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Abstract

The ill-conditioned matrix problem in quaternion linear regression models is ad-
dressed in this paper and several dimension-reduction based regression methods
for circumventing this problem are suggested. The algorithms are formulated
in a general way and can be easily adapted to different scenarios: widely linear,
semi-widely linear and strictly linear processing, in accordance with the proper-
ness properties presented by quaternion random vectors. A comparison with
existing solutions is carried out by using both laboratory data and a color face
database.
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1. Introduction

Quaternions have received increasingly widespread attention because of their
successful applications in signal and image processing, 3D rotation representa-
tion, robotics, and computer graphics [I]. The advantages of quaternion repre-
sentation over other domains lie in the geometric insights offered by its algebra
and the fact that it can be used to formulate compact and explicit models for
the data at hand.

One of the most outstanding problems in signal and image processing is

that of estimation. Linear regression is one of the most widely used quaternion



20

25

30

35

40

estimation methods for the prediction of one dataset from another. Quaternion
linear regression (QLR) has been applied in color face recognition [2], [3], [4],
B, [6], [7], [8] and in attitude estimation [9].

The general approach used for estimating QLR models is ordinary least
squares (OLS) regression. However, OLS regression can suffer from the nega-
tive effects of the ill-conditioned matrix problem. Ill-conditioned matrices lead
to numerical instability when performing calculations, such as matrix inversion,
because small changes in the input data or rounding errors can result in dis-
proportionately large changes in the results. Several factors can contribute to
a matrix being ill-conditioned: scale disparity, nearly dependent columns (or
rows), a sample size smaller than the number of variables, etc.

Biased regression methods (BRMs) are used as an alternative approach to
OLS regression in ill-conditioned linear models. These methods aim to stabi-
lize the parameter estimates and provide more reliable predictions. There are
several types of BRMs in the literature: quaternion ridge-regression [2], [3],
[4], quaternion principal component regression (QPCR) [3], [, [7], quaternion
singular value decomposition regression (QSVDR) [10], and quaternion partial
least squares regression (QPLSR) [§].

QSVDR, QPCR, and QPLSR are all dimension-reduction based regression
methods that involve two modeling aspects: reducing the predictors and pre-
dicting the response variables. The reasoning behind these techniques is that
the data observed are generated by a system which is driven by a small number
of components or latent variables (which have not been directly observed or
measured). Moreover, all these methods operate in the same way: they aim to
reduce the independent variables to just a few latent variables, and then regress
the response variables on the components rather than the predictors. This sim-
plifies matters because far fewer regression coefficients have to be estimated, and
the components obtained are also uncorrelated (except in the QSVD regression),
which deals with the issues surrounding ill-conditioning effects.

It is well-known that the structure of the data is an important aspect to

be considered when selecting the most appropriate biased regression algorithm
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in practice [§]. Since there is no solution that is superior to all the others in
every experimental situation, the above decision tends to be made in an ad hoc
manner. Therefore, this paper proposes some alternative BRMs in the quater-
nion domain to widen the variety of options available to users. Specifically,
four new quaternion methods are given: QPLS-W2A, QPLS2, QSIMPLS, and
QPCovR. Firstly, their theoretical properties are studied and then, their al-
gorithmic versions are provided. They are proposed in a general form, which
is easily adaptable to different scenarios: WL, semi-widely (SWL), or strictly
linear (SL) regressions, with the latter two methods being used when proper-
ness conditions hold [I0]. SWL and SL regressions are interesting because they
reduce the computational burden involved [I1]. Additionally, the algorithms
proposed are compared on synthetic datasets using the solutions that already
exist in the literature, and some practical recommendations are given. Finally,
we illustrate the practical application of the BRMs in quaternion linear regres-
sion classification (QLRC).

The paper is organized as follows. Section 2 gives a brief review of quater-
nions and some of their properties. Section 3 describes the main dimension-
reduction based regression methods existing in the literature, and introduces
the novel quaternion regression algorithms. In Section 4, several numerical sim-
ulations compare the performance of the algorithms suggested with the existing
solutions and recommendations for application are given. The utility of the pro-
vided results is demonstrated with an application for color image classification
in Section 5. Conclusions are given in Section 6. To ensure continuity, all proofs

are included in the Appendix.

2. Preliminaries

The aim of this section is to introduce the notation and basic concepts used

in this paper.
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2.1. Notation

Throughout this paper, all the random variables are assumed to have zero-
mean. We use boldfaced uppercase letters to denote matrices, boldfaced low-
ercase letters for column vectors, and lightfaced letters for scalar quantities.
For some special matrices we will also use boldfaced uppercase italicized letters
(e.g., T). The superscripts “«”, “T” and “H” represent the quaternion conju-
gate, transpose, and Hermitian (conjugate transpose), respectively. I,,, denotes
the identity matrix of dimension m and 0 is a matrix zero with suitable dimen-
sions. The notation A € R™*" (respectively A € Q™*™) means that A is a
real (respectively quaternion) m x n matrix. We will remove one dimension in
the case of vectors (e.g., r € Q™ means that r is a m-dimensional quaternion
vector).

EJ[] is the expectation operator, Tr(-) is the trace of a matrix, diag(-) is a diag-
onal matrix with the elements specified on the main diagonal, and the symbol

L denotes orthogonality. Finally, “®” denotes the Kronecker product.

2.2. Quaternion algebra

The set of real quaternions is defined by
Q:={r =20+ m1i+ 22 + w3k : 0, 21,72, 23 € R} (1)

where i, j and k are three imaginary units. Quaternions form a division algebra
when equipped with the componentwise addition, the componentwise scalar
multiplication over R, and the Hamilton product given by i? = j? = k? =
ijk = —1, ij = —ji = k, jk = —kj = i, and ki = —ik = j. Obviously,

quaternion multiplication cannot satisfy the commutative law. The conjugate

of z is #* = zg — 211 — 2 — 23k and its modulus is |z| = /23 + 27 + 23 + 22.

