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In this work, a numerical and experimental study about crack tip fields characterisation on curve-cracked ele-
ments has been performed. This study combines a novel differential geometry approach combined with 3D-DIC
and FEA results to determine crack-tip parameters from the displacement field on a curved cracked element. The
work aims to validate and compare some aspects that cannot be addressed using 3D-DIC. SIFs for different crack
lengths are determined using DIC and FEA data and compared In addition, a comprehensive comparison between
experimental and numerical fields is done using an Image Decomposition technique based on Tchebichef

1. Introduction

In the last decades, the development of full-field optical techniques
for the measurement of stresses, strains or displacements [1-3] has
allowed addressing fatigue and fracture problems to clarify some either
unresolved or at least unclear issues. In particular, the combination of
experimentally measured crack tip fields together with the analytical
description of the crack tip fields [4-10] has contributed to a better
understanding of the effective fatigue crack driving forces for fatigue
advance [11-13], to assess the influence of the plastic zone during fa-
tigue crack propagation [14,15] as well as the determination of the
crack tip singularity parameters [16,17] among others.

One of the major limitations of the above-mentioned crack tip field
models’ lies in their applicability to only flat surfaces under plane stress
or strain considerations. In the literature, some works [18-23] can be
found where 2D or 3D optical techniques for stress and strain mea-
surement are employed in combination with analytical crack tip fields
models to infer singularity parameters in cracked curved shape ele-
ments. However, in all the cases the surface is assumed as flat which may
lead to significant errors in the experimental calculation of crack tip
parameters such as the stress intensity factor, the crack tip opening
displacement or the plastic zone size. Such an example is the work
conducted by Vormwald et al. [23]. They inferred mixed-mode stress
intensity factors from 3D-DIC data on a thin-walled cylindrical pipe
using a 2D crack tip field model by assuming a hypothetical negligible
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curvature with very high magnification. Mokhtarishirazabad et al. [22]
employed 2D-DIC with a high magnification lens to determine stress
intensity factors on a cylindrical cracked surface using the Williams
crack tip field model [6]. Although the results reported by the above-
mentioned authors present a good agreement with results obtained by
other methods, some inconveniences could be found when the negligible
curvature hypothesis is used. The first, and maybe the most important
inconvenience, is the existence of a plastic enclave near the crack tip
because when a high magnification lens is employed there is a risk of
partial or total inclusion of plastic data in fitting data. To avoid plastic
data inclusion, a wider field of view is required which imply to reduce
the spatial resolution and hence, to analyse a zone where the curvature
effect is not negligible. Secondly, displacement field directions cannot be
modelled correctly since crack growth direction is assumed as a straight
line and in consequence, the displacement field components considered
for fitting do not correspond to real crack-open and the crack-growth
directions considered in any crack tip field mathematical formulation.
To address this issue avoiding above described inconveniences, some
authors of the present paper developed a differential geometry-based
approach to characterise the crack tip displacement field on a
nonplanar and developable surface under plane stress consideration
[24]. This approach, previously validated experimentally, supposes an
important advance in the field of experimental fracture mechanics and
its implications for fatigue. This method allows for assessing curved-
fractured elements from a theoretical-experimental approach that
does not require additional validations due to its nature. In addition, the
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Nomenclature

Uy, Uy, u; Displacement field components in a Cartesian system
r,0 Polar coordinates

G Shear modulus

v Poisson’ coefficient

K Function depending on Poisson’s coefficient

K; Opening mode stress intensity factor

0ox,00, Non-singular stresses along crack growth and opening
directions

ay Coefficient number p of the Williams’ series

p Sum index

X,Y,% Cartesian coordinates

0x,0y,Tx, Plane stress tensor components

én Parametrisation parameters

7 Position vector

?, ﬁ, N Frenet-Serret trihedron components

e, ¢,,¢, Unitary vectors along Cartesian directions

X,y Coordinates on the unwrapped plane

EosMo Lower integration limits for curve lengths determination

ur,ug,uy Displacement field components along Frenet directions

r,0 Polar coordinates on the unwrapped plane
Zn Normal coordinate to unwrapped plane
or,08 Stress components along Frenet directions
I(i,j) Image decomposition intensity matrix

fi Intensity of each Tchebichef moment
Ti(i,j) Normalised shape descriptor

o' Deviatory Cauchy stress tensor

X Back-stress tensor

Y Flow stress

00,Q,b  Voce law parameters
€ Equivalent plastic strain
C,D Material elastoplastic behaviour parameters

