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1.- Introduction 

The Power Flow (PF) problem supposes some important numerical challenges. One of 

the most studied is the PF solution of ill-conditioned systems. Nowadays, ill-conditioned 

cases appear very frequently [1], which has recently motivated many research efforts 

focused on the solution of this kind of cases. Most of these works have been conducted 

on the solution of large scale ill-conditioned systems. These systems entail important 

difficulties since, along an acceptable numerical robustness, a high degree of 

computational efficiency is demanded in order to properly handle large vectors and matrix 

computations. After a careful review of the available literature, the authors consider that 

the efficient solution of large scale ill-conditioned systems is still an open topic. 

PF problem finds numerous applications such as power system planning, operation or 

security analysis [2]. The first PF formulations were treated in the mid 50’s [3]. The most 

standard PF solution based on Newton’s technique was proposed [4]. Posteriorly, the 

intrinsic decoupling characteristics of the PF equations were exploited [5, 6], in order to 

develop a very efficient solver. However, this kind of technique presents a poor behaviour 

in distribution or stressed systems. On the other hand, various second order 

methodologies have been also explored [7]. The so-called DC Power Flow [8], has been 

widely used in some power system applications like security analysis. It exploits a linear 

approximation of the PF equations in order to obtain a solution directly without needing 

an iterative procedure. However, this kind of technique does not solve the reactive power 

problem, which is not arguable in some problems like Voltage Stability Analysis. 

Nevertheless, very recent works has aimed to overcome this drawback [9, 10]. The High 

order Newton-like methods have been extensively studied for solution of nonlinear 

systems [11, 12], however, its application for PF analysis has not been fully studied yet. 



Finally, the authors refer the interested reader to the recent critic review [13], for a further 

analysis of the state of art of Newton-based PF solvers. 

Alternatively, different PF formulations have been proposed and investigated. In [14], 

a novel formulation based on current injection approach was developed and posteriorly 

embellished in [15]. This formulation is interesting since the most of elements of Jacobian 

matrix are constant and the computation time is fast. However, the PF equations tend to 

be worse conditioned when they are raised in current injections form, consequently, this 

approach is not suitable for ill-conditioned cases. Kamel et al proposed a hybrid current-

power mismatch formulation in [16]. It aims at taking advantage of the two approaches. 

The PF equations were posed in dq coordinates in [17, 18]. More recently, the complex 

form of the PF equations has been studied in [19]. 

The so-called ill-conditioned systems pose some numerical challenges for most of 

conventional PF solution methods. Typically, ill-conditioning of the PF equations is 

propitiated by large R/X ratios or when the loading level of the system approaches its 

Maximum Loadability point (MLP). Nevertheless, it is difficult to discern if a power 

network is naturally ill-conditioning by just measure these factors. During this work, we 

have followed the definition of ill-conditioned system provided by Milano in [20], which 

is provided below. 

Definition 1. Ill-conditioned system: a power system case will be called ill-conditioned 

(or ill-posed) if, despite its solution exists, it is not reachable using the Newton-Raphson 

method (NR) and a flat start (e.g. all load voltage magnitudes equal to 1 and all voltage 

angles equal to 0). 

The solution of ill-conditioned cases was initially tackled by Sasson et al [21], 

Iwamoto and Tamura [22] and other authors by developing methodologies based on the 

“optimal multiplier approach” [23]. This kind of techniques are quite robust and barely 



affected by the starting guess. However, they have been reported very slow in some 

references (see e.g. [12]). The optimal multiplier-based techniques have been profusely 

used for miscellaneous PF related tools. For example, in [24, 25], this kind of techniques 

are considered for managing with unsolvable cases, proposing measures for restoring the 

solvability of the system. On the other hand, the optimal multiplier-based PF solution 

methods have been used for calculating the low voltage solutions of the PF equations [26] 

and for facing some important challenges related with the PF calculation such as 

automatic controls, heavy load, or problematic contingency, among others [27].  

Ajjarapu and Christy proposed the well-known Continuation Power Flow [28], in 

order to avoid the difficulties experienced by Newton-like methods in the vicinity of 

MLP. This tool has found multiple applications in voltage stability analysis, however, it 

has not been profusely used for PF solution due to its low degree of efficiency. 