Three special cases of involutions can be defined as

T = —iri =29+ 211 —2x2] — 23k
)= —jrj =x9 — 211 + T2j — 23k (2)
K= —krk =29 — 211 — 22J + 23k
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Let QP be the quaternion vector space of dimension p over the field of quater-

nions Q. Over this vector space, a scalar product can be defined as

P
(x,y) =x"y = aly, (3)

i=1
with x = [21,...,2,]T and y = [y1,...,yp]7. The norm of x € Q7 is defined as

Il = /B, ).

Denote a quaternion matrix A € Q™*P as A = Ay + A1i + Asj + Ak,
where Ag,Aq,As, A3 € R™*P, A matrix A € QP*P is said to be Hermitian
if A = A" and unitary if A"A = I,. An inner product can be defined as
(A,B) = Tr(B¥A), with A,B € Q™*?. Moreover, the norm ||A|| = \/(A,A)
is the Frobenius norm. General properties of matrices over Q can be found in
[12]. The Moore-Penrose inverse At € QP*™ of a matrix A € QP always
exists, it is unique and if A € QP*? is invertible, then A* = A~1 [13]. Moreover,
matrix II5 := AAT is the orthogonal projector onto the column space of A
[14], denoted by C(A).

Assume A € QP*P is Hermitian, then A has exactly p real right eigenvalues,

and there is a unitary matrix U € QP*P such that
A =UAUH (4)
The QSVD of a matrix A € Q™*P with rank r is

A=UnV* =) uvlo; (5)
i=1

where the singular values are o; > 0 [12]. Moreover, Ay = >_7 | u;vio; is the
best rank-s (s < r) approximation of A [I5].
Define the real adjoint matrix of A = Ag 4+ A1i + Asj + Ask € Q™*P as

Ao —A; —A; —Ay
Al Ay -A; A

sa)= | ° PO | erimear (6)
A2 A3 AO _Al

As —Ay A Ay

The next properties of real adjoint matrices have been established [4], [16].
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Property 1. Let A,B € Q™*P, C € QP*™, and D € QP*P. Then,

1. A =B if and only if ®(A) = &(B).

B(A +B) = ®(A) + ®(B) and (AC) = ®(A)®(C).

B(ANA) = ®(AN) = A\P(A), with A € R.

®(AY) = ®T(A). Thus, D is Hermitian if and only if ®(D) is symmetric.
rank(A) = ; rank (P(A)).

®(D!) D))" and ®(AT) = dF(A).

|®(A)||?> = 4| A||?, where the first norm is the Frobenius norm in R4m*4p,

D has decomposition if and only if ®(D) = ®(U)®(A)®"(U) is

= (&

® N s wN

an eigendecomposition of ®(D). As a consequence, if D is also positive

semidefinite then, ®(D'Y?) = (Q(D))I/Q-

In operations using the real adjoint matrix, employing structure-preserving

arithmetic rules often saves time when compared to general operations [17], [1§].

2.3. Quaternion widely linear processing

Consider a random vector x = Xg+x11+X2j+xsk € QP, with x¢, X1, X2, X3 €
RP. We define the augmented vector of x as x = [x7,x*T,xIT,x*T]T. The
following relationship between the augmented vector of x and the real vector

Xre = [X0, X1, %5, x5)T is satisfied: X = T X, where

with 757, = 4Ly,. The covariance matrix of X, called augmented covariance

matrix, is given by

E[xxt] Exx E[xx¥ E[xx*

) | (B0 (bt (Bpoemt (Bpoct)t |
(EpM])? (BEpox])) (E[xx"]))  (E[xx*])]
(Epx])e (Exx¥])* (Exx™])*  (Exxf])*



135

140

145

In linear mean-squared error (MSE) estimation, to explain completely the
second-order information of x, it is necessary to consider the augmented statis-
tics, x and E[xxY], giving rise to the so-called WL processing [10, [19]. Specifi-
cally, we have to operate on the four involutions simultaneously and define the

linear transformations

yI =%"B = x"B; +x'"B; + x3"B; + x*'B, (9)
with B = [BI, B], B, B]]T € Q**9. The above equation can be written as

y'=x"B (10)

where
B, Bi B] B}
B, Bi B) B}
B; Bi B] Bj
B, Bi B} B:

e
I

c Q4p><4q (11)

Several concepts of quaternion properness can be defined by means of the
cancelation of the complementary covariance matrices: E[xx], E[xx|, and

E[xx®] [10]. In particular, a random vector x € QP is C*-proper if and only

if E[xx3] = E[xx™] = 0. In such a case, the augmented covariance matrix is
given by
oy E[xx1] 0
E[xx"] = ' (12)
0 (BExT)

where x = [x*, x!T|T and the adequate processing is called SWL, which is char-

acterized by the linear transformation
y' =%x"B =x"B; +x"B, (13)

with B = [BT, BI]T. Finally, x is Q-proper if and only if E[xx'] = E[xxJH] =
E[xx*] = 0. Q-properness is characterized by a SL processing, i.e., the suitable

linear transformations are now

y' =x'B; (14)
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Properness properties provide a significant saving in the computational bur-
den of the processing associated (SWL o SL), when compared to the WL pro-
cessing [11], since the dimensions of the vectors and matrices involved is reduced

by half (Ci-proper case) or a quarter (Q-proper case).