X Back stress rate
Fep Error function for experimental displacement field fitting
Frim Error function for numerical stress fitting

disp
Fgum Error function for numerical displacement fitting
P Axial load
R Cylindrical pipe mean radius
t Cylindrical pipe wall thickness
7 Crack angle
re,0c,2c  Cylindrical coordinates on the cylinder system

proposed approach can assess some complex geometry problems that
can be solved only numerically thus far. In the previous work [24], that
methodology is experimentally validated through the analysis of mode I
SIFs on hollow cylinders containing circumferential cracks as well as
comparing the mathematically modelled and experimentally measured
surrounding crack tip displacement fields for different crack lengths.

The present work combines FEA and DIC data to perform a deep
analysis addressing not only a single characterising parameter as K but
establishing a full-field comparison between experimental and numeri-
cal crack tip displacement fields through a Tchebichef polynomials-
based image comparison technique [25-27]. The inclusion of FEA
data is one of the keys for a comprehensive validation beyond the
comparison between both data, since FEA allows through-thickness in-
formation to be obtained for full stress tensor determination. Thus, the
plane stress hypothesis can be directly verified in contrast to 3D-DIC
analysis, which allows only on the surface information to be measured
and hence, providing an indirect validation way.

a)
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2. Fundamentals
2.1. Williams’ crack tip field model

According to Williams [6], the crack tip displacement field under
plane stress or plane strain conditions is described as a expansion series
governed by different coefficients, which are related to each expansion
series term, in function of the polar coordinates in the crack plane. The
displacement field at the surroundings of the crack tip under pure
fracture mode I is given by equation (1).
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Where u, and u, are the displacement field components, r and 6 are a
set of polar coordinates over the crack plane referred to the crack tip
(Fig. 1), G is the shear modulus, « is (3 —v)/(1 +v) for plane stress con-
ditions, v is Poisson’s coefficient, p is a sum index and q, is the py series
coefficient. The first coefficient is related to mode I stress intensity factor
(K; = +/27a;) and the second coefficient is related to T-stress (T, = 4a,).
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Fig. 1. Schematic representation showing (a) the displacement field components and (b) the stress tensor at a point near the crack tip defined by coordinates (r,0).
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The displacement component normal to the crack plane is given by:

1
u, = ,ZZM

(6). + 6}.) 2)

In this expression o, and ¢, are the normal stresses and z is the co-
ordinate normal to the crack plane. The stress tensor components at the
surrounding of the crack tip are given by:
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where 7, is the shear stress in the crack plane. By convention, the
x-axis corresponds to the crack-growth direction and the y-axis repre-
sents the crack-opening direction under tensile loading, as illustrated in
Fig. 1:

2.2. Extended crack tip model for the analysis of curved surfaces

This differential geometry-based approach reported in [24] consist of
introducing some geometrical modifications in original flat crack tip
field models in order to characterise the surrounding crack tip
displacement field on a non-planar and developable surface under plane
stress conditions. Let an orthogonal and developable surface which
contains a crack growing in a direction £ and where the crack opening
directions is characterized through a direction #, orthonormal to ¢ and
contained in the crack plane. If a plane stress state exists such that there
are no stress components outside the surface containing the crack, an
analogy with planar crack tip field models can be established by
replacing the original crack growth and opening directions by the curve
crack growth and opening directions and the original linear coordinates
by a set of curve coordinates corresponding to those curve directions
(see Fig. 2).

Thus, the previously described geometrical modifications lead to
rewrite a flat 2D crack tip field model (Williams’ series model for
opening pure fracture mode I is used here) as shown below:
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In this expression, ur and ugp are the components of the displacement
field on the unwrapped plane and 7 and ¢ are a set of polar coordinates
referred to the crack tip over the unwrapped plane whose equivalent
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Cartesian coordinates are x' and y'. As shown in Fig. 2, ur corresponds to
the displacement along the crack growth direction (parametrisation
direction &) and up corresponds to the crack opening direction (para-
metrisation direction 7). These new components are obtained by pro-
jecting the Cartesian displacement field over Frenet-Serret unitary
directions [28], which are obtained through the position vector and each
parametrisation direction, on each point of the surface. Frenet-Serret
unity vectors are given by the following equations

_
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where T, B and N are the tangential, binormal and normal unity
vectors that compound the Frenet-Serret trihedral and ) is a position
vector referred to an arbitrary coordinate system. In this expression,
double vertical bars denote the module of the vector and x the vector
cross product. The lengths X' and y over the surface along the para-
metrisation directions, ¢ and 7, are obtained by integration according to:
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Here, &, and 7, are lower integration limits.

