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Abstract

In this work a calibration procedure to obtain the material parameters that characterize the fracture be-
haviour of fibre-reinforced concrete (FRC) is presented. This procedure uses a recently proposed trilinear
softening diagram implemented in a smeared crack model of the free finite element code OOFEM that allows
reproducing the fracture behaviour of FRC and takes advantage of the optimization package of SciPy, with
both pieces of software being open-source and of free access for anyone interested in this field. This work
presents the calibration procedure, which uses the Nelder-Mead algorithm to adjust the numerical result with
the experimental diagram and discusses some key aspects, such as the number of reference points used in the
calibration process or the weighting factors used with them, including the possibility of making some reference
points more relevant than others in the calibration process. The influence of the mesh size and the element
type used in the FEM model is also analysed. To evaluate the quality of the numerical approximation, a
deviation factor is defined, which provides an scalar value that becomes lower as the numerical adjustment
is closer to the experimental diagram in the reference points. The proposed procedure allows calibrating six
parameters automatically with a meaningful time reduction and good accuracy. Using a higher number of
reference points may lead to a better adjustment, although this study suggests that a good selection of the
reference points is more effective than using a high number of reference points or using weighting factors to
make some points more relevant than others. This procedure is finally validated by applying it with exper-
imental results obtained with other types of FRC materials (different fibres and different fibre proportions)
and specimen geometries.
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Lower case

w  crack opening value

w; crack opening at point ¢ of the trilinear diagram

h  crack band thickness

fi  stress at point ¢ of the trilinear diagram

x; " vertex of the simplex in the Nelder-Mead method

Upper case
D stiffness tensor
D, elastic stiffness tensor
E material elastic modulus
Gy fracture energy

Phum numerically obtained load value
P.zp,  experimentally obtained load value

« reflection coefficient in the Nelder-Mead method
0 expansion coefficient in the Nelder-Mead method
6 load displacement

€o  strain at the onset of fracture

€eq €quivalent strain

A deviation factor
Ao value of the deviation factor at the first iteration
p contraction coefficient in the Nelder-Mead method

oy  Ith principal stress
w damage

1. Introduction

The use of fibre-reinforced concrete (FRC) is not new [I], but has experienced a big impulse in recent
years, mainly by the addition of practical guidelines in the main structural standards used by designers and
contractors of structures [2, [3, [ 5] . The increasing interest in FRC has produced a remarkable number of
experimental studies to identify how diverse aspects of their production affect their properties, both in fresh
state and hardened. Together with these experimental studies, several approaches have been proposed for
numerically reproducing fracture in FRC [0 [7, 8 [9, [10]. It is worth mentioning the use of cohesive fracture
by using a trilinear softening diagram [I1] that allows reproducing the behaviour of this material taking into
account different FRC mixes (with different fibre length and proportion), different loading scenarios [12] and
capturing the size effect [I3]. Moreover, the trilinear softening diagram is defined with crack opening and
stress values that are related with physical parameters of the FRC mix (concrete strength, fibre length and
polymer elastic modulus or the fibre proportion, for instance). The trilinear softening diagram is defined by
six values (f:, fx, fr, Wi, wr and wy), that correspond to stresses (f;) and crack opening values (w;) that
must be calibrated to fit the experimental results. The values of the parameters in the softening diagram can
be obtained through inverse analysis, where experimental test results from notched laboratory specimens are
used to calibrate the parameters of the diagram in a numerical model involving non-linear analyses. This
process fits the numerical and experimental—reference—force-displacement or force-crack mouth opening
displacement curves. Accordingly, two calibration approaches are proposed in the literature: the first of
them is based on fitting the area under the reference curves [14] 18] [16] and the second one on selecting
specific points from the reference curves [17, I8 19} 20, 211, [22]. Since this process includes a relatively high
number of parameters to adjust, it implies carrying out a trial and error process that may lead to a high
number of models to be run (typically, around 25 would be a fair estimation). This type of softening diagram
has been successfully used with an embedded fracture model in the past [11] [13] 23] and has been recently
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implemented in a smeared crack fracture model of the free finite element code OOFEM [24 [10]. In this work,
the six parameters that define the trilinear softening diagram, which characterizes the material’s fracture
behaviour, are calibrated by using specific points from the reference experimental curve. This process is
automated by using the Nelder-Mead optimization algorithm, which is part of the optimization package in
SciPy [25].

