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a b s t r a c t

Nowadays, society demands group decision making (GDM) problems that require the participation of
a large number of experts, so-called large scale group decision making (LS-GDM) problems. Logically,
the more experts are involved in the decision making process, the more common is the emergence
of disagreements in the group. For this reason, consensus reaching processes (CRPs) are key in the
resolution of these problems in order to smooth such disagreements in the group and reach consensual
solutions. A CRP requires that experts are receptive to change their initial preferences, but demanding
excessive changes could lead to deadlocks. The well-known minimum cost consensus (MCC) model
allows to obtain an agreed solution by preserving experts’ preferences as much as possible. However,
this MCC model only considers the distance among experts and collective opinion, which is not
enough to guarantee a desired degree of consensus. To overcome this limitation, it was proposed
comprehensive MCC models (CMCC) in which both consensus degree and distance are considered, and
CMCC models deal with fuzzy preference relations (FPRs) for modeling experts’ opinions. However,
these models are not efficient to deal with LS-GDM problems and the FPRs consistency is ignored in
them. Therefore, this paper aims to propose new CMCC models focused on LS-GDM problems in which
experts use FPRs whose consistency is taken into account in order to obtain reliable results. A case
study is introduced to show the effectiveness of the proposed models.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

Human beings spend much of their time making decisions,
hat to wear, what to eat today, which political party to vote

or and so on. In general terms, a decision making (DM) problem
s characterized by a set of alternatives and the need of choosing
ne or several of them as solution of the problem. However, either
ecause of the increasing complexity of the decisions or the need
o consider different points of view for making decisions, group
ecision making (GDM) has become a fundamental activity in
ny society. In a GDM problem, several experts with their own
ttitudes provide their preferences over the alternatives with the
im to achieve a common solution [1].
Society is constantly evolving, the emergence of new tech-

ological advances such as social networks services [2] or big
ata [3] and societal needs such as e-democracy [4] or
-marketplace selection [5] have given place to a new type of
DM problems so-called large scale group decision making (LS-
DM) problems [6–9]. Whereas classical GDM problems require
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the participation of just a few experts, the number of experts in
LS-GDM problems is much larger. In spite of there is no a con-
sensus in the specialized literature about when a GDM problem
is LS-GDM [10], it has been considered LS-GDM when the number
of experts engaged in the decision process is greater than 20 [10],
although the number might be hundreds or thousands.

The classical solving process for GDM problems [11] does
not consider the level of agreement among experts before the
selection process of the best alternative. Consequently, some
experts might not agree with the final solution and feel that their
opinions have been ignored [12,13]. The latter issue is particularly
relevant in LS-GDM problems, since they usually are related to
decisions that affect directly society where consensual solutions
are more appreciated. For this reason, consensus reaching pro-
cesses (CRPs) [13] are included as an additional phase in the
classical solving process for GDM problems. A CRP is a cyclical
process in which experts discuss and modify their initial prefer-
ences throughout different discussion rounds in order to increase
the level of agreement and obtain an acceptable solution for all
of them. Despite the fact, the greater the number of experts in a
GDM problem, the greater the number of conflicts and disagree-
ments that may arise among them and consequently, a greater
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ecessity of applying a CRP, most of CRPs proposals are focused
n GDM problems with a few number of experts [14].
A CRP usually involves changes in the initial experts’ opin-

ons. However, some experts may be reluctant to modify their
references and demanding excessive modifications in order to
each consensus might lead to deadlocks. Several researchers
ave pointed out the importance of considering cost of changing
xperts’ opinion to achieve consensus and it has become an
ttractive challenge to tackle in CRPs [15–18]. Ben-Arieh and Eas-
on [15] defined the concept of minimum-cost consensus (MCC)
nd based on this concept Zhang et al. [18] proposed a MCC model
hat makes use of a linear function whose aim is to obtain a
onsensual solution by minimizing the cost of changing experts’
nitial opinions and preserving them as much as possible. After-
ards, several researchers have proposed new MCC models [17–
2]. Nevertheless, the way of computing consensus in the previ-
us approaches, by considering only the distance among experts
nd collective opinion, does not always guarantee to achieve an
cceptable level of agreement in the group [16]. For this reason,
abella et al. proposed in [16] new comprehensive MCC (CMCC)
odels that consider both distance among experts to collective
pinion and a minimum agreement among all experts. In this
ay, it is possible to guarantee to reach a desired level of con-
ensus. Nevertheless, the proposed MCC models are focused on
DM problems with a few experts, by ignoring LS-GDM problems
n which CRPs are more important and necessary.

Therefore, it seems necessary to improve the integration of
CC based CRPs into LS-GDM to smooth the conflicts and opin-

ons polarization [23] that usually appear in this type of problems
n real-world. Hence, in this research we aim at developing new
MCC models able to cope with the scalability that appears in
S-GDM problems both from programming and time costs, and
uarantee a consensual solution for the group. Last but not least,
ur models should be able to deal with different preference
odeling structures that are used in LS-GDM. Initially, CMCC
pproaches have been developed to deal with numerical utility
ectors, but the spread use of fuzzy preference relations [24]
FPRs) in GDM problems drive us to extend our new proposals
or CMCC in LS-GDM to manage also this type of preference
epresentation. Furthermore, consistency in FPRs is key to obtain
eliable results, thus the new CMCC models for LS-GDM problems
ill consider the consistency in the experts’ preferences.
To sum up and clarify our research, the main aims of this

ontribution are the following ones:

• To establish the relation between MCC and CMCC models.
• To establish the connection between the two widely used

consensus measures and characterize the relation between
the CMCC models based on these consensus measures.

• To define novel CMCC based CRP models for LS-GDM that
guarantee consensual solution in spite of scalability prob-
lem.

• To extend previous novel models to deal with the consis-
tency in FPRs.

• To analyze applicability of these CMCC models and dictate
the setup that requires for solving CMCC models in LS-
GDM scenario (involving more than 100 experts) with the
available solver tools, and illustrate with a didactic example
along with its comparative advantages.

• To advocate the implementation of the proposed CMCC
models in real time application of LS-GDM, complexity and
scale-ability of the different types of solver tools for solving
the proposed models are analyzed.

• To advocate future research in LS-GDM, a few simulated
data-sets with the CMCC solutions are provided, which will
allow the researchers to compare the performance of pro-
posed CRP process in terms of minimum cost consensus
metric given in [16].
2

The remaining of this contribution is structured as follows:
Section 2 reviews some basic concepts in order to facilitate the
understanding of the proposal. Section 3 introduces novel CMCC
approaches for LS-GDM. Section 4 shows the usefulness of the
proposed CMCC based CRPs in a LS-GDM problem, includes a
comparative performance analysis and studies their complexity.
Finally, in Section 5 some conclusions are drawn.

2. Preliminaries

This section reviews some concepts related to CRPs, LS-GDM
and MCC approaches to facilitate the understanding of the pro-
posal.

2.1. CRPs and LS-GDM

In real world people have to make decisions since they get
up and select which clothes they will wear that day. There are
problems in the daily life in which it is very hard for a single
person to assess all the possible alternatives to make a decision.
This leads to GDM problems in which a handful of experts with
different points of view and knowledge provide their preferences
over a set of alternatives, to obtain a common solution [25].
Nevertheless, nowadays with the technological development and
social demands [26,27], the number of experts involved in the
decision problems is increasing and thus, a new concept has
arisen in the DM field, LS-GDM. The main difference with the
classical GDM problems is the number of experts, because LS-
GDM problems deal with a large number of experts [10]. In this
paper we may assume thousands of experts.

Formally, a LS-GDM problem is defined as follows: (i) a set
of alternatives X = {x1, . . . , xn}, (n ≥ 2), that can be selected
as possible solutions for the problem, and (ii) a set of experts
E = {e1, . . . , em}, (m ≫ n), who elicit their assessments on the
set of alternatives X .

A LS-GDM problem can be solved in a similar way to the
traditional GDM problems by a selection process which is di-
vided into two phases: (i) aggregation: the preferences elicited
by experts are fused by means of an aggregation operator to get
a collective opinion, and (ii) exploitation: the best alternative
is selected taking into account the collective opinion obtained
in the previous phase. Notwithstanding, this process does not
always guarantee to obtain a solution accepted by all experts and
some of them might feel that their opinions were not considered.
In LS-GDM problems these situations are much more common,
because opinions among a large number of experts tend to be
easily conflicting. To avoid these situations, a CRP is included
before the selection process.

A CRP is a dynamic process in which experts discuss and
modify their preferences to reach a consensus that is accepted
by the whole group of experts [28]. Different consensus models
can be found in the literature [14,29,30]. A general scheme of a
CRP is shown in Fig. 1 and it is described as follows:

• Computing consensus: Once experts have provided their pref-
erences, a consensus degree µ, is computed by using con-
sensus measures [31].