2.3. Image decomposition technique

Image decomposition has been employed for the evaluation of the
agreement between the displacement maps obtained experimentally and
by FEA.

This procedure consists of decomposing each displacement map into
a multidimensional vector of Shape Descriptors. These descriptors are
independent from scale or orientation of the original displacement
maps. Hence as pointed by previous authors and protocols [25,29,30], it
is an interesting procedure for the comparison of results obtained from
different techniques such as those obtained experimentally and
numerically as considered in this work. In fact, this method is widely
employed for validation of analytical and theoretical models [29]. One
interesting aspect is the fact that feature vectors obtained by different

b) Unwrapped plane
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Fig. 2. Illustration to stablish the analogy with flat models. Cracked surface (a) and the equivalent system on the unwrapped plane (b).
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techniques can be compared directly, for instance computing the cor-
relation coefficient between them or even the Euclidean distance be-
tween vectors. This distance can be considered as the difference between
maps in the same units as the original data fields.

In this work, each displacement map obtained experimentally and
numerically for each crack length has been decomposed and compared.
The displacement maps, considered as a matrix of intensity I(i,j), have

been decomposed in Tchebichef polynomials T(i,j) [30-32]:.

N

1(i,j) = > £Ti(i,) (10)

i=1

fi is the intensity of the i™ Tchebichef moment and the normalised
shape of the descriptor is T;. N is the number of shape descriptors in
which the data field is decomposed. More information about the
decomposition procedure could be found in the work performed by
Wang et al. [32]. The required number of shape descriptors is given by
the achievement of a proper correlation coefficient between the original
and the reconstructed image using N shape descriptors [33].

3. Experimental details

To support and validate the above exposed methodology, a fatigue
crack growth test was carried out on a round thin wall pipe made of 304L
austenitic stainless steel. The chemical composition and the mechanical
properties are displayed in Tables 1 and 2, respectively. The specimen
was designed according to ASTM standard E-606-92 [34]. Specimen
dimensions are 203.2 x 26.7 x 2.11 mm (length x diameter x thick-
ness). To a correct gripping during the test, cylinder ends were machined
to 25.4 mm (outer pipe diameter) being the machined length 50.8 mm at
each end (axial distance from the end of the specimen). A notch was
introduced at the specimen centre by drilling a 1.5 mm through-
thickness hole and introducing 0.1 mm circumferential sawn slots.
Fig. 3 shows a specimen drawing and the manufactured specimen
together with a schematic notch view. The notch length (hole + slot) is
around 2 % of the outer circumference perimeter. This small length was
chosen to avoid the effect of the manufacturing process residual stresses
that might affect to the singularity crack tip field. Thus, as the crack
grows (higher crack lengths than the initial notch length) the residual
stresses effect on crack tip fields should be disappear and hence its in-
fluence on crack tip singularity parameters. Fatigue test was carried out
in a 100 kN servohydraulic testing machine model MTS Landmark
370.10. A constant amplitude cyclic load was applied at the frequency of
10 Hz. The stress ratio was 0.525 to avoid possible crack closure in-
fluences on the fatigue crack growth rate [35]. The maximum load was
chosen to be significantly higher than the threshold value in order to
induce fatigue crack growth [35]. Hence, as maximum load, 30 % of the
load equivalent to the yield stress was chosen (maximum and minimum
loads 20 and 10.5 kN). Fig. 4 shows a schematic representation of the
crack growth shape (Fig. 4a) and a plain view of the fractured surface
after fatigue test (Fig. 4b).

For a correct DIC processing, the specimen surface was painted with
a stochastic black speckle on a white background. To record the 3D crack
tip displacement field, a stereoscopic vision system comprising three 5-
megapixel monochrome CCD cameras was used. To increase the spatial
resolution surrounding the crack tip, each camera was fitted with a
macro-zoom lens (MLH-10X EO). The curve nature of the surface re-
quires a greater deep of field to avoid a blurring effect. Hence, a small
lens aperture was set. A smaller lens aperture imply that camera sensor
receives low light. Thus, to achieve a uniform illumination on both sides

Table 1
Mass chemical composition of 304L stainless steel.

