑥, 𝑦)𝑒
𝑗𝑘0(𝑢𝑥+𝑣𝑦) 𝑑𝑥 𝑑𝑦 (4)
3

∬𝑆RA
p

Moreover, since we assume X-polarized reflectarray (i.e. |𝐸ref
0𝑥 (𝑥, 𝑦)|

≫ |𝐸ref
0𝑦 (𝑥, 𝑦)|) the 𝑦-component of the tangential reflected electric

field can be neglected. Consequently, its angular spectrum of plane
waves 𝐸ref

0𝑦 (𝑢, 𝑣) is also neglected. In this way, the spherical angular
components of the radiated electric field given in (1) and (2) can be
approximated by:

𝐸rad
𝜃 (𝑟, 𝜃, 𝜙) ≈

𝑗𝑘0
2𝜋𝑟

𝑒−𝑗𝑘0𝑟 cos(𝜙)𝐸ref
0𝑥 (𝑢, 𝑣) (5)

rad
𝜙 (𝑟, 𝜃, 𝜙) ≈ −

𝑗𝑘0𝑒−𝑗𝑘0𝑟

2𝜋𝑟
cos(𝜃) sin(𝜙)𝐸ref

0𝑥 (𝑢, 𝑣) (6)

The spectrum of plane waves 𝐸ref
0𝑥 (𝑢, 𝑣) can be computed by (4) in

n efficient manner by means of a partition of the 𝑆RA into 𝑁 ×𝑀 cells
f size, 𝑎×𝑏, with 𝑀 = 𝑁 = 2𝑘, 𝑘 ∈ N in order to apply the Fast Fourier
ransform Algorithm (FFT Algorithm) [31] (see [3] for more details).

For pass from the cartesian variables 𝑢-𝑣 to the angular spherical
ariables we can use the known change variables:

= arcsin(
√

𝑢2 + 𝑣2) (7)

𝜙 =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

arctan
(

𝑣
𝑢

)

if 𝑢 > 0
𝜋
2 if 𝑢 = 0, 𝑣 > 0

𝜋 + arctan
(

𝑣
𝑢

)

if 𝑢⟨0, 𝑣⟩0
− 𝜋

2 if 𝑢 = 0, 𝑣 < 0

−𝜋 + arctan
(

𝑣
𝑢

)

if 𝑢⟨0, 𝑣⟩0

(8)

The Eqs. (5) and (6) provide the spherical angular components of
he radiated electric field. In the computation of radiation patterns, it
s common to use co-polar and cross-polar components according to
hird Ludwig definition [32]. For X-polarized reflectarray antenna, the
ransformation from spherical angular components, 𝐸rad

𝜃 and 𝐸rad
𝜙 , of

he radiated electric field to co-polar and cross-polar components, 𝐸rad
cp

nd 𝐸rad
xp , are given by:

(

𝐸rad
cp (𝑟, 𝜃, 𝜙)

𝐸rad
xp (𝑟, 𝜃, 𝜙)

)

=
(

cos(𝜙) − sin(𝜙)
− sin(𝜙) − cos(𝜙)

)

(

𝐸rad
𝜃 (𝑟, 𝜃, 𝜙)

𝐸rad
𝜑 (𝑟, 𝜃, 𝜙)

)

(9)

From the radiated co-polar electric field component, we can com-
ute the co-polar gain of the reflectarray antenna with respect to the
nput power of the feed-horn. This gain is defined as ratio between the
ensity power per unit area produced by the radiated co-polar electric
ield component and the density power per unit area of an isotropic
ource with input power equal to feed-horn power [3]:

cp(𝜃, 𝜙) =
|

|

|

𝐸rad
cp (𝑟, 𝜃, 𝜙)||

|

2
4𝜋𝑟2

2𝜂𝑃Feed
(10)

Where 𝜂 is the vacuum impedance and 𝑃Feed is the power of the
eed-horn. Please, note that the dependence with ’𝑟’ variable disappear
n (10). This fact can be shown by substituting (9), (5) and (6) in (10):

cp(𝜃, 𝜙) =
𝑘20

2𝜋𝜂𝑃Feed

|

|

|

𝐸ref
0𝑥 (𝑢, 𝑣)

|

|

|

2
(11)

[

cos2 (𝜙) + sin2 (𝜙) cos(𝜃)
]2

. Study of convexity of involved sets  and 

In this section we will study the convexity of the involved sets 
set of the radiation patterns which satisfy the mission requirements)
nd  (set of the radiation patterns that can be generated by the
eflectarray).

Let us begin with the set . This set contains the radiated electric
ields that satisfies requirements of the gain in specific coverage region.
hese requirements of gain of satellite antenna missions are usually
iven as required minimum and maximum gain, 𝑔min

cp (𝑢, 𝑣) and 𝑔max
cp (𝑢, 𝑣)

n coverage region of radiation pattern diagram. The gain of the co-
min
olar component of the radiated electric field should fulfill 𝑔cp (𝑢, 𝑣) ≤
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Fig. 2. (a) Contour of Europe coverage seen from 5◦ west orbital position; (b) Minimum gain requirements in the defined coverage [14].
Fig. 3. Set  defined by (14) is shown in complex plane for fixed values of 𝑢 =
𝑢0 , 𝑣 = 𝑣0. The set  is not convex since the line segment joining points 𝐸rad

cp,1(𝑢, 𝑣) and
𝐸rad

cp,2(𝑢, 𝑣) is not completely within the set .

𝐺cp(𝑢, 𝑣) ≤ 𝑔max
cp (𝑢, 𝑣). Examples of mission requirements on coverage is

given in Fig. 2 [14]:
From 𝑔min

cp (𝑢, 𝑣) and 𝑔max
cp (𝑢, 𝑣) and (10), we can define the maximum

and minimum values of the magnitude of the co-polar component of
the radiated electric field which satisfies the mission requirements:

𝑇max(𝑢, 𝑣) =

√

𝑔max
cp (𝑢, 𝑣)𝜂𝑃Feed

4𝜋𝑟2
(12)

𝑇min(𝑢, 𝑣) =

√

𝑔min
cp (𝑢, 𝑣)𝜂𝑃Feed

4𝜋𝑟2
(13)

So, we can define the set  of radiated electric fields that satisfy the
mission requirements as those with a co-polar component that satisfies:

 ≡
{

𝐸rad
cp ∈ C ∶𝑇min ≤

|

|

|

𝐸rad
cp

|

|

|

≤ 𝑇max

}

(14)

In Fig. 3 the set  defined by (14) is shown in complex plane for
fixed values of 𝑢 = 𝑢0, 𝑣 = 𝑣0. The set consists of a ring which is limited
by circumferences of radius 𝑇min(𝑢0, 𝑣0) and 𝑇max(𝑢0, 𝑣0). Let us define
convex set in complex plane:

Definition 1. Let us  ⊆C.  is a convex set if 𝜆𝑥 + (1 − 𝜆)𝑦 ∈
 ∀𝑥, 𝑦 ∈  and ∀𝜆 ∈ [0, 1].