3. Biased regression: dimension-reduction based methods

Consider the general setting of a quaternion multivariate linear regression
(QMLR) to model the relation between two data sets. Denote X € Q™*P and
Y € Q%9 the matrices containing the random samples of size n from two
random vectors x € QP and y € QY, respectively. The problem of QMLR is

formulated as follows. Given the linear model
Y=XB+Q (15)

where B € QP*? is the regression coefficients matrix and €2 is a noise matrix,

the aim is to solve the following linear least squares estimation problem:
mBin||Y — XB|| (16)

The solution to this problem is well-known and is given by the OLS estima-
tor: Bors = XTY = (XEX)~1X®Y, when XX is nonsingular. Then, we can
project Y onto the range of X to obtain the prediction of Y as Y = IIxY =
XBors. However, when X"X is nearly singular, it is possible to find rather
large weights in Bors and thus, unreliable values in Y. This problem is the
so-called bouncing beta proble Actually, the accurate computation of BoLs
can be a challenge for ill-conditioned matrices X.

Several approaches have been developed to cope with the ill-conditioned
matrix problem in QMLR. A popular method used to avoid the bouncing beta
problem is QPCR [3], [5], [7]. In QPCR, the predictor variables are summarized

IThe bouncing beta problem also means that removing or adding a single observation can

already alter the regression weights drastically.
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by means of a limited number of components, which are then used as the in-
dependent variables of a regression model for predicting Y. Specifically, in the
first stage, a PCA is carried out on X, which boils down to minimizing the loss
function || X — T, P|| over arbitrary T, € Q"*" and P,. € QP*" matrices, where
the number of components 7 (i.e., the number of columns in T, = [ty,...,t,])
is usually much smaller than the rank of data matrix X. It is well known that
the solution for this is obtained from the QSVD of X given by , by taking T,
proportional to the first r left singular vectors of X. The columns of T, now con-
tain 7 linear combinations of the columns of X, T, = XW,. with W,. € QP*",
and the matrix of loadings is obtained as P¥ = T X. Next, the summarized
scores in T, are used for the prediction of Y-scores. That is, in the next step in
QPCR, Y-scores are regressed on T-scores by minimizing ||[Y — T, Q}||, where
the solution is given by Q! = T,"Y. Finally, the predictions of Y are given by
Y = It Y = XBpcg, with Bpeg = W, THY.

QPCR works well because the orthogonality of the t; components eliminates
the ill-conditioned matrix problem. However, the problem of choosing an opti-
mum subset of predictors remains. One possible strategy is to keep only a few
of the first components. But these components were originally chosen to explain
X rather than Y, and so, nothing guarantees that the principal components will
be relevant for the prediction of Y.

Alternatively, QPLS methods can be applied. QPLS is a dimension reduc-
tion technique similar to QPCR in that the matrix of regressors is replaced
by a reduced set of linear combinations, T,. There is, however, one essential
difference: in QPCR the linear combinations are derived without reference to
the response variables Y, but in QPLS the responses observed play an essential
role.

In its more general form, QPLS regression creates two sets of components,
one for the explanatory variables, T, = XW, € Q"*", and another for the
response variables, S, = YC, € Q"*". To this end, QPLS operates under

the assumption of a basic latent decomposition of the response and predictor
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matrices

Y =S,.Q + F(") )

X =T,Pi+EM
where Q, € Q7% and P, € QP*" represent matrices of loadings, and F(") ¢
Q"*4 and E(") € Q"*P are the matrices of residuals. This general approach
models the relations between the two blocks of data in a symmetrical way.
To specify the latent component matrices S, and T, when using QPLS, the
columns of C,. = [cy,cCo,...,c,] and the columns of W, = [wq,wa, ..., W,]
must be found from successive iterations. The choice of the appropriate number
r of components is an essential task.

In this section, different QPLS methods to address ill-conditioned matrix
problems in quaternion regression are analyzed. Firstly, the QPLS-SB algorithm
proposed in [I0] is described. After that, four new algorithms, named QPLS-
W2A, QPLS2, QSIMPLS, and QPCovR, are designed in a general setting for use
in the most general case of improper random vectors, as well as in cases where
the signal is Ci-proper or Q-proper. Moreover, for the purposes of comparison,

the WL-QPLS devised in [§] is reviewed.

3.1. QPLS-SB algorithm

The first form of QPLS that we consider is based on the QSVD of X*Y and
was studied in [I0]. Specifically, if X*Y = UXVH, then we select T, = XU,
and S, = YV,. This version satisfies that T!S, is a diagonal matrix, but
(ti,t;) # 0 and (s;,s;) # 0, ¢ # j, with t; and s; the columns of T, and S,,
respectively. In some cases, this non-orthogonality of the latent vectors does
not eliminate the ill-conditioned matrix problem, and it also does not provide
the most parsimonious regresssion model [§]. The prediction of the Y-scores is

obtained as: Y = IIp Y = XBgg, with Bgg = U, THY.

3.2. QPLS-W2A algorithm
The non-orthogonality of the latent vectors in QPLS-SB can be circumvented

by applying the NIPALS algorithm [20]. The NIPALS algorithm has previously

10
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been used in the quaternion domain in [8] and we will analyze this QPLS solution
below. At this point, we use NIPALS under the assumption that decomposition
holds to devise a new technique called QPLS-W2A. The following result

shows their main characteristics.

Theorem 1. Let XV =X and YV =Y, and define
X6+ — x0G) _ tjp? YU+ — vy qu;!’ j=1,...,r (18)

where t; = XUy, s; = YYUv;, (u;,v;) is the first pair of singular vectors of
X@OEY W), pf = t+X0) and qf = sTYU). Then,

1. wylu; and vilvy, @ # j.

2. t;1t; ands;ls;, i #j.

3. T, = XR,, j = 1,...,r, with R; = Uj(P?Uj)_l, R; = [r1,...,15],
U; = [u,...,uy] and P; = [p1,...,pj]. A similar expression can be
derived for S;.