Alternatively, the singularity of the Jacobian matrix at turning points may be avoided 

using the Regularization or Levenberg-type methods [29, 30]. Nevertheless, this kind of 

techniques may occasionally converge to a value which is not actually a valid solution 

for the PF equations [31]. 

On the basis of the Continuous Newton’s method [32], any numerical technique (e.g. 

the family of Runge-Kutta formulas) can be considered for PF solution. This idea was 

firstly exploited by Milano in [20] and posteriorly by the authors in [33-35]. This kind of 

methods are robust enough to be used in most of ill-conditioned cases, nevertheless, they 

are inefficient to be widely employed in large scale systems. In addition, although wider 

convergent than NR, they are still sensitive to the starting guess. 

The PF problem may also be raised as an artificial dynamic system, and be solved 

using integration techniques like the ode routines of Matlab. This idea has been exploited 

in several references [1, 36]. The resulting dynamic paradigm is barely affected by the 



initial point, however, it is computationally expensive and no tractable in large scale 

systems. 

As deduced from the literature review, most of available robust PF solution methods 

are in fact not efficient enough to be widely used in large scale systems. This is an 

important drawback since this aspect has limited the application of this kind of solvers in 

industry applications, where the efficiency turns out to be a critical aspect especially for 

online applications. Taking into account that ill-conditioned systems are becoming more 

frequent [1], it is suitable to develop robust PF solvers efficient enough to be considered 

for industry tools. This paper aims at filling this gap by proposing a robust and efficient 

PF solver inspired by the Romberg’s integration scheme [37]. Although the proposed PF 

method is based on a numerical integration technique, it presents some important 

differences with respect those techniques derived from the Continuous Newton’s method 

[20] (See Section 3.4). 

Stability and fixed points of the developed solver are analysed. Moreover, several large 

scale ill-conditioned systems under different demand scenarios serve to show the 

performance of the proposed method, which is compared with other available techniques.  

Remainder of this paper is organized as follows. Section 2 outlines the necessary 

background. The developed PF solver is deeply described in Section 3. An illustrative 

example is considered for describing the developed solution procedure and check its 

effectiveness in Section 4. Section 5 presents various numerical experiments with results. 

Finally, the main conclusions are duly drawn in Section 6. 

2.- Background 

2.1.- PF problem and its solution using NR 



In their most general form, the PF equations are established as a set of 𝑛 nonlinear 

algebraic equations as follows: 

𝐠(𝒙) = 𝟎 (1) 

where, 𝐠: ℝ𝑛 ⟼ ℝ𝑛 are the PF equations, which in polar coordinates are given by: 

𝐠(𝒙) = {
𝐠𝑷, For all buses
𝐠𝑸, For PV buses

 (2) 

𝑔𝑃𝑖
= 𝑃𝑖

𝑠𝑐ℎ − ∑ |𝑉𝑖|
𝑛
𝑗=1 |𝑉𝑗||𝑌𝑖𝑗| cos(𝜃𝑖𝑗 − 𝛿𝑖 + 𝛿𝑗) (3) 

𝑔𝑄𝑖
= 𝑄𝑖

𝑠𝑐ℎ − ∑ |𝑉𝑖|
𝑛
𝑗=1 |𝑉𝑗||𝑌𝑖𝑗| sin(𝜃𝑖𝑗 − 𝛿𝑖 + 𝛿𝑗) (4) 

where, 𝑃𝑖
𝑠𝑐ℎ ∈ ℝ and 𝑄𝑖

𝑠𝑐ℎ ∈ ℝ are the active and reactive power injected at 𝑖𝑡ℎ bus, 

respectively. 𝑉𝑖∠𝛿𝑖 ∈ ℂ is the complex voltage at 𝑖𝑡ℎ bus. 𝑌𝑖𝑗∠𝜃𝑖𝑗 ∈ ℂ is the 𝑖𝑗𝑡ℎ element 

of the admittance matrix. In polar coordinates, the voltage angles at PQ and PV buses 

along the voltage magnitudes at PQ buses constitute the unknowns. Thus, the PF state 

vector 𝒙 ∈ ℝ𝑛 may be written as follows: 

𝒙 = [𝜹𝑷𝑽, 𝜹𝑷𝑸, 𝑽𝑷𝑸]
𝑇
 (5) 

where, 𝜹𝑷𝑽 ∈ ℝ𝑛𝑔  is the vector of voltage angles at PV buses, 𝜹𝑷𝑸 ∈ ℝ𝑛𝑔 is the vector of 

voltage angles at PQ buses and 𝑽𝑷𝑸 ∈ ℝ𝑛𝑙 is the vector of voltage magnitudes at PQ 

buses. On the other hand, 𝑛𝑔 ∈ ℕ and 𝑛𝑙 ∈ ℕ represent the total number of PV and PQ 

buses, respectively. 