This work is divided as follows: the second section presents the objective by briefly describing the smeared
crack model used in the numerical simulations and the trilinear softening diagram that uses the six parameters
that must be calibrated. In the third section, the calibration procedure is described, including the definition
of the deviation factor that is used to compare the numerical result with the experimental curve that must
be approximated, and a brief description of the Nelder-Mead minimisation algorithm employed to calibrate
the material parameters. In the fourth section, in order to illustrate the performance of this algorithm,
an experimental reference of a three-point bending test is used and, by providing the experimental load-
displacement diagram and an initial set of parameter values, the algorithm calibrates the model; three main
aspects of the calibration procedure are analysed in subsection i) the influence of the number of reference
points used for calibration, ii) the possibility of using different weighting factors with the reference points and
iii) the influence of the selected reference points on the numerical adjustment. Subsection analyses the
influence of the mesh, mainly focusing on the element size and the element type used, on the calibration result,
while subsection validates the calibration procedure by applying it using experimental results obtained
with different specimen geometries, different fibres and different fibre proportions. Therefore, unlike other
studies like those cited before, this work conducts an in-depth analysis of the impact of the number and
selection of control points used for comparing numerical and experimental curves, offering a more refined
approach to automatic calibration. Finally, the fifth section enumerates the main conclusions of this work.

2. Objective

The objective of this work is to develop a calibration procedure to obtain a set of parameters that defines
the fracture behaviour of FRC and analyse some aspects involved in it, such as the control points used for
reference and the relevance of the mesh in the calibration result.

While the fracture behaviour of plain concrete can be described by only two parameters, namely the
fracture energy (Gy) and the tensile strength (f;), FRC needs more parameters to be defined and, depending
on the type of fibres and their material, it may need as many as six. In the case of polyolefin fibre reinforced
concrete, for instance, which exhibits one of the more complex fracture behaviours of FRC, these parameters
are ft, fx, fr, Wi, wy, and wy, which identify the coordinates of four points that define a trilinear stress-crack
opening diagram (o - w diagram). As Fig. illustrates, point ¢ identifies the tensile strength at which damage
begins, point £ corresponds to the end of the load drop after the initial load peak, when fibres start to show
a meaningful contribution, point r is the point at which the fibre reinforcement begins to decay and point f
identifies the point of complete damage, when fibre-reinforcement is no longer effective.

. . .
Point ¢ C/rack Point k( fibres
ft / U
-— —» - : —»
1, Point r Point f
fk: - < . - — : | .
— — . — — .
-  — — —
w T S Wy

Figure 1: Trilinear softening diagram used to define the fracture behaviour of FRC.
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2.1. Smeared crack model

In this work, the proposed calibration procedure has been applied to adjust the six parameters mentioned
above that define the fracture behaviour of FRC through the trilinear diagram shown in Fig. |1} To do this, an
isotropic damage formulation implemented in the open-source software OOFEM is used, a short description
is provided here, although the complete description of the model can be found in [I0].

In this model, damage is numerically induced in the material by means of the damage parameter w, which
ranges from 0 (no damage) to 1 (fully damaged) and degrades the material strength through the stiffness
tensor as follows:

D=(1-w)D. (1)

where D, stands for the elastic stiffness tensor.
Damage is related to the material strain, to do this, an equivalent strain value is computed with the strain
tensor, in this study the following expression of the equivalent strain, based on the Rankine criterion, is used:

The value of the damage parameter w is computed for each part of the trilinear diagram by using the
following expressions

e Between points t and k:

FE E80

b o ()
W W
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where F stands for the elastic modulus of concrete, €y for the strain at which f; is reached (g9 = f;/FE) and
h is the crack width, which is obtained by projecting the finite element onto the direction of the maximum
principal strain at the onset of damage, as suggested by Oliver [26], which ensures that the fracture process
is adjusted to the element size and that the dissipated energy is correct.

Thus, considering F as a given value, and since h depends on the geometry of the finite element and is

computed for each element through the numerical simulation process, six parameters must be calibrated to
describe the fracture behaviour of FRC: eq, fi, fr, wi, w, and wy.

INote that symbol w stands for damage and letter w represents crack opening.
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3. Automatic calibration procedure

This section describes the calibration procedure. The first subsection describes the input data that is
required by the procedure, the second subsection defines the deviation factor, which is used to estimate
the validity of the calibration result in each iteration, and the third subsection presents the algorithm that
performs the automated calibration procedure through a function that provides the value of the deviation
factor, which is minimized using the Nelder-Mead optimization method.

3.1. Input data

The objective of the calibration procedure is to obtain a set of material parameters (gq, fx, fr, Wk, Wy
and wy) that allows reproducing the experimental behaviour of a FRC specimen with a numerical model.
Therefore, three main items are necessary to feed the calibration procedure:

e An experimental result that needs to be adjusted, for example a load-displacement diagram.

e A base finite element model that reproduces the experimental test that needs to be reproduced. This
model reproduces the geometry and the boundary conditions of the problem, but the material charac-
teristics are not defined, since their definition is the purpose of the calibration process.

e Initial values of the parameters that are to be calibrated in order to start the process.