4. XU+ = Iy, X and YUY = M. Y.

5. Y =IIp, Y = XBwaa with Byaa = R, T} Y = U (XU,)TY.

ProOF. Sec (ppendix AT}

The following observations are in order:

1. Notice that (uj,v;) are the first singular vectors of different matrices
(XUHY () changes with j) and thus, they provide the best rank-one ap-
proximation of X(WHYU) at each iteration of the procedure.

2. Theorem [[}4 shows how the NIPALS algorithm operates: by projecting
the columns of X onto the space orthogonal to the t; already extracted,
ensuring the orthogonality of the latent components.

3. From Theorem [1}3, it follows that t; € C(X). Thus, {t1,...,t,} is an
orthogonal basis of a subspace of dimension r of C(X).

4. The following recursion also holds: r; = N(j)uj7 with NO = I, and
NOU) = NU-D[I, — w;1pi 4], j =2,...,7. Thus, U; and R; span the

same Space.

11



255 5. The algorithm effects a bilinear decomposition of X as in 7 where
E( = X0+ 1T, Similar comments can be made for Y.
6. QPLS-W2A is based on a rank-one deflation of individual block matrices

using the corresponding score and loading vectors in the following way:
XU+ — x(G) _ tjpl;, YU+ — y0O) _ qu? (19)

QPLS-W2A is summarized in Algorithm

Algorithm 1 (QPLS-W2A)

Require: X € Q"*? and Y € Q"*¢

Ensure: {tj}gzu {Pj}E’:p {Sj}’}:u and {qj}§:1 (r<p)
1: XM Xand YO <Y

2: for j=1,...,r do

(u;,v;) « first pair of singular vectors of Xy ()

o

4: tj — X(j)uj and S; < Y(j)Vj
5 Pl tj'X(j) and o < sj'Y(j)
6: XU« XU) —¢;pf and YUY « YU) —5;q!

7: end for

w0 3.8. QPLS2 algorithm

Unlike QPLS-W2A, QPSL2 treats the relationship between X and Y in an
asymmetrical way [21], i.e., in contrast to the latent decomposition assumed
by QPLS-W2A, QPLS2 regression is based on the specific latent decomposition:

Y =T,Q" + F"
(20)
X =T,Pi+EM
This asymmetric assumption of the regressor-response variables relation is
265 transformed into a deflaction scheme where the t; score vectors are good pre-
dictors of Y. Now, the deflaction at each iteration for the Y block matrices
is

v+ — y0G) _ tjq? (21)

12
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with q? = th(j ), while the rest remains unchanged.
The score and loading vectors of both algorithms share similar properties

(see Theorem [I). QPSL2 is summarized in Algorithm

Algorithm 2 (QPLS2)

Require: X € Q"*P and Y € Q"*¢
Ensure: {t;}/_,, {p;}j_1, and {q;}/_; (r <p)
XWX and YO « Y
2: for j=1,...,r do
3w, ¢« first left singular vector of X()¥Y ()
4: by <+ X(j)uj
5 P th(j) and qff t;rY(j)
6 XU+ L x0) — tjp§ and YU+  y©) — tqu

7: end for

3.4. QSIMPLS algorithm

QSIMPLS is another QPLS method that differs from those based on NI-
PALS in two important ways: first, successive t; are calculated explicitly as
linear combinations of X; second, X is not deflated in the same way. These
characteristics may result in faster computation and less memory requirements.
The real-valued version of this algorithm was suggested by de Jong [22].

The application of this algorithm is based on the following result.

Theorem 2. The following assertion holds:

1. Define t; = Xu;, where u; is the first left singular vector of
zY) = (1, - P;_, P/ )X"Y (22)

and Pj_1 = [p1,...,pj—1] is the matriz of loadings with p = t; X then,
tiJ_tj, Vi < J.
2. LetT'j = [vq,--.,7;] be an orthonormal basis of P; then,
Z9 = (T, —v; 17§12V, J=1...r

z® = X'y

13
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3. Y =TIt Y = XBgny with Bspy = U, THY and U, = [uy, ..., u,].

PRoOF. Sec (ppendix A

Algorithm 3 (QSIMPLS)

Require: X € Q"*P and Y € Q>4

Ensure: {t;}7_; and {p;}7_; (r <p)
1: Z0) « XPY

2: for j=1,...,r do

3:  uy < first left singular vector of Z)

4: t; + Xu;

5 Pl tj‘X

6: 7y, ¢ orthonormalize p; (Gram-Schmidt technique)
7. ZUTY (1, - %fy?)z(j)

8: end for

3.5. QPCouR algorithm

PCovR aims to find components that not only summarize the scores on the
predictor variables well, but also predict the scores on the response variables
well. To this end, this technique introduces an extra weighting parameter, «,
which allows us to flexibly choose how much we wish to emphasize reconstruction
and prediction [23]. Based on these ideas, we propose a new approach for
the quaternion domain. Specifically, assuming latent decomposition , the

following optimization problem has to be solved:
min {a|X - XW, P>+ (1-a)Y - YW,Q¥?}, «ac0,1] (23)

subject to TET,. = I, where T, = XW,..

Clearly, when a = 1, the technique focuses entirely on summarizing X,
which corresponds to QPCR. When o = 0, it focuses entirely on predicting
Y, which gives us quaternion reduced rank regression, or, when the number

of components is at least as large as the number of response variables, OLS

14
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regression. A problem associated with QPCovR is that a choice for a has to be
made. As will see later, cross-validation can be used for this purpose.
Two closed-form solutions are available for extracting the components as

shown in the following result.