• Consensus control: The consensus degree is compared with
the consensus threshold set previously, α ∈ [0, 1]. If the
consensus degree reached is equal to or greater than the
consensus threshold, µ ≥ α, the selection process is applied,
otherwise, it is necessary a discussion round to increase the
consensus degree. In order to avoid an infinite number of
rounds, a parameter that denotes the maximum number of
rounds allowed is defined, max_round ∈ N.
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Fig. 1. General scheme of a CRP.
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able 1
onsensus achieved by using (M-2).
ε µ

0.5 0.58
0.15 0.83

• Feedback process: The furthest experts of the collective opin-
ion are identified to suggest them to modify their prefer-
ences and increase the consensus degree in the next round.

In the last few years, some scholars have paid attention on LS-
GDM in CRPs and several proposals have been presented in the
literature [6,7,32–34] to cope with same challenges such as, time
cost, scalability, behavior, etc.

2.2. Minimum cost consensus

Several scholars have pointed out that in CRPs the cost of mod-
ifying experts’ opinions in the collective opinion is very impor-
tant. For this reason, some MCC models have been proposed [15,
18,35]. The concept of MCC was introduced by Ben-Arieh and
Easton [15] as follows, ‘‘the consensus is reached when the distance
between experts and the collective opinion is minimum". Taking as
asis this concept, Zhang et al. [18] proposed a MCC model as
ollows:

efinition 1 ([18]). Let (o1, . . . , om) be the assessments provided
y a set of experts E = {e1, . . . , em} over an alternative, and ck
e the cost of moving expert ek’s opinion 1 unit. The MCC model
ased on a linear cost function is given as follows:

(M − 1)
min

∑m
k=1 ck|ok − ok|

s.t. |ok − o| ≤ ε, k ∈ Im,

here (o1, . . . , om) are the adjusted experts’ opinions, o is the
collective opinion, ε is the maximum acceptable distance of each
expert to the collective opinion and Im = {1, 2, . . . ,m} is the in-
dex set corresponding to the set ofm experts E = {e1, e2, . . . , em}.
t the abstraction level m maps to the index set {1, 2, . . . ,m},
.e., Im.

According to this model, an expert does not need to change
is/her opinion, if it is in the interval [o−ε, o+ε], and any opinion

further than ε from o should only be changed until that expert’s
pinion is exactly ε away from o.
Based on the MCC model (M-1), Zhang et al. [18] studied

how the aggregation operator used to fuse experts’ opinions and
obtain the collective opinion can affect in the computation of the
consensus level. They focused on weighted average (WA) opera-
tor and ordered weighted average (OWA) operator and proposed
3

a MCC model described as follows:

(M − 2)

min
m∑

k=1

ck|ok − ok|

s.t.
{
o = A(o1, o2, . . . , om)
|ok − o| ≤ ε, k ∈ Im

here A : [0, 1]n → [0, 1] is an aggregation operator used to obtain
the collective opinion from experts’ opinions.

Other MCC approaches have been introduced in the special-
ized literature. In [20] Li et al. pointed out that in real world
problems, some experts may not willing to change their opinions
too much, because they have a maximum compromise limit. Thus,
a novel optimal consensus model with minimum cost that consid-
ers experts’ compromise was proposed. In this model, weighted
dissimilarity is used to measure the cost of reaching the consen-
sus. In [21] two consensus rules were defined, (i) to minimize
the distance between the original opinions and adjusted opin-
ions, and (ii) to minimize the number of adjusted values. Gong
et al. [19] proposed two different models that find to balance the
interests both the moderator and experts. To do that, the the-
ory of primal–dual optimal programming is used. Another MCC
model that uses a non-linear least square method to measure
the deviation between experts and the collective opinion, was
presented in [36]. Li et al. proposed a CRP with minimum cost
which considers that the unit adjustment cost of each expert
is uncertain and it could be an interval [37]. A new consensus
model based on a random distribution considering the proba-
bilistic budget constraint was developed in [38]. Zhang et al. [22]
introduced a CRP for GDM problems that deals with incomplete
linguistic distribution information. And Cheng et al. [39] studied
asymmetric cost situations by using asymmetric cost functions
to distinguish the adjustments costs of positive and negative
deviations in both directions and proposed three MCC models.

2.3. Comprehensive minimum cost consensus

All MCC approaches introduced in previous section compute
the consensus degree by means of the distance between experts
and the collective opinion. However, small distances among ex-
perts and the collective opinion do not always guarantee to reach
an acceptable consensus degree [16]. Therefore, it is necessary
to take into account a more CMCC model that considers both
the distance of each expert to collective opinion and a minimum
agreement among all experts to obtain more acceptable solutions.
In order to show this need, let us introduce an example:

Example 1. Let suppose three experts who provide their pref-
erences over an alternative by using a scale from 0 to 1, so o =

0.99, 0.45, 0.12}. The aim is to achieve a solution in which all
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he experts agree. We consider α = 0.85 a logical consensus
hreshold to achieve. However, by using the model (M-2), we can
nly set the minimum distance between the modified experts’
references, ok, and the collective one, o, through ε. Table 1 shows
he consensus level achieved in the group with different values of
. Note that, with any of them, the consensus threshold α = 0.85
s not reached. Therefore, set a minimum distance between ex-
erts and collective opinion does not always guarantee to achieve
n acceptable solution for the group.

To cope this challenge, Labella et al. have recently presented
novel CMCC model [16] for GDM that is capable of gener-

ting high consensual agreement among experts and it can be
athematically described as follows:

(M − 3)

min
m∑

k=1

ck|ok − ok|

s.t.

⎧⎨⎩
o = A(o1, o2, . . . , om)
|ok − o| ≤ ε, k ∈ Im
C(o1, o2, . . . , om) ≥ α

here the function C : [a, b]n → [0, 1] measures the consensus
evel among experts and α ∈ [0, 1] is the consensus threshold.

According to the taxonomy proposed by Palomares et al. [30],
he consensus measures used in the first phase of the general
cheme of a CRP (see Fig. 1) can be divided into two categories,
onsensus measures based on the distance between experts and
ollective opinion and consensus measures based on the distance
mong the experts. Labella et al. [16] used the following computa-
ions based on Euclidean 1-norm distance to obtain the previous
onsensus measures:

• Consensus measure based on the distance between experts
and the collective opinions given as follows:

C1(o1, o2, . . . , om) = 1 −

m∑
k=1

wk|ok − o| (1)

• Consensus measure based on the distance among experts
given as follows:

C2(o1, o2, . . . , om) = 1 −

m−1∑
k=1

m∑
l=k+1

wk + wl

m − 1
|ok − ol| (2)

where w = (w1, w2, . . . , wm) is the importance of the
experts in the DM process.

In our study, we will use the above mentioned consensus mea-
sures C1 and C2 to obtain the collective opinion from the individ-
ual opinions, and we adopt the WA operator, i.e. A(o1, o2, . . . , om)∑m

k=1 wkok as the aggregation operator. Therefore, by using the
onsensus measure C1, the model (M-3) becomes

(M − 4)

min
m∑

k=1

ck|ok − ok|

s.t.

⎧⎨⎩
o =

∑m
k=1 wkok

|ok − o| ≤ ε, k ∈ Im∑m
k=1 wk|ok − o| ≤ γ

here γ = 1 − α.
4

When C2 measure is used to compute the consensus degree,
the MCC model (M-3) is transformed into the following:

(M − 5)

min
m∑

k=1

ck|ok − ok|

s.t.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
o =

∑m
k=1 wkok

|ok − o| ≤ ε, k ∈ Im
m−1∑
k=1

m∑
l=k+1

wk + wl

m − 1
|ok − ol| ≤ γ

2.4. Fuzzy preference relations and their consistency

In DM, experts usually express their opinions over different
alternatives by using preference relations [40], which are pairwise
comparisons matrices between alternatives. A preference relation
is noted as P = (pij)n×n where pij can be interpreted as the
preference of the alternative xi over xj.

This contribution focuses on one of the most common prefer-
ence relations used in DM, the FPRs [24] in which the preferences
between alternatives are represented by membership degrees:

Definition 2 ([24]). A FPR, P , over the set X is defined by a fuzzy
set on the product set X×X and characterized by the membership
function µP : X × X → [0, 1] and pij = µP (xi, xj) ∈ [0, 1].

In a FPR, pij = 0.5 indicates indifference between xi and xj,
pij = 1 indicates xi is absolutely preferred to xj and pij > 0.5
indicates xi is preferred to xj.

Definition 3 ([41]). A FPR, P = (pij)n×n, is said to be additive iff
pij + pji = 1 ∀ i, j ∈ In and i ̸= j.

