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Abstract

The increasing penetration of electric vehicles will be accompanied for a wide deploy-
ment of charging infrastructures. Large charging demand brings formidable challenges
to existing power networks, driving them near to their operational limits. In this regard,
it becomes pivotal developing novel energy management strategies for active distribu-
tion networks that take into account the strategic behaviour of parking lots. This paper
focuses on this issue, developing a novel energy management tool for distribution net-
works encompassing distributed generators and parking lots. The new proposal casts as
a tri-level game equilibrium framework where the profit maximization of lots is implic-
itly considered, thus ensuring that network-level decisions do not detract the profit
of parking owners. The original tri-level model is reduced into a tractable single-level
mixed-integer-linear programming by combining equivalent primal-dual and first-order
optimality conditions of the distribution network and parking operational models. This
way, the model can be solved using off-the-shelf solvers, with superiority against other
approaches like metaheuristics. The developed model is validated in well-known 33-, and
85-bus radial distribution systems. Results show that, even under unfavourable condi-
tions with limited distributed generation, charging demand is maximized, thus preserving
the interests of parking owners. Moreover, the model is further validated through a
number of simulations, showing its effectiveness. Finally, it is demonstrated that the devel-
oped tool scales well with the size of the system, easing its implementation in real-life
applications.

1 INTRODUCTION

1.1 Context and motivation

The European Commission targets carbon neutrality by 2050
[1]. To achieve such ambitious objective, different economy sec-
tors need to be decarbonized rapidly. The mobility sector, which
was responsible for 21% of total CO2 emissions in Europe
in 2021 [2], constitutes one of the most notorious examples.
Decarbonizing the mobility sector requires replacing conven-
tional combustion-based vehicles by electric alternatives, based
on either batteries or fuel-cell storage technologies [3].
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The massive integration of electric vehicles (EVs) must be
accompanied by a proper charging infrastructure deployment,
capable to supply an increasing number of EVs. Current charg-
ing technologies reach up to 250 kW of rating power, expecting
to achieve up to 400 kW in a near future [4]. Integrating such
demand into power networks supposes a challenge, driving
existing infrastructures near to their operational limits [5].

Optimally planning and managing parking lots (PLs) may
help to alleviate the negative impact of integrating charging
infrastructures into existing networks. On the other hand, prof-
itability of these installations needs to be maximized in order to
encourage private investment in charging points, thus providing
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a proper infrastructure for a growing EV fleet [6]. This paper
focuses on these issues.

1.2 Literature review

Energy management and planning of PLs is not a new topic.
A number of recent works have addressed this problem from
different points of view such as uncertainty modelling [7], or
market participation [8]. This paper, however, focuses on the
integration of PLs in active distribution networks (ADNs).
This topic is pivotal nowadays due to the challenges brought
by PLs, as previously commented. In this regard, a number
of works have recently focused on how to optimally design
and manage PLs integrated in ADNs, proposing different
approaches.

A number of references focus on optimal design of PLs inte-
grated into ADNs. More specifically, the optimal sitting and
sizing of PLs have been hot topics recently. Mirzaei et al. [9]
develop a probabilistic approach for optimal sizing and sit-
ting PLs in distribution networks. This approach employs the
point-estimate-method to model uncertainties while reducing
the computational burden caused by the number of scenarios
considered. In particular, uncertain driving pattern is consid-
ered in order to properly size charging infrastructures. The
authors in [10] propose an optimization model for sitting PLs
in distribution networks, with focus on improving the econ-
omy of such infrastructures. The developed optimization model
is solved using a genetic algorithm, showing that the opti-
mal placement depends on different items such as number
of EVs or electricity pricing. Likewise, Amini et al. [11] pro-
pose a two-stage methodology for simultaneous allocation of
PLs and distributed generators (DGs) in ADNs, thus result-
ing in a collaborative approach. In particular, private investors
propose possible allocations based on economic factors, while
the distribution system operator (DSO) optimizes DGs at
the second stage taking into account technical constraints of
the network. Fathy and Abdelaziz [12] penned a comparison
among different metaheuristics in optimal allocating and siz-
ing PLs in ADNs. In particular, grey wolf, whale algorithm
and water cycle optimizers are compared using a novel objec-
tive function encompassing reliability enhancement, power loss
reduction and investment cost. A joint tool for optimal net-
work expansion and PL placement is proposed in [13]. First,
a probabilistic method is applied to determine EV driving and
charging behaviour. This input serves to run a multi-objective
optimization model, whose goal is determining expansion
decisions and parking allocation considering economic and
satisfaction factors. Yang et al. [14] employed a well-suited
metaheuristic for optimal allocation and scheduling of wind
turbines and PLs in distribution networks. The proposal casts
as a many-objective optimization model, considering economy,
degradation of batteries, energy purchased and power losses as
objectives.

Integrating PLs with local generation resources such as pho-
tovoltaic (PV) panels can improve the economy and efficiency

of the system. This issue was analysed in [15], where a method-
ology framework is proposed to assess the economic and
technical viability of PLs in ADNs equipped with roof mounted
PV arrays. Haghifam et al. [16] investigate a bi-level stochas-
tic framework, for optimal day-ahead scheduling of ADNs in
the presence of private microgrid and PL owners. The pro-
posed model casts as a bi-level Stackelberg game framework in
which the DSO plays as the leader and the other agents par-
take as followers. The same concept was applied in [17], where
a bi-level strategy was proposed for distribution networks in
the presence of PLs. In this case, the DSO aims at leveraging
flexibility provided by EVs, for which tariff discounts can be
offered in order to encourage users to partake actively in the
operation of the system. Such initiatives can improve the peak-
to-average ratio significantly. Haji-Aghajani et al. [18] employ a
sorted genetic algorithm for optimal charging scheduling of PLs
in distribution networks. The proposed model considers the
point-estimate-method to model the probability of each vehicle
entering in a particular lot, giving an uncertainty-aware feature
to the results obtained. Nasiri et al. [19] develop a peer-to-
peer transactive approach for distribution networks, involving
networked microgrids and PLs. To this end, a local market
mechanism is proposed, by which the different players exchange
information with the market entity on the basis of local marginal
prices. In order to preserve the privacy of users, the model is
solved in a decentralized manner, using an alternating direction
of multipliers algorithm.

The optimal charging management of EVs can improve
the resilience of ADNs notably. This issue was investigated
in [20], where a two-stage methodology for improving voltage
imbalance in distribution systems was developed. This proposal
includes the charging scheduling at first stage, considering users’
satisfaction as well as the profit of charging points, whereas
the second stage devoted on network operation. Results show
that active participation of EVs may improve voltage imbal-
ances by 30%. In [21], a novel energy management model was
proposed focusing on determining optimal charging manage-
ment and route profiles in order to improve the resiliency of
networks under disturbances. Similarly, Khodadadi et al. [22]
develop an optimization model to improve the resiliency of
distribution networks hosting PLs. This model focuses on the
impact of natural disasters, for which the authors developed an
uncertainty-aware model which combines stochastic program-
ming with Information Gap Decision Theory. Ref. [23] focuses
on islanding formation with the objective of maximizing the
level of load restoration in the presence of a grid disturbance.
To this end, a bi-level model optimization model was proposed,
by which PLs integrated in ADNs partake as active agents pur-
suing the resilient operation of the entire system. PLs may help
in microgrid formation in order to enhance the reliability of dis-
tribution networks. This topic attracted attention in [24], where
a two-stage stochastic optimization model was developed for
enabling the participation of PLs in improving the reliability of
grid infrastructures. To this end, earthquakes are modelled at
first stage, using geographical data, whereas the second stage
devotes on grid formation through a linear optimization model.
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TABLE 1 A summary of the related literature.

Ref. Model Objective DGs

[15] Heuristic Economic analysis Yes (only PV)

[16, 17] Stackelberg Leader-followers economic
optimization

Yes

[18] Optimization Drivers’ willingness Yes (only PV)

[19] Distributed Economic Yes

Present Equilibrium Coordinated market Yes

1.3 Our point of view

References above present a variety of optimization-based
methodologies devoted on either management or planning of
PLs in distribution networks. Main differences among ref-
erences lie in the specific focus of each work, including
uncertainty modelling or resilience improving, as well as the
solver employed, existing a number of different metaheuristics
which have been tested under different scenarios.