3.2. Deviation factor

Once the initial model is defined, it provides a numerical result that is compared with the experimental
diagram. A scalar value called \ is defined to compare the numerical and the experimental diagrams and
provide a quantity that can be compared in subsequent iterations so it can be minimized. This value will be
referred hereinafter as deviation factor, which helps comparing the numerical and experimental load values
at specific reference points and is defined as follows:

A= Z Hyiyﬂvp — yz,num”
Z Yi,exp
where y; ¢ap represents the experimental load at reference displacement 7, y; num the corresponding numerical

load at reference displacement ¢ (see Fig. and weight; allows to obtain a weighted value where some
reference points may have a higher influence than others on the calibration result.

- weight; (3)

A

Yn,exp — Yn,num
Py

Y3,exp — Y3,num
3

Load

Py

Y2, exp — Y2,num

Yl,exp — Y1l,num

y

Displacement

Figure 2: Deviation factor is obtained by evaluating the difference between the numerical and experimental diagrams at especific
points throughout the test.



3.8. Calibration algorithm

To adjust the six parameters that define the material behaviour, the Nelder-Mead method is used [27].
This method is selected since it does not require any further information about the function to minimize,
s as some other methods do, such as the Dogleg algorithm, the Newton conjugate gradient trust-region algo-
rithm or the Newton GLTR trust-region algorithm, among others, that need the Jacobian [28] [29], which is
unavailable in this case.
The Nelder-Mead method makes use of a simplex and evaluates the function at each vertex; the method
can be summarized in the following steps:

e Initialisation and ordering: the function is evaluated at each vertex of the simplex and ordered from
best (minimum value) to worst (maximum value)

f(e1) < fxz) < -+ < flan)
e Reflection: a reflection point is obtained by computing the centroid of all vertices (xg), excluding the
worst (highest function value) and reflecting it through the worst vertex:
T, = xg + a(xo — T,) with a >0

120 If the reflection point returns a better value than the second worst vertex but not better than the best,
next simplex is obtained by replacing the worst vertex with the reflection point.

e Expansion: if the reflection point returns a better value than the best vertex, an expansion point is
obtained beyond the reflection point:

Te = o+ Y(Tr — xp) With vy > 1

If the expansion point returns a better value than the reflection point, it replaces the worst vertex in
the new simplex.

e Contraction: if the reflection point returns a worse value than the second-worst vertex but better that
the worst, a contraction point is obtained:

Te=xo + p(xy, — o) With 0 < p <1

Shrink: if all previous operations do not lead to an improved simplex, a new simplex is defined by
125 moving all vertices towards the best vertex.

All these possible operations are depicted in the schematic representation of Fig. [3| which corresponds to
a simplex of a two-dimensional space, which allows easy representation.

shrinkage 1
SN .
Soo reflection
N expansion
T3 Ol P
N <
N ~
N 2N
@ SN Te
. _ N
contraction - _ - -0

T2

Figure 3: Scheme of the possible operations in the Nelder-Mead algorithm.

Therefore, the Nelder-Mead method needs a function to minimize and a set of parameters to adjust. Since

the objective of this procedure is to minimize the deviation factor defined by Eq. [3] a function that computes

130 the deviation factor for a specific set of parameters is defined. Table [I| describes the performance of this
function, which receives a base FEM model, a set of parameters to evaluate and an experimental diagram
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for comparison. The FEM model is modified with the set of the material parameters and is computed,
producing a numerically obtained diagram, which is compared with the experimental one, thus returning an
scalar value, which corresponds to the deviation factor defined before in Eq. (3.

Table 1: Basic scheme of the function to be minimized by the Nelder-Mead method.

Input

e Base FEM model
e Set of parameters: (go, [k, fr, ft, Wk, Wy )0

e Experimental diagram

Output

Z Yi,exp—Yi,numll

Yi,exp

e Deviation factor: \ = -weight;

An scheme of the proposed calibration procedure is shown in Fig. [4h; elements in blue represent the data
that is initially provided as given values. A base FEM model, which describes the geometry and the boundary
conditions, is given together with an initial guess of the material parameters to adjust (o, fx, fr, Wk, Wy, w§)o.
The FEM model is initially modified so that the material behaviour is described by the initial guess of the
parameters and is computed producing a load-displacement diagram. This numerically obtained diagram is
compared with the experimental one and a deviation factor value is obtained as output. Then, the iteration
process begins using the Nelder-Mead algorithm described before, which progressively modifies each of the
six material parameters to minimize the value of the deviation factor, (eo, fx, fr, Wk, wr, wy); represents the
set of parameters used in the i*" iteration. In this work, no convergence criterion has been defined and the
process is carried out up to 200 iterations in order to observe the consistency of the procedure.

3.4. Calibration result validation based on the released energy

In some studies, the criterion to validate the calibration result is based on comparing the released energy
during the fracture process [I5l [16, 14]. To do this, the error is defined as the difference between the area
under the experimental and the numerically obtained curves, as expressed by Eq. .

