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Abstract

This paper studies the distributed fusion filtering (DFF) issue for a class of nonlinear delayed multi-sensor networked systems
(MSNSs) subject to multiple fading measurements (MFMs) under stochastic communication protocol (SCP). The phenomenon of
MFMs occurs randomly in the network communication channels and is characterized by a diagonal matrix with certain statistical
information. In order to decrease the overload of communication network and save network resources, the SCP that can regulate
the information transmission between sensors and estimators is adopted. The primary aim of the tackled problem is to develop
the DFF method for nonlinear delayed MSNSs in the presence of MFMs and SCP based on the inverse covariance intersection
fusion rule. In addition, the local upper bound (UB) of the filtering error covariance (FEC) is derived and minimized by means of
suitably designing the local filter gain. Moreover, the boundedness analysis regarding the local UB is proposed with corresponding
theoretical proof. Finally, two simulation examples with comparative illustrations are given to display the usefulness and feasibility
of the derived theoretical results.

c⃝ 2011 Published by Elsevier Ltd.
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communication protocol, Inverse covariance intersection fusion

Acronyms

1. Introduction

Over the past years, the study of SNs has stirred significant interest of many researchers, and meaningful results
have been proposed with wide application domains including area monitoring, health care monitoring, environmental
sensing, and target tracking, see [1, 2, 3, 4]. Recently, some methods have been proposed to estimate the system states
observed by sensors [5, 6]. Most notably, the information fusion estimation, which means that the fusion estimator
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SNs sensor networks
DFF distributed fusion filtering
WM weighting matrix
ICI inverse covariance intersection
LFM Lyapunov functional method
FWMM free-weighting matrix method
MSNSs multi-sensor networked systems
CI covariance intersection
MFMs multiple fading measurements
NRSM network resource scheduling mechanism
DETM dynamic event-triggered mechanism
RRP Round-Robin protocol
RAP random access protocol
SCP stochastic communication protocol
FEC filtering error covariance
UB upper bound
LF local filter
IID independent and identically distributed
PEC prediction error covariance
MSE mean square error

can be derived in terms of the measurement information from multiple sensors, has been extensively used in many
fields due to its advantages of high measurement accuracy and easy-to-operate feature, especially in the target tracking
and unmanned ground vehicle [7]. Generally speaking, there are many fusion strategies, such as centralized fusion
filtering, DFF, and sequential fusion filtering, see [8, 9, 10, 11, 12, 13]. Among them, the DFF approach has been
widely utilized due to the fact that it has strong robustness and fault tolerance in information fusion estimation domain.
Furthermore, in order to obtain improved estimation results regarding the fusion filter, a considerable amount of effort
has been made and several fusion rules have been presented, for example, the WM fusion method, ICI fusion method,
and CI fusion method [10, 14, 15].

In practical engineering systems, the time-delay is a very widespread phenomenon, which may lead to divergence
and system instability. Accordingly, some approaches have been presented to mitigate the impact of time-delay,
including the LFM, FWMM, delay decomposition method and multiple integral functional method, see [16, 17].
Furthermore, it is noteworthy that the time-delay has been taken into account when handling the state estimation
problem over SNs. On the one hand, as the information is transmitted through the SNs, the measurements may
be randomly delayed when they are received by the remote signal receiver. In order to handle this issue, some
approaches have been presented, such as the methods of the augmentation and prediction compensation. For example,
the algorithms of the distributed filtering and DFF have been respectively proposed in [18, 19] for linear systems over
SNs with random sensor delays. On the other hand, when the design problem of the estimation algorithm for dynamic
systems with time-delay over SNs becomes a concern, a key issue is how to construct the local estimator under the
influence of time-delay. For instance, the fault estimation method has been provided in [20] for a class of delayed
systems with multiple agents, where the delay-dependent stability conditions have been provided by means of the
LFM and FWMM. Furthermore, the estimation issues have been addressed in [21, 22] for nonlinear delayed MSNSs.
More specifically, a filtering algorithm with the distributed structure has been presented for continuous nonlinear
delayed MSNSs with switching topology, where the stability problem of the addressed systems has been discussed
in terms of the average dwell time strategy and LFM. So far, unfortunately, the DFF problem for nonlinear delayed
MSNSs has not been widely studied, which constitutes one of the motivations of this study.

Notice that the transmitted information is affected by unreliable networked environment in communications, which
will cause the network-induced phenomena [23, 24, 25, 26]. For example, an effective scheme has been given in [27] to
handle the missing data and provide the measurement selection as well as power allocation method in distributed multi-
target tracking domain. It is worth noting that the measurement may randomly degrade during the transfer process and
the missing measurements can be considered as a special case of fading ones [24]. Accordingly, much effort has been
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made to investigate the filtering problem subject to missing measurements and some results have been published [9, 28,
29]. Furthermore, the state estimation schemes have been extensively given in [30, 31] for stochastic nonlinear systems
with multiple missing measurements. In the context of the above discussion, it is noteworthy that the random variable
governed by the Bernoulli distribution has been generally utilized to describe the missing measurement phenomenon,
which shows that the received measurement information only includes two cases, namely, complete information
and complete loss. Nevertheless, the above-mentioned case is inadequate for modelling the fading measurements in
practice, which has stirred much attention. For instance, the filtering scheme has been provided in [32] for stochastic
nonlinear systems subject to random parameter matrices and fading measurements, where the estimator has been given
by means of the innovation analysis method. In view of the results in [32], a filtering approach has been developed in
[33] for nonlinear systems with MFMs and random parameter matrices, which further extends its application field. In
multi-sensor systems, furthermore, the distributed filtering and fusion estimation algorithms have been respectively
implemented in [18, 34] for linear systems with fading measurements. Up to now, nevertheless, the DFF problem has
not been comprehensively tackled for nonlinear MSNSs with MFMs, which requires additional consideration.

In practice, the SNs usually consist of many sensor nodes with the abilities of sensing and communication. Ac-
cordingly, the development and utilization of the SNs frequently encounter network congestion, huge waste of network
resources, and performance degradation owing to the fact that the network is restricted by limited bandwidth and hard-
ware level [35, 36, 37]. In order to reasonably use the network resources as well as decrease the network overload,
the NRSM regarding as an effective method has been taken into account during the network transmission, which can
determine whether the current sensor node is allowed to transfer data at every moment [38, 39, 40]. In industry, there
exist several well-known NRSMs including DETM, RRP, RAP, SCP and so on. Recently, it is worth noting that plenty
of effort has been taken to tackle the estimation problem for MSNSs under the NRSM, which causes a good deal of
literature to be reported, see [41, 42, 43, 44, 45, 46, 47]. For example, the H∞ estimation problem has been examined
in [42] for complex networks with intermittent nonlinearity under the RRP, where the performance of the derived esti-
mator has been discussed. Based on SCP, moreover, the H∞ estimation algorithms have been developed in [43, 41] for
genetic regulatory networks and memristive neural networks, respectively. Very recently, new DFF scheme handling
the gain perturbations and the limitation issue of the network bandwidth has been presented in [31]. So far, however,
the issue of the DFF has been rarely examined for MSNSs under the SCP, let alone the situation when the nonlinear
time-delay as well as MFMs are considered simultaneously.