Solution of the set of equations (1) using NR leads to the following iterative map: 

𝒙(𝑘+1) = 𝒙(𝑘) − [𝐠′(𝒙(𝑘))]
−1

𝐠(𝒙(𝑘)) (6) 

where, the superindexes indicate the iteration counter and 𝐠′ = ∇𝒙𝐠 ∈ ℝ𝑛×𝑛 is the 

Jacobian matrix of the PF equations. 

2.2.- Romberg’s Integration Scheme 



In this Section, let us briefly outline the main aspects related to the Romberg’s 

Integration Scheme. To do that, a generic integral over the interval [𝑎, 𝑏] is considered 

(namely ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
). The Romberg’s method solves this problem by making up a 

particular linear combination of its values obtained by different numerical grids. During 

this stage, the variables are recursively refined for, posteriorly, making use of the 

Richardson’s Extrapolation formula [38]. Then, the result of this step comes back to the 

first stage defining a recursive loop, which is repeated until a desired level of accuracy is 

achieved. The main steps of the Romberg’s integration scheme for solving the integral 

∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 are summarized in Fig. 1. 

 
Fig. 1 Flowchart of Romberg’s Integration method 

3.- Proposed PF solver 

3.1.- Foundations and Formulation 

A nonlinear equation is occasionally assimilated as an integral problem, actually, the 

Newton’s map (6) can be deduced from this approach (see [39]). Then, one can 

immediately guess that any numerical integration routine could be fully exploited for 

solving the PF equations (1). This Section is devoted on explaining a PF solver based on 

the Romberg’s Integration scheme described in Section 2.2. Firstly, let us define for 

convenience: 

𝝓(𝒖, 𝒗) = −[𝐠′(𝒖)]−1𝐠(𝒗) (7) 

Refinement of 

variables

Richardson’s

Extrapolation
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where, 𝒖, 𝒗 ∈ ℝ𝑛 are arbitrary vectors. One should note that, in the case of 𝒖 = 𝒗 = 𝒙, 

equation (7) takes the form of the Newton’s increment vector (6). 

Considering 𝒙(𝑘) the initial point of the interval under study (i.e. the point 𝑎 by 

assimilating with the procedure described in Section 2.2), the other extreme point of this 

interval is calculated as follows: 

𝒃 = 𝒙(𝑘) + 𝐻𝝓(𝒙(𝑘), 𝒙(𝑘)) (8) 

where, 𝐻 ∈ ℝ+ is a discrete step size. Equation (8) says that our considered interval will 

be [𝒙(𝑘), 𝒃], where 𝒃 corresponds with the increment of the PF state vector using NR with 

a step size 𝐻 such as it is described in Fig. 2 for the case of 𝑛 = 1. 

 
Fig. 2 This figure describes how the extreme 𝒃 is calculated using a step size-based Newton’s 

method (one should note that this figure describes the one variable case) 

Now, following the Romberg’s procedure, the vector of variables 𝒙 can be refined by 

evaluating it at different points. This is achieved as follows: 

𝒄𝑗 = 𝒄𝑗−1 + ℎ𝑗 ∑ 𝝓(𝒙(𝑘), 𝒄𝑙)
𝑗−1
𝑙=0 , with 𝒄0 = 𝒙(𝑘) (9) 

where: 

ℎ𝑗 =
ℎ𝑗−1

2𝑗−1⁄ , with ℎ1 = 𝐻 (10) 

Basically, equation (9) defines a recursive loop which the variables are evaluated using 

different fine discrete steps namely ℎ𝑗 . Clearly, some criterion should be considered for 

finalizing the loop described by (9). For the Romberg’s method, the accuracy of the 

results obtained is used for breaking this recursive algorithm, we have attended in this 
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case to computational aspects. One should note that, each step of the recursive formula 

(9), a function evaluation, a vector sum and a linear system solution have to be computed. 