Theorem 3. 1. A solution to the optimization problem consists of se-

lecting T, as the first r right eigenvectors of the matriz:
aXX" 4 (1 —a)YYH (24)

with Y = XXTY. Also, W, = XTT,.
2. Another solution to the optimization problem consists of selecting
(XHX)Y/2W, as the first v right eigenvectors of the matriz:

(XEX)Y2 [aI, + (1 — o) (XPX) T XPY YIX (XHX) 1] (XPX) /2 (25)

3. PE=T8X and Q = THY.
4. Y =1, Y = XBpcovr with Bpcovr = X+ T, THY.

Proor. Sce Appondic A3

This result provides two different closed-form solutions to the optimization
problem . In the first one, an eigendecomposition of , which isan xn
matrix, must be derived and thus, T, is n x r. In the second one, the matrix
(25) is p x p. So, the choice depends on the relative sizes of n and p. When
n > p the second option is the preferred. Finally, in the first solution, it is
obvious that T¥T, = I,., and in the second one, the first r right eigenvectors of

are denoted as U, = (X#X)'/2W,., then
TIT, = WIXEXW, = UF(XIX)~1/2XEX (XPX)~1/2U0, =1, (26)

8.6. Application and comparison of the algorithms

As highlighted in Subsection the adequate processing in quaternion es-

timation is the WL processing, i.e., we must operate with augmented statistics

15
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to fully capture the second-order statistical properties of the random vectors.

As a consequence, the minimum MSE estimate of Y is expressed as
Y = XB = XB, + X'B; + XIB; + X*B, (27)

with X = [X, X! X3, X5 € Q"% and B = [BT, B}, BL,BI]T ¢ Q**%. The
above model is referred to as WL quaternion regression. Thus, in general, the
information supplied by both X and Y has to be used for calculating B.
Within this framework, Stott et al. [§] devised the NIPALS algorithm for
WL quaternion PLS (WL-QPLS) which is summarised in Algorithm 4] In its
derivation, they make use of the link between the augmented data matrix X and

the real-valued matrix X,.. = [Xo, X1, X2, X3] € R"*4P_ given by the relations
1g * Ve T
X, = XT;  X=X,.T} (28)

where T, is given in (7).

Algorithm 4 (WL-QPLS) [§]
Require: X € Q"*% and Y € Qx4

Ensure: {t;}/_;, {p;}j_1, {4;}7=; and {w;}i_; (r <p)
1 XD« Xand YO Y
2: for j=1,...,r do
3 XY« XOT, and YY) « YOIT,
g ow) Eig ax {X&@TY%)Y%)TX%)}
T il i dT o kT ()

5 [wy,wilwy, wi T Tpwre

6 t; XUw;, b= [t;,t1,t3, £
7 ple /XU and ¢ - £ YWD
s XUH) X0 — §;p8 and YO VO - gq

9: end for

WL-QPLS, QPLS-W2A and QPLS2 are all based on NIPALS, but they give
different results when applied on X and Y. Actually, QPLS2 is most similar to
WL-QPLS as both algorithms treat the data matrices in an asymmetrical way,
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i.e., both assume a latent model of type for X and Y. In particular, WL-

QPLS provides the following decompositions for the augmented data matrices

Y =) tp]+F"

~ (29)
X =) tq+EV

j=1

where a major difference in relation to QPLS2 can be observed: t; = [t;, t}, tg-, t¥]
matrices in (29), derived in step 6 of Algorithm [4] are not orthogonal (tt; is
block-diagonal). This does not occur in Algorithm [2} as proved in Theorem
Another difference between WL-QPLS and the WL versions of the algo-
rithms suggested here is that the former is not equivalent to a real-valued NI-
PALS implementation. However, this equivalence is lost when our algorithms
are applied under properness conditions since they attain a notable reduction in
computational burden when compared to the WL version (see [I1] for an exhaus-
tive analysis). This can be understood from the definitions of the properness
properties, considering that while in the improper case we should operate with
X € Q¥** and Y € Q**4, in the C'-proper case we have to manage data ma-
trices of smaller dimensions X = [X, X!] € Q**? and Y = [Y, Y] € Q"*2,
and under Q-properness we work directly with X € Q"*? and Y € Q"*? (see
, and ) Furthermore, this reduction in computational burden can-
not be achieved in the real domain, making the proper approach more attractive.
Thus, the properness of quaternion random vectors should be routinely checked
in experimental studies, for which the statistical hypotheses tests suggested in
[24], [25] can be used. Finally, real applications where proper quaternion random

vectors appear can be found in [26], [27], [28], among others.

4. Simulations

Two types of numerical simulations have been designed to assess the per-
formance of the algorithms suggested when compared with the QPLS-SB [10]

and WL-QPLS solutions [§]. Their performance has been measured in terms of
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the prediction capability of the algorithms and their degree of accuracy in esti-
mating the correct number of components. The first kind of simulation is based
on X data matrices which are nearly singular (some of their singular values are
very close to 0). This type of ill-conditioning is less informative than the second
one considered, where the X matrices are generated from a prefixed number r
of components. This second option imposes a stronger structure on X which
benefits the performance of the algorithms, as we will see later. Moreover, both
kinds of ill-conditioned matrices are analyzed under an impropriety scenario
(WL processing) and also in the case of Q-properness (for X nearly singular)
and C*-properness (for X with r prefixed components).

All the simulations share some characteristics that are detailed below. By
using a Monte Carlo simulation, we have generated N = 200 values of the X
and Y data matrices in the WL case, X and Y in the SWL case, and X and
Y in the SL scenario. This procedure has been repeated in 100 runs. In each
run, the sample was split into two equal parts: N/2 = 100 data for the training
sample and N/2 = 100 for the validation sample. The training samples allow
us to estimate the regression coefficients matrix: BN, j=1,...,100 (runs);
r=1,..., R, where R is the maximum number of components analyzed (R = p
in the SL case, R = 2p in the SWL case and R = 4p in the WL case). The
validation samples are used for calculating the following prediction performance

measure

Y, = Yl

| .
MSE;, = , —1,...,100: r=1,....R 30
00— r +1 J " (30)

where the term r in the denominator penalizes the inclusion of additional com-
ponents [29]. Then, we obtain
100
-— MSE;
MSET:E ——r r=1,...,R (31)

, 100
j=1

and select the optimum number of components as min, MSFE,. The simula-
tion procedure is also used to estimate the parameter a needed for QPCovR.