The Definition 1 defines a convex set as a set where, for two
points of the set, 𝑥 and 𝑦, the line segment joining points 𝑥 and 𝑦 lies
4

completely within the set. According with Fig. 3, is clear that the set
 is not convex since the line segment joining points 𝐸rad

cp,1(𝑢, 𝑣) and
𝐸rad
cp,2(𝑢, 𝑣) is not completely within the set .

Now, let us consider the set . If we revisit the previous section,
taking into account (4), (5), and (6) when formulating (9), the co-
polar component of radiated electric field generated by the reflectarray
can be obtained from 𝑥-component of the reflected electric field as
following:

𝐸rad
cp (𝑟, 𝜃, 𝜙) = 𝑗𝑘0

𝑒−𝑗𝑘0𝑟

2𝜋𝑟
[

cos2(𝜙) + sin2(𝜙) cos(𝜃)
]

(15)

∬𝑆RA

𝐸ref
0𝑥 (𝑥, 𝑦)𝑒

𝑗𝑘0(𝑢𝑥+𝑣𝑦)𝑑𝑥𝑑𝑦

According with Section 2, for passive elements of the X-polarized
reflectarray antenna is satisfied that |𝐸ref

0𝑥 (𝑥, 𝑦)| ≤ |𝐸inc
0𝑥 (𝑥, 𝑦)|. This

fact is because losses of power is produced by the lossy dielectric
material and ohmic losses of metallizations of the reflectarray element.
Since dielectric material with low dielectric loss and good conductors
with low ohmic losses are previously selected, it is expected that
|𝐸ref

0𝑥 (𝑥, 𝑦)| ≈ |𝐸inc
0𝑥 (𝑥, 𝑦)|. The strict equality between the magnitudes the

reflected and incident electric fields, |𝐸ref
0𝑥 (𝑥, 𝑦)| = |𝐸inc

0𝑥 (𝑥, 𝑦)|, is only
produced for ideal non-lossy dielectric material and ideal metallizations
without ohmic losses. The argument of 𝐸ref

0𝑥 (𝑥, 𝑦) is the argument of
𝐸inc
0𝑥 (𝑥, 𝑦) plus the phase-shift, 𝜑(𝑥, 𝑦), generated by the reflectarray

element (i.e. arg(𝐸ref
0𝑥 (𝑥, 𝑦)) = arg(𝐸inc

0𝑥 (𝑥, 𝑦)) +𝜑(𝑥, 𝑦)). So, we can define
the  set of radiated electric fields which can be generated by the
reflectarray as the radiated electric fields with co-polar component
which satisfies:

 ≡ {𝐸rad
cp ∈ C ∶∃𝜑(𝑥, 𝑦) ∈ R with (16)

𝐸rad
cp = 𝑗𝑘0

𝑒−𝑗𝑘0𝑟

2𝜋𝑟
[

cos2(𝜙) + sin2(𝜙) cos(𝜃)
]

∬𝑆RA

|

|

|

𝐸inc
0𝑥 (𝑥, 𝑦)

|

|

|

𝑒𝑗[arg(𝐸
inc
0𝑥 (𝑥,𝑦))+𝜑(𝑥,𝑦)]𝑒𝑗𝑘0(𝑢𝑥+𝑣𝑦)𝑑𝑥𝑑𝑦}

where 𝐸inc
0𝑥 (𝑥, 𝑦) is fixed by the feed-horn of the reflectarray antenna.

According with Definition 1, we can check that the  set is not convex.
Let us 𝐸rad

cp,1, 𝐸rad
cp,2 ∈  produced from 𝐸ref

0𝑥,1(𝑥, 𝑦), 𝐸
ref
0𝑥,2(𝑥, 𝑦) such that

|𝐸ref
0𝑥,𝑘(𝑥, 𝑦)| = |𝐸inc

0𝑥,𝑘(𝑥, 𝑦)| and arg(𝐸ref
0𝑥,𝑘(𝑥, 𝑦)) = arg(𝐸inc

0𝑥 (𝑥, 𝑦)) + 𝜑𝑘(𝑥, 𝑦),
𝑘 = 1, 2. Let us check that the line segment joining points 𝐸rad

cp,1 and
𝐸rad
cp,2 is not completely within the set . First, we compute the amount

𝐸rad
cp,2 + (1 − 𝜆)𝐸rad

cp,1∀𝜆 ∈ [0, 1]:

𝜆𝐸rad
cp,2 + (1 − 𝜆)𝐸rad

cp,1 = 𝑗𝑘0
𝑒−𝑗𝑘0𝑟

2𝜋𝑟
[

cos2(𝜙) + sin2(𝜙) cos(𝜃)
]

(17)

∬𝑆RA

|

|

|

𝐸inc
0𝑥 (𝑥, 𝑦)

|

|

|

[

𝜆𝑒𝑗arg(𝐸
ref
0𝑥,2(𝑥,𝑦)) + (1 − 𝜆)𝑒𝑗arg(𝐸

ref
0𝑥,1(𝑥,𝑦))

]

𝑒𝑗𝑘0(𝑢𝑥+𝑣𝑦)𝑑𝑥𝑑𝑦

Since the term of square bracket, 𝜆𝑒𝑗arg(𝐸
ref
0𝑥,2(𝑥,𝑦))+(1−𝜆)𝑒𝑗arg(𝐸

ref
0𝑥,1(𝑥,𝑦)),

is not a complex number with unitary magnitude in general, then
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a

∄𝜑(𝑥, 𝑦) ∈ R such that

𝜆𝐸rad
cp,2 + (1 − 𝜆)𝐸rad

cp,1 = 𝑗𝑘0
𝑒−𝑗𝑘0𝑟

2𝜋𝑟
[

cos2(𝜙) + sin2(𝜙) cos(𝜃)
]

(18)

∬𝑆RA

|

|

|

𝐸inc
0𝑥 (𝑥, 𝑦)

|

|

|

𝑒𝑗[arg(𝐸
inc
0𝑥 (𝑥,𝑦))+𝜑(𝑥,𝑦)]𝑒𝑗𝑘0(𝑢𝑥+𝑣𝑦)𝑑𝑥𝑑𝑦, ∀𝜆 ∈ [0, 1]

So, (𝜆𝐸rad
cp,2 + (1 − 𝜆)𝐸rad

cp,1) ∉ ∀𝜆 ∈ [0, 1]. Therefore,  set is not
convex.

Please note that, unlike the set , representing the set  graphi-
cally is complicated because the elements of  involve the functions
𝐸ref
0𝑥 (𝑥, 𝑦).