Element C Si Mn S P Ni Cr

(%wt) 0.02 0.39 1.37 0.001 0.029 8.01 18.15

Theoretical and Applied Fracture Mechanics 124 (2023) 103803

Table 2

Mechanical properties of 304L-SS.
Mechanical property Units Value
Elastic modulus GPa 197
Poisson’s coefficient - 0.33
Yield stress (0 %) MPa 117
Yield stress (0.2 %) MPa 220
Tensile strength MPa 646
Elongation at failure % 53

of the specimen, a dual-point optic fibre light guide was employed. As
the imaging process was performed at a low frequency, the integration
time was not a significant variable and it was chosen in order to achieve
good illumination during the imaging stage. The experimental set-up for
fatigue test is shown in Fig. 5

The stereoscopic system geometric calibration was done utilising a
calibration grid that was generated using the software Target Generator
provided by Correlated Solutions Inc. [36]. The calibration grid consist
of a rectangle comprising 9 x 6 dots evenly spaced 2 mm apart. The
average spatial resolution achieved was 0.02 mm/pixel. For DIC pro-
cessing, vIC-3D software provided by Correlated Solutions Inc. was
employed [36]. A subset facet size of 29 pixels and a step/overlap of one
pixel were employed.

4. Numerical modelling

ABAQUS software was employed to replicate the experimental test
accounting for geometry, loading and the material properties. The
symmetry of the problem (double symmetry relatively to two planes
radial-tangential and axial-radial) allows the model to be simplified
through modelling only a quarter of the specimen. Furthermore, cylin-
der ends were not included since they do not affect to results in terms of
surrounding crack tip fields. In addition, the specimen notches (through-
thickness holes + sawn slots) were removed for two reasons. First, the
notch geometry effect does not modify the simulated fields since the
simulated crack lengths are higher than the initial notch (around 1 de-
gree in terms of the subtended angle by the crack). That is, the hole can
be considered as an initial notch. Secondly, possible existing residual
stresses due to the notch manufacturing process does not affect the crack
tip singularity parameters for crack lengths higher than the initial notch
length (see Section 6). Fig. 6a shows the numerically modelled geome-
try. As shown in Fig. 6b, 6¢ and 6d, symmetry conditions were modelled
through constraining normal displacements to symmetry planes of the
geometry. Saint-Venant principle allows the applied axial loading to be
modelled as uniform loading at the top of the model (see Fig. 6¢). Thus,
this remote stress was calculated as the ratio between the applied axial
loading and the annulus area. A sinusoidal function was employed to
model overtime load variation at the frequency of 10 Hz. The same
conditions were chosen as for the experimental test in terms of
maximum load and stress ratio (maximum load 30 % of the yield stress
and stress ratio of 0.525). Authors note that the input frequency was
established only to generate a time domain since no transient effects
were included in the numerical model. Cracks were modelled by elim-
inating symmetry conditions at the bottom of the model (green area in
Fig. 6).

The elastic behaviour was modelled using generalised Hooke’s law.
The plastic behaviour was modelled via the Von Mises criterion along
with a combined kinematic-isotropic hardening model. The von Mises
yield surface is given by equation (11):

(6 —X): (6 —X)—-Y <0 an

N W

Where 6’ represents the deviatory Cauchy stress tensor, X is the back-
stress tensor and Y is the flow stress. The combined evolution of Y and X
with plastic deformation is described by Voce isotropic [37] and
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Fig. 3. 304L-SS specimen used during fatigue test. (a) Specimen drawing and (b) manufactured specimen showing a notch detail.

a) Sectioned plan view

crack growth
direction

Fig. 4. (a) Schematic view showing crack growth shape and crack angle definition and (b) specimen fractured surface due to fatigue test.