It is worth mentioning the references [16, 17], which estab-
lish Stackelberg game approaches for the optimal coordination
of PLs and the utility (the DSO, typically). Game-oriented
approaches have some advantages, especially from an economic
perspective, since allows incorporating the particular objectives
of PLs into the operation of the grid. This ecosystem allows
anticipating the response of private stakeholders who man-
age charging infrastructures, in order to look for equilibrium
strategies among agents.

This paper moves forward this idea and conceptualize the dis-
tribution system as a local market, in which PLs play as strategic
agents, thus forming a virtual oligopoly. Note that this idea has
been already studied in conventional wholesale electricity mar-
kets [25], but its application to distribution systems hosting PLs
results novel. In particular, we believe that considering this mar-
ket arrangement features some important advantages compared
to other approaches:

∙ Through this market mechanism, the DSO optimizes dis-
tributed resources anticipating the optimal response of PLs.
This approach allows best scheduling distributed generators
(DGs), improving the economy and efficiency of the system.

∙ It establishes an optimal ecosystem for encouraging private
investment in charging infrastructures, considering the par-
ticular economy of PLs in the operation of the system and
thus paving the way to increment the profit of stakeholders.

∙ It serves as a framework to further develop local mar-
ket mechanisms. This way, the conceptual network model
may help the DSO to take decisions regarding establishing
local market rules, marginal prices or other different market
alternatives.

For the sake of simplicity, Table 1 provides a brief compari-
son of the present paper with other literature related to energy
management in ADNs with PLs. As seen, this paper contributes
with an innovative distributed market based on equilibrium, by
which the strategic response of PLs is concerned.

1.4 Specific contributions and paper
organization

The specific contributions of this paper are listed below:

∙ Developing optimization models for PLs and ADNs, focus-
ing on improving the economy of the different agents. These
models allow focusing on economy aspects, thus establishing
valid optimization frameworks for a market perspective.

∙ Integrating the different agent models into a novel game-
based tri-level game-oriented framework, in which PLs
partake as strategic players reaching an equilibrium among
them and the DSO. Note that this novel methodology dif-
fers notably of those in [16, 17], where PLs are considered as
followers into conventional bi-level models.

∙ Reducing the developed game-based tri-level model into
a tractable single-level one through an original combina-
tion of primal-dual formulations and first-order optimality
conditions of the different agents.

∙ Validating the new proposal in well-known 33-, and 85-
bus distribution systems, showing the impact of PLs in
the operation of ADNs and concluding some important
remarks regarding the benefits of applying the developed
methodology for the DSO and PLs.

In the rest of this paper, Section 2 establishes the neces-
sary background and states the proposed tri-level optimization
framework. Section 3 presents the optimization models of the
DSO and PLs. Section 4 describes the steps to reduce the origi-
nal tri-level framework into a tractable single-level optimization
model. Different cases studied with results are presented in
Section 5. Finally, the paper is concluded with Section 6.

2 BACKGROUND

2.1 Basic notations

In the following, we use capital letters to denote sets, while small
letters refer to the members within a set. Furthermore, cardinal-
ity of each set is expressed by means of its absolute value, i.e.| ⋅ |.

We consider a radial distribution network formed by |J |
nodes, to which |D| demands |C | PLs are connected and
supplied. Demands are assumed to be inflexible and PLs are
private-owned and seek for optimizing their own profit by pur-
chasing electricity from the network for charging EVs. On the
other hand, DGs are directly connected to the network and
can deliver power to satisfy local demand. Without loss of gen-
erality, DGs are divided into the sets G MT and G RES. The
former encompasses microturbines (MTs), which are consid-
ered dispatchable and with an associated fuel cost, while the
latter includes renewable generators encompassing PV arrays
and wind farms, mainly. Finally, |S | static var compensators
(SVCs) are installed to provide reactive support.

In order to ease the notation, we consider the setsΩD∕G∕C∕S

j
,

which include the loads/generators/PLs/SVCs connected to
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FIGURE 1 Sketch of the considered distribution network system.

the jth node in the network, respectively. Moreover, given the
radiality of the network, the sets Ψ j /Φ j encompass the nodes
downstream/upstream from the jth node in the network. Lastly,
the notation J𝜔 indicates to which node the asset 𝜔 (i.e. demand,
generators, PLs or SVCs) is connected.

2.2 Network structure and operational
fundamentals

The DSO is responsible of operating the network, ensuring that
power flows and nodal voltages keep within secure limits. To
this end, MTs and SVCs are directly operated by the DSO. On
the other hand, PLs decide on their charging strategy in order
to maximize their expected profit.

The ADN is connected to the transmission network at a root
node, from which can exchange electricity at known wholesale
electricity prices. Daily, PLs partake as strategic players, deciding
their charging strategy on the basis of known electricity prices.
In response to this strategy, the DSO decides on the scheduling
plan for MTs and SVCs, forecasting inflexible demands with the
objective of reducing the cost of operating the grid. Figure 1
sketches the considered ADN as well as the components and
agents connected to.

2.3 Problem statement

We consider an oligopoly local system in which PLs play
as strategic firms. Similarly, such market arrangements have
been studied in wholesale electricity markets, where large-scale

generators are capable to exert market power by deciding
on their offering strategy [26]. Mathematically, this problem
casts as an equilibrium problem with equilibrium constraints
(EPEC), as drawn in Figure 2. EPEC frameworks consider
a number of strategic offer games, one for each strategy
firm.

Individually, each strategic offering problem stands as a math-
ematical problem with equilibrium constraints (MPEC) [27].
MPECs are actually Stackelberg games where the strategic firm
plays as the leader, while the network (or the market) plays as
the follower. We translate this idea to the considered distri-
bution system. In our particular case, PLs partake as strategic
firms, while the network (in turn operated by the DSO) plays
as the follower. Whilst, the considered mathematical framework
constitutes a market arrangement suitable for maximizing the
profit of PLs while seeking for reducing the cost of operating
the network.

Furthermore, we pose a tri-level optimization model for the
EPEC framework described above and sketched in Figure 2. At
the low-level, the DSO aims at minimizing the operation cost
while scheduling SVCs and MTs in order to operate the net-
work in a safe manner. At the middle-level, each PL decides
on charging strategy to maximize the expected profit, whereas
ensuring a level of energy stored to satisfy the instantaneous
charging demand. Each middle-low level is integrated constitut-
ing a MPEC, as detailed in Section 4. Finally, all the MPECs
are jointly solved in an EPEC fashion, for which an auxiliary
objective function is included (the network operating cost in this
case).

The framework (1) writes in matrix form the market
arrangement described above.
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FIGURE 2 Conceptual scheme of the proposed EPEC framework.

min
xN ,𝝀,𝜻 ,𝝍,

xc ,𝜙c ,𝝁c ;∀c∈C

NC (1a)

max
xN ,xc ,𝝀,𝜻

Profitc ; ∀c ∈ C (1b)

Subject to:

hc

(
xc ,x

N , 𝝀, 𝜻
)
= 0 ∶ 𝜙c ; ∀c ∈ C (1c)

g
c

(
xc ,x

N , 𝝀, 𝜻
)
≤ 0 ∶ 𝝁c ; ∀c ∈ C (1d)

min
xN

NC (1e)

Subject to:

hN
(
xN

)
= 0 ∶ 𝝀 (1f)

gN
(
xN

)
≤ 0 ∶ 𝜻 (1g)

The high-level Equation (1a) is the EPEC model including
the strategic action of all the agents in the distribution system.
The EPEC problem includes the auxiliary objective function
NC , which allows solving the model using conventional opti-
mization techniques, as discussed later on. In this paper, we
consider the operational cost of the network as coherent aux-
iliary function. The middle-level (1b)–(1d) corresponds to the
PL-related problem, by which PLs seek to maximize their indi-
vidual profit given in Profitc . The middle-level incorporates
typical operational constraints in Equations (1c) and (1d), con-
cerning about physical limitations and power balances, mainly.
Likewise, the low-level (1e)–(1g) minimizes the operational cost
of the network under operational constraints. In Equation (1),
dual-related variables are shown at the right-hand side of their
corresponding equations. These variables allow replacing the
middle and low-level problems by equivalent optimality con-
ditions, as explained later on. Note that each problem decides
on own variables xN and xc , for the network and PLs, respec-
tively. However, variables of lower levels are directly transferred

to those at upper levels. This is a typical consequence of
replacing lower-level problems by their optimality conditions, as
explained in Section 4. Moreover, dual variables at lower levels
are also transferred to upper levels.