4. Trap points and how to avoid them

According with (11) and (4), the synthesis of radiation pattern
for reflectarray antennas requires obtaining of the tangential compo-
nents of reflected electric field on reflectarray panel. More concretely,
it is required the determining of the argument, arg(𝐸

′ ,ref
0𝑥 (𝑥, 𝑦)), of

𝑥-component of the reflected electric field.
This synthesis process can be approached as a search for intersection

points of two sets, or at least, a search for points of each set that are
at the minimum distance in a metric spaces. These sets are given by
(14) as the  set of radiated electric fields which satisfy the mission
requirements and by (16) as the  set of radiated electric fields which
can be generated by the reflectarray. This approach of searching for
intersection points of the two sets is known as ‘‘intersection approach’’
in reflectarray antenna synthesis [3,12,13]. The intersection approach
is carried out by means of method of alternating projections (MAP). In
MAP sequences that involves projector operators on involved sets are
iteratively applied in order to converge to intersection points (feasible
solution) or points of each set that are at the minimum distance in a
metric space.

Maybe, the more known MAP is the von Neumann’s scheme [16].
This scheme was extended by Cheney and Goldstein [17] for convex
sets. This scheme is based on following theorem:

Theorem 1. Let us two closed convex sets A, B of Hilbert Space ,
with projector operators 𝑃𝐴 and 𝑃𝐵 respectively. Let us 𝑥0 ∈ . Then
im𝑘→∞

(

𝑃𝐵𝑃𝐴
)𝑘 𝑥0 = 𝑃𝐴∩𝐵𝑥0

Note that, according with Theorem 1, the knowledge of projector
operators are required to implement an algorithm based on Theorem 1.
In our case, the projector operator can be defined for the sets  and

as following:

efinition 2. Let us  ⊆C as  ≡
{

𝐸rad
cp (𝑢, 𝑣)∈ C ∶𝑇min(𝑢, 𝑣) ≤

|

|

|

𝐸rad
cp (𝑢, 𝑣)||

|

≤ 𝑇max(𝑢, 𝑣)
}

and consider 𝐸′rad
cp (𝑢, 𝑣)∈ C. The projector op-

rator 𝑃 on set  is defined as:

(𝐸′rad
cp (𝑢, 𝑣)) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑇max(𝑢, 𝑣)𝑒
𝑗arg(𝐸′rad

cp (𝑢,𝑣)) 𝑖𝑓 𝑇max(𝑢, 𝑣) ≤
|

|

|

𝐸′rad
cp (𝑢, 𝑣)||

|

𝑇min(𝑢, 𝑣)𝑒
𝑗arg(𝐸′rad

cp (𝑢,𝑣)) 𝑖𝑓 𝑇min(𝑢, 𝑣) ≥
|

|

|

𝐸′rad
cp (𝑢, 𝑣)||

|

𝐸′rad
cp (𝑢, 𝑣) 𝑖𝑓 𝑇min(𝑢, 𝑣) ≤

|

|

|

𝐸rad
cp (𝑢, 𝑣)||

|

≤ 𝑇max(𝑢, 𝑣)

(19)

Note that this projector operator only modifies the modulus of
omplex number of 𝐸

′ ,rad
cp (𝑢, 𝑣) if 𝐸

′ ,rad
cp (𝑢, 𝑣) ∉ , but the argument,

arg(𝐸
′ ,rad
cp (𝑢, 𝑣)), is kept.

According with (16), next we define the projector operator 𝑃 on
set .

Definition 3. Let us consider

 ⊆ C 𝑎𝑠 ≡ {𝐸rad∈
cp C ∶

𝐸rad = 𝑗𝑘 𝑒−𝑗𝑘0𝑟 [cos2(𝜙) + sin2(𝜙) cos(𝜃)
]

5

cp 0 2𝜋𝑟
Table 2
Von Neumann algorithm (MAP).

Algorithm 1: von Neumann’s method

1: Require 𝐸rad
cp,0 ∈ , 𝜀 = tolerance, 𝑁𝑇 ∶= maximum number of iterations

2: for 𝑘 ∶= 0, 1, 2,… , 𝑁𝑇 do
3: 𝐸rad

cp,𝑘+1 = 𝑃

(

𝑃

(

𝐸rad
cp,𝑘

))

4: 𝐽
(

𝐸rad
cp,𝑘

)

=
‖

‖

‖

‖

𝑃

(

𝐸rad
cp,𝑘

)

− 𝐸rad
cp,𝑘+1

‖

‖

‖

‖

5: if 𝐽 (𝐸rad
𝑐𝑝,𝑘+1) < 𝜀

6: return 𝐸rad
cp,𝑘

7: Stop, the algorithm converges to a point in  ∩
8: end if
9: end for

∬𝑆RA

|

|

|

𝐸inc
0𝑥 (𝑥, 𝑦)

|

|

|

𝑒𝑗arg(𝐸
ref
0𝑥 (𝑥,𝑦))𝑒𝑗𝑘0(𝑢𝑥+𝑣𝑦)𝑑𝑥𝑑𝑦}

and 𝐸′rad
cp (𝑢, 𝑣)∈ C ∶ ∃𝐸

′ ,ref
0𝑥 (𝑥, 𝑦)∈ C:

′ ,rad
cp (𝑢, 𝑣) = 𝑗𝑘0

𝑒−𝑗𝑘0𝑟

2𝜋𝑟
[

cos2(𝜙) + sin2(𝜙) cos(𝜃)
]

(20)

∬𝑆RA

𝐸
′ ,ref
0𝑥 (𝑥, 𝑦)𝑒𝑗𝑘0(𝑢𝑥+𝑣𝑦)𝑑𝑥𝑑𝑦

nd 𝐸inc
0𝑥 (𝑥, 𝑦)∈ C. Then the projector operator 𝑃 on set  is defined

as:

𝑃(𝐸
′ ,rad
cp (𝑢, 𝑣)) = 𝑗𝑘0

𝑒−𝑗𝑘0𝑟

2𝜋𝑟
[

cos2(𝜙) + sin2(𝜙) cos(𝜃)
]

(21)

∬𝑆RA

|

|

|

𝐸inc
0𝑥 (𝑥, 𝑦)

|

|

|

𝑒𝑗arg(𝐸
′ ,ref
0𝑥 (𝑥,𝑦))𝑒𝑗𝑘0(𝑢𝑥+𝑣𝑦)𝑑𝑥𝑑𝑦

Note that this projector operator replaces the modulus of complex
umber of the integrand 𝐸

′ ,ref
0𝑥 (𝑥, 𝑦) by the modulus of the complex

umber of the incident electric field 𝐸inc
0𝑥 (𝑥, 𝑦).

Once the projector operators are defined, the von Neumann’s algo-
ithm can be applied to the sets  and . The following algorithm
iven in Table 2 is proposed from the theorem particularized for the
ets  and . Also, flowchart of the algorithm is shown in Fig. 4. The
roposed algorithm uses as initial point a 𝐸rad

cp ∈ . This selection
s carried out because of the ease to choose a co-polar component of
he radiated electric field which satisfy the mission requirements (for
xample: 𝐸rad

cp (𝑢, 𝑣) = 𝑇min(𝑢, 𝑣))
Note that, according to Theorem 1, if feasible solution exists, then

onvergence to intersection point is guaranteed when the involved sets
re closed convex sets. Although the theorem does not state anything
hen there is not intersection point (i.e. feasible solution does not
xist), it is known that the algorithm reaches the convergence to points
f each set that are at the minimum distance [18]. However, this
lgorithm cannot guarantee convergence to a feasible solution if any of
he sets is non-convex. In fact, when non-convex sets are considered, a
eneralized form of MAP is used. These generalized form of MAP are
sually called as alternating generalized projection method (AGP) [18].