7 (Paamds)| = |57 (Prayt)
7 (o)

where Py and Py, stand for the numerical and experimental load values, respectively, and ¢ for the load
displacement. Therefore, this expression computes the relative difference between the areas under the load-
displacement diagram obtained experimentally and numerically, using the experimental area as reference.
Figure shows both areas for one of the cases analysed in this study, where the experimental area is
presented in red and the numerical area in blue. This error is computed in this study in each of the analysed
cases to validate the accuracy of the calibrated models. According to [16], an error under 2% is considered
as a good fit.

error(%) = -100 (4)

4. Results and discussion

In this section the result of the described calibration procedure is analysed, including the comparison
of several alternatives that will be detailed here. In all cases, the numerical model reproduces a notched
specimen subjected to a three-point bending test; results of subsections [£.1] and use the same specimen
geometry, while subsection uses different geometries extracted from other experimental campaigns.

Susbsection analyses some aspects of the calibration process, especially the influence of the reference
points and their weights on the computation of the deviation factor A. Subsection [4.2| studies the influence
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of key aspects of the mesh used in the model, more specifically, the element size in the region of fracture and
the type of element used. Finally, Section presents results of the calibration process on other specimen
geometries and fibre-reinforced materials, using different proportions of polyolefin fibres and of steel fibres.

4.1. Influence of the control points selection and their weights

The choice of the selection points and their weights on the computation of the deviation factor, which
determines the accuracy of the calibration, may result in different results. This section analyses how the
selection of these points and the possibility of making some of them more relevant than others by means of
using weights to compute A may affect the calibration result.

To do this, the experimental diagram of one of the medium-size specimens in [30] is used. The base FEM
model used in the calibration process is the same as the one used in [13], which reproduces the three point
bending test on a specimen of 675 mm in length, 150 mm in height and 50 mm in thickness, with a notch
of 75 mm at the center of the specimen, as shown in Fig. [fh. The mesh is refined in the region where crack
develops with elements of 3.5 mm in size.

In all the cases that will be presented here, the initial values of the material parameters that are to be
calibrated are: g9 = 1.418-1074, f; = 0.57 MPa, f, = 1.18 MPa, w;, = 0.09 mm, w, = 1.65 mm and wy = 6.0
mm. In order to avoid incoherent values of the material parameters through the calibration process, such as
defining negative values or incompatible values (for example, w, must always be greater than wy, as shown
in Fig. , the following ranges were specified for each parameter, so they could not be assigned values out of
these bounds: gy € [1-1074,1-1072], f € [0.1,1.5], f, € [0.1,2], wy € [0.01,0.5], w, € [1,3] and wy € [4.5,8],
with stresses expressed in MPa and crack openings in mm.

Another important aspect to consider in the calibration process is related to the points that are used
as reference in the experimental diagram to compare the numerical result. As it has been described above,
the quality of the numerical simulation is assessed in each iteration through the deviation factor defined by
Eq. Bl which evaluates the difference between the numerical and the experimental diagrams at given points.
The definition of the deviation factor also allows considering different weights depending on the relevance of
the reference point, for example, some points may be more representative of the experimental diagram, such
as those identifying the initial peak load, the initial load drop, the maximum subsequent load recovery and
the final branch of load decay (they are marked with red dots in Fig. ) Therefore, the influence of three
aspects on the calibration result are analysed here: firstly, the number of reference points used, secondly,
the effectiveness of using different weights on the reference points to make some points more relevant in the
final result and, finally, the relevance of using carefully selected reference points, since it is not clear a priori
if using a high number of reference points will significantly improve the result of the calibration or a lower
number of points may provide better results if they are wisely selected.

In this analysis, seven approaches will be used to compute the deviation factor, which serves as the
calibration criterion:

e Approach 1: four reference points are used, which are related with four key aspects of the load-
displacement diagram: peak load, initial load drop, maximum recovery load and final load drop branch.
All reference points have the same weight (=1) on the computation of the deviation factor.

e Approach 2: 100 reference points are used, evenly distributed along the displacement axis. All
reference points have the same weight (=1) on the computation of the deviation factor.

e Approach 3: all reference points of Approach 1 and Approach 2 are used. All reference points have
the same weight (=1) on the computation of the deviation factor.

e Approach 4: the four key reference points of Approach 1 are used with a weight of 1.0 and the 100
evenly distributed reference points of Approach 2 with a weight of 0.5.

e Approach 5: the four key reference points of approach 1 are used with a weight of 1.0 and the 100
evenly distributed reference points of Approach 2 with a weight of 0.25.

e Approach 6: Using the four key reference points of Approach 1 with a weight of 1.0 and the 100
evenly distributed reference points of Approach 2 with a weight of 0.1.
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e Approach 7: Using the four key reference points of Approach 1 and ten additional selected points at
displacement values of 0.05, 0.15, 0.2, 0.25, 0.7, 1.5, 2, 2.5, 6 and 10 (expressed in mm).

