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ABSTRACT

Perelomov coherent states for equally spaced, infinite homogeneous waveguide
arrays with Euclidean E(2) symmetry are defined, and new resolutions of the identity
are constructed in Cartesian and polar coordinates. The key point to construct these
resolutions of the identity is the fact that coherent states satisfy Helmholtz equation
(in coherent states labels) an thus a non-local scalar product with a convolution
kernel can be introduced which is invariant under the Euclidean group. It is also
shown that these coherent states for the Eucliean E(2) group have a simple and

natural physical realization in these waveguide arrays.
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I. INTRODUCTION

Waveguides (see, for instance, [1]) are optical devices made of optical fibres, i.e. an
infinite cylinder of dielectric material (the core, with a high index of refraction) surrounded
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by another material (the cladding, with a lower index of refraction) built up in such a way that
they guide light in the core (by total reflection on the cladding) in the longitudinal direction,
whereas the transverse size of the core is of the order of magnitude of the wavelength of the
light. A parallel array of waveguides is a set of parallel waveguides in such a way that light
couples between nearest waveguides by evanescent fields [1, 2]. We shall restrict ourselves to
the case of parallel waveguides containing a single guided mode which are easier to describe.

The simplest parallel waveguide array is that with equally spaced waveguides and of
homogeneous properties in the longitudinal direction. An the simplest among them is the
case of an infinite array, since it possesses translational symmetry in longitudinal direction
and (discrete) translational symmetry in the transverse direction. We shall see later that
these infinite arrays possess the symmetry of the Euclidean E(2) group. The cases of semi-
infinite and finite waveguide arrays will be considered in [3].

We shall see that the differential equations describing the amplitude of the electric field
in each waveguide for the propagation along the longitudinal direction can be expressed in
terms of the generators of the Euclidean E(2) group, known as (true) amplitude and phase
operators [4, 5], which are naturally unitary and act on an extended Fock space (obtained
by adding to the ordinary Fock number states the negative number states). Note that the
same group E(2) is the symmetry of the quantum mechanics of a particle on the circle [6].
We shall see that in fact both system are intimately related.

Since the Eucliedan groups do not possess square integrable representations [7, 8], coherent
states for the group F(2) (and the higher dimensional extensions F(n)) of the Perelomov
type [9] do not admit a resolution of the identity. Diverse techniques have been devised to
circumvent this problem, like in [7], where the labels of the coherent states are restricted to
the cylinder and further admissibility conditions are required on the fiducial or vacuum state
(see also [10] for applications on signal processing on the circle). See [11, 12] for a recent
account of these states. In [8], a reducible representation of E(2) is used summing up all
irreducible representations with the radius of the circle belonging to an interval (considering
in fact a label space defined by an annuls times a line). There are other approaches for the
definition of coherent states on the circle, which are not related to the E(2) group, like [13]

r [14]. See the review [15] for details on these and other families of coherent states on the
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circle.

In this paper we shall address the issue of constructing a new resolution of the identity
for coherent states of the E(2) group (in the flavor of functions representing distributions
of light amplitudes on an infinite waveguide array) modifying the usual integration on the
phase space (the coadjoint orbit of the group) with an invariant measure under E(2) by a
double integral with a convolution kernel on a non-homogeneous subspace, the one used to
define a Cauchy initial value problem for the Helmholtz equation [16]. Helmholtz equation
appears here as the eigenvalue equation of the Casimir of E(2) [17]. This construction can
also be performed in the usual representation of E(2) in terms of functions on the circle, and
can be easily generalized to higher dimensional cases (see [18] for details).

The content of the paper is as follows. In Section II we review the study of an infinite
set of equally spaced homogeneous waveguide arrays, obtaining the differential equations
describing the amplitudes of light along the waveguides and computing the propagator.
In Section III we recall that the symmetry of this system is the Euclidean group and we
construct coherent states of the Perelomov type. In Section IV resolutions of the Identity for
these coherent states are built in both Cartesian and polar coordinates using the fact that
coherent states satisfy Helmholtz equation. In Section V we present some conclusions of the

present work.