Specifically, the above procedure is repeated for QPCovR on a mesh of values
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of a € [0, 1]. So, the prediction error measure in depends on an additional
argument for this algorithm: M SE, («). Now, the optimum « and the optimum
number of components are selected as min, o, MSE,(c).

The simulations are also performed under three levels of noise: low (02 =
0.01), medium (02 = 1), and high (62 = 100), i.e., Q in is a noise ma-
trix generated from a g-dimensional Gaussian quaternion white noise w with

Elwwl] = 402Iq. Finally, different B matrices were randomly generated in each

case analyzed.

4.1. Case 1: WL scenario and X nearly singular
A data matrix X € Q2°0%40 was generated from an improper quaternion
Gaussian vector with a nearly singular covariance matrix. The response data

matrix, Y € Q2°°%10 was then calculated as
Y=XB+Q (32)

Next, the algorithms are applied on X and Y and the results are depicted in
Table [1} Since p = 10, then the maximum number of components to analyze is
R = 4p = 40. Moreover, the optimum values of « for the QPCovR algorithm
appear in parentheses.

Table[I]shows that a lack of a defined structure in the ill-conditioning of data
matrix X leads to a diversity of results. The most important characteristics
observed shows that, in general, the optimum number of components decreases
as the noise level increases, i.e., all the methods are seriously affected by high
noise levels. Nevetheless, QPCovR always shows the better performance: it

needs the lowest number of components to attain the smallest M SFE,..

4.2. Case 2: SL scenario and X nearly singular

In this case, matrix X € Q?°°%20 was generated from a Q-proper random
vector distributed as a multivariate Gaussian distribution with a nearly singular
covariance matrix. The matrix Y € Q2°°%20 was obtained as Y = XB + Q.

The algorithms are now applied directly on X and Y, and the results are shown

in Table &
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Case 1

0% =0.01 (a=0.7)

r 35 35 31 31 23 36
MSE, 0.124 0.124 0.115 0.115 0.104 0.125

o?=1 (a=0.1)

r 26 26 22 22 15 28
MSE, 1.018 1.019 0.952 0.954 0.892 1.048

o? =100 (=0.2)

r 17 17 13 13 6 16
MSE, 8.434 8.428 8.015 8.043 7.541 8.573

Table 1: M SE, and the optimum number of components (r) for the WL regression algorithms.

The conclusions parallel those of Case 1. That is, the noise level severely
affects the results and although there are very few differences between the algo-
rithms, QPCovR always outperforms all the other algorithms in M SE, and this
is also achieved with the smallest number of components. As a consequence,
once again, QPCovR provides the more parsimonious accurate models for pre-
diction. The similar performance results between QPLS2 and QSIMPLS in both

Cases 1 and 2 are also notable.

4.3. Case 8: SWL scenario and X with a prefived number r of components

The experiment is designed in such a way that the data observed are gen-
erated by a system driven by a known number of components. Specifically, the
data matrix X € Q299%20 was generated from a C*-proper random vector whose
covariance matrix is forced to have r = 7 components. Matrix Y € Q?90%20 was
obtained as Y = XB + Q. The algorithms were applied on X and Y and the
results are presented in Table

20
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Case 2

0% =0.01 (. =0.8)

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

r 9 9 9 9 7 9
MSE, 0.102 0.102 0.102 0.102 0.101 0.102

o?=1 (a=0.8)

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

r 7 7 6 6 4 7
MSE, 0.984 0.984 0.982 0.982 0.975 0.984

0% =100 (a=0.9)

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

r 4 4 4 4 2 4
MSE, 14.009 14.008 13.986 13.986 13.714 13.999

Table 2: MSE, and the optimum number of components () for the SL regression algorithms.

As we can see, the conclusions are completely different from the previous
cases. The induced structure over X is clearly shown by all the algorithms for
any noise levels. Actually, all of them coincide in identifying the correct number
of components and in prediction performance. In this situation, QPCovR is the
less advantageous option because of the extra computational effort needed for

the estimation of the optimum .

4.4. Case 4: WL scenario and X with a prefived number r of components

At this point, we force X to have r = 5 components and then, X and Y
are generated from , as in Case 1. The results are illustrated in Table [4] for
the three different values of noise variance. We can observe that the algorithms
perform in a manner that is similar to Case 3. Interestingly, in both Cases 3
and 4, and under high noise levels, the estimation of weighting parameter « is

equal to 1, i.e., QPCovR boils down to QPCR.
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Case 3

02 =001 (a=04)

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

T 7 7 7 7 7 7
MSE, 0.098 0.098 0.098 0.098 0.098 0.098

o?=1 (a=0.2)

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

r 7 7 7 7 7 7
MSE, 0.982 0.982 0.982 0.982 0.982 0.982

o? =100 (a=1)

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

r 7 7 7 7 7 7
MSE, 9.829 9.829 9.829 9.829 9.829 9.829

Table 3: MSE, and the optimum number of components (r) for the SWL regression algo-

rithms.

4.5. Discussion and recommendations

Based on the simulations presented here, some conclusions can be drawn, and
some recommendations can be given. First of all, predictability is always quite
good in low noise conditions (with all methods and any degrees of properness).
For medium and high noise levels, predictability is poorer than for low noise
levels.