When two non-convex sets are considered, it is expected that the
istance between projected and pre-projected points of each set is
educed in each iteration of applying AGP method in a metric spaces.
owever, in practice it is possible to detect convergence to pair of
oints, one of each set, whose the distance is not reduced in each
teration. One of pair of points is called trap points. The trap points
re characterized by following properties:

1. Let us 𝐴,𝐵 sets being any non-convex set. Let us define the
function 𝐽 (𝑥) = 𝑑(𝑥, 𝐵) ≡ inf𝑦∈𝐵 ‖𝑥 − 𝑦‖ with 𝑥 ∈ 𝐴. Then 𝑥
is a trap point if it is a local minimum of 𝐽 (⋅) and 𝐽 (𝑥) > 0.

2. The convergence to a trap point depends strongly on the initial
point (see Fig. 5).
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Fig. 4. Flowchart of the von Neumann’s algorithm (algorithm 1 given in Table 2).
Fig. 5. Example of two sets 𝐴,𝐵 with 𝐴 non-convex set and 𝐵 convex set. The convergence to a trap point 𝑥𝑇 depends strongly of the initial point.
According with previous section,  and  sets are not convex.
So, there is not guaranteed convergence to feasible solution (or con-
vergence to points of each set that are at the minimum distance if
feasible solution does not exist) by application of MAP. Therefore, AGP
methods should be implemented in order to leave from trap points.
With this purpose, we rescue two algorithms of AGP proposed in [18].
One algorithm is based on sequence of separating hyperplanes while
that, another algorithm is based on decomposition method in polar
cones. In next subsections these algorithm will be briefly described and
we will adapt them for reflectarray antenna synthesis.

4.1. Algorithm based on separating hyperplanes

This algorithm was proposed in [18] where a non-convex set, 𝐴,
and other convex set, 𝐵, and their projector operators 𝑃𝐴 and 𝑃𝐵 , were
considered. It is a known results that, given a point 𝑥 ∉ 𝐵, there exist a
separating hyperplane 𝐻 that separates 𝑥 and 𝐵. In [18] the following
process was proposed: given a point 𝑥𝑖, the projected point on 𝐵, 𝑃𝐵(𝑥𝑖)
is obtained. Next, a point 𝑤𝑖 is selected in the line segment joining
the points 𝑥𝑖 and 𝑃𝐵(𝑥𝑖) (for example 𝑤𝑖 = (𝑥𝑖 + 𝑃𝐵(𝑥𝑖))∕2). Then,
the separating hyperplane 𝐻𝑖 is define as the hyperplane containing
the point 𝑤𝑖, whose normal vector is the gradient vector of 𝐵 in the
point 𝑃 (𝑥 ). It is expected that the intersection between the separating
6

𝐵 𝑖
hyperplane 𝐻𝑖 and non-convex set 𝐴 is non-empty set (i.e. 𝐻𝑖 ∩𝐴 ≠ ∅).
Let us consider 𝑥𝐻𝑖∩𝐴 ∈ 𝐻𝑖 ∩ 𝐴. The existence of 𝑥𝐻𝑖∩𝐴 is guaranteed
as long as the point 𝑤𝑖 exists such as 𝐻𝑖 ∩ 𝐴 ≠ ∅. If the point 𝑥𝑖+1 =
𝑥𝐻𝑖∩𝐴 ∉ 𝐵 other hyperplane 𝐻𝑖+1 that separates 𝑥𝑖+1 and 𝐵 is computed
in order to obtain an intersection point 𝑥𝑖+2 = 𝑥𝐻𝑖+1∩𝐴 ∈ 𝐻𝑖+1 ∩𝐴. So, a
sequences of points {𝑥𝑖}𝑖≥0 and hyperplanes {𝐻𝑖}𝑖≥0 are generated such
that 𝑥𝑖+1 ∈ 𝐻𝑖+1 ∩𝐴. In [18] it is expected that this sequence of points
{𝑥𝑖}𝑖≥0 converges to a point in the intersection 𝐴∩𝐵. In fact, numerical
results with promising results were shown in [18] (see Table 4 of results
of experiment 3 in [18]). We extend the proposed algorithm in [18] to
face reflectarray antenna synthesis. The following points describe this
extension considering fixed values of 𝑢, 𝑣:

1. Since 𝐸rad
cp = (Re(𝐸rad

cp ) + 𝑗Im(𝐸rad
cp )) ∈ C, we will consider

(Re(𝐸rad
cp ), Im(𝐸rad

cp )) ∈ R2 with conventional Euclidean inner
product.

2. We will consider  and  sets defined in (14) and (16). We
remember that they are non-convex sets and for this reason, this
is an extension of the algorithm.

3. Let us 𝐸rad
cp,𝑖 = 𝑃(𝑃(𝐸rad

cp,𝑖−1)) = 𝐸rad
cp,𝑇 ∈  a trap point.

We define 𝑤,𝑖 = (𝑃(𝐸rad
cp,𝑖−1) + 𝐸rad

cp,𝑖−1)∕2 and 𝑤,𝑖 = (𝐸rad
cp,𝑖 +

𝑃 (𝐸rad ))∕2.
 cp,𝑖−1
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Table 3
AGP based on separating hyperplanes.

Algorithm 2: AGP based on separating hyperplanes

1: Require 𝐸rad
cp,0 ∈ , 𝜀 = tolerance, 𝑁𝑇 ∶= maximum number of iterations

2: for 𝑘 ∶= 0, 1, 2,… , 𝑁𝑇 do
3: 𝐸rad

cp,𝑘+1 = 𝑃

(

𝑃

(

𝐸rad
cp,𝑘

))

4: 𝐽
(

𝐸rad
cp,𝑘

)

=
‖

‖

‖

‖

𝑃

(

𝐸rad
cp,𝑘

)

− 𝐸rad
cp,𝑘+1

‖

‖

‖

‖

5: if 𝐽 (𝐸rad
cp,𝑘) < 𝜀

6: return 𝐸rad
cp,𝑘

7: Stop, the algorithm converges to a point in  ∩
8: else if ||

|

𝐽 (𝐸rad
cp,𝑘+1) − 𝐽 (𝐸rad

cp,𝑘)
|

|

|

< 𝜀 then

9: The algorithm converges to trap point
10: 𝑤,𝑘 =

(

𝑃(𝐸rad
cp,𝑘−1) + 𝐸rad

cp,𝑘−1

)

∕2

11: 𝑤,𝑘 =
(

𝐸rad
cp,𝑘 + 𝑃(𝐸rad

cp,𝑘−1)
)

∕2

12: 𝐻𝑘 ≡
{

𝐸rad
cp = 𝑤,𝑘 + 𝜆

(

𝑤,𝑘 −𝑤,𝑘
)