In this paper, on the basis of the preceding discussions, our goal is to present an SCP-based DFF scheme for
nonlinear delayed MSNSs with MFMs. When the transmitted information is received by a remote estimator via data-
transmission channels, the SCP is used to lighten the burden of transmission and the MFMs can reflect the case that
the network channel is affected by degradation. Furthermore, the essential difficulties are summarized as follows: (i)
how to develop an effective fusion filtering algorithm that mitigates the impacts of MFMs, time-delay and SCP; and
(ii) how to present an appropriate method to guarantee the boundedness on the FEC. Accordingly, the corresponding
research is presented to tackle the above difficulties. The primary contributions are that: 1) a new DFF algorithm is
developed for a class of nonlinear delayed MSNSs subject to MFMs and SCP according to the ICI fusion criterion;
2) the expression of the UB concerning the FEC is presented, where the UB can be minimized through selecting the
appropriate LF gain; and 3) a sufficient condition is given for developed DFF algorithm, under which the UB on the
FEC is bounded uniformly.

Notations: Rn denotes the n-dimensional Euclidean space. ∥ f ∥ represents the Euclidean norm of a vector f . S −1

and S T refer to inverse and transpose of the matrix S , respectively. For the matrix D, λmax(D) stands for its maximum
eigenvalue. δ(·) ∈ {0, 1} denotes for the Kronecker delta function. For the matrix B, tr(B) denotes its trace. Prob{·}
denotes occurrence probability of event “ · ”. For the random variable z, E{z} denotes its mathematical expectation. I
stands for the identity matrix with appropriate dimension. Jr×s refers to the r × s all-ones matrix. 0 denotes the zero
matrix with appropriate dimension. A ≻ B(A ≽ B) denotes that A− B is positive (semi-positive) definite, where A and
B are symmetric matrices. The symbol “◦” represents the Hadamard product.
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2. Problem Formulation and Preliminaries

In this paper, we consider the following class of time-varying nonlinear delayed MSNSs:

x⃗µ+1 = A⃗µx⃗µ + f⃗ (⃗xµ−d) + B⃗µw⃗µ (1)

y⃗i,µ = Θi,µC⃗i,µx⃗µ + v⃗i,µ, i = 1, 2, · · · , L (2)

where x⃗µ ∈ Rn denotes the system state, and its initial value is x⃗0 with mean ¯⃗x0 and covariance P⃗0|0 ≻ 0, y⃗i,µ ∈ Rqi

is the measurement output of the ith sensor. w⃗µ ∈ Rp and v⃗i,µ ∈ Rqi are uncorrelated Gaussian white noises, and
these noises have zero means and covariances Q⃗µ and Ri,µ ≻ 0, respectively. f⃗ (·) is the nonlinear function with the
continuous differentiability. d > 0 is a known integer describing the time-delay. A⃗µ, B⃗µ and C⃗i,µ are known matrices
of appropriate dimensions. Θi,µ := diag

{
θ(1)

i,µ , θ
(2)
i,µ , · · · , θ

(qi)
i,µ

}
with θ(m)

i,µ (m = 1, 2, · · · , qi) being qi independent random
variables. L represents the number of sensors.

The phenomenon of the MFMs from different channels is governed by the random variables θ(m)
i,µ (m = 1, 2, · · · , qi)

taking values on the closed interval [0, 1] and satisfying:

E
{
θ(m)

i,µ

}
= θ̄(m)

i,µ , Cov
{
θ(m)

i,µ

}
= ρ(m)

i,µ ,

where θ̄(m)
i,µ and ρ(m)

i,µ are given positive scalars. Significantly, it is usually assumed that the measurement noise is
independent of the fading matrix, as they are caused by different factors and follow different statistical characteristics.

Note that the information collision may occur in the data transmission with the increase of the number of sensors.
The use of SCP between local sensors and local estimators can reduce the information overload and save energy.
According to the results from literature [41, 43], it is allowed that only one sensor node can transmit its data at each
moment. To further illustrate the influence of the SCP, let κµ ∈ {1, 2, · · · , L} be the selected sensor node, which can
transmit information in network environment at moment µ. Here, {κµ}µ>0 denote random variables that are assumed
to be mutually IID. The occurrence probability of κµ = i can be described by:

Prob
{
κµ = i

}
= pi,

where pi ∈ (0, 1] (i ∈ 1, 2, · · · , L) stands for the probability of the ith sensor to be chosen to transmit information and∑L
i=1 pi = 1. In the following context, we assume that w⃗µ, v⃗i,µ, Θi,µ, κµ and x⃗0 are mutually independent.

Let yi,µ be the local measurement output received by the ith estimator at time µ. In the light of the zero-order
holder strategy, the updating rule of yi,µ under the SCP strategy is expressed by:

yi,µ =

{
y⃗i,µ, if i = κµ,

yi,µ−1, otherwise. (3)

According to (3), we have

yi,µ = κ
i
µy⃗i,µ + (1 − κi

µ)yi,µ−1, (4)

where κi
µ = δ(κµ − i).

Remark 1 It is important to note that the addressed time-delay problem is distinct from other related problems,
such as out-of-sequence measurements and asynchronous problems. Out-of-sequence measurements refer to cases
where the order of measurements received by an estimator does not match the time order in which they were taken.
Asynchronous problems, on the other hand, generally involve discrepancies in the timing or synchronization of data
acquisition in a system. The addressed time-delay problem in this paper focuses on the development of the fusion
estimation algorithm that can accurately estimate the state of the time-delay system, rather than issues related to the
order or synchronization of measurements.

Remark 2 It is noteworthy to mention that there exist some communication protocols that have been investigated in
networked systems, including RRP, SCP and RAP [42, 43, 44, 45, 46]. Among them, RAP and SCP are also considered
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as same class of communication protocols, which can be usually described by the IID random variables or Markov
chain [47]. Although this protocol can reduce the information overload and save energy, there may be instances
where measurement data cannot be transmitted in a timely manner when i , kµ. If we only consider measurement
missing without taking any other ways, it may lead to degraded system performance or instability. For such case, in
order to obtain more effective information, several compensation methods can be adopted at the receiving end, such
as the zero-order holder method and zero-input method. Compared with the latter one, the zero-order holder method
has higher estimation precision due to the ability to utilize the information at certain moments. In this paper, SCP is
adopted for nonlinear delayed MSNSs, which can alleviate the traffic congestion caused by information transmission
and save network resources. In addition, {κµ}µ>0 represent the stochastic process of IID random variables, which can
be used to depict the scheduling method of SCP. Consequently, the received sensor measurement information, which
satisfies the update strategy (3), can be characterized by (4).

Taking (4) into consideration, the system (1)-(2) subject to the SCP can be reconstructed as follows:

xµ+1 = Aµxµ + f (xµ−d) + Bµwµ, (5)
yi,µ = Ci,µxµ + κi

µvi,µ, (6)

where

xµ+1 =

[⃗
xµ+1
yi,µ

]
, f (xµ−d) =

[
f⃗ (⃗xµ−d)

0

]
, Aµ =

[
A⃗µ 0

κi
µΘi,µC⃗i,µ (1 − κi

µ)I

]
,

Bµ =
[
B⃗µ 0
0 κi

µI

]
, wµ =

[
w⃗µ

v⃗i,µ

]
, Ci,µ =

[
κi
µΘi,µC⃗i,µ (1 − κi

µ)I
]
, vi,µ = v⃗i,µ.