Consistency in FPRs is key to avoid that experts do not provide
their opinions randomly and the results obtained are reliable. In-
terpreting the value pij−0.5 as a preference intensity, Tanino [41]
defined the additive transitive property of a FPR, P, as follows:

(pij − 0.5) + (pjt − 0.5) = pit − 0.5 ∀ i, j, t ∈ In. (3)

Based on Eq. (3), we can infer whether or not an additive FPR is
consistent.

Definition 4 ([41]). An additive FPR, P = (pij)n×n, is said to be
consistent iff

pij = pit + ptj − 0.5 ∀ i, j, t ∈ In (4)

It is expected that experts provide consistent FPRs based on
their knowledge and expertise but the inconsistency in the judg-
ments occurs quite often due to the bounded rational behavior of
the experts together with the complexity of the decision scenario,
limited knowledge and time-pressure. Thus, to measure the level
of consistency in FPRs is essential to obtain reliable results. In a
nutshell, the consistency level could be measured by computing
the average violation in transitivity for the preferences among the
triplet (xi, xj, xt ). In this vein, Herrera et al. [42] defined a measure
for the consistency level as follows:

Definition 5 ([42]). The consistency level of an additive FPR, P =

(pij)n×n, is given by

CL(P) = 1 −
2

3n(n − 1)(n − 2)

∑
i̸=j̸=t

|pij + pjt − pit − 0.5| (5)
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It is evident that CL(P) ∈ [0, 1]. When CL(P) = 1, the additive
PR P is fully consistent. Otherwise, the lower the value of CL(P),
he more inconsistent is P . As the permutation over indices makes
he identity aijt = aitj = ajit = ajti = atij = atji holds for all
, j, t with aijt = |pij + pjt − pit − 0.5|, we can re-write Eq. (5) as
ollows:

L(P) = 1 −
4

n(n − 1)(n − 2)

∑
i<j<t

|pij + pjt − pit − 0.5| (6)

3. Novel comprehensive MCC approaches for LS-GDM

Firstly, this section analyzes and studies the relations between
MCC and CMCC models. Afterwards, the non-linear CMCC models
are transformed into linear models in order to deal with LS-
GDM problems with utility vectors and FPRs. Finally, new linear
CMCC models focused on FPRs are extended to consider experts’
preferences consistency.

3.1. Relationship between MCC and CMCC models

The MCC model (M-2) and the CMCC model (M-3) are dis-
tinguished by the consensus constraints that dictates agreement
among the experts but, there is a connection among the optimal
consensus cost and, under certain conditions, both models obtain
same consensus opinions.

In order to establish a link among MCC and CMCC models,
first it is assumed that Λ1 and Λ2 are the feasible regions of
the models (M-2) and (M-4), respectively. Since, the model (M-4)
contains one additional constraint, the feasible region of Λ2 is a
ubset of the Λ1, i.e., Λ2 ⊂ Λ1. This fact relates the models (M-2)
and (M-4) with their corresponding objective values.

Theorem 1. Let z∗

1 and z∗

2 be the optimal objective values of the
models (M-2) and (M-4). Then, z∗

2 ≥ z∗

1 . Further, if ε ≤ γ , then
z∗

2 = z∗

1 and the optimal solution {o∗

1, o
∗

2, . . . , o
∗

m} of (M-2) is also
an optimal solution of (M-4).

Proof. Since, the models (M-2) and (M-4) have the same ob-
jective function

∑m
k=1 |ok − ok| and Λ2 ⊂ Λ1, the minimization

f their objectives satisfies minΛ2

∑m
k=1 |ok − ok| ≥ minΛ1

∑m
k=1

ok − ok|, and consequently, z∗

2 ≥ z∗

1 .
Let {o∗

1, o
∗

2, . . . , o
∗

m} be the optimal solution with optimal ob-
jective value z∗

1 of (M-2). Then, we have
m

k=1

wk|o∗

k − o∗
| ≤

m∑
k=1

wkε = ε ≤ γ (7)

Clearly, {o∗

1, o
∗

2, . . . , o
∗

m} is a feasible solution of (M-4). In fact,
when ε ≤ γ , the additional consensus constraint in (M-4) be-
comes redundant and therefore (M-4) is transformed into the
MCC model (M-2). Hence, {o∗

1, o
∗

2, . . . , o
∗

m} is the optimal solution
f (M-2) and so, z∗

2 = z∗

1 . □

emark 1. In the same vein of Theorem 1, it is easy to establish
hat z∗

1 ≤ z∗

3 , where z∗

3 is the optimal objective value of the CMCC
odel (M-5).

It is evident from the construction of the CMCC models (M-
) and (M-5) that they only differ in the measurement of the
onsensus level. This fact leads to explore the connection between
he consensus measures used in (M-4) and (M-5). The relation
etween the consensus measures i.e. Eqs. (1) and (2) is illustrated
n the following theorem:
5

Theorem 2. For any weighting vector w = (w1, w2, . . . , wm) with
k ≥ 0 and

∑m
k=1 wk = 1, the consensus measures satisfy

1(o1, . . . , om) ≤ C2(o1, . . . , om) (8)

here o =
∑m

k=1 wkok and ok ∈ [0, 1] for all k ∈ Im.

Proof. We note that

CL1(o1, . . . , om) =

m∑
k=1

wk|ok − o|

=

m∑
k=1

wk|ok(w1 + · · · + wm) −

m∑
l=1

wlol|

=

m∑
k=1

wk|

m∑
l=1,l̸=k

wl(ok − ol)|

≤

m∑
k=1

wk

m∑
l=1,l̸=k

wl|ok − ol|

≤

∑m
k=1

∑m
l=1,t ̸=k wl|ok − ol|∑m

k=1
∑m

l=1,l̸=k wl

=

m−1∑
k=1

m∑
l=k+1

wk + wl

m − 1
|ok − ol|

Hence, C1(o1, . . . , om) ≤ C2(o1, . . . , om). □

Based on the above relation between the consensus measures,
we can establish the connection between the optimal consensus
cost of the CMCC models (M-4) and (M-5) as follows:

Theorem 3. Let z∗

(M−4) and z∗

(M−5) be the optimal consensus cost of
the CMCC models (M-4) and (M-5), respectively. For any values of
the thresholds ε > 0 and γ > 0, we have, z∗

(M−5) ≥ z∗

(M−4)

3.2. Linear CMCC models with numerical utility vectors

Undoubtedly, the CMCC models (M-4) and (M-5) are non-
linear due to the presence of the absolute value constraints and
may not be efficient to find the consensus solution for LS-GDM
problems. Therefore, it seems necessary to find corresponding
equivalent linear programming (LP) models, which can efficiently
solve problems with a large number of experts. In the following,
we describe the existence of the optimal solution and equivalent
LP models for the CMCC models (M-4) and (M-5).

It is almost evident that the CMCC models (M-4) and (M-5)
have always feasible solutions. In particular, ok = o, ∀k ∈ Im is
feasible solution for the models (M-4) and (M-5) for any value
f ε ≥ 0 and γ ≥ 0. In other words, the same opinion for all the
xperts (unanimity) provides us a feasible solution.

roposition 1. CMCC models (M-4) and (M-5) have optimal solu-
ions for any value of the consensus parameters ε ≥ 0 and γ ≥

.

To find the optimal solution of the model (M-4) in an efficient
ay, we transform the optimization model (M-4) into a LP model
s follows:

heorem 4. The CMCC model (M-4) can be transformed into an
quivalent linear programming model with the help of the following
ransformations

ok − ok = uk and |ok − ok| = vk, k ∈ Im, (9)

ok − o = yk and |ok − o| = zk, k ∈ Im, (10)
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nd it can be put into the following form:

M − 6)

min
m∑

k=1

ckvk

.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

o =
∑m

k=1 wkok (a)
ok − ok = uk, k ∈ Im (b)
uk ≤ vk, k ∈ Im (c)
−uk ≤ vk, k ∈ Im (d)
ok − o = yk, k ∈ Im (e)
yk ≤ zk, k ∈ Im (f)
−yk ≤ zk, k ∈ Im (g)
zk ≤ ε, k ∈ Im (h)∑m

k=1 wkzk ≤ γ . (i)

(11)

Proof. In (M-6), constraints (11)(e)–(11)(h) correspond to the
transformation of |ok − o| ≤ ε, k ∈ Im in (M-4). The constraint
11)(i) ensures the consensus condition

∑m
k=1 wk|ok − o| ≤ γ

n (M-4) is satisfied. Now, as |ok − ok| = vk ∀ k, the objective
unctions of (M-4) and (M-6) are the same and the constraints
11)(b)–(11)(d) make sure that absolute values property |uk| =

vk ∀ k ∈ Im. Therefore, (M-4) can be transformed into the
equivalent LP model (M-6). □

Further, Theorem 4 infers that the optimal solution of the
CMCC model (M-4) can be obtained by solving the linear pro-
gramming model (M-6).