; 𝜆∈ R
}

13: Intersects 𝐻𝑘 with the two circumferences of radius 𝑇min and 𝑇max

14: Compute 𝜆𝑟 values such that ‖

‖

‖

𝑤,𝑘 + 𝜆𝑟
(

𝑤,𝑘 −𝑤,𝑘
)

‖

‖

‖

2
= 𝑇 2

min ∕max

15: Redefine 𝐸rad
cp,𝑘 = 𝑤,𝑘 + 𝜆min

(

𝑤,𝑘 −𝑤,𝑘
)

: 𝜆min ≡ inf{𝜆𝑟}

16: If ∄𝜆𝑟∈ R, we intersect 𝐻𝑘 with  set by successive projections 𝑃

and 𝑃𝐻𝑘
: we redefine 𝐸rad

cp,𝑘,𝑙 = 𝑤,𝑘

17: for 𝑙 ∶= 0, 1, 2,… , 𝑁𝑇 do
18: 𝐸rad

cp,𝑘,𝑙+1 = 𝑃𝐻𝑘

(

𝑃

(

𝐸rad
cp,𝑘,𝑙

))

19: 𝐽
(

𝐸rad
cp,𝑘,𝑙

)

=
‖

‖

‖

‖

𝑃

(

𝐸rad
cp,𝑘,𝑙

)

− 𝐸rad
cp,𝑘,𝑙+1

‖

‖

‖

‖

20: if 𝐽 (𝐸rad
cp,𝑘,𝑙) < 𝜀

21: The algorithm converges to a point in 𝐻𝑘 ∩. We redefine 𝐸rad
cp,𝑘 = 𝐸rad

cp,𝑘,𝑙

22: else if ||
|

𝐽 (𝐸rad
cp,𝑘,𝑙+1) − 𝐽 (𝐸rad

cp,𝑘,𝑙)
|

|

|

< 𝜀 then

23: The algorithm converges to trap point. We redefine 𝐸rad
cp,𝑘 = 𝐸rad

cp,𝑘,𝑙

24: end if
25: end for
26: end if
27:end for

4. Since R2 is considered, we define the separating hyperplane 𝐻𝑖
as the straight lines which contains the points 𝑤,𝑖 and 𝑤,𝑖
(i.e. 𝐻𝑖 ≡ {𝐸rad

cp = 𝑤,𝑖 + 𝜆(𝑤,𝑖 − 𝑤,𝑖); 𝜆 ∈ }. Despite
orthogonality between 𝐻𝑖 and the gradient vector of  is not
guaranteed in the point 𝑃(𝐸rad

cp,𝑖), this definition produces better
results when the algorithm is applied. Since the involved sets
 and  are not convex, the hyperplane 𝐻𝑖 is not strictly a
separating hyperplane, only locally.

5. The intersection points between 𝐻𝑖 and the boundary of  is
obtained in the case of 𝐻𝑖 ∩  ≠ ∅. Since the boundary of
 are two concentric circumferences of 𝑇min and 𝑇max radius
respectively, (i.e. ‖𝐸rad

cp ‖

2 = (Re(𝐸rad
cp ))2 + (Im(𝐸rad

cp ))2 = 𝑇 2
min ∕max)

then it is possible that there exist two points of intersection with
boundary of , belonging each point to each circumference. In
that case, we select the intersection point whose distance with
𝑤,𝑖 is minimum. The selected point will be used as initial point
𝐸rad
cp,𝑖 in step 3.

6. If 𝐻𝑖∩ = ∅ with 𝐻𝑖 obtained from 𝑤,𝑖 and 𝑤,𝑖, then 𝐻𝑖 acts
as separating hyperplane between 𝑃(𝐸rad

cp,𝑖−1) and  set. So, we
intersects 𝐻𝑖 with  set by successive projections 𝑃 and 𝑃𝐻𝑖
as it is described in [18] (see the algorithm shown in Table 3
for more details). The projection on 𝐻𝑖 is the conventional
projections from a point to a straight line.

Table 3 and Fig. 6 show the pseudocode and flowchart of adapted
algorithm respectively:

Fig. 7 shows two cases for the extended algorithm. A first case where
 set is inside the external boundary of  set (i.e.  is inside the
7

circumference of 𝑇max radius), and a second case where part of  set
is outside to external boundary of  set (i.e. part of  is outside the
circumference of 𝑇max radius).

We would like to point out that, in second case (see Fig. 7(b)),
the set  behaves like a convex set. The reason is because, in this
case the algorithm not use interior points of  set, only points of
exterior boundary (i.e. points which belongs to the set {𝐸rad

cp ∈ C ∶
(Re(𝐸rad

cp ))2 + (Im(𝐸rad
cp ))2 = 𝑇 2

min ∕max} are only used). So, in this case
𝐻𝑖 ∩  = ∅ and according with pass 6, we intersects 𝐻𝑖 with  set
by successive projections 𝑃 and 𝑃𝐻𝑖

as it is described in [18]. Other
important point in the proposed algorithm is that, once the trap point
is leaved, the intersection between 𝐻𝑖 and the boundaries of set 
produces acceleration of the algorithm with respect to a successive
projections of the operators 𝑃 and 𝑃. In this way, the proposed
algorithm is not only useful for leaving the trap point, but also for
accelerating with respect to successive projection scheme.

4.2. Algorithm based on decomposition method in polar cones

Prior to describing the algorithm based on decomposition in polar
cones, let us introduce required concepts.

Definition 4. A non-empty set 𝐾 in a vector space is called a cone if
𝑥 ∈ 𝐾 imply that 𝛼𝑥 ∈ 𝐾 ∀𝛼 ≥ 0. If in addition 𝐾 is convex, then 𝐾 is
called convex cone.

Definition 5. Let us 𝐾 a cone in a Hilbert Space , then the polar cone
of 𝐾, denoted by 𝐾𝑜, is given by 𝐾𝑜 ≡ {𝑥 ∈  ∶ ⟨𝑥, 𝑦⟩ ≤ 0 ∀𝑦 ∈ 𝐾}.

From Definition 5 we can note that 𝐾𝑜 is closed convex cone
and that if 𝐾 is close convex cone then (𝐾𝑜)𝑜 = 𝐾. Please, note
hat Definition 4 define a closed convex cone in more general sense
han conventional cone definition. For example, a half-line is closed
onvex cone according with Definition 4. In this case, the closed convex
olar cone is the half-plane whose boundary is a line orthogonal to
he previous half-line and that intersects it at its vertex. Moreover,
ecomposition in polar cones known as Moreau’s theorem will be
equired:

heorem 2. Let us 𝑥, 𝑦, 𝑧 ∈  Hilbert Space and 𝐾 ⊆  . If 𝐾 is a
losed convex cone, then

[

𝑧 = 𝑥 + 𝑦, 𝑤𝑖𝑡ℎ 𝑥 ∈ 𝐾, 𝑦 ∈ 𝐾𝑜, 𝑎𝑛𝑑 ⟨𝑥, 𝑦⟩ = 0
]

𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓
[

𝑥 = 𝑃𝐾 (𝑧) 𝑎𝑛𝑑 𝑦 = 𝑃𝐾𝑜 (𝑧)
]

.