3 MATHEMATICAL MODELS

This section describes the mathematical modelling correspond-
ing to PLs and the DSO. Both models cast as optimization
problems focused on improving the economic of each stake-
holder. As in Equation (1), dual variables are shown at the
right-hand side of their corresponding constraints.

3.1 The low-level

The low-level of the proposed tri-level framework (1) corre-
sponds to the DSO, who schedules distributed assets (MTs
and SVCs) in order to operate the network in a safe man-
ner at minimum cost. The DSO is also responsible of trading
energy with the transmission network under known wholesale
electricity prices. The DSO model includes the network mod-
elling. We assume a radial topology, as customary in distribution
networks [28, 29], for which a linear power flow model can
be adopted [30]. With such premises, the DSO model reads
as:

min
xN

NC =
∑
t∈T

⎧⎪⎨⎪⎩Wt

(
pim

t − aex pex
t

)
+

∑
g∈G MT

Lg pg,t

⎫⎪⎬⎪⎭ (2a)

Subject to:

pim
t − pex

t = f P
( j=0),t∶ 𝜆

P ,sub
t ; ∀t ∈ T (2b)

qim
t − qex

t = f
Q

( j=0),t∶ 𝜆
Q,sub
t ; ∀t ∈ T (2c)
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f P
j ,t =

∑
d∈ΩD

j

pd ,t +
∑

c∈ΩC
j

pc,t −
∑

g∈ΩG
j

pg,t

+
∑

k∈Ψ j

f P
k,t ∶ 𝜆

P
j ,t ; ∀ j ∈ J ∧ t ∈ T (2d)

f
Q

j ,t =
∑

d∈ΩD
j

qd ,t −
∑

s∈ΩS
j

qs,t −
∑

g∈ΩG
j

qg,t

+
∑

k∈Ψ j

f
Q

k,t ∶ 𝜆
Q

j ,t ; ∀ j ∈ J ∧ t ∈ T (2e)

V( j=0),t =V 0∶ 𝜆V
( j=0),t ; ∀t ∈ T (2f)

Vj ,t =
∑

k∈Φ j

Vk,t −
R j f P

j ,t + Xj f
Q

j ,t

V 0
∶ 𝜆V

j ,t ; ∀ j ∈ J∖ {0} ∧ t ∈ T

(2g)

pim
t , p

ex
t , q

im
t , q

ex
t ≥ 0 ∶ 𝜁

P ,im

t
, 𝜁

P ,ex

t
, 𝜁

Q,im

t
, 𝜁

Q,ex

t
; ∀t ∈ T (2h)√(

f P
j ,t

)2
+
(

f
Q

j ,t

)2
≤ f̄ j ; ∀ j ∈ J ∧ t ∈ T (2i)

0.95V 0
≤ Vj ,y,s,t ≤ 1.05V 0∶ 𝜁

V

j ,t
, 𝜁V

j ,t ; ∀ j ∈ J ∧ t ∈ T (2j)√(
pg,t

)2
+
(
qg,t

)2
≤ S̄g; ∀g ∈ G MT ∧ t ∈ T (2k)

pg,t ≤ p̃g,t ∶ 𝜁g,t ; ∀g ∈ G RES ∧ t ∈ T (2l)

0 ≤ pg,t ∶ 𝜁
g,t
; ∀g ∈ G ∧ t ∈ T (2m)

0 ≤ qs,t ≤ q̄s ∶ 𝜁
s,t
, 𝜁s,t ; ∀s ∈ S ∧ t ∈ T (2n)

where xN = {pim
t , p

ex
t , q

im
t , q

ex
t , f P

j ,t , f
Q

j ,t ,Vj ,t , pg,t , qg,t , qs,t }.
The network operation cost (2a) is composed of two terms.

Firstly, the cost of trading energy with the transmission net-
works under wholesale electricity prices Wt . The distribution
system can leverage surplus generation and exporting it to the
transmission network to obtain an income. In this work, we con-
sider that selling prices are proportional to the purchasing ones
[31], introducing a real constant 0 < aex < 1. Secondly, the fuel
cost of MTs is considered as a function of the total output of
these generation units.

Active and reactive power balances at substation (root node)
are given in Equations (2b) and (2c), respectively, while the
nodal power balances are calculated in Equations (2d) and (2e)
according to the linear power flow model adopted. Equation
(2f) establishes the voltage at the root node, while Equation (2g)
calculates the nodal voltages at the rest of nodes as a function
of branch parameters and power flows across lines.

Inequality constraints comprise non-negativity of substation
power flows in Equation (2h). Equation (2i) establishes thermal
limits of branches, whereas Equation (2j) binds the nodal volt-

ages to safe limits. Equation (2k) enforces power output of MTs
to be below nominal power limit. The output of renewable gen-
erators is limited to forecasted potential in Equation (2l), while
Equation (2m) imposes non-negativity in active power output
of all the generators. Finally, Equation (2n) limits the reactive
power injection of SVCs.

Model (2) is linear but Equations (2i) and (2k), which describe
cone constraints. Although second order cone programming
models can be solved straightforward using some advanced
solvers like Gurobi [32], we propose here a simple lineariza-
tion trick to enable solution of the proposed model easily by
average solvers and machines. In this regard, we apply the inner-
polygon approach, which has been successfully applied in other
similar formulation [33, 34]. Thus, Equations (2i) and (2k) can
be replaced by a set of |N | linear equations of the form:

𝛾P
n f P

j ,t − 𝛾
Q
n f P

j ,t − 𝛾
f
n f̄ j ≤ 0 ∶ 𝜁

f

j ,t ,n; ∀ j ∈ J ∧ t ∈ T ∧ n ∈ N

(2o)

𝛾P
n pg,t − 𝛾

Q
n qg,t − 𝛾

f
n S̄g ≤ 0 ∶ 𝜁g,t ,n; ∀g ∈ G MT ∧ t ∈ T ∧ n ∈ N

(2p)

where the 𝛾’s are real parameters whose values can be calculated
as detailed in [33]. Note that Equations (2o) and (2p) are not a
relaxation, insofar that, enforcing the original set of constraints
is equivalent to enforce Equations (2o) and (2p).

3.2 The middle-level

As in [6], PLs are modelled as dynamic virtual battery systems
following typical features of EVs. In this sense, PLs maximize
their profit for charging while deciding on their charging strat-
egy to keep the energy stored in the parking within limits, thus
resulting in the following optimization model:

max
xc

Profitc =
∑
t∈T

Fc pc,t (3a)

Subject to:

SOCc,t = SOCc,t−1 +C 0
c,t − C̄ E

c,t + 𝜂pc,t ∶ 𝜙
SOC
c,t ; ∀t ∈ T ∖ {1}

(3b)

SOCc,(t=1) = C 0
c,(t=1)∶𝜙

SOC
c,(t=1) (3c)

SOCc,(t=|T | ) = C̄ E
c,|T |∶𝜙SOC

c,|T | (3d)

SOC
c,t

≤ SOCc,t ≤ SOCc,t ∶ 𝜇
SOC
c,t
, 𝜇̄SOC

c,t ; ∀t ∈ T (3e)

0 ≤ pc,t ≤ p̄c,t ∶ 𝜇
p

c,t
, 𝜇̄

p
c,t ; ∀t ∈ T (3f)

where xc = {SOCc,t , pc,t }.
PLs aim at maximizing the charging power in Equation (3a)

with charging price Fc . Equation (3b) expresses the energy

 17521424, 2025, 1, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/rpg2.13195 by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [27/01/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



TOSTADO-VÉLIZ ET AL. 7 of 18

FIGURE 3 Steps for reducing the original tri-level problem (1) into a
tractable single-level framework.

stored in the parking as a function of the energy stored at previ-
ous time step, the energy stored in vehicles arriving and leaving
the parking and the total energy charged. Equation (3c) fixes
the initial state-of-charge (SOC) as the energy stored in vehi-
cles arriving at the beginning of the time horizon. Equation
(3d) enforces that energy stored at the end of the time horizon
must be sufficient to attend the demand of vehicles leaving the
parking at the end of the day. Finally, Equations (3e) and (3f)
enforce dynamic bounds in SOC and charging power, respec-
tively. Note that limits in both Equations (3e) and (3f) depend
on the vehicles plugged any time instant.