The first three approaches help to understand how the selection of the reference points may be important
in order to obtain a good calibration of the material parameters. Approaches 4 to 6 analyse if the use of
different weights on the reference points, thus considering some of them more relevant than others in the
calibration process, have an important effect on the result. Finally, Approach 7 helps to understand if using
carefully selected reference points, rather than using a high number of points or varying the weighting factor
on some of them, may help to produce a better adjustment.

In subsection [£1.1] the first aspect is analysed using the results of approaches 1 to 3, in subsection [{.1.2]
the influence of the weights selected for the more relevant points is analysed using the results of approach 3
to 6 and, finally, in subsection the use of carefully selected reference points, rather than using many, is
explored.

In all the diagrams shown hereinafter, the experimental results will be presented in grey, the results
obtained with Approaches 1, 2 and 3 with solid lines in blue, green and magenta, respectively. As for the
results obtained with Approaches 4, 5 and 6, dashed lines in blue, green and magenta, respectively, will be
employed and results of Approach 7 will be presented in solid black lines. Finally, the reference points used
in each approach will be depicted as red dots.

4.1.1. Influence of the number of selected reference points

Using Approaches 1 to 3, which, as described above, use different reference points to compare the nu-
merical and experimental result in order to compute the deviation factor A that is used by the Nelder-Mead
minimisation algorithm, provide the trilinear diagrams observed in Fig. [5 that produce the load-displacement
diagrams shown in Fig. [6] In general, all three approaches provide a good enough adjustment to the exper-
imental diagram, depicted with a dashed grey line; the overall shape of the diagram can be considered as a
good approximation of the experimental result, although some relevant differences can be observed. At a first
glance, all three approaches provide a good approximation of the remanent peak after the initial load drop;
in all cases, this second peak is almost the same, although it takes place at different displacement values;
this is clearly related to the w, parameter in the trilinear diagram if the trilinear diagrams and the load-
displacement curves are analysed. All three approaches also provide a good approximation of the diagram
after this second load peak.

If the initial part of the load-displacement diagram is analysed, interesting differences are observed. The
initial peak is clearly different in each case. Approach 1, which only uses four reference points in the calibration
process, clearly overestimates this peak load, while Approach 2 underestimates it and Approach 3 provides
the most accurate approximation. Regarding the load decay after the initial peak, all three approaches
provide a good enough approximation, although Approach 2 leads to a slightly higher value of the load. In
any case, Approach 3 seems to provide the best approximation, since the other two approaches have a lack
of accuracy around the peak load.

Fig. |7] permits to analyse how good the load-displacement curve approximates the experimental diagram
in terms of the reference points used in each case; in these diagrams, the initial part of the load-displacement
diagram is shown and the reference points are depicted in red. Although Approach 1 clearly overestimates
the peak load, it provides a very good approximation in terms of the reference points used in the calibration.
Approaches 2 and 3 also provide a quite good general approximation in the reference points, but this figure
allows to explain where the main differences of the result provided by each approach come from. For example,
although Approach 1 reaches a very close approximation in the reference points, since only four points are
used, the accuracy of the rest of the diagram is simply not taken into account, that is why some key points,
such as the initial peak load, is not correctly obtained. In this case, the numerical diagram adjusts well
the first reference point, which identifies the initial peak load, but reaches a higher peak afterwards. In the
case of Approach 2, the initial peak load is not correctly captured simply because the first reference point is
after it, so it is not taken into account; the rest of the diagram is properly reproduced. Finally, Approach 3
provides the best of the three results because it uses the reference points of both, thus takes into account the
peak load and, due to the additional reference points, such as the second, limits the possibility of reaching
higher peak loads afterwards, as observed in Approach 1.

If the accuracy of the calibration is analysed in terms of the deviation factor, Fig. [8] shows the evolution
of the deviation factor A\ along the calibration process, computed for each of the 200 models used in the

10
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iterative process in each approach. The figure on the left shows the evolution of A computed as expressed
by Eq. and the figure on the right shows a normalised value of obtained by dividing it by Ag, which
corresponds to the value of A in the first iteration. In all three approaches, a good approximation is obtained
after 100 iterations. In the case of Approach 1, the deviation factor is close to zero, especially if compared

with Approaches 2 and 3; this does not imply that Approach 1 is better, as has been commented on before,
but only that Approach 1 allows obtaining a lower value of A simply because the numerical result has to be
approximated in only four points, while in Approaches 2 and 3, approximation is carried out in 100 and 104

points, repectively.
The errors of the calibrated models considering the criterion based on the released energy, computed
as the areas under the load-displacement diagrams according to Eq. , are 3.45%, 0.87% and 1.27% for