Once Definition 4, 5 and Theorem 2 are stated, the proposed al-
orithm based on decomposition method in polar cones of [18] can
e described. Let us consider a non-convex set, 𝐴, and other convex
et, 𝐵, and their projector operators 𝑃𝐴 and 𝑃𝐵 , and let us consider a
rap point on 𝐴 set. This algorithm is recommended in order to leave
trap point, 𝑥𝑇 , when trap point is reached by successive projections.
he basic idea consists in making a separating hyperplane, 𝐻0, close to
rap point (in similar manner as was described in Section 4.1). Since
eparating hyperplane, 𝐻0, is a closed convex set, the polar cone (𝐻0)𝑜

s defined. After that, decomposition in polar cones based on Moreau’s
heorem (Theorem 2) is applied such as 𝑥𝑇 = 𝑃𝐻0

(𝑥𝑇 )+𝑃(𝐻0)𝑜 (𝑥𝑇 ). Then
he algorithm projects the component 𝑃(𝐻0)𝑜 (𝑥𝑇 ) on non-convex set 𝐴,
= 𝑃𝐴(𝑃(𝐻0)𝑜 (𝑥𝑇 )). Again decomposition in polar cones is carried out

uch as 𝑧 = 𝑃𝐻0
(𝑧) + 𝑃(𝐻0)𝑜 (𝑧) and the component 𝑃𝐻0

(𝑧) is projected
n non-convex set 𝐴 again, 𝑃𝐴(𝑃𝐻0

(𝑧)). It is expected that the distance
from 𝑥𝑇 to 𝑃𝐴(𝑃(𝐻0)𝑜 (𝑥𝑇 )) is less than the distance from 𝑥𝑇 to 𝑃𝐴(𝑃𝐻0

(𝑧))
(i.e. ‖𝑥𝑇 − 𝑃𝐴(𝑃(𝐻0)𝑜 (𝑥𝑇 ))‖ < ‖𝑥𝑇 − 𝑃𝐴(𝑃𝐻0

(𝑧))‖. So, it is expected that
the trap point is leaved. In fact, numerical results with promising results
are shown in [18] (see Table 4 of results of experiment 3 in [18]).

We extend the proposed algorithm in [18] to face reflectarray
antenna synthesis. The following points describe this extension consid-

ering fixed values of 𝑢, 𝑣:
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Fig. 6. Flowchart of the algorithm 2 given in Table 3. Three blocks are distinguished: a first block to find  ∩, else a second block to find  ∩𝐻𝑘, else a third block to find
 ∩𝐻𝑘. The initial point for the next iteration is the intersection point into  ∩𝐻𝑘 or into  ∩𝐻𝑘.
Fig. 7. (a) Extended algorithm based on separating hyperplanes when  set is inside the external boundary of  set (i.e.  is inside the circumference of 𝑇max radius); (b)
Extended algorithm based on separating hyperplanes when part of  set is outside the external boundary of  set (i.e. part of  is outside the circumference of 𝑇max radius).
1. Since 𝐸rad
cp = (Re(𝐸rad

cp ) + 𝑗Im(𝐸rad
cp )) ∈ C, we will consider

(Re(𝐸rad
cp ), Im(𝐸rad

cp )) ∈ R2 with conventional Euclidean inner
product. Moreover, if (Re(𝐸rad

cp ), Im(𝐸rad
cp )) ∈ R2 represents

(Re(𝐸rad
cp ) + 𝑗Im(𝐸rad

cp )) ∈ C, the rotated vector +𝜋∕2, (−Im(𝐸rad
cp ),

Re(𝐸rad
cp )) ∈ R2 represents (𝑗Re(𝐸rad

cp ) − Im(𝐸rad
cp )) ∈ C.

2. We will consider  and  sets defined in (14) and (16). We
remember that they are non-convex sets and for this reason, this
is an extension of the algorithm.

3. Let us 𝐸rad
cp,𝑖 = 𝑃(𝑃(𝐸rad

cp,𝑖−1)) = 𝐸rad
cp,𝑇 ∈  a trap point.

We define 𝑤,𝑖 = (𝑃(𝐸rad
cp,𝑖−1) + 𝐸rad

cp,𝑖−1)∕2 and 𝑤,𝑖 = (𝐸rad
cp,𝑖 +

𝑃(𝐸rad
cp,𝑖−1))∕2.

4. We define the separating hyperplane 𝐻𝑖 as the straight lines
which contains the points 𝑤,𝑖 and 𝑤,𝑖 (i.e. 𝐻𝑖 ≡ {𝐸rad

cp =
𝑤,𝑖 + 𝜆(𝑤,𝑖 − 𝑤,𝑖); 𝜆 ∈ }. Since the involved sets  and
 are not convex, the hyperplane 𝐻𝑖 is not strictly a separating
hyperplane, only locally.

5. We define (𝐻𝑖)𝑜 as the orthogonal straight line to 𝐻𝑖 that inter-
sects with 𝐻𝑖 in the point 𝑞𝑖 such that ‖𝐸rad

cp,𝑖−𝑤,𝑖‖ = ‖𝑞𝑖−𝑤,𝑖‖

(i.e. (𝐻𝑖)𝑜 ≡ {𝐸rad
cp = 𝑞𝑖 + 𝑗𝜆(𝑤,𝑖 −𝑤,𝑖); 𝜆 ∈ R}).

6. 𝐸rad
cp,𝑖 is decomposed in polar cones such as 𝐸rad

cp,𝑖 = 𝑃𝐻𝑖
(𝐸rad

cp,𝑖) +
rad
8

𝑃(𝐻𝑖)𝑜 (𝐸cp,𝑖). Then the algorithm projects the component
𝑃(𝐻𝑖)𝑜 (𝐸
rad
cp,𝑖) on non-convex set , 𝑧𝑖 = 𝑃(𝑃(𝐻𝑖)𝑜 (𝐸

rad
cp,𝑖)). Again

decomposition in polar cones is carried out such as 𝑧𝑖 = 𝑃𝐻𝑖
(𝑧𝑖)+

𝑃(𝐻𝑖)𝑜 (𝑧𝑖) and the component 𝑃𝐻𝑖
(𝑧𝑖) is projected on non-convex

set  again, 𝑃(𝑃𝐻𝑖
(𝑧𝑖)). In this point, we redefine 𝐸rad

cp,𝑖 as
𝑃(𝑃𝐻𝑖

(𝑧𝑖)) and we start from pass 3 again.

Table 4 and Fig. 8 show the pseudocode and flowchart of adapted
algorithm respectively:

Fig. 9 shows two cases for the extended algorithm. A first case where
 set is inside the external boundary of  set (i.e.  is inside the
circumference of 𝑇max radius), and a second case where part of  set
is outside the external boundary of  set (i.e. part of  is outside the
circumference of 𝑇max radius).