Define the following notations:

Θ̄i,µ = E{Θi,µ} = diag
{
θ̄(1)

i,µ , θ̄
(2)
i,µ , · · · , θ̄

(qi)
i,µ

}
,

Θ̃i,µ = Θi,µ − Θ̄i,µ = diag
{
θ̃(1)

i,µ , θ̃
(2)
i,µ , · · · , θ̃

(qi)
i,µ

}
,

E{κi
µ} = ΣL

j=1 p jδ( j − i) = pi, E{κi
µκ

j
µ} = piδ(i − j),

Āµ = E
{
Aµ

}
=

[
A⃗µ 0

piΘ̄i,µC⃗i,µ (1 − pi)I

]
,

Ãµ = Aµ − Āµ =

[
0 0

(κi
µ − pi)Θi,µC⃗i,µ + piΘ̃i,µC⃗i,µ (pi − κi

µ)I

]
, (7)

C̄i,µ = E
{
Ci,µ

}
=
[
piΘ̄i,µC⃗i,µ (1 − pi)I

]
,

C̃i,µ = Ci,µ − C̄i,µ =
[
(κi
µ − pi)Θi,µC⃗i,µ + piΘ̃i,µC⃗i,µ (pi − κi

µ)I
]
, (8)

Qµ = E
{
wµwT

k

}
=

[
Q⃗µ 0
0 Ri,µ

]
δ(µ − k), Bµ = ΥµB̆µ, (9)

with

Υµ =

[
I 0
0 κi

µI

]
, B̆µ =

[
B⃗µ 0
0 I

]
.

It can be seen that the mathematical expectations of Θ̃i,µ, Ãµ and C̃i,µ are zero.
For the ith processor, the LF is constructed by:

x̂i,µ+1|µ = Āµx̂i,µ|µ + f (x̂i,µ−d|µ−d), (10)
x̂i,µ+1|µ+1 = x̂i,µ+1|µ + Ki,µ+1(yi,µ+1 − C̄i,µ+1x̂i,µ+1|µ), (11)

where x̂i,µ+1|µ is the local predictor of the state, and x̂i,µ|µ stands for the local updated estimator of the state at time µ.

The initial condition with respect to x̂i,µ|µ is x̂i,0|0 =
[
¯⃗xT

0 0T
]T

. Ki,µ+1 stands for the LF gain to be designed.
5
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In the sequel, the corresponding prediction error and filtering error are expressed by x̃i,µ+1|µ = xµ+1 − x̂i,µ+1|µ and
x̃i,µ+1|µ+1 = xµ+1 − x̂i,µ+1|µ+1. Firstly, by using (5) and (10), we obtain

x̃i,µ+1|µ = Ãµxµ + Āµx̃i,µ|µ + f (xµ−d) − f (x̂i,µ−d|µ−d) + Bµwµ. (12)

Then, by means of the Taylor series expansion of the function f (xµ−d) regarding x̂i,µ−d|µ−d, we have

f (xµ−d) = f (x̂i,µ−d|µ−d) + Fi,µ−dx̃i,µ−d|µ−d + o(|x̃i,µ−d|µ−d |), (13)

where Fi,µ−d = ∂ f (xµ−d)/∂xµ−d |xµ−d=x̂i,µ−d|µ−d and o(|x̃i,µ−d|µ−d |) denotes the high-order term. In sequel, the term o(|x̃i,µ−d|µ−d |)
is approximated by o(|x̃i,µ−d|µ−d |) = Ui,µ−dΛi,µ−d Mi,µ−dx̃i,µ−d|µ−d, where Ui,µ−d and Mi,µ−d are both known matrices, and
Λi,µ−d is an unknown matrix, which is usually to depict the linearization error with Λi,µ−dΛ

T
i,µ−d ≼ I. Based on (13),

equation (12) can be expressed as

x̃i,µ+1|µ = Ãµxµ + Āµx̃i,µ|µ + (Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)x̃i,µ−d|µ−d + Bµwµ. (14)

Next, by subtracting (11) from (5), we obtain

x̃i,µ+1|µ+1 = x̃i,µ+1|µ − Ki,µ+1(yi,µ+1 − C̄i,µ+1x̂i,µ+1|µ)
= (I − Ki,µ+1C̄i,µ+1)x̃i,µ+1|µ − Ki,µ+1C̃i,µ+1xµ+1 − κi

µ+1Ki,µ+1vi,µ+1. (15)

In the following, the corresponding PEC and FEC will be denoted by Ti,µ+1|µ = E{x̃i,µ+1|µx̃T
i,µ+1|µ} and Ti,µ+1|µ+1 =

E{x̃i,µ+1|µ+1x̃T
i,µ+1|µ+1}, respectively.

Our main purpose of this paper is to design the LF in the form of (10) and (11) such that, under the influences of
the SCP and MFMs, the UB of each local FEC is derived and the obtained UB is locally minimized by means of taking
appropriate filter gain at each moment. Furthermore, based on the LFs and UBs of the FEC, the distributed fusion
filter x̂ICI

µ|µ and FEC ΠICI
µ|µ will be derived using the ICI fusion approach. Finally, a sufficient condition is provided for

the developed DFF approach, under which the local UB is uniformly bounded.

3. Main Results

For each sensor subsystem, in this section, the local expressions with respect to FEC and PEC are presented, and
then their UBs are capable of providing iterative form. Furthermore, by choosing a proper filter gain, the minimized
UB of the FEC is obtained at each moment. On the basis of LFs, the fusion filter is computed by using the ICI fusion
scheme.

3.1. Construction of the LF
To start, some Lemmas are provided, which will be utilized in the following derivations.

Lemma 1 [48] For any m1,m2 ∈ Rn, one has

m1mT
2 + m2mT

1 ≼ τm1mT
1 + τ

−1m2mT
2 ,

where τ > 0 is a scalar.

Lemma 2 [49] Given matrices Z, X, C and V with suitable dimensions satisfying VVT ≼ I, let matrix Q ≻ 0 and
π > 0 such that π−1I − CQCT ≻ 0. Then, one has

(Z + XVC)Q(Z + XVC)T ≼ Z(Q−1 − πCTC)−1ZT + π−1XXT .

Lemma 3 [33] For a real matrix An×n and any random matrix Y = diag{g1, g2, · · · , gn}, one has

E{YAYT } =


E{g2

1} E{g1g2} · · · E{g1gn}
E{g2g1} E{g2

2} · · · E{g2gn}
...

...
. . .

...
E{gng1} E{gng2} · · · E{g2

n}

 ◦ A,

where ◦ denotes the Hadamard product.
6
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In view of the above preliminary preparation, the recursive formulations of the PEC and FEC are presented in the
next derivations.

Theorem 1 For sensor i (i = 1, 2, · · · , L), the local PEC Ti,µ+1|µ and FEC Ti,µ+1|µ+1 are characterized as

Ti,µ+1|µ = E{ÃµxµxT
µ ÃT

µ } + ĀµTi,µ|µĀT
µ + (Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)Ti,µ−d|µ−d

×(Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)T + Oi ◦ (B̆µQµB̆T
µ ) +Di,µ +DT

i,µ, (16)

Ti,µ+1|µ+1 = (I − Ki,µ+1C̄i,µ+1)Ti,µ+1|µ(I − Ki,µ+1C̄i,µ+1)T

+Ki,µ+1E
{
C̃i,µ+1xµ+1xT

µ+1C̃T
i,µ+1

}
KT

i,µ+1

+piKi,µ+1Ri,µ+1KT
i,µ+1, (17)

where

Oi =

[
Jn×n piJn×qi

piJqi×n piJqi×qi

]
, Jn×m =


1 1 . . . 1
1 1 . . . 1
...

...
. . .

...
1 1 . . . 1


n×m

,

Di,µ = ĀµE{x̃i,µ|µx̃T
i,µ−d|µ−d}(Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)T .

Proof. To begin with, based on (9) and (14) as well as the related definitions, we can easily obtain the conclusion
that (16) is true.