Chaboche kinematic hardening laws [38] according to equations (12)
and (13):

Y =00+ Q[1 —exp( — be) ] 12)
.2 .
X =3Ceé—Dxe 13

Where 6y, Q and b are material parameters of the Voce law, ¢ is the
equivalent plastic strain; C and D are material parameters of the Cha-
boche law, X is the back-stress rate, ¢ and # are respectively the plastic
strain rate and the equivalent plastic strain rate. In the case of uniaxial
cyclic loading, integration of equation (13) gives:

X = yC+ (Xo —yClexp( —yD(e — &) ) a4

Where X, and ¢, are the values of X and ¢ at the beginning of each
half cycle, where y = +1 during loading and unloading, respectively.
Material parameters were obtained fitting the model to cyclic stress—
strain loops obtained in low-cycle fatigue tests [39]. Materials param-
eters are shown in Table 3.

The computational domain was discretised using 3D quadratic

b) Fractured surface

hexahedral elements (C3D20). Computational cost was reduced by
generating two regions (refined and coarse zones) as shown in Fig. 7. To
avoid mesh transitions which may lead to mesh distortions and there-
fore, inaccurate results, both parts were “tied” using a displacement
constraint consisting of imposing the same displacement at the bound-
aries of the connected zones. The refined zone at the model bottom
consists of a % of a cylinder with a height of 25 % of the cylinder half-
height. This height was previously determined in order to capture
enough singularity data for the larger simulated crack lengths. In
addition, the size of the finite elements used in the refined zone was 0.1
x 0.1 x 0.21 mm? (length x height x depth). Although lower element
sizes have been used in literature [40,41], for the purpose of the present
work this size was enough since plastic zones were properly reproduced
for the crack lengths analysed. Thus, in the refined zone the total
number of elements and nodes were 258,690 and 1,112,367 nodes,
respectively. The coarse zone was modelled employing 11,180 nodes
and 285 elements with a size of 2.2 x 2.2 x 2.1 mm?>.

To model cracks using FEA, many approaches can be found in the
literature such as based on singular element [42], cohesive elements [43]
or phase-field models [44,45] among others. However, in this work, the
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Fig. 5. Set-up for acquiring 3D crack tip displacement fields during fatigue testing.

a) 3D view b) Bottom view

14

crack angle

R, = 26.7mm
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A AT
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Fig. 6. FEA model, geometry and boundary conditions. (a) 3D view, (b) bottom view, (c) front view and (d) top view. The black points indicate boundary condition
applied and the red points applied load. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 3

Parameters for the combined hardening model of the material [39].
C(MPa) D Q(MPa) b
528,000 300 87 9

node release method was used to model fatigue crack growth assuming a
constant fatigue crack growth rate [39,46] due to its potential and
simplicity. In this way, every-three loading cycle’s, through-thickness
nodes were released thus causing the crack growth [40]. This method
was implemented in ABAQUS employing a user-subroutine. The range of
the crack lengths simulated was from 5 to 60 degrees (in terms of the crack
angle defined in Fig. 6). Through-thickness nodes were released as radial
straight lines and hence, modelling a straight crack front.

5. Methodologies for SIF determination
5.1. SIF calculation from experimental data

SIF were inferred for the maximum cycle load, thus, the experi-
mentally measured crack tip displacement fields under maximum load
were employed. 3D-DIC data provides the three dimensional displace-
ment field as well as the spatial coordinates on the analysed surface. The
first step is to calculate Frenet-Serret unitary vectors defined in Section 2
that depend on the coordinates and the crack growth and crack opening
directions. In this particular case, the crack growth direction (£) co-
incides with the circumferential direction and the crack opening direc-
tion (i) is the axial direction. These parametrisation directions were
calculated through the surface coordinates measured with 3D-DIC. Note
that in this particular case, the geometrical transformation coincides



A. Camacho-Reyes et al.
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zone

Refined
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Fig. 7. Computational domain. Coarse and refined meshes.

with a transformation to cylindrical coordinates. Thus, once para-
metrisation directions have been defined, Frenet-Serret vectors are
calculated at each point on the surface using equations (5)—(7). Spatial
derivatives were addressed by a finite difference approach. The first
order central derivative was employed to improve the calculus accuracy.
By combining Frenet-Serret vectors and the experimentally measured
displacement field, the transformed displacement field was calculated.
Curve coordinates was calculated from equations (8) and (9) by
employing numerical integration. Fig. 8 shows both tangential and
binormal displacement maps onto the unwrapped surface for a crack
length of 26.1 mm (0.31 in terms of the normalised crack length. The
normalised crack length was defined as the ratio between the crack
angle (y angle defined in Sections 2 and 4) and the half circumference
angle (r radians).