Again we would like to point out that, in second case (see Fig. 9(b)),
 set behaves like a convex set because of same reason described
in previous section. We would not like to end this subsection with-
out emphasizing the use of the proposed algorithm to leave the trap
point (it is not expected that this algorithm works to converge to
the intersection of the involved sets, only to leave the trap point).
In this way, it is expected that, a hybridized algorithm can produce
better results than each algorithm separately. This hybridized algorithm
has been implemented: first with iterations of the algorithm based on
decomposition method in polar cones and after, with iterations of the
algorithm based on separating hyperplanes.
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Fig. 8. Flowchart of the algorithm 3 given in Table 3. Two blocks are distinguished: a first block to find  ∩, else a second block to leave the trap point. The initial point for
the subsequent iteration is that obtained to leave the trap point.
Fig. 9. (a) Extended algorithm based on decomposition method in polar cones when  set is inside the external boundary of  set (i.e.  is inside the circumference of 𝑇max
radius); (b) Extended algorithm based on separating hyperplanes when part of  set is outside the external boundary of  set (i.e. part of  is outside the circumference of 𝑇max
radius).
5. Results

A comparison of results obtained by each algorithm, von Neumann’s
algorithm (see Table 2), the algorithm based on separating hyperplanes
(see Table 3), the algorithm based on decomposition method in polar
cones (see Table 4), and hybridized algorithm will be shown in this
section. So, we will show comparisons of results considering mission
requirements for Europe coverage given in Fig. 2 [14].

In Fig. 2(a) contour of Europe coverage seen from 5◦ west orbital
position is shown while that, in Fig. 2(b) minimum gain requirements
in the defined coverage are shown [14]. Two gain regions of 28.5 dBi
(interior region with respect to the solid line contour) and 25.5 dBi
(interior region limited by the dashed line and solid line contours)
are required. So, the minimum required gain 𝑔min

cp (𝑢, 𝑣) is fixed to 28.5
dBi and 25.5 dBi in each region respectively. In the outer coverage
region a maximum of 0 dBi is required. So, the maximum required
gain 𝑔max

cp (𝑢, 𝑣) is fixed to 0 dBi in the outer coverage region. Note that,
there is not a maximum required gain 𝑔max

cp (𝑢, 𝑣) inside coverage region
and neither a minimum required gain 𝑔min

cp (𝑢, 𝑣) outside coverage region.
All these requirements are required at the work frequency given by
12.1 GHz [14]. From all these restrictions, the maximum and minimum
values of the magnitude of the co-polar component of the radiated
9

electric field, 𝑇min(𝑢, 𝑣) and 𝑇max(𝑢, 𝑣) respectively, can be computed
using (12) and (13).

To fulfill previous requirements, we consider the following geom-
etry properties and illumination proposed in [14]. The reflectarray
consists of an elliptical flat panel with axes 1036 × 980 mm2. The
total number of elements is 4068 distributed in 74 columns and 70
rows of 14 × 14 mm2 of size cell. The center phase of the feed-horn
is located in the point (−302, 0, 898) mm with respect to the reference
system located on the center of the reflectarray (see Fig. 1). The feed-
horn is selected to provide −16 dB of edge illumination with respect to
the maximum of illumination on the center of the reflectarray panel. In
order to computed the tangential components of the incident electric
field, the radiation pattern of the feed-horn has been modeled with
cos𝑞(𝜃) model [3,22] with 𝑞 = 17 at 12.1 GHz.

We launch the four algorithms: von Neumann’s algorithm (algo-
rithm 1 given in Table 2), the algorithm based on separating hy-
perplanes (algorithm 2 given in Table 3), the algorithm based on
decomposition method in polar cones (algorithm 3 given in Table 4),
and hybridized algorithm of algorithm 2 and algorithm 3. The initial
point used for all algorithms is given by the co-polar component of
the radiated field 𝐸rad

cp,0(𝑢, 𝑣) = 𝑇min(𝑢, 𝑣) and the tolerance 𝜖 is fixed
to 0.1. The hybridized algorithm implemented consist of applying the
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Fig. 10. (a) Frobenius norm of the difference between projected and pre-projected co-polar components of radiated electric field versus number of iteration (i.e. 𝐽 (𝐸rad
cp,𝑘) =

‖𝑃(𝐸rad
cp,𝑘) − 𝐸rad

cp,𝑘‖); (b) Fraction of the radiation pattern which satisfies the mission requirements (i.e. the fraction of radiation pattern which satisfies 𝑇min ≤
|

|

|

𝐸rad
cp

|

|

|

≤ 𝑇max).
Table 4
AGP based on decomposition method in polar cones.

Algorithm 3: AGP based on decomposition method in polar cones

1:Require 𝐸rad
cp,0 ∈ , 𝜀 = tolerance, 𝑁𝑇 ∶= maximum number of iterations

2:for 𝑘 ∶= 0, 1, 2,… , 𝑁𝑇 do
3: 𝐸rad

cp,𝑘+1 = 𝑃

(

𝑃

(

𝐸rad
cp,𝑘

))

4: 𝐽
(

𝐸rad
cp,𝑘

)

=
‖

‖

‖

‖

𝑃

(

𝐸rad
cp,𝑘

)

− 𝐸rad
cp,𝑘+1

‖

‖

‖

‖

5: if 𝐽 (𝐸rad
cp,𝑘) < 𝜀

6: return 𝐸rad
cp,𝑘

7: Stop, the algorithm converges to a point in  ∩
8: else if ||

|

𝐽 (𝐸rad
cp,𝑘+1) − 𝐽 (𝐸rad

cp,𝑘)
|

|

|

< 𝜀 then

9: The algorithm converges to trap point
10: 𝑤,𝑘 =

(

𝑃(𝐸rad
cp,𝑘−1) + 𝐸rad

cp,𝑘−1

)

∕2

11: 𝑤,𝑘 =
(

𝐸rad
cp,𝑘 + 𝑃(𝐸rad

cp,𝑘−1)
)

∕2

12: Compute 𝑞𝑘 such that ‖

‖

‖

𝐸rad
cp,𝑘 −𝑤,𝑘

‖

‖

‖

= ‖

‖

𝑞𝑘 −𝑤,𝑘
‖

‖

13: 𝐻𝑘 ≡
{

𝐸rad
cp = 𝑤,𝑘 + 𝜆

(

𝑤,𝑘 −𝑤,𝑘
)

; 𝜆∈ R
}

14:
(

𝐻𝑘
)𝑜 ≡

{

𝐸rad
cp = 𝑞𝑘 + 𝑗𝜆

(

𝑤,𝑘 −𝑤,𝑘
)

; 𝜆∈ R
}

15: Compute 𝑧𝑘 = 𝑃(𝑃(𝐻𝑘)𝑜
(

𝐸rad
cp,𝑘

)

)

16: Compute 𝐸rad
cp,𝑘 = 𝑃(𝑃𝐻𝑘

(𝑧𝑘))

18: end if
19:end for

algorithm 3 (based on decomposition in polar cones) during the first
100 iterations, and after applying the algorithm 2 (based on separating
hyperplanes) during the rest of iterations.