Next, by means of (15) and its covariance definition, we have

Ti,µ+1|µ+1 = (I − Ki,µ+1C̄i,µ+1)Ti,µ+1|µ(I − Ki,µ+1C̄i,µ+1)T

+Ki,µ+1E
{
C̃i,µ+1xµ+1xT

µ+1C̃T
i,µ+1

}
KT

i,µ+1

+piKi,µ+1Ri,µ+1KT
i,µ+1 − E

(1)
i,µ+1 − E

(1)T
i,µ+1

−E(2)
i,µ+1 − E

(2)T
i,µ+1 + E

(3)
i,µ+1 + E

(3)T
i,µ+1,

where

E(1)
i,µ+1 = (I − Ki,µ+1C̄i,µ+1)E

{
x̃i,µ+1|µxT

µ+1C̃T
i,µ+1

}
KT

i,µ+1,

E(2)
i,µ+1 = (I − Ki,µ+1C̄i,µ+1)E

{
x̃i,µ+1|µvT

i,µ+1κ
i
µ+1

}
KT

i,µ+1,

E(3)
i,µ+1 = Ki,µ+1E

{
C̃i,µ+1xµ+1vT

i,µ+1κ
i
µ+1

}
KT

i,µ+1.

It is obvious that E(s1)
i,µ+1 = 0 (s1 = 1, 2, 3), which yields (17). This completes the proof.

Remark 3 On the basis of the previous Theorem 1, we can obtain the local covariances of the local prediction error
and filtering error, respectively. Nevertheless, it is notable that the accurate FEC and PEC can not be directly derived
due to the fact that the local covariance expressions (16) and (17) have some uncertain terms and cross terms. To
overcome this issue, the corresponding UBs of local covariances are deduced, and then the LF gain is derived by
minimizing the local UB with respect to the FEC.

On the basis of the preceding discussions, the expressions of UB regarding FEC and PEC are represented in the
recursive forms, which are shown in the following text.

Theorem 2 For each sensor subsystem, let positive constants ηs2 > 0 (s2 = 1, 2, 3) and εi,µ−d > 0 be given. If the
recursive difference equations:

Πi,µ+1|µ = λmax(Γ̄1
i,µ)Γ2

i,µ + (1 + η2)ĀµΠi,µ|µĀT
µ + (1 + η−1

2 )
[
Fi,µ−d(Π−1

i,µ−d|µ−d

−εi,µ−d MT
i,µ−d Mi,µ−d)−1FT

i,µ−d + ε
−1
i,µ−dUi,µ−dUT

i,µ−d

]
+ Oi ◦ (B̆µQµB̆T

µ ), (18)

Πi,µ+1|µ+1 = (I − Ki,µ+1C̄i,µ+1)Πi,µ+1|µ(I − Ki,µ+1C̄i,µ+1)T + λmax(Γ̄3
i,µ+1)Ki,µ+1Γ

4
i,µ+1KT

i,µ+1

+piKi,µ+1Ri,µ+1KT
i,µ+1, (19)

7
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under the initial condition 0 ≺ Ti,−d|−d ≼ Πi,−d|−d (d > 0) and the following condition

ε−1
i,µ−dI − Mi,µ−dΠi,µ−d|µ−d MT

i,µ−d ≻ 0, (20)

have solutions Πi,µ+1|µ ≻ 0 and Πi,µ+1|µ+1 ≻ 0, where

Γ̄1
i,µ = (1 + η1)Πi,µ|µ + (1 + η−1

1 )x̂i,µ|µx̂T
i,µ|µ,

Θ̆i,µ = diag
{
ρ(1)

i,µ , ρ
(2)
i,µ , · · · , ρ

(qi)
i,µ

}
,

Θ⃗i,µ =


(θ̄(1)

i,µ )2 + ρ(1)
i,µ θ̄(1)

i,µ θ̄
(2)
i,µ · · · θ̄(1)

i,µ θ̄
(qi)
i,µ

∗ (θ̄(2)
i,µ )2 + ρ(2)

i,µ · · · θ̄(2)
i,µ θ̄

(qi)
i,µ

...
...

. . .
...

∗ ∗ · · · (θ̄(q1)
i,µ )2 + ρ

(q1)
i,µ

 ,
Γ2

i,µ = diag
{
0,Γ4

i,µ

}
,

Γ̄3
i,µ+1 = (1 + η3)Πi,µ+1|µ + (1 + η−1

3 )x̂i,µ+1|µx̂T
i,µ+1|µ,

Γ4
i,µ+1 = p1(1 − pi)Θ⃗i,µ+1 ◦ (C⃗i,µ+1C⃗T

i,µ+1) + p2
i Θ̆i,µ+1 ◦ (C⃗i,µ+1C⃗T

i,µ+1) + pi(1 − pi)I,

Γ5
i,µ+1 = C̄i,µ+1Πi,µ+1|µC̄T

i,µ+1 + λmax(Γ̄3
i,µ+1)Γ4

i,µ+1 + piRi,µ+1,

then it can be derived that

Ti,µ+1|µ+1 ≼ Πi,µ+1|µ+1, Ti,µ+1|µ ≼ Πi,µ+1|µ.

In addition, if the LF gain is designed as

Ki,µ+1 = Πi,µ+1|µC̄T
i,µ+1(Γ5

i,µ+1)−1, (21)

then the minimal UB with regard to the FEC is derived at each time.

Proof. According to previous results, this theorem can be proved via mathematical induction. It follows from the
initial condition that we have 0 ≺ Ti,−d|−d ≼ Πi,−d|−d. Supposing Ti,µ|µ ≼ Πi,µ|µ, then we need to check Ti,µ+1|µ+1 ≼
Πi,µ+1|µ+1. To begin with, the uncertain term of (16) can be tackled as

E
{
ÃµxµxT

µ ÃT
µ

}
≼ λmax(E

{
xµxT

µ

}
)E
{
ÃµÃT

µ

}
. (22)

According to Lemma 1, we have

E
{
xµxT

µ

}
= E

{
(x̃i,µ|µ + x̂i,µ|µ)(x̃i,µ|µ + x̂i,µ|µ)T

}
≼ (1 + η1)Ti,µ|µ + (1 + η−1

1 )x̂i,µ|µx̂T
i,µ|µ

:= Γ1
i,µ, (23)

where η1 > 0 is a scalar. It follows from (7) and Lemma 3 that

E
{
ÃµÃT

µ

}
= diag

{
0, p1(1 − pi)Θ⃗i,µ ◦ (C⃗i,µC⃗T

i,µ) + p2
i Θ̆i,µ ◦ (C⃗i,µC⃗T

i,µ) + pi(1 − pi)I
}

:= Γ2
i,µ, (24)

where Θ̆i,µ and Θ⃗i,µ are presented below (20). Substituting (23) and (24) into (22), we have

E
{
ÃµxµxT

µ ÃT
µ

}
≼ λmax(Γ1

i,µ)Γ2
i,µ. (25)

Next, according to Lemma 1, the cross term of (16) is represented by:

Di,µ +DT
i,µ ≼ η2ĀµTi,µ|µĀT

µ + η
−1
2 (Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)Ti,µ−d|µ−d

×(Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)T , (26)
8
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where η2 > 0 is a scalar. By means of Lemma 2 and (20), we have

(Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)Ti,µ−d|µ−d(Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)T

≼ Fi,µ−d(Π−1
i,µ−d|µ−d − εi,µ−d MT

i,µ−d Mi,µ−d)−1FT
i,µ−d + ε

−1
i,µ−dUi,µ−dUT

i,µ−d, (27)

where εi,µ−d > 0 is a scalar. By using (25)-(27), we can deduce that

Ti,µ+1|µ ≼ λmax(Γ̄1
i,µ)Γ2

i,µ + (1 + η2)ĀµΠi,µ|µĀT
µ + (1 + η−1

2 )