4 REDUCTION TO A SINGLE-LEVEL
PROBLEM

4.1 Foundations

Solving multi-level optimization frameworks is a NP-hard prob-
lem [35]. Conventionally, this issue is circumvented by reducing
the original multi-level structure into a tractable single-level one.
To this end, lower-level problems are replaced by their first-
order optimality conditions, encompassing stationary, feasibility
and complementarity conditions (see [36]). While applying this
approach in bi-level problems is straightforward, a different
idea should be considered in tri-level frameworks as Equation
(1). In this case, if the low-level is directly reduced to its first-
order optimality conditions, the complementarity conditions
would make the problem nonlinear and the joint middle-low-
level could not be longer reduced, thus remaining as a hardy
solvable bi-level problem.

To circumvent this issue, we apply the same idea as in [26].
Instead of replacing the low-level by its first-order optimality
conditions, we consider an equivalent primal-dual formulation,
which replaces complementarity conditions by the strong-
duality equality, which can be easily linearized [37]. This way,
the process of reducing Equation (1) to a single-level problem
is sketched in Figure 3 and summarized in the following steps:

∙ Firstly, the low-level (2) is replaced by its equivalent
primal-dual formulation and integrated into the middle-level,
resulting in |C | joint middle-low-level problems.

∙ Each joint middle-low-level is replaced by its equivalent first-
order optimality conditions, resulting in an EPEC framework
as depicted in Figure 2.

∙ An auxiliary objective function is included to convert the
problem into a conventional optimization framework.

∙ Further nonlinearities are eliminated by applying different
linearization tricks, as explained in Section 4.4.

4.2 The joint middle-low-level problems

For each PL in the network there is an equivalent joint middle-
low-level problem constituting its strategic participation. Each
problem includes the original middle-level problem (3) along
with the equivalent primal-dual formulation of the low-level
problem (2), as follows:

max
xN ,xc ,𝝀,𝜻

Profitc =
∑
t∈T

Fc pc,t (4a)

Subject to:

Equations (3b)− (3f) (4b)

pim
t − pex

t = f P
( j=0),t∶ 𝜙

P ,sub
t ; ∀t ∈ T (4c)

qim
t − qex

t = f
Q

( j=0),t∶ 𝜙
Q,sub
t ; ∀t ∈ T (4d)

f P
j ,t =

∑
d∈ΩD

j

pd ,t +
∑

c∈ΩC
j

pc,t −
∑

g∈ΩG
j

pg,t

+
∑

k∈Ψ j

f P
k,t ∶ 𝜙

P
j ,t ; ∀ j ∈ J ∧ t ∈ T (4e)

f
Q

j ,t =
∑

d∈ΩD
j

qd ,t −
∑

s∈ΩS
j

qs,t −
∑

g∈ΩG
j

qg,t

+
∑

k∈Ψ j

f
Q

k,t∶ 𝜙
Q

j ,t ; ∀ j ∈ J ∧ t ∈ T (4f)

V( j=0),t =V 0∶ 𝜑V
( j=0),t ; ∀t ∈ T (4g)

Vj ,t =
∑

k∈Φ j

Vk,t −
R j f P

j ,t + Xj f
Q

j ,t

V 0
∶ 𝜑V

j ,t ; ∀ j ∈ J∖ {0} ∧ t ∈ T

(4h)

Wt + 𝜆
P ,sub
t − 𝜁

P ,im

t
= 0 ∶ 𝜙P ,im

t ; ∀t ∈ T (4i)

−aexWt − 𝜆
P ,sub
t − 𝜁

P ,ex

t
= 0 ∶ 𝜙P ,ex

t ; ∀t ∈ T (4j)

𝜆
Q,sub
t − 𝜁

Q,im

t
= 0 ∶ 𝜙Q,im

t ; ∀t ∈ T (4k)
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8 of 18 TOSTADO-VÉLIZ ET AL.

−𝜆
Q,sub
t − 𝜁

Q,ex

t
= 0 ∶ 𝜙Q,ex

t ; ∀t ∈ T (4l)

−𝜆P
( j=0),t − 𝜆

P ,sub
t +

∑
n∈N

𝛾P
n 𝜁

f

( j=0),t ,n = 0 ∶ 𝜙 f P

( j=0),t ; ∀t ∈ T

(4m)

−𝜆P
j ,t +

∑
k∈Φ j

𝜆P
k,t −

𝜆V
j ,t R j

V 0
+

∑
n∈N

𝛾P
n 𝜁

f

j ,t ,n

= 0 ∶ 𝜙
f P

j ,t ; ∀ j ∈ J∖ {0} ∧ t ∈ T (4n)

−𝜆
Q

( j=0),t − 𝜆
Q,sub
t −

∑
n∈N

𝛾
Q
n 𝜁

f

( j=0),t ,n = 0 ∶ 𝜙
f Q

( j=0),t ; ∀t ∈ T

(4o)

−𝜆
Q

j ,t +
∑

k∈Φ j

𝜆
Q

k,t −
𝜆V

j ,t Xj

V 0
−

∑
n∈N

𝛾
Q
n 𝜁

f

j ,t ,n

= 0 ∶ 𝜙
f Q

j ,t ; ∀ j ∈ J∖ {0} ∧ t ∈ T (4p)

−V 0𝜆V
( j=0),t +

∑
k∈Ψ( j=0)

𝜆V
k,t − 𝜁

V

( j=0),t
+ 𝜁V

( j=0),t

= 0 ∶ 𝜙V
( j=0),t ; ∀t ∈ T (4q)

−𝜆V
j ,t +

∑
k∈Ψ j

𝜆V
k,t − 𝜁

V

j ,t
+ 𝜁V

j ,t = 0 ∶ 𝜙V
j ,t ; ∀ j ∈ J∖ {0} ∧ t ∈ T

(4r)

Lg − 𝜆
P

( j=Jg ),t +
∑
n∈N

𝛾P
n 𝜁g,t ,n − 𝜁

g,t
= 0 ∶ 𝜙P

g,t ; ∀g ∈ G MT ∧ t ∈ T

(4s)

−𝜆P

( j=Jg ),t − 𝜁g,t
+ 𝜁g,t = 0 ∶ 𝜙P

g,t ; ∀g ∈ G RES ∧ t ∈ T (4t)

−𝜆
Q

( j=Jg ),t −
∑
n∈N

𝛾
Q
n 𝜁g,t ,n = 0 ∶ 𝜙Q

g,t ; ∀g ∈ G MT ∧ t ∈ T

(4u)

−𝜆
Q

( j=Js ),t − 𝜁s,t
+ 𝜁s,t = 0 ∶ 𝜙Q

s,t ; ∀s ∈ S ∧ t ∈ T (4v)

NC =
∑
t∈T

⎧⎪⎨⎪⎩
∑
j∈J

⎧⎪⎨⎪⎩𝜆
P
j ,t

⎛⎜⎜⎜⎝
∑

d∈ΩD
j

pd ,t +
∑

c∈ΩC
j

pc,t

⎞⎟⎟⎟⎠ + 𝜆
Q

j ,t

∑
d∈ΩD

j

qd ,t

−
∑
n∈N

𝛾
f
n f̄ j𝜁

f

j ,t ,n + 0.95V 0𝜁
V

j ,t
− 1.05V 0𝜁V

j ,t

⎫⎪⎬⎪⎭
−

∑
g∈G MT

∑
n∈N

𝛾
f
n S̄g𝜁g,t ,n −

∑
g∈G RES

p̃g,t 𝜁g,t

−
∑
s∈S

q̄s𝜁s,t −V 0𝜆V
( j=0),t

}
∶ 𝜙SD (4w)

𝜁
P ,im

t
, 𝜁

P ,ex

t
, 𝜁

Q,im

t
, 𝜁

Q,ex

t
, 𝜁

f

j ,t ,n, 𝜁
V

j ,t
, 𝜁V

j ,t , 𝜁g,t
, 𝜁g,t , 𝜁g,t ,n, 𝜁

s,t
, 𝜁s,t

≥ 0 ∶ 𝜇P ,im
t
, 𝜇P ,ex

t
, 𝜇Q,im

t
, 𝜇Q,ex

t
, 𝜇̄

f

j ,t ,n, 𝜇
V

j ,t
, 𝜇̄V

j ,t , 𝜇g,t
, 𝜇̄g,t ,

𝜇̄g,t ,n, 𝜇
s,t
, 𝜇̄s,t ; ∀ j ∈ J ∧ g ∈ G ∧ s ∈ S ∧ t ∈ T ∧ n ∈ N

(4x)

𝝀 ∶ free (4y)

where 𝝀 = {𝜆
P ,sub
t , 𝜆

Q,sub
t , 𝜆P

j ,t , 𝜆
Q

j ,t , 𝜆
V
j ,t } and 𝜻 =

{𝜁
P ,im

t
, 𝜁

P ,ex

t
, 𝜁

Q,im

t
, 𝜁

Q,ex

t
, 𝜁

f

j ,t ,n, 𝜁
V

j ,t
, 𝜁V

j ,t , 𝜁g,t
, 𝜁g,t , 𝜁g,t ,n, 𝜁

s,t
, 𝜁s,t }.