The size of the cell 𝑎 = 𝑏 = 14 mm and values of 𝑀 = 𝑁 = 29 has
been used in the partition of the 𝑆RA. In order to quantify the distance
between projected and pre-projected points for all discrete values of 𝑢
and 𝑣, let us consider a matrix (𝐸rad

cp,𝑘) with 𝑀 ×𝑁 entries. The matrix
entries are evaluations of 𝐸rad

cp,𝑘 for discrete values of 𝑢 and 𝑣 in the
coverage region. We define the norm ‖𝐸rad

cp,𝑘‖
2 as Frobenius norm of

the matrix (𝐸rad
cp,𝑘). This definition is motivated because the ‖𝐸rad

cp,𝑘‖
2

is proportional to known physical magnitude. This known physical
magnitude is the power generated by the co-polar component of the
radiated electric field 𝐸rad

cp,𝑘 (i.e. the power is the closed surface integral
of the pointing vector in the region inner of closed surface, being the
modulus of vector pointing proportional to square of the magnitude
of the electric field). So, 𝐽 (𝐸rad

cp,𝑘) = ‖𝑃(𝐸rad
cp,𝑘) − 𝐸rad

cp,𝑘‖ will show the
Frobenius norm of the difference 𝑃(𝐸rad

cp,𝑘) − 𝐸rad
cp,𝑘 in order to quantify

the distance between the projected point and pre-projected point taking
into account all discrete values of 𝑢 and 𝑣 of the coverage region.

Fig. 10(a) shows the Frobenius norm of the difference between
projected and pre-projected co-polar components of radiated electric
10
field obtained by the different algorithms versus number of iteration.
We can see that the algorithm 1 (von Neumann’s method) provides
a value of Frobenius norm of the difference between projected and
pre-projected point equal to 370 from 50 iterations of the algorithms.
This value of the Frobenius norm is drastically reduced (37 times
less) by the algorithm 2 (separating hyperplanes). So, the projected
and pre-projected points get closer. Since lower values than previous
values obtained by von Neumann’s method of the Frobenius norm are
achieved by algorithm 2, the von Neumann’s method converges to trap
point. The algorithm 3 (decomposition method in polar cones) produces
slightly lower values of the Frobenius norm than obtained values by
algorithm 1 (the projected and pre-projected points are slightly closer).
This fact is expected since this method is prepared to leave the trap
point and not to converge to the intersection of the sets. Finally, the
hybridized algorithm provides the lowest value of Frobenius norm
(close to 100 times less than algorithm 1 results – von Neumann method
–) from 100 iterations (just when the separating hyperplanes method
is activated). On the other hand, Fig. 10(b) shows the fraction of the
radiation pattern which satisfies the mission requirements (i.e. the frac-
tion of radiation pattern which satisfies 𝑇min ≤ |

|

|

𝐸rad
cp

|

|

|

≤ 𝑇max). We can
see that the algorithm 1 (von Neumann’s method) provides values of
compliance lower than 85 per cent of the whole radiation pattern. The
algorithm 2 provides very oscillating values of compliance higher than
90 per cent. The algorithm 3 provides values of compliance slightly
lower than 90 per cent. Finally, when hybridized algorithm is applied,
values of compliance are significantly incremented from the compliance
values provided by algorithm 3 (when decomposition method in polar
cones is activaded) until 98 per cent of the radiation pattern from 100
iterations (just when the separating hyperplanes method is activated).
In this way, the proposed hybridized algorithm provides best results
of reduction of distance between projected and pre-projected points
involving significant improvements of the compliance.

Fig. 11(a) and (b) show the radiation pattern of the gain of the
co-polar radiated electric field with respect to the minimum required
gain 𝑔min

cp (𝑢, 𝑣) provided in the final iteration (k=200) by the algorithm
1 (von Neumann method) and the hybridized algorithm respectively.
Note that the values of difference of gain upper than 0 dB are limited
to 0 dB in order to easily identify the regions where the mission re-
quirements are not satisfied (i.e. to identify regions where the minimum
required gain 𝑔min

cp (𝑢, 𝑣) is upper than the resultant gain of the co-polar
radiated electric field generated by the reflectarray antenna). We can
see that, while the von Neumann method provides roughly five regions
with non-compliance inside coverage regions, the results provided by
hybridized algorithm only show two small non-compliance regions at
the edges of the coverage regions. So, the results provided by the
hybridized algorithm are much better than the results provided by von

Neumann method.
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Fig. 11. Radiation pattern of the gain of the co-polar radiated electric field with respect to the minimum required gain 𝑔min
cp (𝑢, 𝑣) provided in the final iteration (k=200) (a) by

the algorithm 1 (von Neumann method) and (b) by the hybridized algorithm.
6. Conclusions

In this work phase-only synthesis of satellite reflectarray antennas
using Intersection Approach for two sets has been reviewed: the set
 of radiated electric fields which satisfy the mission requirements,
and the set  of radiated electric fields which can be generated by the
reflectarray. Non-convexity of  and  sets has been revealed. When
any involved sets is not convex, convergence to intersections points or
points of each set that are at the minimum distance is not guaranteed
by method POCS (for example by von-Neumann’s method). When two
non-convex sets are considered, it is possible to detect trap points where
local minimum of distance between involved sets is found.

Two different algorithms proposed in [18] to leave trap points
are rescued. These two proposed algorithms are: algorithm based on
separating hyperplanes and algorithm based on decomposition method
in polar cones. According with [18], it is expected that the algorithm
based on separating hyperplanes generates a convergent sequence to
a point of intersections of the sets. On the contrary, in [18] it is
expected that the algorithm based decomposition method in polar cones
works to leave the trap point. So, in this work hybridized algorithm is
proposed. The hybridized algorithm implemented consist of applying
the algorithm based on decomposition in polar cones during the first
iterations (to leave the trap point), and after applying the algorithm
based on separating hyperplanes during the rest of iterations.

A comparison of results obtained by each algorithm, von Neumann’s
algorithm (see Table 2), the algorithm based on separating hyperplanes
(see Table 3), the algorithm based on decomposition method in polar
cones (see Table 4), and hybridized algorithm have been shown with
requirements for Europe coverage given in Fig. 2 [14]. In order to
quantify the distance between projected and pre-projected points for all
discrete values of 𝑢-𝑣 diagram of radiation pattern, we have used the
Frobenius norm for the evaluation of this distance. So, the Frobenius
norm between projected and pre-projected points have been compared
with respect to the number of iteration with the four algorithms. In
this comparison the hybridized algorithm provides the lowest value of
Frobenius norm with reductions of 100 times less with respect to those
obtained by algorithm 1. Also fraction of the radiation pattern which
satisfies the mission requirements have been computed with respect
to the number of iteration with the four algorithms. Improvements of
compliance reach 98 per cent using hybridized algorithm. So, All results
shown that the proposed hybridized algorithm provides significant
improved results with respect to those obtained by conventional von
Neumann algorithm proposed so far in the literature for the only-phase
synthesis of satellite reflectarray antennas.
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