Approaches 1, 2 and 3, respectively.
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Figure 5: Resulting trilinear diagrams using different reference points (Approaches 1 to 3).
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Figure 6: Result of the automated calibration process using different reference points (Approaches 1 to 3); full load-displacement

diagram (left) and detail around the initial peak load (right).
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Figure 7: Comparison between the calibration result and the experimental diagram at the reference points (marked in red) in

Approaches 1 to 3.
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Figure 8: Evolution of the deviation factor A using different reference points; left: original definition of the deviation factor
(Eq. )7 right: normalised value of the deviation factor (A/Ag, with Ag being the value of A\ at the beginning of the iteration

process).

12



280

285

290

295

300

305

4.1.2. Influence of weights on the calibration process

In this section the influence of weights used to evaluate the deviation factor is analysed. In principle,
weighting the influence of the reference points may lead to a calibration result where some points are more
relevant than others. Since the four reference points used in Approach 1 identify key points of the load-
displacement diagrams, these four points are always weighted with a factor equal to 1 while other points
are weighted with factors lower than 1. Therefore, using Approach 3 as a reference, since it was the best
approximation obtained in the first set of approaches, analysed in the previous section, Approaches 4, 5 and
6 use a weighting factor of 1 for the four key reference points of Approach 1 and weighting factors of 0.5,
0.25 and 0.1, respectively, for the other 100 evenly distributed reference points.

Fig. [9 shows the resulting trilinear diagrams and Fig. the load-displacement curves obtained in each
case compared with the experimental diagram that is used for adjustment. In all cases, the calibration process
produces an overall good adjustment, although relevant differences may be observed around the initial peak.
If the detail of the diagrams shown at the right diagram of Fig. is observed, Approaches 3 and 4 provide
very similar results, in both cases the peak load is close to the experimental value. Nevertheless, Approaches
5 and 6 show less accurate peak values, thus showing that the peak value is less accurate as the weighting
factor of the evenly distributed reference points becomes lower. This can be easily explained, since reducing
the relevance of the evenly distributed points on the calibration process through the computation of the
deviation factor M is ultimately leading to a calibration scheme similar to Approach 1, where only four key
points were considered.

Fig. shows the evolution of the deviation factor in each case, both using the original expression of A
from Eq. and its weighted expression (A/Ag). In all cases, the calibration process leads to a good result
around iteration 100 and, if the weighted diagrams are considered, no important differences may be observed.

The errors of the calibrated models using Eq. are 1.27%, 1.25%, 1.53% and 1.10% for Approaches 3,
4, 5 and 6, respectively.

3.5 14 : —— Approach 3
--=-- Approach 4
3.0 1 : --<-- Approach 5
--+-- Approach 6
2.5 1
=
& 2.0
=
S
1.5

Figure 9: Resulting trilinear diagrams using different weights on the same reference points (Approaches 3 to 6).

4.1.3. Influence of careful selection of the reference points on the calibration process

To analyse the influence of a good selection of the reference points, rather than selecting a large number
of them or using different weighting factors to modify their influence on the calibration process, Approach
7 uses the four key reference points of Approach 1 and ten additional reference points carefully selected at
the following displacements: 0.05, 0.15, 0.2, 0.25, 0.7, 1.5, 2, 2.5, 6 and 10. This selection of reference points
alms to obtain a better adjustment in the first part of the diagram, where the initial peak load and the load
drop after it are located. Figure shows the numerical adjustment obtained with Approach 7, depicting
the reference points used in red.
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Figure 10: Result of the automated calibration process using different weights on the same reference points (Approaches 3 to
6); full load-displacement diagram (left) and detail around the initial peak load (right).
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Figure 11: Evolution of the deviation factor A using different weights on the same reference points (Approaches 3 to 6); left:
original definition of the deviation factor (Eq. (3)), right: normalised value of the deviation factor (A\/Ag, with Ao being the

value of A at the beginning of the iteration process).
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The load-displacement diagram obtained with this approach shows a good adjustment, especially around
the initial peak load and subsequent load drop, where other approaches provided not such an accurate
adjustment. The rest of the diagram also shows a good adjustment.

In this case, the error of the calibrated model using Eq. is 0.37%.

2.5 2.5
----- Experimental result
—— Approach 7

2.0 ®  Reference points 2.0

----- Experimental result

—— Approach 7
®  Reference points

0.0 T T T T

0 2 4 6 8 0 12 14 02 04 06 08 10
Load displacement (mm) Load displacement (mm)

Figure 12: Result of the automated calibration process using carefully selected reference points (Approach 7); full load-
displacement diagram (left) and detail around the initial peak load (right).