×
[
Fi,µ−d(Π−1

i,µ−d|µ−d − εi,µ−d MT
i,µ−d Mi,µ−d)−1FT

i,µ−d +ε
−1
i,µ−dUi,µ−dUT

i,µ−d

]
+Oi ◦ (B̆µQµB̆T

µ ). (28)

Subsequently, it will be deduced that Ti,µ+1|µ+1 ≼ Πi,µ+1|µ+1. The uncertain term of (17) can be tackled by:

E
{
C̃i,µ+1xµ+1xT

µ+1C̃T
i,µ+1

}
≼ λmax(E

{
xµ+1xT

µ+1

}
)E
{
C̃i,µ+1C̃T

i,µ+1

}
. (29)

Recalling Lemma 1, we have

E
{
xµ+1xT

µ+1

}
= E

{
(x̃i,µ+1|µ + x̂i,µ+1|µ)(x̃i,µ+1|µ + x̂i,µ+1|µ)T

}
≼ (1 + η3)Ti,µ+1|µ + (1 + η−1

3 )x̂i,µ+1|µx̂T
i,µ+1|µ

:= Γ3
i,µ+1, (30)

where η3 > 0 is a scalar. According to (8) and Lemma 3, we can obtain

E
{
C̃i,µ+1C̃T

i,µ+1

}
= p1(1 − pi)Θ⃗i,µ+1 ◦ (C⃗i,µ+1C⃗T

i,µ+1) + p2
i Θ̆i,µ+1 ◦ (C⃗i,µ+1C⃗T

i,µ+1) + pi(1 − pi)I

:= Γ4
i,µ+1. (31)

Substituting (30) and (31) into (29), we have

E
{
C̃i,µ+1xµ+1xT

µ+1C̃T
i,µ+1

}
≼ λmax(Γ3

i,µ+1)Γ4
i,µ+1. (32)

Substituting (32) into (17) yields

Ti,µ+1|µ+1 ≼ (I − Ki,µ+1C̄i,µ+1)Ti,µ+1|µ(I − Ki,µ+1C̄i,µ+1)T + λmax(Γ3
i,µ+1)Ki,µ+1Γ

4
i,µ+1KT

i,µ+1

+piKi,µ+1Ri,µ+1KT
i,µ+1. (33)

On the basis of the induction method as well as (18), (19), (28) and (33), we have

Ti,µ+1|µ+1 ≼ (I − Ki,µ+1C̄i,µ+1)Πi,µ+1|µ(I − Ki,µ+1C̄i,µ+1)T + λmax(Γ̄3
i,µ+1)Ki,µ+1Γ

4
i,µ+1KT

i,µ+1

+piKi,µ+1Ri,µ+1KT
i,µ+1,

where Γ̄3
i,µ+1 is given below (20). As such, we conclude that Ti,µ+1|µ+1 ≼ Πi,µ+1|µ+1 is true.

Finally, in order to deduce the optimized UB of the FEC, the partial derivative of tr(Πi,µ+1|µ+1) regarding the filter
gain is computed by:

∂tr(Πi,µ+1|µ+1)
∂Ki,µ+1

= −2(I − Ki,µ+1C̄i,µ+1)Πi,µ+1|µC̄T
i,µ+1 + 2λmax(Γ̄3

i,µ+1)Ki,µ+1Γ
4
i,µ+1

+2piKi,µ+1Ri,µ+1. (34)

Then, letting the above result be zero, it is easy to see that (21) is true, which completes the proof.

In the light of the Theorem 2, the local UB on the FEC can be obtained and then locally minimized by using the
proper filter gain for each processor at each moment. Based on the LFs from all processors, next, the fusion filter and
its covariance is presented by exploiting the ICI fusion method.

9
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3.2. Fusion Filtering Approach
Based on the fact that SCP is used in the MSNSs, the expressions of the cross-covariance between any two local

filtering errors are hard to obtain. Therefore, the WM fusion method, which requires the cross-covariance with respect
to filtering error and prediction error, is not applicable to handle the DFF problem. In the following text, the DFF
algorithm is realized based on ICI fusion rule by only using the local FEC [14].

In this subsection, with the help of LF x̂i,µ|µ (i = 1, · · · , L) and its UB on the FEC Πi,µ|µ, the ICI fusion filter x̂ICI
µ|µ

and covariance ΠICI
µ|µ are given as

x̂ICI
µ|µ =

L∑
i=1

ΥICI
i,µ|µx̂i,µ|µ, (35)

ΠICI
µ|µ =

 L∑
i=1

Π−1
i,µ|µ −

 L∑
i=1

niΠi,µ|µ

−1
−1

, (36)

where 0 ≤ ni ≤ 1 is a weighting coefficient meeting
∑L

i=1 ni = 1. The fusion gains ΥICI
i,µ|µ are obtained by:

ΥICI
i,µ|µ = Π

ICI
µ|µ

Π−1
i,µ|µ − ni

 L∑
i=1

niΠi,µ|µ

−1 . (37)

The DFF algorithm can be carried out by solving the following optimization problem:

min
ni

{
tr(ΠICI

µ|µ )
}
,

s.t.
L∑

i=1

ni = 1, ni ∈ [0, 1]. (38)

The solution of (38) can be calculated in terms of the “fmincon” function in Matlab.
In terms of above results and literature [14], we can easily derive that ΠICI

µ|µ ≤ Πi,µ|µ. In addition, compared with the
CI fusion rule, the ICI fusion rule is a generally lesser conservative fusion rule, which can more accurately estimate
the fusion covariance matrix based on the FECs from different sensors and automatically adjust the weights by means
of the optimization toolbox, thereby improving the accuracy of the fusion results. In what follows, according to the
recursive formulations regarding local UBs in Theorem 2 and the ICI fusion method, the SCP-based DFF (SCPBDFF)
algorithm can be given (see Table 1).

Table 1. Steps of SCPBDFF algorithm.
Algorithm 1 SCPBDFF Algorithm
S tep 1 : Let µ = 0 and choose the initial values.
S tep 2 : Compute the prediction x̂i,µ+1|µ based on (10).
S tep 3 : Calculate the PEC Πi,µ+1|µ by means of (18).
S tep 4 : Derive the gain matrix Ki,µ+1 according to (21).
S tep 5 : Calculate x̂i,µ+1|µ+1 according to (11).
S tep 6 : Compute the UB of the FEC Πi,µ+1|µ+1 based on (19).
S tep 7 : Get the fusion estimation x̂ICI

µ|µ and EEC ΠICI
µ|µ by (35) as well as (36), respectively.

S tep 8 : Set µ = µ + 1, and return to S tep 2.

Remark 4 Based on the above text, the new SCPBDFF algorithm has been summarized for the tackled system with
multiple sensors, and each step of the algorithm can be realized by using the related recursive expressions. In this
regard, the corresponding local results (e.g., LF, LF gain, UBs regarding FEC and PEC) are shown in (10), (11),
(21), (18), and (19). As the iteration number increases, the fusion filter x̂ICI

µ|µ and its covariance ΠICI
µ|µ in (35) and (36)

can be obtained. Therefore, the developed SCPBDFF approach is capable of using online and real-time processing.
Moreover, the algorithm has the characteristic of parallel processing, and its efficiency can be further improved.

10
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4. Boundedness Analysis

Combined with theory and application, the boundedness of the FEC that reflects the estimation performance is
desirable. In this section, in order to guarantee the boundedness of UB on FEC, a sufficient condition is presented.
Subsequently, the assumption and theorem are provided as follows.