II. EQUALLY SPACED, INFINITE HOMOGENEOUS WAVEGUIDE ARRAYS

Waveguide arrays are a good testbed to simulate both classical and quantum phenomena
[19-23], and in this case we shall use them to realize coherent states of the Euclidean E(2)
group. We shall focus in the case of an infinite number of equally spaced and homogeneous
parallel waveguide arrays.

The equations describing light propagation along the z-direction are given by (see [1]):

; dA,
dz

= AnJrl + Anfl 5 n e Z7 (1)

where A,,(2) is the electric modal field in the n-th waveguide at position z. The distance z

is measured in units of the coupling constant between waveguides (supposed constant) and
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the propagation constant has been removed by a suitable transformation (see [24]).

To describe algebraically this situation, let us use Dirac notation (see [23]) and introduce
an abstract Hilbert space H, expanded by the extended Fock basis F = {|n), n € Z}, where
the Fock state |n) represents the n-th waveguide, and that is isomorphic to ¢*(Z).

Therefore the infinite length vector A = (..., Ap,...) can be represented (in Dirac’s

notation) as:

) = 3" Auln). 2)

nez
Elements in ‘H represent the amplitude of light distributions along the whole waveguide

with finite total energy for each value of z.

AP = AP =D |An(2)* < co. (3)

nez

The Eqs. (1) can be written as a Schrodinger equation, with —z playing the role of time:
d .
i - H 4
i A) = B4, (1
with the Hamiltonian given by H=V'+V, where V1 and V are step operators:
Viny=n—-1), Vin)=n+1), nez. (5)
The propagator U(z), verifying |A(z)) = U(2)].A(0)), turns out to be:

U(z) = e = 3" " Jypn(22) ) (] (6)

where the commutation relations of the operators (5), given in eq. (10), have been used. It

is interesting to note that if we define the twisted Hamiltonian®:
H® = 0D fe=i0-Fn — (0t _ =)y (7)

where n1|n) = n|n), n € Z, is the number operator, then the corresponding twisted propaga-

tor is

00(z) = G0 (Ve 07) Z e=ml 1 (22)|n) (m] . (8)

n,me”Z

! This kind of Hamiltonian describes waveguides that are twisted around each other [25], although this is
only physically realizable in the case of a finite number of waveguides. For convenience, the twisting has

jus

been shifted by 7, so the non twisted case is recovered for § = 3



In particular, the original Hamiltonian H and propagator U are recovered for 6 = 5. Also
note that we can restrict the twisting 6 to [0, 7), since the case 6 € [r,27) is obtained by
backward propagation with 6 — .

In Sec. III we discuss E(2) coherent states, which are generated by a displacement operator

that coincides with U°.

ITII. E(2) COHERENT STATES

In the setting of previous Sec. II, we have that the step operators Viand V satisfy the
following unitarity property:

VVIi=ViV =1 (9)

Therefore these operators, together with the number operator n, constitute a unitary and

irreducible realization of the Euclidean algebra F(2), with commutators:

[ﬁ, V S
[ﬁ, VT: =t (10)
Vv =o.

It is clear that the unitarity property (9) is the eigenvalue equation (with eigenvalue 1)
for the quadratic Casimir of the Euclidean algebra F(2), Co =VVI = VIV, ie. Co = Iy

Perelomov-type coherent states can be introduced in the usual way, as the action of the
Displacement operator:

D(a) ="V secC, (11)

on the vacuum, which in this case? is the state |[0). If @ = e, then we have that D(a) =
Ug(?”).

The Displacement operator satisfies:

A

D(a)D(B) = D(a+5),  D(a)' = D(=a). (12)

2 The vacuum in the Hilbert space 7 is the most symmetrical state, which is the state |0) since 7|0) = 0.



We define F(2) coherent states as:

r(eovi—(e0vh) ™)

) = D(@)|0) = ™"~V [0) = ¢ 0)
= > Ju(2r)e™VT0) (13)
= > a2, 2lal)n) = D cal(r,0)n),
where we have used the generating function of Bessel functions [26]. Here k,(z) = J’;—Ef”) are

Bochner-Riesz integral kernels [27]. Thus E(2) coherent states are coherent states of the AN
type [28] |a) = > 07y ahy(|af?)|n) with h,(z) = 2"k, (2¢/).