mm
a) . " -0.08
100 -0.085
-0.09
200
= -0.095
e 300
> 0.1
400 -0.105
-0.11
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-0.115
100 200 300 400
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To estimate the crack tip characterising parameters, the Multi-Point
Over-Deterministic method developed by Sanford and Dally was
employed [47]. An annular collection as shown in Fig. 9 was used for
fitting in order to avoid the surrounding crack tip plasticity area where
linear elastic fracture mechanics parameters do not govern the singu-
larity. The inner radius was chosen to be higher than that estimated via
Dugdale plastic radius approximation [48], which provides an over-
estimation of the plastic radius and hence avoids partial inclusion of
nonlinear data near the crack tip. The outer radius was initially selected
according to Nurse et al [49] criterion as a fraction of the crack length
(0.4). However, slight and hence not significant differences were found
in terms of inferred crack tip parameters for higher values of the outer
radius. A linear distribution between the mesh points was chosen for
simplicity. No significant differences were found in relation to other
high order polynomial mathematical distributions. Once data has been
extracted at the mesh points (binormal and tangential displacement)
and its curve coordinates, crack tip parameters were calculated by
solving a linear equation system. Williams’ model was fitted by
employing 2, 3 and 4 terms of the expansion series being 4 terms the
value where the model becomes stable for all analysed data. In other
words, obtained crack tip parameters when higher order terms are
included do not change their values regarding those obtained using 4
series terms. The crack tip location plays an important role during fitting
process since the mesh points coordinates must be referred to the crack
tip. To avoid this problem, a search region was defined by enclosing a
confidence region surrounding the crack tip [24] and the fitting quality
was assessed at each point using equation (15). Thus, the point of higher
fitting correlation coefficient and hence minimum error should corre-
spond to the crack tip location [50,51]. In this point, the coefficients that
describe the crack tip field and the SIFs were finally calculated.

T wh — e 2
F””—\/IT L+ =l (15)
uy u

In equation (15), double vertical bars note the two-norm operator
and superscripts exp and th refer to experimental and theoretical
displacement data, respectively.

5.2. SIF determination from numerical data

Opening mode SIFs were determined at the maximum loading cycle
for different crack lengths from numerically determined fields. Opening
mode SIFs were calculated by analysing both stress and displacement
profiles ahead and behind the crack tip, respectively. Thus, two values
were obtained to check the measurement goodness. From the axial
displacement along a horizontal line (tangential direction) behind the

b)
-0.044
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200 -0.048
=
= -0.05
- 300
-0.052
400
-0.054
500 -0.056
100 200 300 400
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Fig. 8. Displacement fields around the crack tip in terms of binormal and tangential directions at the maximum load of 20 kN for a crack length of 26.1 mm

(normalised crack length y/x = 0.31). (a) Binormal and (b) tangential components.
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Outer radius
Fraction of the crack length
0.4

Fig. 9. Annular shape mesh for collecting experimental fitting data over an axial component map.

crack tip, K; was determined by fitting those data to 2-terms Williams’
equation (9 = 180") as shown in equation (16).

K] r
axial = 3 ~\/~A_ 1 axia 1
Uasial 2G‘/27r(K+ ) =+ o aiat (16)

Analogously to that exposed above, K; was also obtained from the
axial stress ahead of the crack tip. In this case, 2-terms Williams’ stress
equation (¢ = 0) and including a constant term that models an axial
non-singular stress is given by equation (17).

K;

Oaxial =
\2zmr

To avoid the inclusion of plastic data, both profiles were filtered by
removing points that exceed 0.2 % Yield Stress using the von Mises
criterion. An example of both the axial stress and axial displacement
profiles for a crack length of 45 degrees (0.25 in terms of the normalised
crack length) are shown in Fig. 10.

In both cases, to provide a fitting goodness value, the relative error
between numerical and theoretical fitted data (described in the
following Section 5.3) was computed. The two fitting quality parameters
are:

+ 60 axial a17)
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Fs:g;x — ” axmuth axia H (18)
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Where Fpo' and Fiii are fitting quality parameters for the
displacement and the stress numerical data, respectively, and super-

scripts th and num denote the theoretical and numerical data nature.
5.3. Theoretical determination of the stress intensity factor

To support also experimental and numerical stress intensity factors, a
theoretical value of the stress intensity factor was computed by
employing Tada’s equation [52] based on Sanders’ results [53,54].