Assumption 1 There exist positive real numbers ā, b̄, c̄, f̄, m̄, ū, r, θ⃗, ō, r̄, q̄, θ̄, ρ̄, and x̄ such that

ĀµĀT
µ ≼ āI, B̆µB̆T

µ ≼ b̄I, C⃗i,µC⃗T
i,µ ≼ c̄I,

Fi,µ−dFT
i,µ−d ≼ f̄I, Mi,µ−d MT

i,µ−d ≼ m̄I, Ui,µ−dUT
i,µ−d ≼ ūI,

rI ≼ Ri,µ ≼ r̄I, Qµ ≼ q̄I, Θ̄i,µ ≼ θ̄I, Θ̆i,µ ≼ ρ̄I,

Θ⃗i,µ ≼ θ⃗I, pi ≤ 1, Oi ≼ ōI, x̂i,µ|µx̂T
i,µ|µ ≼ x̄I.

In addition, the following notations are presented:

x̃ , (1 + η4)x̄ā + (1 + η−1
4 )
[
(x̄−1 − αm̄)−1 f̄ + α−1ū

]
,

k̄ , ψ̃2(θ̄2c̄ + 1)
r2 ,

ψ̃ ,
[
(1 + η1)ψ̄ + (1 + η−1

1 )x̄
]

(θ⃗c̄ + ρ̄c̄ + 1) + (1 + η2)ψ̄ā

+(1 + η−1
2 )
[
(ψ̄−1 − εm̄)−1 f̄ + ε−1ū

]
+ ōb̄q̄,

β , 2ψ̃
[
1 + k̄(θ̄2c̄ + 1)

]
+
[
(1 + η3)ψ̃ + (1 + η−1

3 )x̃
]

(θ⃗c̄ + ρ̄c̄ + 1)k̄ + r̄k̄, (39)

where ψ̄ is a positive scalar. Moreover, the relevant scalars αi,µ−d = α, εi,µ−d = ε, and ηs3 (s3 = 1, 2, 3, 4) are set as
fixed values.

In the light of Assumption 1, the following theorem is given, which can ensure that the filtering error is uniformly
bounded in the mean-square case.

Theorem 3 Under the Assumption 1 and notations (39), if the constraint conditions m̄ψ̄ < ε−1, m̄x̄ < α−1, and β ≤ ψ̄
are satisfied with the initial condition Πi,−d|−d ≼ ψ̄I (d > 0), then Πi,µ|µ ≼ ψ̄I holds for any µ.

Proof. According to the mathematical induction, this Theorem will be proven. To begin, based on the initial condition,
we have Πi,−d|−d ≼ ψ̄I. Next, assuming Πi,µ|µ ≼ ψ̄I, we will check that Πi,µ+1|µ+1 ≼ ψ̄I. Noticing the term Γ̄1

i,µ of (18),
we have

Γ̄1
i,µ = (1 + η1)Πi,µ|µ + (1 + η−1

1 )x̂i,µ|µx̂T
i,µ|µ

≼
[
(1 + η1)ψ̄ + (1 + η−1

1 )x̄
]

I. (40)

Based on the condition m̄ψ̄ < ε−1 and Lemma 2, we obtain

(Π−1
i,µ−d|µ−d − εMT

i,µ−d Mi,µ−d)−1 ≼ (ψ̄−1 − εm̄)−1I. (41)

It follows from (40) and (41) that

Πi,µ+1|µ ≼
[
(1 + η1)ψ̄ + (1 + η−1

1 )x̄
]
Γ2

i,µ + (1 + η2)ψ̄ĀµĀT
µ

+(1 + η−1
2 )
[
(ψ̄−1 − εm̄)−1Fi,µ−dFT

i,µ−d + ε
−1Ui,µ−dUT

i,µ−d

]
+ Oi ◦ (B̆µQµB̆T

µ ). (42)

Furthermore, the term Γ2
i,µ of (42) can be rewritten as follows:

Γ2
i,µ ≼ Γ4

i,µI

= p1(1 − pi)Θ⃗i,µ+1 ◦ (C⃗i,µ+1C⃗T
i,µ+1) + p2

i Θ̆i,µ+1 ◦ (C⃗i,µ+1C⃗T
i,µ+1) + pi(1 − pi)I

≼ (θ⃗c̄ + ρ̄c̄ + 1)I. (43)
11
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In the light of (43) and Assumption 1, we have

Πi,µ+1|µ ≼
{ [

(1 + η1)ψ̄ + (1 + η−1
1 )x̄
]

(θ⃗c̄ + ρ̄c̄ + 1) + (1 + η2)ψ̄ā

+(1 + η−1
2 )
[
(ψ̄−1 − εm̄)−1 f̄ + ε−1ū

]
+ ōb̄q̄

}
I

= ψ̃I. (44)

On the basis of (10) and (13) as well as the condition f (xµ−d)|xµ−d=0 = 0, we have

x̂i,µ+1|µ = Āµx̂i,µ|µ + (Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)x̂i,µ−d|µ−d. (45)

It follows from (45) that

x̂i,µ+1|µx̂T
i,µ+1|µ ≼ (1 + η4)Āµx̂i,µ|µx̂T

i,µ|µĀT
µ + (1 + η−1

4 )(Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)x̂i,µ−d|µ−d

×x̂T
i,µ−d|µ−d(Fi,µ−d + Ui,µ−dΛi,µ−d Mi,µ−d)T ,

where η4 > 0 is a scalar. According to the condition m̄x̄ < α−1, we can easily have

α−1I − Mi,µ−dx̂i,µ−d|µ−dx̂T
i,µ−d|µ−d MT

i,µ−d ≻ 0.

Next, it follows from Lemma 2 that

x̂i,µ+1|µx̂T
i,µ+1|µ ≼ (1 + η4)x̄ĀµĀT

µ + (1 + η−1
4 )
{
Fi,µ−d

[
(x̂i,µ−d|µ−dx̂T

i,µ−d|µ−d)−1

−αMT
i,µ−d Mi,µ−d

]−1FT
i,µ−d + α

−1Ui,µ−dUT
i,µ−d

}
≼
{
(1 + η4)x̄ā + (1 + η−1

4 )
[
(x̄−1 − αm̄)−1 f̄ + α−1ū

]}
I

= x̃I. (46)

Moreover, it follows from the term (Γ5
i,µ+1)−1 of (21) that

(Γ5
i,µ+1)−1 ≼ 1

r
I. (47)

Then, from (21) and (47) , we have

Ki,µ+1KT
i,µ+1 = Πi,µ+1|µC̄T

i,µ+1(Γ5
i,µ+1)−1(Γ5

i,µ+1)−1C̄i,µ+1Πi,µ+1|µ

≼ ψ̃2(θ̄2c̄ + 1)
r2 I

= k̄I. (48)

In the light of (44), (46), and (48) as well as Assumption 1, we have

Πi,µ+1|µ+1 ≼ ψ̃(I − Ki,µ+1C̄i,µ+1)(I − Ki,µ+1C̄i,µ+1)T +
[
(1 + η3)ψ̃ + (1 + η−1

3 )x̃
]

(θ⃗c̄ + ρ̄c̄ + 1)Ki,µ+1KT
i,µ+1

+r̄Ki,µ+1KT
i,µ+1

≼
{
2ψ̃
[
1 + k̄(θ̄2c̄ + 1)

]
+
[
(1 + η3)ψ̃ + (1 + η−1

3 )x̃
]

(θ⃗c̄ + ρ̄c̄ + 1)k̄ + r̄k̄
}

I

= βI.

Then, according to the condition β ≤ ψ̄, we derive that Πi,µ+1|µ+1 ≼ ψ̄I. Therefore, this completes the proof.