4.2. Influence of the mesh on the calibration result

A good design of the mesh is usually of utmost importance when numerically reproducing nonlinear
problems with the finite element method. In order to analyse how some key aspects of the mesh design may
modify the calibration result, this section analyses the mesh size in the region of fracture and the use of
different types of elements.

Four models are analysed, all of them with the same specimen geometry as in Section and using
the same initial guess of the material parameters to be calibrated. Three models, identified as T4, T8 and
T16, have triangular three-node elements in the region of fracture with element sizes of 4, 8 and 16 mm,
respectively. The fourth model, identified as Q8, has quadrangular four-node elements with an element size
of 8 mm in the region of fracture. Figure [L3|shows the meshes used in each of these models.

The influence of the element size can be analysed in Fig. that presents the load-displacement diagrams
for the three meshes with triangular elements; T4, T8 and T16 results are presented in blue, green and
magenta, respectively. In all cases, the results match well with the experimental curve and no big differences
can be observed.

With regard to the influence of the element type on the calibration result, Fig. shows the load-
displacement diagrams of T8 and Q8 meshes (represented with solid lines and dashed lines, respectively),
resulting in very similar diagrams, both close to the experimental curve.

The errors of the calibrated models obtained with Eq. are 0.45%, 1.29%, 0.81% and 0.08% for meshes
T4, T8, T16 and Q8, respectively.

4.3. Validation with other geometries and mixes

In the previous sections the calibration procedure has been used with the same experimental result in all
cases, therefore an only fibre-reinforced concrete mix and an only specimen geometry have been used up to
this point. In order to validate the proposed procedure with other experimental results, in this section the
calibration process is used to automatically calibrate other tests with different fibre-reinforced materials and
with other specimen dimensions. More especifically, two results of steel fibre-reinforced concrete specimens
(SFRC) with different fibre proportions and four results of polyolefin fibre-reinforced concrete specimens
(PFRC), also with different fibre proportions, are used. The results of SFRC are extracted from [31] and
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Figure 13: Meshes used to analyse the influence of the element size and the element type on the calibration result.
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Figure 14: Result of the automated calibration process using three different element sizes in the region of fracture; full load-

displacement diagram (left) and detail around the initial peak load (right).
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Figure 15: Result of the automated calibration process using different element types in the region of fracture; full load-
displacement diagram (left) and detail around the initial peak load (right).

correspond to mixes with 30 and 45 kg of fibres per cubic metre of concrete; the specimens are 600 mm long
and have a square cross section of 150 mm x 150 mm, with a notch of 75 mm and the test is carried out
with a span of 450 mm. As for the results of PFRC, they are extracted from [I1] and correspond to mixes
with proportions of 3, 4.5, 6 and 10 kg of fibres per cubic metre of concrete; the specimens’ dimensions are
430 in length, 100 mm in height and 100 mm in depth and have a notch of 33 mm and a testing span of 300
mm. Figure [I6]shows the geometry of both specimens, as well as the triangular meshes used.

A s N,
thickness = 150 mm
| = G | >

SFRC 150 mm
specimens
450 mm
600 mm
PFRC ‘k_hl;knéss = 100 e i AVAVAVAV I
specimens KKK 100 mm
300 mm
430 mm

Figure 16: Meshes used to validate the calibration process with other specimen geometries and other materials (SFRC specimens
from [31] and PFRC specimens from [11]).

The calibration results for these seven experimental results are presented in Fig. and Fig. In all
cases, the numerical model is calibrated using the average experimental diagram, which is shown in the figures
for each set of tests, and the initial guess of the set of parameters to be calibrated are the same as used before,
that is to say: g9 = 1.418-107%, f, = 0.57 MPa, f,, = 1.18 MPa, w;, = 0.09 mm, w, = 1.65 mm and wy =6.0
mm. In the case of the PFRC specimens, the bounds used for each parameter have been the same as before:
g0 € [1-107%,1-1072], fx € [0.1,1.5], f € [0.1,2], wy € [0.01,0.5], w, € [1,3] and wy € [4.5,8], with stresses
expressed in MPa and crack openings in mm. In the case of SFRC specimens, due to their remarkably different
experimental behaviour, these bounds have been modified as follows: gy € [1-107%,1-1072], f € [0.1,3],
fr €10.1,3], wi € [0.01,0.5], w, € [0.6,3] and wy € [4.5,15], also with stresses expressed in MPa and crack
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openings in mm. In these calibration processes, between 65 and 100 control points have been used, carefully
selected around key regions, such as the peaks and valleys of the load-displacement diagrams.

355 Figures [17 and [18| shows the calibration result for each of these six cases. All the numerical diagrams are
well adjusted to the experimental curves, predicting correctly the overall behaviour and the maximum and
minimum values of the curves.