1

2

PO | B CN I PP e AL 20)

2nRt 3 _
( , ) ? 2coty + v/2 cot (”—\é)
Ry/12(1-12)

Where P is the remote applied axial load, R is the pipe mean radius, t
is the wall thickness, v is Poisson’s ratio and v is crack angle.
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Fig. 10. (a) Axial displacement profile at # = 180" (behind the crack tip) and (b) Axial stress profile at & = 0" (ahead of the crack tip). Origin at the crack tip and 6, is

the tangential angle in the cylinder system.
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6. Results and discussion
6.1. Plane stress hypothesis verification

One of the initial assumptions for extending original crack tip field
models to the analysis of 3D nonplanar surfaces is the plane stress hy-
pothesis (radial stress zero). From experimental data, this hypothesis
cannot be directly demonstrated since only surface data can be acquired
and through-thickness displacement gradients are required to compute
the radial stress. However, from numerical analysis, this hypothesis can
be checked simply. Fig. 11 shows radial stress profiles for a normalised
crack length of 0.25. As shown, radial stress at the surface is almost zero
(lower than 0.5 MPa). This close to zero stress value might be due to a
residual numerical computation. Nonetheless, the maximum value of
that numerical residual stress is 0.4 % of the remote applied maximum
load and it can be assumed as negligible. Higher errors were found at
z. = 0 profile (crack growth direction) and close to the crack tip (at
origin in Fig. 11); however, this fact seems meaningful due to crack tip
stress triaxiality. A value around 250 MPa was found just at the crack tip
and then immediately descends to almost zero. Therefore, a pure plane
stress state exists at the cylinder surface.

6.2. Single-parameter comparison using stress intensity factors

Fig. 12a shows theoretical, numerical and experimental stress in-
tensity factors as a function of the normalised crack length. The increase
of crack length produces an increase of Kj, as could be expected. As
shown, all the stress intensity factors show a high level of agreement
with the theoretical values. To quantify the agreement between both
data, the average relative error between these numerical and experi-
mental values were computed. These errors were 6.4 % for the experi-
mental value employing 2 terms in Williams® series, 4.7 % for the
experimental value employing 3 terms in Williams’ series, 3.4 % for the
experimental value employing 4 terms in Williams’ series, 4.0 % for the
numerical from displacement value and 4.3 % for the numerical from
the stress value. A higher deviation was found for higher cracks, how-
ever, this does not imply that the proposed methodology is limited to a
certain normalised crack length since in the work by Camacho-Reyes et
al. [24] is described that the methodology is valid for all range of nor-
malised crack lengths and the major limitation lies in the existence of a
plastic zone. In fact, results reported in [24] agree with SSY limits
(y/n=~<0.7) provided by ASTM E647 00 [55]. For experimental stress
intensity factors, the normalised 95 % confidence intervals were

300 . ;
<> Z/ZmaX=
250 \\77- - //// . Z/Zmax=0.15 4
& 2z, =03
E 200 | o 2z, =045
s * z/zmax=0.60
@ 150 1 + 2z, =0.75|1
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o . 20z =0.90
= crack ti % e
% 100 p 0. |
©
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Fig. 11. Radial stress for a normalised crack length of 0.25. (a) Profiles for
different z distances (axial coordinate). Origin at crack tip.
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calculated in order to provide a measurement accuracy value. At shorter
crack lengths, a higher dispersion was found (0.2). It is believed that this
high dispersion might be attributed to the effect of residual stresses
induced during the notch manufacturing process. However, this value is
rapidly reduced to 0.01 as the crack grow. Thus, the mean value for the
different crack lengths and Williams’ terms (2, 3 and 4) is 0.03 (K; + 3
%). Fig. 12b shows the computed stress intensity factors (numerical and
experimental) as a function of the nominal or theoretical values together
with 5 % tolerance lines. Again, the high level of agreement between
both data is reported in this graph.

In addition, to assess the fitting quality, the correlation between the
theoretical-fitted data and the experimental or numerical data are pre-
sented in terms of the fitting quality parameters described in above
section (equations (15), (18) and (19)). Thus, the average value of these
parameters is 0.05 % for the three set of experimental data (2, 3 and 4
Williams’ series terms), 0.35 % for the numerical displacement data and
3 % for the numerical stress data.