As seen, Equations (4) and (3) share the same objective func-
tion (i.e. profit maximization of the parking), but Equation (4)
expands the decision variable-space to include the dual variables
of the low-level. The joint middle-low-level includes the orig-
inal constraints of the middle-level problem in Equation (4b)
and the equivalent primal-dual formulation of the low-level one,
formed by its feasibility constraints (4b)-(4h), its stationary con-
ditions (4i)-(4v), the strong-duality equality (4w) and its dual
feasibility constraints (4x) and (4y).

It is worth noting that Equation (4) does not include com-
plementarity conditions and thus the joint middle-low-level
problems are linear but the strong-duality equality, which can
be easily linearized as explained in Section 4.4.

4.3 The single-level EPEC problem

To solve all the joint middle-low-level problems in an EPEC
fashion, each framework (4) is replaced by its equivalent first-
order optimality conditions, given below:

𝜙
P ,sub
t +Wt 𝜙

SD = 0; ∀t ∈ T (5a)

−𝜙
P ,sub
t − aexWt 𝜙

SD = 0; ∀t ∈ T (5b)

𝜙
Q,sub
t = 0; ∀t ∈ T (5c)

− 𝜙
Q,sub
t = 0; ∀t ∈ T (5d)

−𝜙P
( j=0),t − 𝜙

P ,sub
t = 0; ∀t ∈ T (5e)

−𝜙P
j ,t +

∑
k∈Φ j

𝜙P
k,t −

𝜑V
j ,t R j

V 0
= 0; ∀ j ∈ J∖ {0} ∧ t ∈ T (5f)

−𝜙
Q

( j=0),t − 𝜙
Q,sub
t = 0; ∀t ∈ T (5g)

−𝜙
Q

j ,t +
∑

k∈Φ j

𝜙
Q

k,t −
𝜑V

j ,t Xj

V 0
= 0; ∀ j ∈ J∖ {0} ∧ t ∈ T (5h)

−V 0𝜑V
( j=0),t +

∑
k∈Ψ( j=0)

𝜑V
k,t = 0; ∀ j ∈ J ∧ t ∈ T (5i)
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TOSTADO-VÉLIZ ET AL. 9 of 18

−𝜑V
j ,t +

∑
k∈Ψ j

𝜑V
k,t = 0; ∀ j ∈ J ∧ t ∈ T (5j)

−𝜙P

( j=Jg ),t + Lg 𝜙
SD = 0; ∀g ∈ G MT ∧ t ∈ T (5k)

− 𝜙P

( j=Jg ),t = 0; ∀g ∈ G RES ∧ t ∈ T (5l)

− 𝜙
Q

( j=Jg ),t = 0; ∀g ∈ G MT ∧ t ∈ T (5m)

− 𝜙
Q

( j=Js ),t = 0; ∀s ∈ S ∧ t ∈ T (5n)

−Fc − 𝜂𝜙
SOC
c,t + 𝜙

f P

( j=Θc ),t − 𝜆
P
( j=Jc ),t𝜙

SD

− 𝜇p

c,t
+ 𝜇̄

p
c,t = 0; ∀t ∈ T (5o)

𝜙SOC
c,t − 𝜙SOC

c,t+1 − 𝜇
SOC
c,t
+ 𝜇̄SOC

c,t = 0; ∀t ∈ T ∖ {|T |} (5p)

𝜙SOC
c,(t=|T | ) + 𝜙

SOC
c,|T | − 𝜇SOC

c,(t=|T | )
+ 𝜇̄SOC

c,(t=|T | ) = 0 (5q)

𝜙
P ,im
t − 𝜙

P ,ex
t − 𝜙

f P

( j=0),t = 0; ∀t ∈ T (5r)

𝜙
Q,im
t − 𝜙

Q,ex
t − 𝜙

f Q

( j=0),t = 0; ∀t ∈ T (5s)

−𝜙
f P

j ,t +
∑

k∈Ψ j

𝜙
f P

k,t −
∑

g∈ΩG
j

𝜙P
g,t − 𝜙

SD

⎛⎜⎜⎜⎝
∑

d∈ΩD
j

pd ,t +
∑

c∈ΩC
j

pc,t

⎞⎟⎟⎟⎠
= 0; ∀ j ∈ J ∧ t ∈ T (5t)

−𝜙
f Q

j ,t +
∑

k∈Ψ j

𝜙
f Q

k,t −
∑

g∈ΩG
j

𝜙
Q
g,t − 𝜙

SD
∑

d∈ΩD
j

qd ,t

= 0; ∀ j ∈ J ∧ t ∈ T (5u)

−V 0𝜙V
( j=0),t +V 0 𝜙SD = 0; ∀t ∈ T (5v)

−𝜙V
j ,t −

𝜙
f P

j ,t R j

V 0
−
𝜙

f Q

j ,t Xj

V 0
+

∑
k∈Φ j

𝜙V
k,t = 0; ∀ j ∈ J∖ {0} ∧ t ∈ T

(5w)

−𝜙
P ,im
t − 𝜇P ,im

t
= 0; ∀t ∈ T (5x)

−𝜙
P ,ex
t − 𝜇P ,ex

t
= 0; ∀t ∈ T (5y)

−𝜙
Q,im
t − 𝜇Q,im

t
= 0; ∀t ∈ T (5z)

−𝜙
Q,ex
t − 𝜇Q,ex

t
= 0; ∀t ∈ T (5aa)

𝛾P
n 𝜙

f P

j ,t − 𝛾
Q
n 𝜙

f Q

j ,t + 𝛾
f
n f̄g𝜙

SD − 𝜇̄
f

j ,t ,n

= 0; ∀ j ∈ J ∧ t ∈ T ∧ n ∈ N (5ab)

−𝜙V
j ,t − 0.95V 0𝜙SD − 𝜇V

j ,t
= 0; ∀ j ∈ J ∧ t ∈ T (5ac)

−𝜙V
j ,t + 1.05V 0𝜙SD − 𝜇̄V

j ,t = 0; ∀ j ∈ J ∧ t ∈ T (5ad)

−𝜙P
g,t − 𝜇

g,t
= 0; ∀g ∈ G ∧ t ∈ T (5ae)

𝛾P
n 𝜙

P
j ,t − 𝛾

Q
n 𝜙

Q

j ,t + 𝛾
f
n S̄g𝜙

SD − 𝜇̄g,t ,n

= 0; ∀g ∈ G MT ∧ t ∈ T ∧ n ∈ N (5af)

𝜙P
g,t + p̃g,t𝜙

SD − 𝜇̄g,t = 0; ∀g ∈ G RES ∧ t ∈ T (5ag)

−𝜙
Q
s,t − 𝜇

s,t
= 0; ∀s ∈ S ∧ t ∈ T (5ah)

𝜙
Q
s,t + q̄s𝜙

SD − 𝜇̄s,t = 0; ∀s ∈ S ∧ t ∈ T (5ai)

0 ≤ SOCc,t − SOC
c,t
⊥𝜇SOC

c,t
≥ 0; ∀t ∈ T (5aj)

0 ≤ SOCc,t − SOCc,t⊥𝜇̄
SOC
c,t ≥ 0; ∀t ∈ T (5ak)

0 ≤ pc,t⊥𝜇
p

c,t
≥ 0; ∀t ∈ T (5al)

0 ≤ p̄c,t − pc,t⊥𝜇̄
p
c,t ≥ 0; ∀t ∈ T (5am)

0 ≤ 𝜁
P ,im

t
⊥𝜇P ,im

t
≥ 0; ∀t ∈ T (5an)