All the errors computed with the criterion based on the released energy, computed as the areas under the
load-displacement diagrams (Eq. ), are smaller than 2%; more precisely 0.00%, 1.16%, 0.74% and 1.84%

s0 in the case of PFRC 3, PFRC 4.5, PFRC 6 and PFRC 10 specimens, while the errors are of 1.30% and 1.34%

in the case of SFRC 30 and SFRC 45 specimens.

8 8
SFRC45] T Experimental SFRC 45
T NT —— Numerical T4 T T —
6 .
5 .
Z z
< =
< = 4+
g <
S ]
- —
3

2 B
14 T Experimental
—— Numerical
0 T T T T 0 T T T T
0 2 4 6 8 10 0.2 0.4 0.6 0.8 1.0
Load displacement (mm) Load displacement (mm)

Figure 17: Result of the automated calibration process using different element types in the region of fracture; full load-
displacement diagram (left) and detail around the initial peak load (right).
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Figure 18: Result of the automated calibration process using different element types in the region of fracture; full load-
displacement diagram (left) and detail around the initial peak load (right).

5. Summary and conclusions

This work has presented an automated calibration process for characterising the fracture behaviour of
materials with complex behaviour, such as FRC. In this case, the model to calibrate consisted of a trilinear
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diagram where six parameters need to be defined. T'wo results are compared, an experimentally obtained
load-displacement diagram, that serves as reference, and a numerically produced load-displacement diagram
obtained with a FEM model. The calibration is obtained through an iterative process where the material
parameters are progressively modified in search of a numerical curve that is close enough to the experimental
result. In this case, the process makes use of the Nelder-Mead algorithm, which minimises the so-called
deviation factor, a value that assesses the quality of the approximation of the numerical result compared
with the experimental curve. This process has proven to be effective and provides a good approximation,
thus reducing the time needed to calibrate a model.

Several approaches have been analysed in order to understand how some key aspects of the process affect
the result. To evaluate the adjustment quality of the numerical result, the deviation factor is computed using
specific reference points in the load-displacement diagram. If only a few representative points are selected,
the overall result is good, but some key aspects are not correctly described, as observed with the initial peak
load of Approach 1. Nevertheless, the number of reference points is not the only important aspect in this
matter, since correctly selecting them is equally important, as results of Approaches 2 and 3 proves. These
two approaches use a similar number of reference points (100 and 104 in each case), but the accuracy of
Approach 3 is clearly higher around the initial peak load, where Approach 2 clearly lacks accuracy, due to
the fact that no reference points are selected around the initial peak in this case.

A second set of approaches (Approaches 3 to 6) have analysed the possibility of using different weights for
the reference points, with the aim of making some points more relevant in the calibration process. Approaches
4 to 6 are similar to Approach 3, in all cases 104 reference points are used, but with a different weighting
factor in 100 of them, which are evenly distributed along the experimental diagram used as reference. This
comparison proves that all approaches provide a good adjustment, but differences mainly around the initial
peak load are observed. As the evenly distributed points have lower weighting factors, their influence becomes
lower and the calibration process tends to result in a similar adjustment as the one obtained with Approach
1, where only four key reference points were considered.

Finally, Approach 7 uses the proposed calibration process employing the same weighting factor with all
reference points and making a careful selection of them, where the four key reference points used in Approach
1 are included and ten additional points are considered, most of them gathering around the initial part of
the diagram, where the most significant load fluctuations are observed. This approach provides a good
adjustment around the initial peak load and the load decay after peak, with a good general adjustment in
the rest of the diagram.

Additionally, key aspects regarding the mesh design in the FEM model, such as the element size and the
use of triangular or quadrangular elements in the region of fracture, have been analysed and the calibration
procedure has been validated with other results found in the literature, including other type of fibres and
different fibre proportions.

As a results of these studies, the following conclusions can be drawn:

e The proposed calibration procedure helps finding a set of material parameters that correctly adjusts
the numerical model using a reference experimental diagram.

e The selection of the reference points strongly influences the result of the numerical adjustment. If key
points are missing, the numerical result is not able to correctly reproduce some parts of the diagram.

e The use of different weighting factors in some reference points in order to make them more influential
in the calibration process is effective, although it has not revealed as very relevant to obtain a good
adjustment.

e A careful selection of the reference points helps to provide a better adjustment in key parts of the
diagram and greatly helps to obtain a good adjustment in the key parts of the diagram.

e The calibration procedure is consistent even using coarse meshes.

e The calibration result provides a good approximation to the experimental diagram with triangular and
quadrangular elements.

e The proposed procedure can be used to automatically calibrate different types of FRC specimens,
providing good results with fibres and proportions with very different behaviour.
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Data availability

All the Python code used for carrying out the calibration processes presented in this work, including the

experimental diagrams used for comparison and the OOFEM finite element models, can be found on GitHub
at the following link: https://github.com/fernandosuarezguerra/acp_FRC.
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