Using the asymptotic behaviour of Bessel functions for large n:

In(2) R \/;T—n (%)n : (14)

we can check that the radius of convergence of the series in (14) is indeed infinite, therefore
a € C and E(2) coherent states are defined on the entire complex plane.

The overlap of two coherent states is:

(afa’y = (re?|r'e”) = > Ju(2r) ], (2™ 0 = Jo(2R), (15)

n=—oo

with R = /72 + 1> — 2rr’ cos(@ — 0), and in the last step we have made use of the summa-
tion theorem for Bessel functions (see [26], eq. 8.530).

Particular cases for the overlap are:

(re®| 7 e!0+7)

)
)
)
<T€i0‘rlei(9+3§)> = Jo(2 T2+7n/2>
)
)

therefore the states are normalized.



IV. RESOLUTION OF THE IDENTITY

Once coherent states have been defined, we need to provide a resolution of the identity
operator. We shall recover the well known result that the usual construction fails, the reason
being that the group E(2) do not possesses square integrable representations (see for instance

[8]). Let us see it with detail.

A. Naive resolution of the Identity

Coherent states of E(2) constitute an overcomplete family for the Hilbert space H. In the
context of the example of Sec. II, any finite energy light distribution in the infinite array,
for each value of z, can be expanded in terms of the family of coherent states |a), o € C,
apart from the fact that the coherent states |ze?) represent themselves the propagation in
the longitudinal direction Z of light impinged at z = 0 at the waveguide n = 0 under the
Hamiltonian Hy given in Eq. (7).

With the standard construction of a resolution of the identity for Perelomov-type coherent
states, and taking into account that the invariant measure under £(2) on the complex plane
is dada® = rdrdf, we can try with:

A= L " d@/ rdr|re)(re| = / rdr Z Jn(2r)2|n)(n] . (22)

2m 0

n=—0oo

But each of the integrals fooo rdrJ,(2r)? is divergent. We can try with the measure drd®,
but this leads again to divergent integrals. With measures d&f—(, with A > 0, the integrals

converge (see [26], formula 6.574-2), but the result depends on n, i.e.:

3 > - T > Tl +5Y)
A, :/ Jn(2r)2|n)(n| = 2 1n)(n| (23)
0 nz_oo 0(ML)? nz_oo T(|n] + 1£2)
Note that
. QF(A—H) R R

However, this limit procedure can cause problems in explicit computations.
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Therefore, it is difficult to find an integration measure of this form. Following [17, 18], we
can introduce a scalar product for the Coherent State representation and a resolution of the

identity based on the fact that E(2) coherent states are solutions of Helmholtz equation.

B. Differential realization and Helmholtz Equation

A differential realization for the F/(2) generators acting on the label space of the coherent

states can be obtained in the usual way (see, for instance [29]), resulting in:

o= —i 2
Y]
K (ar " rae) (25)

oL e (0 P00
d 9 or radb
Note that the action of these operators on the coefficients of the Coherent States are:

Ny Cp, = NCy,
‘A/d Cn = Cn+1 (26)

T
‘/dcn_cn—17

thus the role of lowering and raising operators are interchanged when acting on the coeffi-
cients instead of the ket vectors (as it is usual).
We can also obtain the differential realization of the operators in Sec. II:
~ ~ ~ 0
Hy=VI4+V;=—i—
d d d ay
] L ifyrt —iby, 9
Hyqg = —i(e"V] —e V) = —, (27)
or
with o = re? = x + 4y.
Therefore, we recover that H, is the generator of propagation for parallel waveguides
(0 = %) whereas Hy, generates the propagation for a twisted waveguide with angle 6.
From the differential realization we derive that the eigenvalue equation for the quadratic

Casimir of the Euclidean algebra, Cy = VdVdT = VdTVd =] , leads to Helmholtz equation in
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the plane in polar coordinates:

2 2
Cola) =la) = (%+%%+%%+k?) ) =0, (28)
where the wave number is k& = 2. Note also that each of the coefficients ¢, (r,0) satisfy
Helmholtz equation, constituting a basis for the Hilbert space Hosc of bounded oscillatory
solutions of Helmholtz equation [16, 17], which is isomorphic to H. We remark that ¢, (r, 0)
include only oscillatory solutions of the Helmholtz equation, which is key for the isomorphism
between H and Hgc.