6.3. Full-field comparison between FEA and DIC data using image
decomposition

In the above section, a comparison between stress intensity factors
has been performed. However, to support the proposed methodology, a
comprehensive comparative has been done via comparing experimen-
tally and numerically inferred displacement fields. This allows checking
the validity of the proposed methodology beyond comparing only one
crack tip parameter as the stress intensity factor. A problem for the direct
comparison lies in the resolution of both displacement fields that are not
the same and hence, complicates this analysis. The Image Decomposi-
tion technique described in Section 2 has been employed to avoid this
inconvenience. This technique allows fields to be compared without
dependence on either length or orientation of the domain. Thus, three
displacement fields (considering the in-unwrapped plane components)
at three different normalised crack lengths (0.16, 0.27 and 0.32) were
compared. As example, the numerical and experimental displacement
field components on the cylinder surface for a normalised crack length of
0.27 are shown in Fig. 13. It is important to note that only the upper part
of the field has been compared due to the symmetry condition with
respect to the mid radial-tangential plane.

In this work, each displacement map have been decomposed into 20
shape descriptors which is enough to obtain a correlation coefficient
higher than 0.97 between the original maps and those reconstructed.

In Fig. 14, a scattered plot is presented in which the feature vector
obtained by FEA against the one obtained experimentally is shown.
Hence, similarity between both vectors is evaluated by the closeness to a
45 degrees line, displayed as a green line. In this plot, it is also evaluated
the uncertainty of the decomposition procedure which is calculated as
the Root Mean Square (RMS) value of the difference between original
and reconstructed displacement map and it is presented by the red
dashed lines at both sides of the 45 degree line. As observed, most of data
of the feature vectors lie within the uncertainty bands that show the
good agreement between data sets for all the crack lengths and for the
tangential and binormal components. The correlation coefficient be-
tween data sets for displacement maps and for each crack length is also
calculated and a correlation higher than 0.98 between experimental and
numerical results is always obtained. This value shows the high level of
agreement between both numerical and experimental maps.

Moreover, it is possible to achieve a percentage of difference by
relating the norm of the difference of feature vectors and the maximum
value obtained in the displacement map. Fig. 15 shows the difference in
percentage between the experimental and numerical results along the
normalised crack length. As observed, a maximum difference of 12.6 %
is obtained at the minimum crack length (0.16 in terms of the normal-
ised crack length) for the tangential displacement map; for the rest of
crack lengths is below 9 %. This fact also reinforces the high level of
agreement between both experimental and numerical maps.
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Fig. 12. (a) Computed theoretical, experimental and numerical stress intensity factors versus normalised crack length and (b) numerical and experimental computed
stress intensity factors vs nominal stress intensity factors.
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7. Conclusions

In this work, a numerical and experimental study about character-
ising crack tip fields on non-planar and developable surfaces under plane

stress conditions has been performed. Results show a high level of
agreement for both stress intensity factors and crack tip displacement
fields. As previously described, the key to the success of this approach is
due to the plane stress state occurring at the element as well as the fact
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shape descriptors for different crack lengths, 0.16, 0.27 and 0.32.
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malised crack length).

that it can be unwrapped without distortion and hence stablishing a
direct analogy with original flat crack tip field models. The main
attraction of the exposed methodology lies in the possible analysis of
non-flat, zero Gaussian curvature cracked bodies under plane stress
conditions for fatigue or fracture assessment from a theoret-
ical-experimental approach. Some direct potential applications are, the
fatigue analysis of thin-wall curved components through the experi-
mentally determination of AK, AKgs or even AJ, which are sometimes
calculated approximately due to the curvature effect, as well as
plasticity-induced crack tip shielding assessment via advanced crack tip
field models providing effective fatigue crack driving forces. Beyond
fatigue applications, this methodology can be used to support and
validate complex geometry problems by providing experimental data (i.
e. some crack tip parameters) on the specimen surface as verification
parameters. Although the exposed methodology has been validated
under pure mode I, an extension to mixed-mode loading would only
require some minor geometrical modifications. Thus, complex geome-
tries under not only uniaxial loading conditions can be experimentally
addressed and hence clarifying some fatigue and fracture issues related
to mixed-mode fatigue crack growth.
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