Similarly, the optimal solution of the model (M-5) can be ob-
tained by transforming it into an equivalent LP model as follows:

Theorem 5. The CMCC model (M-5) can be transformed into an
equivalent linear programming model with the help of the following
transformations

ok − ok = uk and |ok − ok| = vk, k ∈ Im (12)

ok − ol = ykl, and |ok − ol| = zkl k ∈ Im−1, l ∈ Ik+1
m (13)

nd it can be put into the following form:
(M − 7)

min
m∑

k=1

ckvk

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ok − o ≤ ε, k ∈ Im
o − ok ≤ ε, k ∈ Im
o =

∑m
i=1 wkok

ok − ok = uk, k ∈ Im
uk ≤ vk, k ∈ Im
−uk ≤ vk, k ∈ Im
ok − ol = ykl, k ∈ Im−1, l ∈ Ik+1

m

ykl ≤ zkl, k ∈ Im−1, l ∈ Ik+1
m

−ykl ≤ zkl, k ∈ Im−1, l ∈ Ik+1
m∑m−1

k=1
∑m

t=k+1
wk+wl
m−1 (ykl + zkl) ≤ γ

where Ik+1
m = {k + 1, k + 2, . . . ,m} is the restriction on the index

set Im by considering only positive integers greater than or equal to
k + 1.

Proof. The proof of Theorem 5 follows in the lines of the proof
of Theorem 4. □

3.3. Linear CMCC models with FPRs

As we aforementioned, FPRs is one of the structures most
commonly used in GDM problems to represent the preferences
6

elicited by experts. For this reason, Labella et al. [16] extended
the CMCC models to deal with FPRs:

Definition 6 ([16]). Let Pk = (pkij)n×n, k ∈ Im−1 be the assessments
in the form of FPRs provided by a set of experts E = {e1, . . . , em}

over the set of alternatives X = {x1, x2, . . . , xn}, where pkij is the
preference of the alternative xi over xj given by expert ek. We
further assume that ck is the cost of moving expert ek’s opinion 1
unit. The CMCC model based on a linear cost function is given as
follows:
(M − 8)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ck|pkij − pkij|

s.t.

⎧⎨⎩
pij =

∑m
k=1 wkpkij, i ∈ In−1, j ∈ Ii+1

n

|pkij − pij| ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

C(P̄1, P̄2, . . . , P̄t ) ≥ α

here P̄k = (p̄kij), k = 1, 2, . . . ,m is the adjusted FPRs of the ex-
erts, P̄ = (p̄ij) is the adjusted collective opinion that is obtained
y aggregating all the adjusted FPRs of the experts by means
f weighted average operator, i.e., p̄ij =

∑t
k=1 wkp̄kij, ε ∈ [0, 1]

easures the deviation between expert’s adjusted preference and
ollective preference, α dictates the desired consensus level, and

: Mm
n×n → [0, 1] is a consensus measure of the experts’

opinions expressed via FPRs where Mn×n dictates the set of all
additive preference relation over the finite set of alternatives
{x1, x2, . . . , xn}.

Therefore, Labella et al. [16] extended the consensus measures
(Eqs. (1) and (2)) to deal with FPRs and proposed the following
CMCC models:

• Model based on the consensus measure that considers the
distance of each expert to the collective opinion:

(M − 9)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ck|pkij − pkij|

s.t.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pij =

∑m
k=1 wkpkij, i ∈ In−1, j ∈ Ii+1

n

|pkij − pij| ≤ ε, k ∈ Im, i ∈ In−1, l ∈ Ii+1
n

2
n(n − 1)

m∑
k=1

n−1∑
i=1

n∑
j=i+1

wk|pkij − pij| ≤ γ

• Model based on the consensus measure that considers the
distance among experts:

(M − 10)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ck|pkij − pkij|

s.t.

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pij =

∑m
k=1 wkpkij, i ∈ In−1, j ∈ Ii+1

n

|pkij − pij| ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

2
n(n−1)

n−1∑
i=1

n∑
j=i+1

m−1∑
k=1

m∑
l=k+1

wk + wl

n − 1
|pkij − plij| ≤ γ

Evidently both CMCC models (M-9) and (M-10) are non-linear
in nature and finding optimal solution directly may not be effi-
cient in the large scale scenario. Thus, we transform them into
equivalent LP models, which shares the same optimal solutions
as non-linear counter parts and that have been described in next
two theorems.
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heorem 6. The CMCC model (M-9) can be transformed into an
quivalent linear programming model with the help of the following
ransformations

pkij − pkij = uk
ij and |pkij − pij| = vk

ij, (14)

pkij − pij = ykij; and |pkij − pij| = zkij, (15)

for all k ∈ Im, i ∈ In−1, j ∈ Ii+1
n and it can be put into the following

form:

(M − 11)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ckvk
ij

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pij =
∑m

k=1 wkpkij, i ∈ In−1, j ∈ Ii+1
n

pkij − pkij = uk
ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1

n

uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pkij − pij = ykij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

ykij ≤ zkij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−ykij ≤ zkij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

zkij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

2
n(n−1)

∑m
k=1

∑n−1
i=1

∑n
j=i+1 wkzkij ≤ γ

Theorem 7. The CMCC model (M-10) can be transformed into an
equivalent linear programming model with the help of the following
transformations

pkij − pkij = uk
ij and |pkij − pkij| = vk

ij, (16)

pkij − plij = yklij and |pkij − plij| = zklij , (17)

or all k ∈ Im, i ∈ In−1, j ∈ Ii+1
n and it can be put into the following

form:

(M − 12)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ckvk
ij

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pkij − pij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pij − pkij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pij =
∑m

k=1 wkpkij, i ∈ In−1, j ∈ Ii+1
n

pkij − pkij = uk
ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1

n

uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pkij − plij = yklij , k ∈ Im−1, l ∈ Ik+1
m , i ∈ In−1, j ∈ Ii+1

n

yklij ≤ zklij , k ∈ Im−1, l ∈ Ik+1
m , i ∈ In−1, j ∈ Ii+1

n

−yklij ≤ zklij , k ∈ Im−1, l ∈ Ik+1
m , i ∈ In−1, j ∈ Ii+1

n

2
n(n−1)

n−1∑
i=1

n∑
j=i+1

m−1∑
k=1

m∑
l=k+1

wk + wl

n − 1
zklij ≤ γ

The proof of Theorems 6 and 7 are similar to Theorem 4, thus
e omitted here.
7

3.4. New CMCC models considering consensus and consistency in
FPRs

Even though the CMCC models (M-11) and (M-12) could gen-
erate the adjusted opinions for any given value of the ε and γ ,
there is no guarantee that the adjusted FPRs would maintain the
sufficient consistency. Although the initial experts’ opinions are
consistent, it is not sure that the adjusted FPRs and collective
opinion are consistent. That may result in unreliable final decision
outcomes. Therefore, it seems necessary to study the consistency
in the FPRs to overcome this drawback.

The idea is to preserve a certain level of consistency in the
adjusted opinions of the experts and collective opinion when
we are targeting to achieve a certain level of consensus among
experts. The consistency measure of the additive FPRs could allow
us to check the consistency level of the experts’ opinions. One
way to preserve the reasonable consistency levels in the adjusted
opinions is to restrict the search space of the adjusted opinions
to those FPRs that have the desired levels of consistency set by
experts. That can be simply done by including the consistency
level constraint in the CMCC models (M-11) and (M-12).

• Model based on the consensus measure that considers the
distance of each expert to the collective opinion and consis-
tency in FPRs:

(M − 13)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ckvk
ij

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pij =
∑m

k=1 wkpkij, i ∈ In−1, j ∈ Ii+1
n

pkij − pkij = uk
ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1

n

uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pkij − pij = ykij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

ykij ≤ zkij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−ykij ≤ zkij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

zkij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

2
n(n−1)

m∑
k=1

n−1∑
i=1

n∑
j=i+1

wkzkij ≤ γ

1 −
4

n(n−1)(n−2)

∑
i<j<l

|pkij + pkjl − pkil − 0.5| ≥ δk, k ∈ Im

1 −
4

n(n−1)(n−2)

∑
i<j<l

|pij + pjl − pil − 0.5| ≥ δ

where the last two (tenth and eleventh) constraints make sure
desired consistency in the adjusted opinions of the each expert
and collective opinion, δk > 0(k = 1, 2, . . . ,m) is the desired
consistency threshold that the expert k seeks to maintain in
the CRP to generate meaningful results, and δ is the desired
consistency threshold in the collective opinion.
Note that the CMCC model (M-13) with consistency con-
straints is non-linear for the presence of the new constraints
involving absolute values. Transforming the absolute values
by introducing new variables and constraints, we can for-
mulate an equivalent LP model to find the optimal solution
model (M-13) efficiently and that can be done with the help
of following theorem:

Theorem 8. The CMCC model (M-13) can be transformed into a LP
model with the following transformations

pk + pk − pk − 0.5 = dk and |pk + pk − pk − 0.5| = ek
ij jl il ijl ij jl il ijl
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for all i < j < l (18)
pij + pjl − pil − 0.5 = dij and |pij + pjl − pil − 0.5| = eij
for all i < j < l (19)

nd it takes into the following form:

(M − 14)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ckvk
ij

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pij =
∑m

k=1 wkpkij, i ∈ In−1, j ∈ Ii+1
n

pkij − pkij = uk
ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1

n

uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pkij − pij = ykij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

ykij ≤ zkij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−ykij ≤ zkij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

zkij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

2
n(n−1)

∑m
k=1

∑n−1
i=1

∑n
j=i+1 wkzkij ≤ γ

pkij + pkjl − pkil − 0.5 = dkijl, i < j < l, k ∈ Im
dkijl ≤ ekijl, i < j < l, k ∈ Im
−dkijl ≤ ekijl, i < j < l, k ∈ Im

4
n(n−1)(n−2)

∑
i<j<l e

k
ijl ≤ 1 − δk, k ∈ Im

pij + pjl − pil − 0.5 = dijl, i, j, l ∈ In, i < j < l

dijl ≤ eijl, i, j, l ∈ In, i < j < l

−dijl ≤ eijl, i, j, l ∈ In, i < j < l
4

n(n−1)(n−2)

∑
i<j<l eijl ≤ 1 − δ,

• Model based on the consensus measure that considers the
distance among experts and consistency in FPRs:

(M − 15)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ckvk
ij

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pkij − pij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pij − pkij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pij =
∑m

k=1 wkpkij, i ∈ In−1, j ∈ Ii+1
n

pkij − pkij = uk
ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1

n

uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pkij − plij = yklij , k ∈ Im−1, l ∈ Ik+1
m−1, i ∈ In−1, j ∈ Ii+1

n

yklij ≤ zklij , k ∈ Im−1, l ∈ Ik+1
m−1, i ∈ In−1, j ∈ Ii+1

n

−yklij ≤ zklij , k ∈ Im−1, l ∈ Ik+1
m−1, i ∈ In−1, j ∈ Ii+1

n

2
n(n−1)

∑n−1
i=1

∑n
j=i+1

∑m−1
k=1

∑m
l=k+1

wk+wl
n−1 zklij ≤ γ

1 −
4

n(n−1)(n−2)

∑
i<j<l

|pkij + pkjl − pkil − 0.5| ≥ δk, k ∈ Im

1 −
4

n(n−1)(n−2)

∑
i<j<l |pij + pjl − pil − 0.5| ≥ δ

Analogously, it can be found the optimal solution of (M-15)
with the help of the following theorem:
8

heorem 9. Similar to Theorem 8, the CMCC model (M-15) can be
ransformed into a LP model as follows:

(M − 16)

min
m∑

k=1

n−1∑
i=1

n∑
j=i+1

ckvk
ij

s.t.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pkij − pij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pij − pkij ≤ ε, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pij =
∑m

k=1 wkpkij, i ∈ In−1, j ∈ Ii+1
n

pkij − pkij = uk
ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1

n

uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

−uk
ij ≤ vk

ij, k ∈ Im, i ∈ In−1, j ∈ Ii+1
n

pkij − plij = yklij , k ∈ Im−1, l ∈ Ik+1
m−1, i ∈ In−1, j ∈ Ii+1

n

yklij ≤ zklij , k ∈ Im−1, l ∈ Ik+1
m−1, i ∈ In−1, j ∈ Ii+1

n

−yklij ≤ zklij , k ∈ Im−1, l ∈ Ik+1
m−1, i ∈ In−1, j ∈ Ii+1

n

2
n(n−1)

∑n−1
i=1

∑n
j=i+1

∑m−1
k=1

∑m
l=k+1

wk+wl
n−1 zklij ≤ γ

pkij + pkjl − pkil − 0.5 = dkijl, i < j < l, k ∈ Im

dkijl ≤ ekijl, i, j, l ∈ In, i < j < l, k ∈ Im

−dkijl ≤ ekijl, i, j, l ∈ In, i < j < l, k ∈ Im
4

n(n−1)(n−2)

∑
i<j<l e

k
ij ≤ 1 − δk, i < j < l, k ∈ Im

pij + pjl − pil − 0.5 = dijl, i, j, l ∈ In, i < j < l

dijl ≤ eijl, i, j, l ∈ In, i < j < l

−dijl ≤ eijl, i, j, l ∈ In, i < j < l
4

n(n−1)(n−2)

∑
i<j<l eij ≤ 1 − δ

As CMCC models (M-11) and (M-14) differs only in consistency
level constraints, the optimal cost of reaching consensus via these
models may be connected. In fact, the additional consistency
constraints in (M-14) may increase optimal cost of reaching con-
sensus and that fact has been depicted in the following theorem:

Theorem 10. Let z∗

(M−11) and z∗

(M−14) be the optimal cost of moving
opinions of the experts obtained from CMCC models (M-11) and (M-
14) respectively. For any values of the thresholds ϵ > 0 and γ > 0,
we have z∗

(M−14) ≥ z∗

(M−11).

Remark 2. In the lines of Theorem 10, we can also establish
the connection on the optimal costs of moving opinions between
CMCC models (M-12) and (M-16) as z∗

(M−16) ≥ z∗

(M−12).

So far, we have proposed several equivalent LP models cor-
responding to the different CMCC models, which are originally
non-linear in nature and we have extended them to deal with
FPRs and their consistency. The equivalent LP models are easy
to solve in comparison with their non-linear counterparts and
thus, we can apply these models in LS-GDM problems to reach
consensus with minimal cost of moving experts’ opinions. But
the complexity of these models remains as concerns when we
attempt to find the solution of an LS-GDM problem with hun-
dreds of experts involved in the problem. In the next section, we
shed light on this aspect along with tools to solve the proposed

LP models.
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Fig. 2. (a) Visualization of the 190 experts’ opinions via multi-dimensional scaling; (b) distribution of the cost of moving opinions of the experts.
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4. Illustrative example: comparative and complexity analysis

This section shows an illustrative example to demonstrate the
easible applicability of our proposal in LS-GDM problems and a
omparative study with another model with similar characteris-
ics to our proposed CMCC models. Additionally, the complexity
f the proposed models considering both their size and run time
s also analyzed, but first, we introduce some tools that can be
sed to solve such models.

emark 3. Unlike most of proposals in LS-GDM, in this illustra-
ive example we use almost two hundred experts whose opinions
ave been generated randomly in Julia under the condition that

their minimum consistency have to be at least 0.8.

4.1. Solver tools

Undoubtedly, LP models are easier to solve than their coun-
terpart equivalent non-linear models. There are well-designed
solvers out in the open-source ecosystem that can solve LP mod-
els with thousands of variables and constraints along with com-
mercial solvers, like, CPLEX1 and Gurobi.2 Note that Gurobi and
CPLEX solvers are available at free of cost to the academic com-
munity for the use of only academic purpose. In addition to LP
solvers, we require a tool for modeling environments that will
allow us to write algebraic mathematical models. A common
approach is to create a problem statement in a modeling environ-
ment and then pass the problem to a solver. We have followed
this architecture to solve the proposed CMCC models for LS-GDM.
To do so, we have chosen JuMP (Julia for Mathematical Program-
ming), an open-source modeling language, that allows users to
define a wide range of optimization problems (linear, mixed-
integer, quadratic, conic-quadratic, semi-definite, and non-linear)
in a high-level algebraic syntax [43]. As open-source LP solvers,
we have chosen Clp3 and GLPK4 that is easily interfaced with
JuMP at present along with other commercial solvers.5

1 https://www.ibm.com/analytics/cplex-optimizer.
2 https://www.gurobi.com/.
3 https://projects.coin-or.org/Clp.
4 https://www.gnu.org/software/glpk/.
5 http://www.juliaopt.org/JuMP.jl/v0.13/.
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Table 2
CMCC models optimal cost.
Model Cost

(M-11) 123.16
(M-12) 239.37
(M-14) 123.55
(M-16) 239.43

4.2. Illustrative example

Let E = {e1, . . . , e190} be a set of 190 members of the United
ations that attempt to reach a consensus to prioritize a set of cli-
ate change policies, {x1, x2, x3, x4}. The cost of moving experts’

opinions varies for the different member states, as everyone has
different economic goals to achieve, which may directly affect the
environment policy. Therefore, the persuasion resource required
to move opinions for different stakeholders varies quite signifi-
cantly. The goal for the United Nations is to reach a consensus
agreement by deploying minimum resources in the persuasion
process for moving opinions of the stakeholders. We mimic the
data of the mentioned decision scenario generating the FPRs ran-
domly for each expert under the constraints that the minimum
consistency of each generated FPRs should be at least 0.8 and
the associated cost of moving opinions is assigned randomly from
the scale {1, 2, 3, 4, 5}. The experts’ opinions, along with his/her
moving cost, are presented in Fig. 2, and the original data is
available in the link https://bit.ly/3gzEa3r.