It should be stressed that only regular solutions at the origin appear in the coherent
states, thus Bessel functions of the second kind Y,, are discarded.
if

Seing the complex number o = re = x + iy as a vector @ = (x,y) € R?, Eq. (28) is

written as

[Asz + K] |a) =0. (29)

C. Resolution of the identity: Cartesian coordinates

The fact that coherent states verify Helmholtz equation (28) or (29) implies that any
coherent state can be obtained from coherent states in a line in the space of coherent states
labels @ € C (as a Cauchy initial value problem, see [16] and Appendix B of [17]) or a circle
(as a boundary value problem). This redundancy explains why integration on the whole E(2)
group (see eq. (22)) causes divergences. We can try with different integration measures, but
the problem is not the measure, but the redundancy.

In fact, any oscillatory solution of Helmholtz equation (29) can be expressed in terms of

its values and those of its derivative with respect to y at y = 0:

_ / [ A 8w(x’,y’) . 8A(x—x’,y—y’) ro :|
vl = [ @ [ oy - L CE I
. OA(x — o' °
— [ (- d @)+ BEED ), 30
R )
where

LSin(vVk?2 — €2y)
Az, y)
\/_ k2 — 2




sin(yy/k? + 8722)
R 0 jo(Rz) (31)
VE + 2

23 ooty () e

%%

is the Helmholtz propagator, and 12 (x) and @/: (x) are the values of ¥ (z,y) and its derivative
at y = 0, respectively. In the last formula j, is the spherical Bessel function, which for
n = 0 coincides with the sinc function % Using (14), it is easy to check that the series is
absolutely convergent for all values of x and y, therefore the Helmholtz propagator is well
defined.

From this expression, it is clear that any integration involving ¥ (x,y) with the invariant
measure under F(2), dxdy, will be divergent.

To avoid this redundancy, we follow the ideas in [16] (see also [17, 18]), where a scalar
product is introduced involving only the values of the functions and their derivatives with
respect to y at y = 0, and with a double integral with a convolution kernel. For this purpose,

let us introduce two subsets of states:

&) =le+iy)ly=o= D Ju(2)n)

. 1 . , 1 = J.(22)
#) = =Tl + i)l = Sl + inllya =55 3 ). (32)
The overlaps among these states are:
(£ 13 = Jol2la’ — o) = ko2la’ — 2
o o 1 > J 237/—.%'
F18) = 3 t(enne) = 22 oo —a)
(@]z’) =0,

from which we deduce that ]£> and \:5> are normalized and orthogonal with respect to each
other. Moreover: according to (30), any coherent state can be expressed in terms of them,

constituting a generating system.
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Then we have that (see [17, 18]) a resolution of the identity is obtained as follows:

3/2 o L] L] o)
/ dx/ dx’ 4k1 (2]2" — x])]x W@ |+ ko(2]2" — z|)| z)(x ’|] =1y. (34)
The proof of the validity of this statement is easily accomplished by considering the matrix

clements in the |z ) and |2 ) basis:
(@ | Az ") = ko(2]z — 2'])
(T |Aj2 ") = 2k, (2] — &) (35)
(¢ |A]z") =0,

which implies that A H= I on Hose, and where we have used that

Ny_1/o0Ng_
/ da"ko(|z — &g — 2|) = 222 o e — ) (36)
R Na+ﬁ—1

with N, (see Appendix D of Ref. [17]).