0 ≤ 𝜁
P ,ex

t
⊥𝜇P ,ex

t
≥ 0; ∀t ∈ T (5ao)

0 ≤ 𝜁
Q,im

t
⊥𝜇Q,im

t
≥ 0; ∀t ∈ T (5ap)

0 ≤ 𝜁
Q,ex

t
⊥𝜇Q,ex

t
≥ 0; ∀t ∈ T (5aq)

0 ≤ 𝜁
f

j ,t ,n⊥𝜇̄
f

j ,t ,n ≥ 0; ∀ j ∈ J ∧ t ∈ T ∧ n ∈ N (5ar)

0 ≤ 𝜁
V

j ,t
⊥𝜇V

j ,t
≥ 0; ∀ j ∈ J ∧ t ∈ T (5as)

0 ≤ 𝜁V
j ,t⊥𝜇̄

V
j ,t ≥ 0; ∀ j ∈ J ∧ t ∈ T (5at)

0 ≤ 𝜁
g,t
⊥𝜇

g,t
≥ 0; ∀g ∈ G ∧ t ∈ T (5au)

0 ≤ 𝜁g,t ,n⊥𝜇̄g,t ,n ≥ 0; ∀g ∈ G MT ∧ t ∈ T (5av)

0 ≤ 𝜁g,t⊥𝜇̄g,t ≥ 0; ∀g ∈ G RES ∧ t ∈ T (5aw)

0 ≤ 𝜁
s,t
⊥𝜇

s,t
≥ 0; ∀s ∈ S ∧ t ∈ T (5ax)

0 ≤ 𝜁s,t⊥𝜇̄s,t ≥ 0; ∀s ∈ S ∧ t ∈ T (5ay)
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10 of 18 TOSTADO-VÉLIZ ET AL.

𝝀, 𝜙c ∶ free (5az)

𝝁c ≥ 0 (5ba)

where 𝜙c = {𝜙
SD, 𝜙SOC

c,t , 𝜙
P ,sub
t , 𝜙

Q,sub
t , 𝜙P

j ,t , 𝜙
Q

j ,t , 𝜑
V
j ,t , 𝜙

P ,im
t ,

𝜙
P ,ex
t , 𝜙

Q,im
t , 𝜙

Q,ex
t , 𝜙

f P

j ,t , 𝜙
f Q

j ,t , 𝜙
V
j ,t , 𝜙

P
g,t , 𝜙

Q
g,t , 𝜙

Q
s,t } and 𝝁c =

{𝜇P ,im
t
, 𝜇P ,ex

t
, 𝜇Q,im

t
, 𝜇Q,ex

t
, 𝜇̄

f

j ,t ,n, 𝜇
V

j ,t
, 𝜇̄V

j ,t , 𝜇g,t
, 𝜇̄g,t , 𝜇̄g,t ,n, 𝜇

s,t
,

𝜇̄s,t , 𝜇
SOC
c,t
, 𝜇̄SOC

c,t , 𝜇
p

c,t
, 𝜇̄

p
c,t }.

The formulation above includes the stationary (5a)–(5ai),
complementarity (5aj)–(5ay) and dual feasibility (5az), (5ba)
conditions, of the cth PL in the network. Thus, the resulting
EPEC is formed by |C | problems of the form of Equation
(5) which can be solved using an auxiliary objective function
and including the equality constraints arisen in Equations (2)–
(4) [38]. However, such formulation results nonlinear due to
the strong-duality equality (4w), the complementarity conditions
(5aj)–(5ay) and the bilinear terms in Equations (5o) and (5t)
due to the presence of 𝜙SD. In the following subsection, we
detail different linearization tricks to eliminate such nonlineari-
ties, thus resulting in a tractable single-level mixed integer linear
programming (MILP).

4.4 Linearization

To linearize the complementarity conditions (5aj)–(5ay), the big-
M approach can be applied [39], by which such conditions
can be replaced by the following set of mixed-integer-linear
constraints:

0 ≤ b1⊥b2 ≥ 0→

⎧⎪⎨⎪⎩
b1 ≤ 𝜓M

b2 ≤ (1 − 𝜓) M

𝜓 ∈ {0, 1}

(6)

where b1, b1 ∈ ℜ+. The equivalence (6) is exact if the big-M’s
are tuned properly. Frequently, tuning these constants is chal-
lenging and case-dependent [40]. However, as our problem does
not include economic variables, these constants can be chosen
arbitrarily high (e.g. 106).

The strong-duality equality (4w) can be replaced by its
equivalent complementarity conditions given below:

0 ≤ pim
t ⊥𝜁

P ,im

t
≥ 0; ∀t ∈ T (7a)

0 ≤ pex
t ⊥𝜁

P ,ex

t
≥ 0; ∀t ∈ T (7b)

0 ≤ qim
t ⊥𝜁

Q,im

t
≥ 0; ∀t ∈ T (7c)

0 ≤ qex
t ⊥𝜁

Q,ex

t
≥ 0; ∀t ∈ T (7d)

0 ≤ 𝛾
Q
n f

Q

j ,t + 𝛾
f
n f̄ j − 𝛾

P
n f P

j ,t⊥𝜁
f

j ,t ,n ≥ 0; ∀ j ∈ J ∧ t ∈ T ∧ n ∈ N

(7e)

0 ≤ Vj ,t − 0.95V 0⊥𝜁
V

j ,t
≥ 0; ∀ j ∈ J ∧ t ∈ T (7f)

0 ≤ 1.05V 0 −Vj ,t⊥𝜁
V

j ,t
≥ 0; ∀ j ∈ J ∧ t ∈ T (7g)

0 ≤ pg,t⊥𝜁
g,t

≥ 0; ∀g ∈ G ∧ t ∈ T (7h)

0 ≤ p̃g,t − pg,t⊥𝜁g,t ≥ 0; ∀g ∈ G RES ∧ t ∈ T (7i)

0 ≤ 𝛾
Q
n qg,t + 𝛾

f
n S̄g − 𝛾

P
n pg,t⊥𝜁g,t ≥ 0; ∀g ∈ G MT ∧ t ∈ T ∧ n ∈ N

(7j)

0 ≤ qs,t⊥𝜁
s,t

≥ 0; ∀s ∈ S ∧ t ∈ T (7k)

0 ≤ q̄s,t − qs,t⊥𝜁s,t ≥ 0; ∀s ∈ S ∧ t ∈ T (7l)

Note that Equation (7) can be linearized using Equation (6).
Finally, bilinear terms in Equations (5o) and (5t) are omitted by
parametrizing 𝜙SD. In our particular case, we found that setting
𝜙SD = 0 usually gives valid results.

4.5 Final MILP

After applying the linearization tricks in Section 4.4, the
resulting single level MILP reads as:

min
xN ,𝝀,𝜻 ,𝝍,

xc ,𝜙c ,𝝁c ;∀c∈C

NC (8a)

Subject to:

Equations (2b)−
(
2g
)

(8b)

Equations (3b)− (3d) ;∀c ∈ C (8c)

Equations (4i)− (4v) (8d)

Equations (5a)− (5ai) ; ∀c ∈ C (8e)

(5az) , (5ba) (8g)

𝚪
(
xN ,xc , 𝜻 , 𝝁c

)
≤ 𝝍M (8h)

where 𝝍 includes all the binary variables in Equation (6).
The problem (8) includes the equality constraints of the

low and middle-level problems in Equations (8b) and (8c),
respectively. Equation (8d) are the equality constraints of the
primal-dual equivalent formulation of the low-level problem.
Equations (8e) and (8g) include the stationary and dual fea-
sibility conditions of each joint middle-low-level problem,
respectively; whereas Equation (8h) encompasses the lin-
earized complementarity conditions Equations (5aj)–(5ay) and
(7) following the equivalent linear formulation (6).
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TOSTADO-VÉLIZ ET AL. 11 of 18

It is worth noting that Equation (8) includes an auxil-
iary objective function (8a). In our case, the minimization of
the network operation cost has been chosen, assuming that
the objective of PLs is implicitly included in their first-order
optimality conditions. This way, both objectives are actually con-
sidered on a whole. Moreover, we have observed that choosing
a dummy objective function as in [38] gives rise similar results,
thus validating our adoption.