The results also show that the decomposition of an ill-conditioned data ma-
trix does not necessarily have a clearly determined number of components. In
fact, as illustrated in Cases 1 and 2, different algorithms propose different solu-
tions. This issue depends on noise levels and appears with both improper and
proper random vectors. In this setting, it is thus advisable to have a set of
BRMs available, and to select the best one on the basis of the particular data at
hand. Among them, QPCovR has shown good performance in all the scenarios

analyzed, followed by QSIMPLS and QPLS2.
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Case 4

0% =0.01 (. =0.8)

T 5 5 5 5 ) )
MSE, 0.067 0.067 0.067 0.067 0.067 0.067

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

o?=1 (a=0.7)

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

r 5 5 5 ) ) 5
MSE, 0.672 0.672 0.672 0.672 0.672 0.672

o? =100 (a=1)

QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

r 5 ) ) ) ) )
MSE, 6.724 6.724 6.724 6.724 6.724 6.724

Table 4: M SE, and the optimum number of components (r) for the WL regression algorithms.

However, the choice of one specific algorithm is less important when a data
matrix exhibits a structure determined by a specific number of components
(Cases 3 y 4). Nevertheless, as noted above, the downside of QPCovR is that
the parameter o has to be tuned, QPLS-SB always provides non-orthogonal
components and WL-QPLS also gives non-orthogonal components whenever a
decomposition for X, as in , (or for X) isrequired. Thus, QPLS2, QSIMPLS,
and QPLS-W2A are recommended in these cases.

It was also striking that in all cases QPLS2 and QSIMPLS both performed
almost equally for the kinds of data simulated here. Overall, it can be concluded

that QPCovR, QSIMPLS, and QPLS2 are the most reliable methods.

5. Application of the algorithms in image classification

The algorithms provided were implemented for the real-world problem of

color face recognition. To this end, we employed the QLRC approach suggested
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in [6] and we compared all the algorithms analyzed in Section With the QLRC
solution given in the above paper. We aimed to evaluate their performances
on a benchmark color face database: the FEI database [30], [6]. This database
contains 2800 images of 200 subjects taken against a homogenous white back-
ground. In this experiment, a sample of 50 subjects was selected and 13 images
per subject were considered: 10 images for training and 3 for testing. All images
were down-sampled to size 48 x 64 as in [6].

Figure [I| depicts the condition numbers of the matrices XjX;, I =1,...,50,
associated with each QLR model to be estimated (one per subject). The min-
imum condition number is 2.0337e403 and the maximum one is 3.6688e+04,
and thus, they are all ill-conditioned matrices. Table [5| shows the recognition
accuracy of all the methods under comparison, and we selected r = 5 compo-
nents in all the biased regression algorithms, and we considered QPCovR on a
mesh of @ = 0,0.1,0.2,...,1 values. The highest performances were achieved by
QPLS2, QSIMPLS, QPCovR (a = 0.3), and WL-QPLS. Although the results of
the four methods above were identical, QSIMPLS was the most computation-
ally efficient, as shown in Table[f] In conclusion, QSIMPLS is the appropriate

choice in this example.

QLRC | QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

93% 89% 92% 95% 95% 95% 95%

Table 5: Comparison in accuracy using all methods.

QLRC | QPLS-SB | QPLS-W2A | QPLS2 | QSIMPLS | QPCovR | WL-QPLS

5.22 s 9.26 s 60.59 s 33.08 s 5.41s 08.64 s 96.26 s

Table 6: Average recognition CPU time over 10 runs in each method. All algorithms are
implemented on an Intel Core i7 2.6GHz CPU with 32GB RAM computer using Matlab
R2019a.
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x10*

condition number

Figure 1: Condition numbers of X?XZ, l=1,...,50.

6. Conclusions

BRMs allow the problems associated with running OLS regression in ill-
conditioned linear models to be dealt with. Despite its benefits, the topic has not
been sufficiently developed in the quaternion domain. This has motivated us to
propose four new quaternion methods based on dimension-reduction techniques.
We have also compared them with other existing solutions through a series of
experimental studies. Recommendations for applying the methods in different
settings have been made. The most notable conclusions that can be drawn from
the current study are: no method outperforms the others in every situation and
condition, QPCovR, QSIMPLS and QPLS2 are good choices (QSIMPLS is the
fastest one), and the technique that is appropriate for each situation will depend

on the data available.
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Appendix A. Proofs for the Theorems

Appendiz A.1. Proof for Theorem
We prove the assertions for the vectors and matrices derived from X. Similar

proofs can be carried out for the vectors and matrices obtained from Y.

1. It follows that
XU+ — [, — tjt;r]X(j) — AWxG) (A1)
with AU) =1, — t;tF. Thus, for k > j, we have

X() _ AG-Dx (-1 _ AG-DAG-2)  AGF)AGDXG) — @ ADKD)
(A.2)
where @ = A=V A(®=2) AU+ Hence, since AU)t; = 0, we get
XMy, = @AVXu; = @AVt =0 (A.3)
On the other hand, uy is a right autovector of X¥HY M)y REX () and

thus,
X ORy Ry OB (F) g, = g\ (A.4)

where Ay, is the associated right eigenvalue. By considering (A.3)), it follows
that
W\, = i XYMy WEX Ry, = 0 (A.5)

2. For k > 7, we have
X k) — X(k_l)[In _ uk—lt;:,lx(k_l)] — Xk-Hgk-1) _ x(+)= (A.6)
where BE~D =1, —u;,_qt) | X* =D and E = BUHVBO) .. . B*=1 and
thus, from (A.1)), it follows that
t?X(k) - t?x(j-i-l)g - t?A(j)X(J’)E
=i, — t;t/XVE = (¢! - )XW= =0