Remark 5 It is easy to deduce that E{ ˜⃗xi,µ|µ
˜⃗xT

i,µ|µ} = [I 0]E{x̃i,µ|µx̃T
i,µ|µ}[I 0]T ≼ [I 0]Πi,µ|µ[I 0]T ≼ ψ̄I. In the light of

the Schur complement Lemma, we derive E{∥ ˜⃗xi,µ|µ∥2} ≤ ψ̄. Hence, it can be checked that the filtering error is uniform
bounded in mean-square case.

12
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Remark 6 By means of the above theoretic analyses, we have presented a new SCPBDFF approach for nonlinear
delayed MSNSs in the presence of MFMs and SCP. It is obvious to know that main results clearly manifest the impacts
of MFMs and SCP on the DFF algorithm design. Specifically, Θi,µ describes the phenomenon of the MFMs, and
{κµ}µ>0 reflects the determined sensor node when the measurement information is transferred on the network at each
moment. Moreover, it is worth noting that the positive scalars εi,µ−d > 0 (i = 1, 2, · · · , L) are introduced when dealing
with the high-order terms of the Taylor series expansions. In order to obtain the minimized UB on FEC, we can adjust
the values of εi,µ−d > 0 to guarantee the feasibility of the constraint condition (20), which can further improve the
flexibility of the proposed algorithm and provide different UB on FEC accordingly. Furthermore, the additional effort
has been done to discuss the performance of the SCPBDFF algorithm, and then the uniform boundedness of the UB
with regard to the FEC can be ensured by means of a sufficient condition in Theorem 3. In addition, when the state
evolution function and observation function are both nonlinear and the nonlinear functions have the characteristics
of the continuous differentiability, the similar main results can be obtained.

5. Two Simulation Examples

In what follows, we will use two simulation examples to examine the validity of the proposed DFF method.

5.1. Example 1
Consider a discrete time-varying nonlinear three-sensor system (1) and (2) with related parameters given as fol-

lows:

A⃗µ =

[
0.265 0.134
−0.15 0.195

]
, B⃗µ =

[
−0.068 + 0.1cos(0.1µ)
−0.067 + 0.1cos(0.2µ)

]
,

C⃗1,µ =
[
1.91 + 0.1cos(0.1µ) 1.491 + 0.1cos(0.1µ)

]
,

C⃗2,µ =
[
1.9 + 0.1sin(0.1µ) 1.98 + 0.1sin(0.1µ)

]
,

C⃗3,µ =
[
1.9 + 0.2cos(0.2µ) 1.69 + 0.2cos(0.2µ)

]
.

The nonlinear function f⃗ (⃗xµ−d) with time-delay is given by:

f⃗ (⃗xµ−d) =
[

0.146x⃗1
µ−d − 0.41x⃗2

µ−d + 0.1sin(µ)⃗x1
µ−dx⃗2

µ−d
−0.195x⃗1

µ−d + 0.2232x⃗2
µ−d + 0.2sin(µ)⃗x1

µ−dx⃗2
µ−d

]
.

where x⃗µ−d =
[⃗
x1
µ−d x⃗2

µ−d

]T
is system state.

In this example, select parameters as η1 = η3 = 0.04, η2 = 0.01, Ui,µ−d = 0.01I, Mi,µ−d = 0.01I, εi,µ−d =

[1.5λmax(Mi,µ−dΠi,µ−d|µ−d MT
i,µ−d) + 1]−1, and the time-delay is selected as d = 1. w⃗µ and v⃗i,µ (i = 1, 2, 3) are zero-

mean noises and their variances are Q⃗µ = 0.059, R1,µ = 0.3, R2,µ = 0.34 and R3,µ = 0.35, respectively. Besides, let
Θi,µ = diag

{
θ(1)

i,µ

}
(i = 1, 2, 3), where the probability mass function for θ(1)

i,µ satisfies

Prob{θ(1)
i,µ = s} =


0.2, s = 0,
0.4, s = 0.4,
0.4, s = 1,

so their expectations and variances are easily derived as θ̄(1)
i,µ = 0.56 and ρ(1)

i,µ = 0.1504, respectively. The initial values

are set as ¯⃗x−1 =
¯⃗x0 =

[
1 −2.2

]T
, x̂i,−1|−1 = x̂i,0|0 =

[
¯⃗xT

0 0T
]T

, P⃗−1|−1 = P⃗0|0 = 2.5I, Πi,−1|−1 = Πi,0|0 = 2.5I. Next,

for SCP, the probabilities of each sensor to be selected are given as Prob
{
κµ = 1

}
= 0.3, Prob

{
κµ = 2

}
= 0.4 and

Prob
{
κµ = 3

}
= 0.3. The accumulated MSE stands for an accuracy index for the filtering of the state x⃗µ, which is

defined as Σµk=1

(
Σ100
ι=1 (⃗xιj,k − x̂ιj,i,k|k)2

)
/100 ( j = 1, 2). Here, the j stands for the jth state component and ι is the ιth

simulation experiment.
13
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Subsequently, the SCPBDFF algorithm is carried out and the related results are displayed in Figs. 1-9. The
actual state and its fusion estimation are shown in Fig. 1, where the solid curves and dashed curves denote the actual
states and the fusion estimations, respectively. The curves of the UB on the FEC for LFs and the fusion filter are
plotted in Fig. 2. Then, it can be derived that the ICI fusion filter has better accuracy than any LFs. Meanwhile, the
accumulated MSEs for the estimation of the state are shown in Fig. 3, which further tests the performance of the fusion
estimation. Based on the changing trends of curves from Fig. 3, it can be seen that the accumulated MSE shows an
increasing trend over time, the reasons might depend on many factors, such as measurement noises, delay-dependent
nonlinearity, algorithm selection and so on. Because of the statistical characteristic of measurement data, we cannot
determine when the accumulated MSE will stop increasing. Furthermore, the behavior of the data will be analyzed to
address this issue in future research. Furthermore, it can be easily seen from Fig. 2 and Fig. 3 that UBs locate above
their accumulated MSEs. Moreover, Fig. 4 shows that the sensor node is chosen to access the network channel at each
moment according to the SCP.

In order to provide the comparison, Fig. 5 shows the traces of the UB of the fusion FEC with the zero-order holder
method and zero-input method. It is easy to see that the DFF algorithm with the zero-order holder compensation
method has higher estimation precision. In order to show the impact of time-delay d and probability pi on the
performance of the system and evaluate the effectiveness of the proposed method under different scenarios, Fig. 6
shows the traces of the UB of the fusion FEC under different time-delay selections, i.e., d = 1, d = 5, d = 7, and
d = 13. It can be seen that the trace of the UB increases when the time-delay becomes large. Fig. 7 shows the traces
of the UB of the fusion FEC under three probability selections, i.e., p1 = 0.1, p2 = 0.1, p3 = 0.8; p1 = 0.2, p2 =