4.6 Limitations

The final model (8) constitutes a tractable optimization model,
which could be solved efficiently using off-the-shelf solvers (see
computational analysis in Section 5.5), Thereby, we consider
that our proposal could be implemented in industrial tools eas-
ily. Nevertheless, we call the reader attention on two limitations
that will be addressed in future works:

∙ Solving the model (8) requires sharing information between
PLs and the network, by including primal constraints. As
such, the application of the developed model may entail pri-
vacy issues. This issue could be circumvented by studying
data-markets by which individuals could obtain a benefit by
sharing data (see [41]).

∙ The power-flow model is linear and only applicable to radial
distribution networks, which limits its applicability in meshed
grids. Nevertheless, it is important to note that the new pro-
posal is devoted on distribution networks, which are radial
typically. Thus, future works will study alternative models to
be applied in a variety of systems.

5 NUMERICAL RESULTS

This section presents different cases studied with results, taking
a 24-h time window with 1-h time resolution. The developed
MILP (8) has been coded under Matlab R2021b and solved
using Gurobi [32].

5.1 Cases studied

In order to validate the developed method and taking the net-
work described in Section 2.1 as benchmark, we evaluate and
compare the results obtained under the different cases studied:

∙ Case 1: it is considered the base case in which MTs
and renewable distributed generators are active and can
contribute to minimizing the total network cost.

∙ Case 2: MTs are disabled so that local generation is only
enabled through renewable generators.

∙ Case 3: renewable generators are disabled so that local
generation is only enabled through MTs.

The developed methodology is thus validated in two ADN
models with 33 and 85 nodes. We validate the integrated model

TABLE 2 ECs peal powers in the 33-bus case.

Node

Peak

power (kW) Node

Peak

power (kW)

@1 150 @18 400

@2 200 @20 550

@3 250 @22 450

@6 150 @25 275

@8 200 @27 190

@9 200 @29 250

@12 150 @30 200

@14 150 @32 250

@16 100

TABLE 3 Renewable generators nominal power in the 33-bus case.

Node Nominal power (kW)

@5 300

@11 400

@24 300

@28 450

proposed by observing some key results related to power trad-
ing and cost analysis, while the network modelling is validated
analysing the voltage profile across the network. In addition,
we provide a sensitivity analysis regarding the level of demand
and renewable penetration. The developed computational tool
is validated for industry tools by analysis its performance as
well as comparing it with other optimization approaches like
metaheuristics.

5.2 The 33-bus case

We firstly consider the modified 12.66 kV radial 33-bus distribu-
tion network as depicted in Figure 4, with branch data extracted
from [42]. We consider both residential and industrial loads,
whose base profiles are given in Figure 5 and based on those
considered in [43]. As seen, residential load profile follows typ-
ical demand curves in residential areas, with peak demand at
morning and evening. In contrast, industrial demand achieves
its maximum at midday, following working routines, while the
demand for the rest of the day is very low. Profiles in Figure 5
are given in per-unit, to obtain the demand in kW, they have to
be multiplied by the peak powers reported in Table 2. Reactive
power consumption of each load is a fixed 10% and 30% of the
active load for residential and industrial consumers, respectively,
which is coherent with typical devices in such installations.

Renewable PV and wind generators are installed at nodes 5,
11, 24, and 28, with nominal power given in Table 3 and whose
per-unit potential detailed in Figure 5, which are extracted from
real data in [44]. The wholesale electricity price is plotted in
Figure 5 responding to the real-time prices for the PJM in [31],

 17521424, 2025, 1, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/rpg2.13195 by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [27/01/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



12 of 18 TOSTADO-VÉLIZ ET AL.

FIGURE 4 The modified 33-bus radial distribution system considered in simulations.

FIGURE 5 Per-unit demand (top), per-unit renewable potential (middle)
and wholesale electricity price (bottom) considered in the 33-bus case.

TABLE 4 MT and SVC data.

MTs SVCs

@17 @32 @15 @29

Rated power 0.6 MVA 0.6 MVA 0.5 Mvar 0.5 Mvar

Fuel cost 40€/MWh 60€/MWh – –

while aex = 0.7, typical of power systems with high renewable
penetration [45]. MTs are installed at nodes 17 and 32, while
SVCs are installed at nodes 15 and 29, similar to [28], whose
data are reported in Table 4.

Three PLs are considered at nodes 7, 13 and 31. SOC bounds
and power limits are plotted in Figure 6, and have been built
following the methodology in [6] considering different parking
sizes and 55-kW charging points, typical rated power for fast-
chargers. We consider a battery efficiency of 95%, typical value

FIGURE 6 PL data considered in the 33-bus case.

TABLE 5 Some results obtained in the 33-bus case.

NC (€)

Fuel

cost (€)

Imports

(MWh)

Charging

(MWh)

Case 1 1908 413.5 33.15 7.07

Case 2 2019 0 43.14 7.07

Case 3 2690 434.9 50.42 7.07

of Li-ion technology [46], and a charging cost of 0.5€/kWh,
typical of fast-charging stations [47].

5.2.1 Overall results

Firstly, we present various economic and energy results in
Table 5. Focusing on the network operation cost, not sur-
prisingly, the lowest cost was obtained in Case 1, when DGs
are enabled. It is clear that DGs provide an economic local
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TOSTADO-VÉLIZ ET AL. 13 of 18

FIGURE 7 Scheduling results in the 33-bus case (negative power stands
for generation).

generation option, which helps to reduce the total energy
imported, as seen in the fourth column. Actually, energy
imported in Case 1 reduces by 23 and 34% when compared
with cases 2 and 3, respectively. As expected, the worst results
were obtained in Case 3, when cheap generation through
renewable generators was disabled. In the face of this situation,
the distribution network makes use of MTs more frequently,
increasing the total fuel cost.

More remarkably, the total energy charged by PLs was the
same in the three cases studied. Therefore, it can be concluded
that the developed model implicitly considers the strategic
behaviour of PLs in the network operation. Indeed, considering
PLs as strategic players gives to their profit maximization a high
importance. This particular behaviour explains why PLs were
able to charge the same energy even under very unfavourable
conditions (e.g. in Case 3).

5.2.2 Scheduling analysis

Next, we present the scheduling results for different assets in
Figure 7. When renewable generators are enabled (cases 1 and
2), peak charging consumption is observed at 14:00 h, when
high renewable potential coincides with a low demand period.
As expected, this effect vanishes in Case 3, when charging
demand is more displaced to midday, when low wholesale prices
are observed. While it is clear that peak charging demand is

FIGURE 8 Per-unit voltages in the 33-bus case.

observed at afternoon, when more EVs are plugged at the
same time, other charging periods are observed at night and
evening in all the three cases studied. This is due to the same
reasons previously exposed since at these hours low prices and
demand periods coincide on time. Actually, PLs are directly sup-
plied from the transmission system since renewable potential is
low and MTs are not profitable due to the fuel cost is higher
than wholesale electricity prices. Just for further validating the
model, it is worth noting that MT at node 33 is much less
operated than that at node 18. Actually, this MT is operated at
evening barely, when wholesale electricity price is higher than its
fuel cost.

5.2.3 Voltage profile

Figure 8 plots nodal voltages in the three studied cases. Not
surprisingly, full availability of distributed generation in Case
1 gives a better voltage profile compared to the other cases,
enabling local generation and thus reducing voltage drop across
branches. When compared the cases 2 and 3, it is worth noting
that voltage drops further between nodes 10–16 in Case 2, while
low voltages are observed across nodes 22–33 in Case 3. This is
due to, in Case 2, MT at node 17 is disabled, thus lowing voltage
support from this generator. In contrast, when renewable gen-
erators are disabled in Case 3, the branch 25–33 losses voltage
support from the wind turbine installed at node 28.

5.3 The 85-bus case

Next, we further validate the developed proposal in the 11-
kV 85-bus case shown in Figure 9, whose branch data can be
found in [48]. In this case, residential and industrial loads are
not shown in Figure 9 for easing its visualization, but were dis-
tributed in the following way: according to [48], peak loads take
14, 35.28, 56, or 112 kW. In our particular case, we consider the
same loads at the same nodes as in [48], considering that 14 and
35.28 kW loads are residential demand, while the rest are indus-
trial consumers, considering the base profiles as in Figure 5. Due
to peak demand in this system is much lower than in the 33-bus
case, we consider the same number of DGs and SVCs with the
same features. PLs and the rest of data are exactly the same as in
the 33-bus case, while nominal powers for renewable generators
are shown in Table 6.