2ar( +1)

Due to the Euclidean symmetry E(2) of this scalar product [16, 17], the construction of
coherent states should be valid using as initial Cauchy set any line obtained by translation
and/or rotation of the line y = 0 used in Eqs. (32). Thus, we can also use the families of
coherent states:

[¢] . 1F1 e .
) = [rd T ) gy = D €T (£2r) )

n=—0oo

. 0 1
b)) = — L9 i+ ) — (VI 4 eV |rell O+ m) Y oo, (37)

T 50 YNo=e, = 7
\/_ Z info (j:2r)|n>

n=—oo

for 6y € [0,7). Then equations (33) and (34) are valid substituting the coherent states in
(32) by the ones in (37).

In particular, for 6y = %, we recover that the coherent states H r ) are the states obtained

%
by the (forward/backward) propagation of light impinged at » = 0 at the waveguide n = 0
under the Hamiltonian H. This is a remarkable fact: these coherent states have a natural
physical realization in a waveguide array (see [30] and also [31]). In addition, in order to
obtain a resolution of the Identity in H, we also need the states H r ), which are obtained

by acting with the operator \/Li(f/T Vd) Ta_ on the coherent states and restricting to
x = 0.
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D. Resolution of the identity: polar coordinates

In the previous section a resolution of the identity has been constructed in terms of
coherent states at y = 0, and the derivatives of the coherent states with respecto to y at
y =0, denoted as |2 ) and |z '), respectively.

Using the fact that Helmholtz equation is separable also in polar coordinates, and that any
regular solution (i.e. without Y,, terms) can be obtained from its values at a circle centered
at the origin, we can try to obtain a resolution of the identity involving only coherent states
on a circle.

In fact, if ¢(r, 0) is a solution regular at the origin, then

™ o
W(r,0) = / do'A,, (0 — 6", r) ¢ (0), (38)
where @Z (0) = ¥(r9,0) and 79 > 0 is fixed. The Helmholtz propagator in polar coordinates

is given by:
(k1)

A0, 7) =
( ) 7 Jn(k’l"o)

e (39)

Choosing 0 < rg < %+, where z,; indicates the j-th zero of J,(z), it is guaranteed that

all Fourier coefficients of A, are finite.

Using the asymptotic expression of Bessel functions (14), we have that f(sgkrz)) ~ (%) for

n >> 1. Then the Fourier series (39) only converges absolutely when r < ry. For r = rq the
propagator equals a Dirac comb and Eq. (38) is trivial. For r > ry the propagator should
be understood in the sense of distributions.

The situation is similar to that of standard coherent states, when any function in phase
space is expressed in terms of coherent states on a circle (see [32] and references therein).
There, the problem is solved restricting the Hilbert space to physical states, those with finite
values of any moment, since for these states the coefficients in the Fock basis decay fast
enough to compensate the divergences appearing in the integration over the circle.

In the present case there is no need to restrict the Hilbert space Hosc, since regular solu-
tions of the Helmholtz equation have Fourier coefficients decaying fast enough to compensate

the divergence of the propagator, and thus (38) is well defined for all values of r.
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Following again [17], let us introduce the following set of states:

| 0) = [roe’®) . (40)

The overlap of two such states is:

90!90/ Z Jn(2r0)? et (0’ =0) J0(4rosin(0 2_6)) (41)

n=—oo

Then a resolution of the identity in polar coordinates is given as:
A, = 47T2/ d@/ dI'K(0—0)]60)(0'] = I, (42)
where K () is the inverse function under convolution of the ovelap (41), given by its Fourier

series:

K@O)= Y ma‘"@ : (43)

n=—oo

Note that with the choice of ry as before, all Fourier coefficients of K are finite. However,
they diverge very fast as n increases. As with the propagator (39), taking into account that
K (0) will be always integrated multiplied by two regular solutions of Helmholtz equation,
the eq. (42) is well-defined.

The fact that K(#) is the inverse under convolution of the overlap (41) guarantees that:

(0 |4, ') = Jo(4rgsin (9/ 2_ 9)) (44)

proving that flp is in fact the identity since the coherent states in the circle constitute a

generating system.