0.2, p3 = 0.6; and p1 = 0.3, p2 = 0.3, p3 = 0.2. It is easy to see that the probability pi substantially impacts the overall
performance of the proposed method. Meanwhile, it follows from Fig. 3 and Fig. 7 that the higher the probability
of the node with the best performance, the better the performance after fusion. However, the performance of the
nodes is unknown in practice due to the fact that the SCP is used in network communication to adjust the local node
and transmit information in a random way, which may influence the fusion result. As such, the performance of each
node can be first evaluated through a small-scale experiment or a simulation by means of the existing data, and then
one can establish a feedback loop, where the probability assignments of nodes are updated in terms of the change
of the UB with respect to the fusion FEC. Furthermore, for the sake of checking the impact of the fusion rule on
the estimation accuracy, Fig. 8 and Fig. 9 depict the traces of the UB on the FEC and accumulated MSEs for DFF
algorithm by utilizing ICI fusion rule, CI fusion rule and centralized fusion rule from [15, 34], respectively. In view
of the comparison result of simulation, it is clear to see that the estimation accuracy of the provided fusion filter using
the ICI fusion rule is better than that using the CI fusion one and lower than centralized fusion one, which further
demonstrates the effectiveness of the presented method.
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Figure 1. x⃗1
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µ and their fusion estimations
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Figure 2. The UBs of the FEC for the ICI fusion filter and LFs i (i = 1, 2, 3)
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Figure 3. The accumulated MSEs of the ICI fusion filter and LFs i (i = 1, 2, 3)

20 40 60 80 100 120
0

1

2

3

4

N
od

e

Figure 4. The selection of sensor nodes at each moment

15



/ Information Fusion 00 (2024) 1–22 16

0 20 40 60 80 100 120
0

100

200

300

400

500

600

700

800

Figure 5. Comparison of the traces of the UB of the fusion FEC under two compensation methods
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Figure 6. Comparison of the traces of the UB of the fusion FEC under four time-delay selections
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Figure 7. Comparison of the traces of the UB of the fusion FEC under three cases
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Figure 8. Comparison of the traces of the UB for the DFF algorithm under three fusion filters
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Figure 9. Comparison of the accumulated MSEs for the DFF algorithm under three fusion filters
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5.2. Example 2

Based on the reference [50], we consider the DFF problem for induction machines in this example, and its dis-
cretized delayed function f⃗ (⃗xµ−1) is depicted as

f⃗ (⃗xµ−1) =



x⃗1
µ−1 + Tk(k1x⃗1

µ−1 + c1x⃗2
µ−1 + k2x⃗3

µ−1 + c2)
x⃗2
µ−1 + Tk(−c1x⃗1

µ−1 + k1x⃗2
µ−1 + k2x⃗4

µ−1)
x⃗3
µ−1 + Tk(k3x⃗1

µ−1 + k4x⃗3
µ−1 + (c1 − x⃗5

µ−1)⃗x4
µ−1)

x⃗4
µ−1 + Tk(k3x⃗2

µ−1 − (c1 − x⃗5
µ−1)⃗x3

µ−1 + k4x⃗4
µ−1)

x⃗5
µ−1 + Tk(k5(⃗x1

µ−1x⃗4
µ−1 − x⃗2

µ−1x⃗3
µ−1 )⃗x2

µ−1 + k6c3)


.

Here, x⃗µ =
[⃗
x1
µ x⃗2

µ x⃗3
µ x⃗4

µ x⃗5
µ

]T
is the system state, where x⃗1

µ, x⃗2
µ and x⃗3

µ, x⃗4
µ represent the stator currents and

rotor fluxes, respectively. x⃗5
µ is the angular velocity. c1, c2, c3 denote the frequency and the amplitude of the s-

tator voltage, and the load torque. The parameters are selected as k1 = 0.9814, k2 = 0.0178, k3 = 0.0225,
k4 = 0.9766, k5 = −0.0081, k6 = 4, 643, c1 = c2 = 0.1, and c3 = 0. The other parameters are set as A⃗µ = 0, B⃗µ =[
0.01 0.02 0.01 0.091 0.05 + 0.01cos(0.2µ)

]T
, C⃗1,µ =

[
4.448 0 1 0 0

]
, C⃗2,µ =

[
0 4.448 0 1 0

]
,

η1 = η2 = η3 = 0.1, Ui,µ−d = 0.1I, Mi,µ−d = 0.1I, εi,µ−d = [1.5λmax(Mi,µ−dΠi,µ−d|µ−d MT
i,µ−d) + 1]−1, and the time-delay

is selected as d = 1. w⃗µ and v⃗i,µ (i = 1, 2) are zero-mean noises and their variances are Q⃗µ = 1.91, R1,µ = 0.31
and R2,µ = 1.232, respectively. Besides, let Θi,µ = diag

{
θ(1)

i,µ

}
(i = 1, 2), where the probability mass function for θ(1)

i,µ
satisfies

Prob{θ(1)
i,µ = s} =


0.2, s = 0,
0.4, s = 0.4,
0.4, s = 1,

so their expectations and variances are easily derived as θ̄(1)
i,µ = 0.56 and ρ(1)

i,µ = 0.1504, respectively. The initial

values are set as ¯⃗x−1 =
¯⃗x0 =

[
0.01 0.02 0.01 −0.01 0.01

]T
, x̂i,−1|−1 = x̂i,0|0 =

[
¯⃗xT

0 0T
]T

, P⃗−1|−1 = P⃗0|0 = 1.2I,

Πi,−1|−1 = Πi,0|0 = 1.2I. Next, for SCP, the probabilities of each sensor to be selected are given as Prob
{
κµ = 1

}
= 0.3

and Prob
{
κµ = 2

}
= 0.7. Based on the above parameters, Fig. 10 plots the accumulated MSEs for LFs and fusion filter.

It can be seen that the accumulated MSE of the fusion filter is better than that the LFs. Fig. 11 shows the logarithm of
trace of UBs of the FEC for ICI fusion filter and LFs. From Fig. 11, it is clear that the estimation accuracy of the ICI
fusion filter is superior to that of the LFs. The simulation results further check the feasibility of the presented DFF
method.

Remark 7 In view of the theoretical analysis of the Theorem 3 and two examples, the detailed theoretical investiga-
tions including rigorous derivations and mathematical proof have been given to evaluate the conservativeness of the
UB. Specifically, depending on the certain assumption condition, the uniform boundedness with respect to the UB has
been ensured via providing a sufficient condition, which presents an effective approach to determine the tightness of
the UB. In addition, in order to show the performance of the proposed approach, the numerical and practical simu-
lations have been provided. From these simulation results, we can see that the conservativeness of the UB on fusion
accuracy is influenced by time-delay d, probability pi, fusion rules and so on. In addition, it can be seen from above
simulation results that the initial value of the accumulated MSE is set zero based on the initial conditions selection
of the system state in order to simplify the initialization process and more clearly demonstrate the performance of the
developed algorithm. Meanwhile, due to the accumulated MSE being a cumulative summing approach, the divergence
of the accumulated MSE appears in simulation results over time, which can be attributed to various factors, including
the nonlinear characteristics of the model, system noises, SCP and so on. As such, a more robust fusion estimation
strategy needs to be further developed to address these issues in the future.
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Figure 10. Comparison of the accumulated MSEs of the ICI fusion filter and LFs
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Figure 11. Comparison of the logarithm of trace of UBs of the FEC on the ICI fusion filter and LFs

6. Conclusions

In this paper, we have discussed the DFF problem for a class of nonlinear delayed MSNSs in the presence of
MFMs and SCP. For each sensor node, a diagonal matrix with independent stochastic elements has been utilized
to depict the phenomenon of MFMs, and SCP has been employed to save network resources and reduce network
congestion. By means of the stochastic analysis technique as well as the induction approach, a local UB on the FEC
have been deduced, and then the LF gain has been calculated to ensure the minimized UB. In addition, a sufficient
condition has been presented to guarantee the boundedness of the local UB regarding the FEC. Finally, a simulation
example has been used to illustrate that the feasibility of the proposed DFF scheme has been verified. Furthermore,
when the sensing abilities and channel load of sensors are different, it may result in uneven data collection and then
affect the whole performance. Hence, the further extension of DFF method by considering the sensing abilities and
channel load of sensors remains an interesting research topic in the future.
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