Hence, tity = t?X(k)uk =0.
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3. Firstly, we prove that T; = XR; = X][ry,...,r;], with r; = u; and
r; = [ z;ll(lp — ujpg)} u;, j = 1...,r. Obviously, t; = Xu; = Xr;.
Furthermore, it follows that:

t2 = X(2)UQ = X(Ip — ulp}ll)ug = XI‘Q

ty = XOuy = X(Ip — ulplf — (I, — ulpg)ugpg)ug = Xrs3

and so on, successively. Now, considering that th =t (t?tj)_1 and t; Lt;,
520 we have

j—1
p; = XU — [XH -3 pitﬂ £ = XFg (A7)
=1

and then, P; = XHT;'H. Hence, RIP; =1; and R; = UJ-(PI;UJ‘)_l7 with
Uj = [ul,...,uj}.
4. XU =X — T;P% = I, - T;T/]X = I X.

5. The predictions of Y are obtained as
Y =y, Y = T, (T'T,)'TY = XR, T} Y (A.8)
525 and taking into account that R, = U,.(PiU,)~!, the result follows.

Appendiz A.2. Proof for Theorem[3
1. Since u; is a right eigenvector of ZWZGE then u; € C(Z9)). Also,
70 = HPJ{IXHY. Hence, u; Lp; for i < j. Finally, taking into account
that tft;pf = t¥X, we have

tht; = tiXu,; = tit;pflu; =0 i<y (A.9)
530 2. Since I'; is an orthonormal basis, then
j—1
Hrﬂ.{l =1, - Fj—ll_‘;'[—l = H(Ip - 7j—17?—1) (A.10)
i=1
and thus,
j—1
ZV) = HFJ.{IZ(O) = H(Ip - ’Yj—l’Y?'—l)Z(O) =@, - ’7j—1'7?—1)z(j_1)
i=1
(A.11)

3. Y =TIy, Y =T,T/Y = XU, T}Y.
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Appendiz A.3. Proof for Theorem[3

1. From Property minimizing the criterion function is equivalent to
535 the optimization problem: mingw,) ¥(W,), € [0, 1], with

T(W,) = o] @(X) - 2(X)B(W,)®"(P,)|*

+(1-a)|2(Y) - 2(Y)2(W,)2"(Q,)|*

subject to ®"(T,)®(T,) = Ly, where ®(-) is the real adjoint matrix (6).

Consider the projections
H‘I’(Tr)(I’(X) = (I)(TT)(I)T(TT)(I)(X) = (P(Tr)‘I’T(Pr) (A.12)
and Hg (1) ®(Y) = ®(T,)®'(Q,), then

T(W,) =a| (L, — @(T,)@"(T,)) ®(X)|’
+(1—a)| (I — B(T, ><1>T<T Ne)|’
=aTr {®"(X)(I4 — ®(T, T,))®(X)}

+(1—a)Tr {@(Y) (I4r ~® TT)<I>T< ) @(Y)}
Hence, minimizing W(W,.) is equivalent to maximizing

T(W,) =aTr {®"(X)®(T,)®"(T,)8(X)}
+(1—a)Tr {®'(Y)®(T,)2"(T,)2(Y)}
=aTr {®(T,)®"(T,)®(X)®"(X)}
+(1-a)Tr{®(T,)®"(T,)®(Y)®"(Y)}
=aTr {®(T,)®"(T,)®(X)®"(X)}
+(1 - ) Tr {®(T,)®"(T,)®(Y)®"(Y)®(T,)®"(T,)}

540 Now, consider the projection

D(Y) =Mpx)2(Y) = &(X)2H(X)®(Y) (A.13)

Since the matrix ®(T,.)®"(T,) projects onto a subspace of C(®(X)), then
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®(T,)®"(T,)®(Y) = &(T,)®"(T,)®(Y) and thus,

T(W,) =aTr {®(T,)®"(T,)®(X)®"(X)}
+(1- ) e {®(T,)@7(T,)$(Y)& (Y)®(T,)®(T,) }
—aTr {®(T,)®"(T,)®(X)d"(X)}

~T

+(1—a)Tr {@(T,.)@T(TT)@(Y)‘I’ (Y)}

=Tr {@(TT)QT(TT)Q(G)} = Tr {@T(T,.)Q(G)é(Tr)}

with ®(G) = a®(X)®"(X) + (1 — a)@(Y)‘f'T(Y). As a consequence,
Y (W,) is maximized when T, is selected such that ®(T,) contains the 4r

545 first right eigenvectors of ®(G). Notice that these structured eigenvectors

exist since, from Property it follows that
®"(T,)®(G)®(T,) = ®(D) ifand only if TIGT,=D (A.14)

with D a diagonal matrix and thus, T, contains the first r right eigen-
vectors of G. Moreover, since ®(Y) = ®(Y) with Y = XX*Y, then
G =aXX"i 4 (1-a)YYH

550 Finally, by minimizing the loss function: ||T, — XW..||, we get W, =
X*T,.

2. The matrix function that we have to optimize can be rewritten as

T(W,) =Tr {®(T,)®"(T,)®(G)}

=Tr {®"(W,)®"(X)®(G)®(X)®(W,)}

with ®(G) = a®(X)®"(X) + (1 — a)®(Y)®"(Y) and G = oXX" 4 (1 —

a)YYH
555 From Property it follows that
T(W,) = Tr {@7(W,) (2" (X) 2 (X)) @ (H) (2" (X)2(X) (W)}
(A.15)

where H = (X*X)~1/2X*GX(X"*X)~!/2. Note that H can be rewritten
as (25)). Thus, the result holds.
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3. By minimizing the loss functions: [|X — T,PY|| and ||Y — T,Qf|.

4. Y =My, Y =T, T, Y =XW,T}Y.
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