V. CONCLUSION

In this paper we have reviewed the construction of Perelemov coherent states for an infinite
array of homogeneous and equally spaced waveguide arrays. Although the symmetry group
is the Euclidean E(2) group, the coherent states are labeled only for a complex number z,
or the pair (z,y) with z = x + iy, that represents the momentum space of the E(2) group
(see [17]). The angle variable ¢ € [0,27) of the Euclidean group, representing configuration
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space, is absent, the reason being that we have chosen as fiducial state the most symmetrical
one, i.e. the state |0) satisfying n|0) = 0, and 7 is precisely the generator of the compact
subgroup of rotations® in F(2).

In Sec. IVC we have provided a resolution of the identity in Cartesian coordinates
involving just coherent states on half the coherent state label space (at the price of including
also the derivatives), i.e. in terms of the initial data, Eq. (32), for oscillatory solutions of
the Helmholtz equation (28), or (29). This construction is the same as the one provided in
[17] (eq. (53)) for the momentum representation of a particle on the sphere (there on S?,
but this applies to any Euclidean group F(n)). In fact, the states constructed there satisfy
the same overlap (cf. eq. (52) of [17]) as in (33), except for a shift in the index of the kernels
due to the dimensionality of the sphere.

Due to this analogy, it would be interesting to construct the generalized Fourier transform
(see [17]) connecting functions on the label space with a representation in the circle (the
variable of rotations in F(2)), and obtain a realization in terms of functions on the circle (and
the corresponding coherent states) for solutions on the infinite waveguide array, providing
an interpretation of it. This is work in progress [18].

With respect to the other resolution of the identity in terms of coherent states on the
circle (again, this is a circle in the label space, not the circle associated with rotations in
E(2)), it would be interesting to further study its properties, and try to generalize to other

curves in the label space.
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this last one is the only surviving the condition 7/0) = 0.

14



1]

[10]

[11]

[12]

REFERENCES

A. L. Jones, “Coupling of optical fibers and scattering in fibers,” J. Opt. Soc. Am., vol. 55,
pp- 261-271, Mar 1965.

J. D. Jackson, Classical Electrodynamics. Wiley, 3rd ed., 1998.

J. Guerrero and H. M. Moya-Cessa, “Coherent states for equally spaced, homogeneous waveg-
uide arrays,” http://arxiv.org/abs/2112.01673, 2021.

W. Louisell, “Amplitude and phase uncertainty relations,” Physics Letters, vol. 7, no. 1, pp. 60—
61, 1963.

R. G. Newton, “Quantum action-angle variables for harmonic oscillators,” Annals of Physics,
vol. 124, no. 2, pp. 327-346, 1980.

Y. Ohnuki and S. Kitakado, “Fundamental algebra for quantum mechanics on S” and gauge
potentials,” Journal of Mathematical Physics, vol. 34, no. 7, pp. 2827-2851, 1993.

S. De Bievre, “Coherent states over symplectic homogeneous spaces,” Journal of Mathematical
Physics, vol. 30, no. 7, pp. 1401-1407, 1989.

C. J. Isham and J. R. Klauder, “Coherent states for n-dimensional euclidean groups e(n) and
their application,” Journal of Mathematical Physics, vol. 32, no. 3, pp. 607-620, 1991.

A. Perelomov, Generalized Coherent States and Their Applications. Berlin, Heidelber:
Springer, 1986.

7 Signal Process.,

B. Torrésani, “Position-frequency analyis for signals defined on spheres,
vol. 43, pp. 341-346, 1995.

P. Le’on and J. P. Gazeau, “Coherent state quantization and phase operator,” Physics Letters
A, vol. 361, pp. 301-304, 2007.

R. Fresneda, J. P. Gazeau, and D. Noguera, “Quantum localisation on the circle,” Journal of
Mathematical Physics, vol. 59, no. 5, p. 052105, 2018.

S. De Bievre and J. A. Gonzdlez, Semiclassical behaviour of coherent states on the circle,
pp. 152-157. 1993.

J. A. Gonzélez and M. A. del Olmo, “Coherent states on the circle,” Journal of Physics A:

Mathematical and General, vol. 31, pp. 8841-8857, nov 1998.