 17521424, 2025, 1, D
ow

nloaded from
 https://ietresearch.onlinelibrary.w

iley.com
/doi/10.1049/rpg2.13195 by R

eadcube (L
abtiva Inc.), W

iley O
nline L

ibrary on [27/01/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



14 of 18 TOSTADO-VÉLIZ ET AL.

FIGURE 9 The 85-bus radial distribution system considered in simulations.

TABLE 6 Renewable generators nominal power in the 85-bus case.

Node Nominal power (kW)

@4 300

@11 400

@40 450

@47 300

TABLE 7 Some results obtained in the 85-bus case.

NC (€)

Fuel cost

(€)

Imports

(MWh)

Charging

(MWh)

Case 1 837 439.5 9.6 7.07

Case 2 947 0 20.1 7.07

Case 3 1617 516.9 25.8 7.07

5.3.1 Overall results

Table 7 is analogue to Table 5 but referred to the 85-bus case. As
observed, the same can be concluded in this case but remark-
ing the fact that PLs charged exactly the same energy in this
case, further confirming that the developed model is capable
to effectively consider the strategic behaviour of PLs in ADNs.
Regarding the rest of results, it is interesting to see that total
energy imported increases by 52 and 63% in cases 2 and 3, more

notably than in the 33-bus case. This is due to disabling DGs
has a higher impact in larger distribution systems due to volt-
age and flow constraints throughout the network, hindering the
possibility of locally supplying some nodes that must necessarily
import energy directly from the transmission system.

5.3.2 Scheduling analysis

Next, we present the scheduling results for the 85-bus case in
Figure 10. As seen, charging demand suppose a larger portion
of total demand compared to the 33-bus case, due to residential
and industrial demands are lower in this system. For the rest of
the results, one can conclude the same as for the 33-bus case,
just mentioning that the system is able to export electricity at
2:00 h in cases 1 and 2, due to peak wind potential and very low
demand.

5.3.3 Voltage profile

Lastly, Figure 11 plots the per-unit nodal voltage in the 85-
bus case. As in the 33-bus system, the best voltage profile is
observed in Case 1. In Case 3, a further voltage drop occurs
through branches 28–54, due to renewable generators installed
at nodes 40 and 47 are disabled. In contrast, lower voltages
are observed between nodes 56–75 in Case 3, due to voltage
support from the MT at node 72 is lost in this case.
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TOSTADO-VÉLIZ ET AL. 15 of 18

FIGURE 10 Scheduling results in the 85-bus case (negative power stands
for generation).

FIGURE 11 Per-unit voltages in the 85-bus case.

5.4 Sensitivity analysis

Now, we provide a sensitivity analysis regarding residential,
industrial loads and renewable generators. To this end, base
demand and renewable potential are multiplied by real factors
𝛼D and 𝛼RES, respectively. The results for this analysis in the
two considered systems are shown in Figures 12 and 13. As
observed, the results reported further validate the developed
model, giving coherent solutions in all the studied cases. Indeed,
the network operation cost decreases with 𝛼RES and increases
with 𝛼D in the two studied cases, following the same behaviour
that the fuel cost and energy imported. This is due to high
renewable potential enables large local generation capability,
which allows reducing the energy imported from the transmis-
sion system and the output of MTs. On contrary, incrementing

FIGURE 12 Sensitivity analysis in the 33-bus case.

FIGURE 13 Sensitivity analysis in the 85-bus case.

the demand level gives rise the opposite trending, requiring to
import more energy from the transmission system. On the other
hand, unlike to the energy imported, exports increase with 𝛼RES

and decreases until zero with 𝛼D .

5.5 Computational performance

Finally, we assess the computational performance of the devel-
oped tool with the objective of validating it for industrial and
real-life applications. To this end, various simulations were run
on an Intel Core i7-10700K CPU 3.80 GHz 3.79 GHz with 32
GB RAM, reporting the average computational time in Table 8.
As seen, computational time remains below 20 seconds in all the
cases studied, which is more than reasonable for day-ahead tools
that are performed with daily periodicity. Moreover, it is inter-
esting to note that increment on time in the 85-bus system is
not critical, thus demonstrating that the developed model scales
well with the size of the system.
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16 of 18 TOSTADO-VÉLIZ ET AL.

TABLE 8 Average computational time (in seconds) in all the cases studied.

33-bus 85-bus

Case 1 11.1 18.0

Case 2 12.7 19.7

Case 3 12.1 19.7

5.6 Comparison with metaheuristics

The developed mathematical model is a MILP and therefore
can be solved using exact techniques like branch-and-bound
methods. This kind of techniques are normally preferred as the
global optimum reachability is ensured. This way, the use of
other heuristic approaches is not justified at all. Nevertheless, we
performed some preliminary experiments comparing the results
obtained using exact methods, as in the results reported above,
and the metaheuristic proposed in [49]. The numerical results
were similar in both cases, however, the metaheuristic required
much more time to converge to a valid solution. Moreover,
this technique revealed to be few reliable, leading to different
solutions between consecutive runs, frequently. Therefore, we
recommend the use of exact techniques, requiring the use of
heuristics only when the mathematical model results strongly
nonlinear.

6 CONCLUSIONS AND FUTURE
WORKS

A novel energy management model for active distribution net-
works has been developed. The main novelty lies in integrating
strategic behaviour of parking lots into network-level decisions,
thus ensuring that the network scheduling plan does not detract
monetary incentives of parking owners. To this end, an original
tri-level game equilibrium framework has been developed. The
original intractable multi-level structure has been reduced to a
tractable single-level MILP by combining equivalent primal-dual
and first-order optimality conditions of the distribution network
and parking models.

The new proposal has been validated on well-known 33-,
and 85-bus radial distribution systems under different demand-
ing scenarios. Results demonstrate that the developed tool is
capable of ensuring the parking profit even under unfavourable
conditions with limited distributed generation. This result indi-
cated that particular interests of parking owners are preserved
implicitly, thus constituting a more profitable management
strategy. Moreover, different studies have been conducted to
demonstrate that the new proposal performs well under differ-
ent demand and renewable penetration and scales well with the
size of the system

Future research should be devoted on developing novel
energy management tools that leverage further capabilities
offered by electric vehicles. For instance, their energy arbitrage
capability may provide further flexibility in network opera-

tion. Monetary incentives will be investigated in order to
encourage the participation of parking lots in this kind of
programs.

NOMENCLATURE

Sets (indices)

T (t ) Time
J ( j , k) Nodes

D (d ) Loads
G MT∕RES (g) Microturbines/renewable generators

C (c) Parking lots
S (s) Static var compensators

Ω
D∕G∕C∕S

j Set of loads/generators/parking lots/static var
compensators connected to the jth node in the
network

Ψ j /Φ j Set of nodes downstream/upstream from the jth
node in the network

N (n) Breakpoints for linearization of second-order
cone constraints

J𝜔 Indicates the node to which the 𝜔th is connected

Superscripts

im/ex Imports/exports
P/Q Active/reactive flows

(⋅)/(⋅) Minimum/maximum value of a variable or parameter

(̃⋅) Forecasted

Parameters

W Wholesale electricity price (€/kWh)
aex Reduction in selling price (pu)
L Fuel cost (€/kWh)

V 0 Voltage at the root node (V)
R/X Branch resistance/inductance (ohm)

S̄g Rated power of the gth microturbine (kVA)
p̃g,t Potential of the gth renewable generator at time t (kW)
𝛾 Parameters for linearization of second-order cone

constraints (-)
F Charging price (€/kWh)

C 0
c,t Energy stored in vehicles arriving to the cth parking lot

at time t (kWh)
C̄ E

c,t Capacity of vehicles leaving the cth parking lot at time t

(kWh)
M Large positive constant (-)

Decision variables (primal)

p/q Active/reactive power injection (kW/kvar)
SOC Energy (kWh)

f Power flow (kW/kvar)
V Nodal voltage (V)
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TOSTADO-VÉLIZ ET AL. 17 of 18

𝜓 Auxiliary variables to linearize complementarity condi-
tions (binary)

Decision variables (dual)

𝜆/𝜑/𝜙 Dual variables linked to equality constraints
(€/kWh)

(𝜁/𝜁)/(𝜇/𝜇̄) Dual variables linked to inequality constraints
(€/kWh)
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