Due to the large number of stakeholders involved in the GDM
problem implies a significant amount of resources, United Na-
tions aims to attain a soft consensus and wish to obtain at
least α = 0.85 level of consensus agreement. The maximum
deviation of any stakeholder from the collective opinion should
not exceed ε = 0.3. To achieve the consensus agreement among
the stakeholders by expending minimal resources to persuade
them, we first employ the proposed models (M-11) and (M-14).
The adjusted opinions obtained from these models are reported
in Fig. 3(a–b).

In terms of optimal cost (see Table 2) and consistency, the
model (M-11) achieves the consensus with an optimal cost of
moving opinions 123.16. Although the desired consensus thresh-
old has been achieved, there are 13 experts whose consistency
of the adjusted opinions falls short from the initial consistency
level, at least 0.8. The reason behind that the model (M-11)

does not impose any consistency constraint over the adjusted

https://www.ibm.com/analytics/cplex-optimizer
https://www.gurobi.com/
https://projects.coin-or.org/Clp
https://www.gnu.org/software/glpk/
http://www.juliaopt.org/JuMP.jl/v0.13/
https://bit.ly/3gzEa3r
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Fig. 3. (a) Visualization of the 190 experts’ opinions obtained via model (M-11) where blue color emphasizes that the consistency in the expert’s adjusted opinion
is below 0.8; (b) Visualization of the 190 experts’ consensus opinions obtained via model (M-14) where red color denotes the opinions of those blue colored experts
with consistency at least 0.8; (c) Visualization of the 190 experts’ consensus opinions obtained via model (M-12) where blue color emphasizes that the consistency in
the expert’s adjusted opinion is below 0.8; (d) Visualization of the 190 experts’ consensus opinions obtained via model (M-16) where red color denotes the opinions
of those blue colored experts with consistency at least 0.8.
opinions to preserve a minimal consistency level. On the other
hand, in the model (M-14), we impose the condition that the
adjusted opinions should have a minimum consistency level of
0.8 and that implies an increment in the optimal cost of moving
opinions 123.55. Thus, the employing of the CMCC model (M-14)
is much more reasonable to maintain sufficient consistency in the
adjusted opinions of the experts.

Next, we solved the LS-GDM problem with the CMCC models
(M-12) and (M-16), where the consensus level is computed via
the consensus measure based on the distance among experts C2
and the results are reported in Fig. 3(c–d). In comparison with
the model (M-11), the results from the model (M-12) shows that
there are only four experts whose consistency level is below 0.8
at the desired consensus agreement among experts. But there is
a sharp increase in the optimal cost of moving experts’ opinions.
In fact, it is almost doubled, 239.37, as it is shown in Table 2. Evi-
dently, we can say that the use of the consensus level, driven from
a distance among experts, leads to expending more resources
in the persuasion process. To maintain the desired consistency
level in the adjusted opinions of the experts under C2 consensus
measure, we employed the CMCC model (M-16) to obtain the
consensus opinions with minimal cost of opinions, the results are
depicted in Fig. 3(d). We obtained the consensus opinions of the
experts with desired consistency level for all the experts with a
10
bit of increment in optimal opinion changing cost 239.43, which
supports Remark 2. In a nutshell, it indicates that maintaining
experts consistency along with consensus level, demands more
resources in the persuasion process.

4.3. Comparative performance analysis

In order to show the advantages and strengths of our proposed
linear CMCC models compared to other models, this section intro-
duces a comparative performance analysis. Such analysis consists
of the study of different aspects: (i) time complexity, (ii) optimal
cost and (iii) consistency level in resulting FPRs. However, not all
the consensus models presented in the literature are adequate if
we want to make a proper and fair comparison. For this reason,
we based our selection on by following:

• Consensus models without feedback mechanism: the pro-
posed CMCC models do not provide a feedback mechanism
and experts’ preferences are automatically modified. On the
other hand, consensus models with feedback process re-
quire the participation of experts and depend on them to
achieve the consensual solution. Therefore, a comparison
with consensus models with feedback would be not fair both
in terms of time complexity and general performance.
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able 3
ptimal results from different consensus model.
Model Time (s) Cost

Zhang et al. [44] 187.25 194.18
(M-16) 51.6 97.090

• Optimal solution: the proposed CMCC models make use of
linear programming models that obtain the optimal solution
for a specific LS-GDM problem. Therefore, it seems logical to
discard those consensus models that follow an algorithmic
process to obtain the solution, because they will not be
optimal, in most cases. Thus, we select those models with
linear programming approaches.

• Experts’ preferences modeled by FPRs: this comparative
analysis is focuses on the CMCC models (M-14) and (M-16)
thus, the selected models have to deal with FPRs.

• Consistency control in FPRs: the proposed CMCC models
guarantee to obtain a solution in which the resulting FPRs
have a desired level of consistency. Therefore, we should
consider those models that also take into account this as-
pect.

Based on the previous points, we have selected the model
roposed by Zhang et al. in [44] to carry out the comparative
erformance analysis. This model is based on linear optimization
nd allows to fix a desired level of consistency for the resulting
xperts’ preferences modeled by FPRs, which makes it an ideal
odel to compare with our proposal. Due to Zhang et al.’s model
omputes the consensus level via the consensus measure based
n the distance among experts C2, the comparison will be be-
ween such a model and our CMCC model (M-16). Table 3 shows
he results related to time and cost obtained from the models for
roup decision scenario described in Section 4.2.
The results obtained clearly show that the CMCC model (M-16)

s better both in terms of cost and time, which means that it is
uch more effective in addressing the problem of scalability in
S-GDM and is also capable of finding a better optimal solution
han the model proposed by Zhang et al. Regarding consistency
n the resulting FPRs, both models guarantee a desired minimum
evel of consistency, in this case 0.8, for all the FPRs.

emark 4. Note that, since Zhang et al.’s model does not con-
ider the cost of moving opinions, in order to make a proper
omparison between both models, we set the cost of changing
pinions for all the experts equal to 1. The rest of the parameters
re assigned with the same values as defined in Section 4.2.

emark 5. For the comparison study, Zhang et al.’s model and
M-16) are solved in Julia 1.3.1 on a desktop with Windows 10
ducation OS, 3.40 GHz Intel core i7-6700 CPU and 16 GB RAM
y invoking the Gurobi 9.0.1 optimizer.

.4. Complexity of the different CMCC models regarding their size

Typically, the complexity of the LP models depends on the size
f the problem, i.e., the number of constraints and variables. The
un times or the memory allocation also depend on the size of the
roblems for fix computational resources. Therefore, we analyze
he complexity of the proposed CMCC models dealing with FPRs.

When a group of m experts express their assessments over
set of alternatives {x1, x2, . . . , xn} by using FPRs, the size of

the problem increases proportionately to corresponding with nu-
merical utility vector and their sizes in terms of constraint and
variables depicted in Table 4. The complexity of the models
11
(M-14) and (M-16) increases from the models (M-11) and (M-
12) due to impose of non-linear consistency constraints on ex-
perts’ modified FPRs and collective FPR. In order to linearize the
non-linear consistency constraints, we need to introduce addi-
tional (2m+2)n(n−1)(n−2)

6 continuous variables with (m+1)n(n−1)(n−2)
2 +

2 linear constraints).

4.5. Complexity of CMCC models regarding their run time

Although a performance metric has been proposed recently
to compare different CRP processes based on the minimum cost
consensus solution [16], there is no standard GDM dataset for
very large-scale instances along with minimum cost solutions
to facilitate comparisons with other methods. Such datasets are
essential to validate the performance of the new CRPs proposals
and facilitate the comparison with other models. Thus, we report
a few LS-GDM datasets with their minimum cost consensus so-
lutions obtained via models (M-14) and (M-16) to advocate the
future proposals in this direction.