15



[15]

[16]

23]

[24]

[27]
[28]

H. A. Kastrup, “Quantization of the canonically conjugate pair angle and orbital angular
momentum,”’ Phys. Rev. A, vol. 73, p. 052104, May 2006.

S. Steinberg and K. B. Wolf, “Invariant inner products on spaces of solutions of the klein-
gordon and helmholtz equations,” J. Math. Phys., vol. 22, pp. 1660-1663, 1981.

J. Guerrero, F. F. Lépez-Ruiz, and V. Aldaya, “SU(2)-particle sigma model: momentum-space
quantization of a particle on the sphere S3,” J. Phys. A, vol. 53, p. 145301, mar 2020.

J. Guerrero, “Coherent states for the Eucliean group.” Work in progress.

R. Mar-Sarao and H. Moya-Cessa, “Optical realization of a quantum beam splitter,” Opt.
Lett., vol. 33, pp. 1966—1968, Sep 2008.

A. Perez-Leija, H. Moya-Cessa, A. Szameit, and D. N. Christodoulides, “Glauber-fock photonic
lattices,” Opt. Lett., vol. 35, pp. 24092411, Jul 2010.

R. d. J. Le6on-Montiel and H. M. Moya-Cessa, “Modeling non-linear coherent states in fiber
arrays,” Int. J. Quant. Inf., vol. 09, no. supp01, pp. 349-355, 2011.

A. Pérez-Leija, H. Moya-Cessa, and D. N. Christodoulides, “Optical realization of the atom—
field interaction in waveguide lattices,” Phys. Scr., vol. T147, p. 014023, feb 2012.

B. M. Rodriguez-Lara, P. Aleahmad, H. M. Moya-Cessa, and D. N. Christodoulides,
“Ermakov—Lewis symmetry in photonic lattices,” Opt. Lett., vol. 39, pp. 20832085, Apr 2014.
K. G. Makris and D. N. Christodoulides, “Method of images in optical discrete systems,” Phys.
Rev. E, vol. 73, p. 036616, Mar 2006.

D. N. Vavulin and A. A. Sukhorukov, “Numerical solution of Schrédinger equation for biphoton
wave function in twisted waveguide arrays,” Nanosystems: Physics, Chemistry, Mathematics,
vol. 6, no. 5, pp. 689-696, 2015.

I. S. Gradshteyn and I. M. Ryzhik, Table of integrals, series, and products. Elsevier/Academic
Press, Amsterdam, seventh ed., 2007. Translated from the Russian, Translation edited and
with a preface by Alan Jeffrey and Daniel Zwillinger, With one CD-ROM (Windows, Macintosh
and UNIX).

S. Lu and D. Yan, Bochner—Riesz Means on Fuclidean Spaces. World Scientific, 2013.

)

J.-P. Gazeau, “Coherent states in quantum optics: An oriented overview,” in Integrability,

Supersymmetry and Coherent States (S. Kuru, J. Negro, and L. Nieto, eds.), vol. 6 of CRM

16



31]

[32]

Series in Mathematical Physics, Springer, Cham, 2019.

W. Miller, Lie Theory and Special Functions. Mathematics in Science and Engineering, Aca-
demic Press, 1968.

T. Pertsch, P. Dannberg, W. Elflein, A. Brauer, and F. Lederer, “Optical bloch oscillations in
temperature tuned waveguide arrays,” Phys. Rev. Lett., vol. 83, pp. 4752-4755, Dec 1999.

B. Rodriguez-Lara, R. El-Ganainy, and J. Guerrero, “Symmetry in optics and photonics: a
group theory approach,” Science Bulletin, vol. 63, no. 4, pp. 244-251, 2018.

M. Calixto, J. Guerrero, and J. C. Sanchez-Monreal, “Almost complete coherent state sub-
systems and partial reconstruction of wavefunctions in the Fock-Bargmann phase-number

representation,” J. Phys. A, vol. 45, p. 244029, may 2012.

17