Time is also a vital factor when we attempt to conduct LS-
GDM problems in real-time via distributed platform MCC models.
Therefore, we analyze the time taken by different solvers for
finding optimal consensus opinions employing different CMCC
models. To do so, we have considered the LS-GDM scenarios
involving the assessment of the set of alternatives {x1, x2, x3, x4}
ith a different number of experts in the datasets. The experts
rovide their assessments by using FPRs with the consistency of
t least 0.8. The cost of moving experts opinions are the same,
.e., ci = 1 for all the experts in the group. We further assume that
ll the experts’ opinions are equally important in the formation
f the group.
With this mentioned set up, we have created the datasets for

ix LS-GDM scenarios by varying the number of experts in the
roup {50, 100, 150, 200, 250, 300}. We will refer the LS-GDM
cenario with 50 experts as FPR50 and the same will follow for
he rest. For each instance, we attempt to find the MCC opinions
f the experts by solving the CMCC models (M-14) and (M-
6), and we have invoked four solvers, namely, Gurobi, Cplex,
LPK and Clp in Julia under same computational configuration to
btain the solutions. It is important to note that we have worked
ith the default configuration of solvers without any parameters
hange. The optimal cost of moving opinions obtained by solving
orresponding CMCC models (M-14) and (M-16) with different
olvers are reported in Table 5 along with the real-time taken
y Julia with that solver configuration. Note that we have set
he consensus level threshold α = 0.8 and ε = 0.3 for the
xperiments. The datasets, along with the solution obtained by
he different solvers and consistency of each experts’ preference,
re available in https://bit.ly/37SB5av.
From the solvers’ perspectives, it is quite evident from Table 5

hat all the solvers could able to find the optimal solution for all
he instances under CMCC model (M-14) and optimal costs are
he same. But the academic version of Gurobi and Cplex turns
ut to be faster than the open-source solvers GLPK and Clp. On
he other hand, when we deploy the CMCC model (M-16) to find
he consensus opinions of the experts, there is an exponential
ncrease in the execution time to generate the results and Gurobi
utperforms all in terms of execution time. Moreover, the open-
ource solver GLPK and Clp are unable to produce solutions for
he group involving more than 150 experts with a time limit of
800 seconds.

https://bit.ly/37SB5av
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Table 4
Model size in terms of constraints and variables under FPRs assessments.
Model No opinions No of cont. variables No of constraints

(M-11) mn(n−1)
2

(5m+1)n(n−1)
2

(7m+1)n(n−1)
2 + 1

(M-12) mn(n−1)
2

(m+1)2n(n−1)
2

(3m2
+7m+2)n(n−1)

4 + 1
(M-14) mn(n−1)

2
(5m+1)n(n−1)

2 +
(2m+2)n(n−1)(n−2)

6
(7m+1)n(n−1)

2 +
(m+1)n(n−1)(n−2)

2 + 3
(M-16) mn(n−1)

2
(m+1)2n(n−1)

2 +
(2m+2)n(n−1)(n−2)

6
(3m2

+7m+2)n(n−1)
4 +

(m+1)n(n−1)(n−2)
2 + 3
Table 5
Optimal cost and run time for different datasets.
Scenario Model Gurobi Cplex GLPK Clp

Time (s) Cost Time (s) Cost Time (s) Cost Time (s) Cost

FPR50 (M-14) 0.0197 8.0860 0.0139 8.0860 0.0867 10.4999 0.0595 8.0860
(M-16) 0.3829 18.6296 1.0125 18.6296 8.0860 18.6296 6.7076 18.6296

FPR100 (M-14) 0.0414 17.0111 0.0436 17.0111 0.3817 17.0111 0.1929 17.0111
(M-16) 2.2344 35.1356 7.9614 35.1356 289.9235 35.1356 153.3702 35.1356

FPR150 (M-14) 0.0701 25.9368 0.0806 25.9368 0.8495 25.9368 0.4564 25.9368
(M-16) 8.0099 50.1374 34.6883 50.1374 – – – –

FPR200 (M-14) 0.1054 31.7640 0.1250 31.7640 1.4985 31.7640 0.6103 31.7640
(M-16) 23.5157 66.6181 80.6378 66.6181 – – – –

FPR250 (M-14) 0.1421 40.8489 0.1353 40.8489 2.2928 0.8489 0.8759 40.8489
(M-16) 55.5469 85.1735 187.5703 85.1735 – – – –

FPR300 (M-14) 0.1723 49.9816 0.1959 49.9816 3.5846 49.9816 1.3870 49.9816
(M-16) 133.4059 100.1862 536.6646 100.1862 – – – –
5. Conclusions

LS-GDM problems are increasingly common and require CRPs
o smooth disagreements, which are very common due to the
articipation of a large number of experts, and reach consensual
olutions in which most of the group agrees. However, experts
ay not be receptive to changing their opinions too much. MCC
odels allow to obtain a consensual solution by preserving as
uch as possible the initial experts’ opinions but they increase

he level of agreement in the group just considering the distance
mong the experts’ preferences and the collective opinions, which
ay not be enough to guarantee a desired level of consensus.
ecently, CMCC models were proposed to overcome the pre-
ious drawback considering the computation of the consensus
y means of different consensus measures. Nevertheless, these
MCC models are focused on GDM problems with a few numbers
f experts, and they may not be efficient to find the consensual
olution in LS-GDM problems. Moreover, they do not consider the
onsistency of the experts’ opinions.
This contribution has introduced new CMCC linear models

o deal with LS-GDM problems in which experts provide their
references both numerical assessments and FPRs. Additionally,
n the CMCC for FPRs, their consistency has been taken into
ccount in order to obtain reliable results. Finally, the usefulness
f the new models has been shown through a LS-GDM case study
hich studies the complexity of such models and includes a
omparative performance analyses to display the advantages of
he proposed models. In a nutshell, the comparison indicates that
eeping experts consistency along with consensus level requires
ore resources in the persuasion process.
As future research, we will study the use and performance of

ifferent aggregation operators to obtain the collective opinion in
he CMCC linear models defined in this proposal.

RediT authorship contribution statement

Rosa M. Rodríguez: Writing - original draft, Writing - review
& editing, Investigation. Álvaro Labella: Validation, Investigation,
12
Writing - original draft, Visualization. Bapi Dutta: Methodology,
Writing - original draft, Software, Writing - review & editing, For-
mal analysis. Luis Martínez: Conceptualization, Formal analysis,
Supervision, Project administration, Funding acquisition.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

This work was supported in part by the Spanish Ministry
of Economy and Competitiveness through the National Research
Project PGC2018-099402-B-I00 and the Postdoctoral Fellowship
Ramón y Cajal, Spain (RYC-2017-21978), and in part by the Na-
tional Science Foundation of China (Grant 71971190).

References

[1] J. Kacprzyk, M. Fedrizzi, H. Nurmi, Group decision making and consensus
under fuzzy preferences and fuzzy majority, Fuzzy Sets and Systems 49
(1) (1992) 21–31, (1).

[2] C. Sueur, J.L. Deneubourg, O. Petit, From social network (centralized vs. de-
centralized) to collective decision-making (unshared vs. shared consensus),
PLoS one 7 (2) (2012) e32566.

[3] S.J. Walker, Big data: A revolution that will transform how we live, work,
and think, Int. J. Advert. 33 (1) (2014) 181–183.

[4] J. Kim, A model and case for supporting participatory public decision
making in e-democracy, Group Decis. Negot. 17 (3) (2008) 179–192.

[5] G. Büyüközkan, Multi-criteria decision making for e-marketplace selection,
Internet Res. 14 (2) (2004) 139–154.

[6] Y. Liu, Z.P. Fan, X. Zhang, A method for large group decision-making based
on evaluation information provided by participators from multiple groups,
Inf. Fusion 29 (2016) 132–141.

[7] R.M. Rodríguez, Á. Labella, G. De Tré, L. Martínez, A large scale consen-
sus reaching process managing group hesitation, Knowl.-Based Syst. 159
(2018) 86–97.

[8] Z. Wu, J. Xu, A consensus model for large-scale group decision making
with hesitant fuzzy information and changeable clusters, Inf. Fusion 41
(2018) 217–231.

http://refhub.elsevier.com/S0950-7051(21)00043-5/sb1
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb1
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb1
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb1
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb1
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb2
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb2
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb2
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb2
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb2
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb3
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb3
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb3
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb4
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb4
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb4
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb5
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb5
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb5
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb6
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb6
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb6
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb6
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb6
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb7
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb7
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb7
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb7
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb7
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb8
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb8
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb8
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb8
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb8


R.M. Rodríguez, Á. Labella, B. Dutta et al. Knowledge-Based Systems 215 (2021) 106780
[9] L. Xiao, Z.S. Chen, X. Zhang, J.P. Chang, W. Pedrycz, K.S. Chin, Bid evaluation
for major construction projects under large-scale group decision-making
environment and characterized expertise levels, Int. J. Comput. Intell. Syst.
13 (1) (2020) 1227–1242.

[10] X.H. Chen, Rong Liu, Improved clustering algorithm and its application in
complex huge group decision-making, Syst. Eng. Electron. 28 (11) (2006)
1695–1699.

[11] M. Roubens, Fuzzy sets and decision analysis, Fuzzy Sets and Systems 90
(2) (1997) 199–206.

[12] C.T.L. Butler, A. Rothstein, On Conflict and Consensus: A HandBook on
Formal Consensus Decision Making, Takoma Park, 2006.

[13] S. Saint, J.R. Lawson, Rules for Reaching Consensus a Modern Approach To
Decision Making, Jossey-Bass, 1994.

[14] E. Herrera-Viedma, F.J. Cabrerizo, J. Kacprzyk, W. Pedrycz, A review of soft
consensus models in a fuzzy environment, Inf. Fusion 17 (2014) 4–13.

[15] D. Ben-Arieh, T. Easton, Multi-criteria group consensus under linear cost
opinion elasticity, Decis. Support Syst. 43 (3) (2007) 713–721.

[16] Á. Labella, H. Liu, R.M. Rodríguez, L. Martínez, A cost consensus metric for
consensus reaching processes based on a comprehensive minimum cost
model, European J. Oper. Res. 281 (2020) 316–331.

[17] B. Zhang, Y. Dong, Y. Xu, Maximum expert consensus models with linear
cost function and aggregation operators, Comput. Ind. Eng. 66 (1) (2013)
147–157.

[18] G. Zhang, Y. Dong, Y. Xu, H. Li, Minimum-cost consensus models un-
der aggregation operators, IEEE Trans. Syst. Man Cybern. 41 (6) (2011)
1253–1261.

[19] Z. Gong, H. Zhang, J. Forrest, L. Li, X. Xu, Two consensus models based on
the minimum cost and maximum return regarding either all individuals
or one individual, European J. Oper. Res. 240 (1) (2015) 183–192.

[20] J. Liu, F.T.S. Chan, Y. Li, Y. Zhang, Y. Deng, A new optimal consensus method
with minimum cost in fuzzy group decision, Knowl.-Based Syst. 35 (2012)
357–360.

[21] B. Zhang, Y. Dong, Y. Xu, Multiple attribute consensus rules with minimum
adjustments to support consensus reaching, Knowl.-Based Syst. 67 (2014)
35–48.

[22] B. Zhang, H. Liang, Y. Gao, G. Zhang, The optimization-based aggregation
and consensus with minimum-cost in group decision making under in-
complete linguistic distribution context, Knowl.-Based Syst. 162 (2018)
92–102.

[23] Q. Dong, X. Zhou, L. Martí nez, A hybrid group decision making framework
for achieving agreed solutions based on stable opinions, Inform. Sci. 490
(2019) 227–243.

[24] S.A. Orlovsky, Decision-making with a fuzzy preference relation, Fuzzy Sets
and Systems 1 (3) (1978) 155–167.

[25] J. Lu, D. Ruan, Multi-Objective Group Decision Making: Methods, Software
and Applications with Fuzzy Set Techniques, Volume 6, Imperial College
Press, 2007.

[26] P. Eklund, A. Rusinowska, H. de Swart, Consensus reaching in committees,
Decis. Support 178 (1) (2007) 185–193.
13
[27] P. Eklund, A. Rusinowska, H. de Swart, A consensus model of political
decision-making, Ann. Oper. Res. 158 (1) (2008) 5–20.

[28] R.O. Parreiras, P.Y. Ekel, J.S.C. Martini, R.M. Palhares, A flexible con-
sensus scheme for multicriteria group decision making under linguistic
assessments, Inform. Sci. 180 (7) (2010) 1075–1089.

[29] Á. Labella, Y.Y. Liu, R.M. Rodríguez, L. Martínez, Analyzing the performance
of classical consensus models in large scale group decision making: A
comparative study, Appl. Soft Comput. 67 (2018) 677–690.

[30] I. Palomares, F.J. Estrella, L. Martínez, F. Herrera, Consensus under a fuzzy
context: Taxonomy, analysis framework AFRYCA and experimental case of
study, Inf. Fusion 20 (2014) 252–271.

[31] G. Beliakov, A. Pradera, T. Calvo, Aggregation Functions: A Guide for
Practitioners, Springer, 2007.

[32] C.C. Li, Y. Dong, F. Herrera, A consensus model for large-scale linguistic
group decision making with a feedback recommendation based on clus-
tered personalized individual semantics and opposing consensus groups,
IEEE Trans. Fuzzy Syst. 27 (2) (2019) 221–233.

[33] I. Palomares, L. Martínez, F. Herrera, A consensus model to detect and
manage noncooperative behaviors in large-scale group decision making,
IEEE Trans. Fuzzy Syst. 22 (3) (2014) 516–530.

[34] F.J. Quesada, I. Palomares, L. Martínez, Managing experts behavior in large-
scale consensus reaching processes with uninorm aggregation operators,
Appl. Soft Comput. 35 (2015) 873–887.

[35] D. Ben-Arieh, T. Easton, B. Evans, Minimum cost consensus with quadratic
cost functions, IEEE Trans. Syst. Man Cybern. A 39 (1) (2009) 210–217.

[36] Z. Gong, H. Zhang, Chao Xu, Xiaoxia Xu, Consensus models at minimum
quadratic cost and its economic interpretation, in: IEEE International
Conference on Grey Systems and Intelligent Services, (2015), pp. 339–345.

[37] Y. Li, H. Zhang, Y. Dong, The interactive consensus reaching process with
the minimum and uncertain cost in group decision making, Appl. Soft
Comput. 60 (2017) 202–212.

[38] N. Zhang, Z. Gong, F. Chiclana, Minimum cost consensus models based on
random opinions, Expert Syst. Appl. 89 (2017) 149–159.

[39] D. Cheng, Z. Zhou, F. Cheng, Y. Zhou, Y. Xie, Modeling the minimum cost
consensus problem in an asymmetric costs context, European J. Oper. Res.
270 (3) (2018) 1122–1137.

[40] J. Fodor, M. Roubens, Fuzzy Preference Modelling and Multicriteria
Decision Support, Kluwer, Dordrecht, 1994.

[41] T. Tanino, Fuzzy preference orderings in group decision making, Fuzzy Sets
and Systems 12 (2) (1984) 117–131.

[42] E. Herrera-Viedma, F. Chiclana, F. Herrera, S. Alonso, Group decision-
making model with incomplete fuzzy preference relations based on
additive consistency, IEEE Trans. Syst. Man Cybern. B 37 (1) (2007)
176–189.

[43] I. Dunning, J. Huchette, M. Lubin, Jump: A modeling language for
mathematical optimization, SIAM Rev. 59 (2) (2017) 295–320.

[44] G. Zhang, Y. Dong, Y. Xu, Linear optimization modeling of consistency
issues in group decision making based on fuzzy preference relations,
Expert Syst. Appl. 39 (6) (2012) 2415–2420.

http://refhub.elsevier.com/S0950-7051(21)00043-5/sb9
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb9
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb9
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb9
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb9
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb9
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb9
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb10
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb10
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb10
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb10
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb10
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb11
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb11
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb11
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb12
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb12
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb12
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb13
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb13
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb13
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb14
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb14
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb14
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb15
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb15
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb15
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb16
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb16
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb16
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb16
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb16
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb17
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb17
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb17
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb17
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb17
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb18
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb18
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb18
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb18
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb18
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb19
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb19
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb19
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb19
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb19
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb20
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb20
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb20
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb20
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb20
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb21
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb21
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb21
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb21
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb21
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb22
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb22
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb22
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb22
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb22
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb22
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb22
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb23
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb23
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb23
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb23
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb23
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb24
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb24
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb24
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb25
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb25
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb25
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb25
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb25
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb26
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb26
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb26
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb27
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb27
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb27
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb28
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb28
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb28
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb28
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb28
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb29
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb29
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb29
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb29
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb29
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb30
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb30
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb30
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb30
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb30
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb31
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb31
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb31
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb32
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb32
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb32
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb32
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb32
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb32
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb32
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb33
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb33
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb33
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb33
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb33
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb34
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb34
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb34
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb34
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb34
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb35
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb35
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb35
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb37
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb37
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb37
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb37
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb37
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb38
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb38
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb38
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb39
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb39
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb39
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb39
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb39
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb40
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb40
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb40
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb41
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb41
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb41
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb42
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb42
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb42
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb42
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb42
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb42
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb42
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb43
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb43
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb43
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb44
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb44
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb44
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb44
http://refhub.elsevier.com/S0950-7051(21)00043-5/sb44

	Comprehensive minimum cost models for large scale group decision making with consistent fuzzy preference relations
	Introduction
	Preliminaries
	CRPs and LS-GDM
	Minimum cost consensus
	Comprehensive minimum cost consensus
	Fuzzy preference relations and their consistency

	Novel comprehensive MCC approaches for LS-GDM
	Relationship between MCC and CMCC models
	Linear CMCC models with numerical utility vectors
	Linear CMCC models with FPRs
	New CMCC models considering consensus and consistency in FPRs

	Illustrative example: comparative and complexity analysis
	Solver tools
	Illustrative example
	Comparative performance analysis
	Complexity of the different CMCC models regarding their size
	Complexity of CMCC models regarding their run time

	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	References