Therefore, more steps hopelessly entail higher computational burden. In this case, we 

propose to interrupt this loop when 𝑗 = 𝑁, where 𝑁 ∈ ℕ is a predefined parameter. 

Finally, we apply the Richardson’s Extrapolation between 𝒃 and 𝒄𝑁 such as it is 

defined in [40]: 

𝒙(𝑘+1) =
1

𝑟𝜓−1
(𝑟𝜓𝒄𝑁 − 𝒃) (11) 

where, 𝑟, 𝜓 ∈ ℝ. It is worth noting that, unlike to the Romberg’s standard procedure, we 

simply apply the Richardson’s Extrapolation once, without defining a recursive formula 

with the loop (9). Simulation results show that this approach is normally enough to obtain 

a good approximation of the PF solution (namely 𝒙∗ such that 𝐠(𝒙∗) = 𝟎). Consequently, 

this approach is recommended in order to reduce as much as possible the computational 

cost of the proposed algorithm. Fig. 3 summarized the main steps involved in the 

proposed PF solver inspired by the Romberg’s Integration method.  

 

Fig. 3 Main steps of the developed PF solver 

3.2.- Computational Implementation 

Resulting algorithm described in Section 3.1 presents various degrees of freedom. 

While 𝑟 and 𝜓 can be tuned following the guidelines provided in [40], and do not need to 
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be updated during the iterative procedure, we recommend to establish some updating 

mechanism for 𝐻 and 𝑁. 

It is worth noting that both 𝐻 and 𝑁 have a direct impact on the overall performance 

of the proposed algorithm. Thus, the larger 𝐻 should imply the faster convergence, 

however, it may compromise the numerical stability of the method. On the other hand, 

high values of 𝑁 should entail more accurate results and, consequently, a high degree of 

robustness, nevertheless, a higher computational burden is obtained as counterpart as we 

discussed before. 

Intuitively, one can guess that a large value of 𝝓 may affect the numerical stability of 

the method. In fact, the step size 𝐻 is introduced in (8) for counteracting this effect. This 

idea suggests the following rule for updating the step size: 

𝐻 = max (0.1, min (‖𝝓(𝒙(𝑘), 𝒙(𝑘))‖
∞

−1
, 1)) (12) 

By rule (12), we aim to tune 𝐻 inversely proportional to 𝝓. In this case, we have 

empirically bounded 𝐻 to the range [0.1, 1], in order to avoid too short or too large values 

of this parameter. 

In the case of 𝑁, let us consider that this value is initialized in a sufficiently high value. 

Then, it can be updated by the following simple rule: 

if ‖𝐠(𝒙(𝑘+1))‖
∞

< ‖𝐠(𝒙(𝑘))‖
∞

 (13a) 

then  𝑁 ← max(𝑁 − 1, 1) (13b) 

With the aim of reducing the overall computational cost as much as possible, 𝑁 is 

progressively reduced as the algorithm properly progresses. In this case, ‖𝐠‖∞ has been 

taken as index for determining if the algorithm is successfully converged. 

Finally, taking into account the rules (12) and (13), the proposed algorithm for solving 

the PF equations using the developed PF solver is summarized in Algorithm 1 using 



pseudocode, and Fig. 4 in form of flowchart. In this case, we consider that the procedure 

has failed if the iteration counter surpasses a predetermined threshold namely 𝑘max. 

Algorithm 1: Developed PF solver based on the Romberg’s Integration Scheme 

1: Let 𝒙(0), 𝜀, 𝑘max, 𝑁, 𝑟 and 𝜓 be given 

2: Initialize iteration counter 𝑘 = 0 

3: while ‖𝐠(𝒙(𝑘))‖
∞

≥ 𝜀 do 

4:   𝐻 ←Solve (12) # Update the step size 

5:   Solve (8) # Calculate b 

6:   𝑗 = 1 

7:   for 𝑗 = 1: 𝑁 do # Romberg’s loop 

8:     Solve (9) 

9:   end do 

10:  Solve (11) # Richardson’s Extrapolation 

11:  if ‖𝐠(𝒙(𝑘+1))‖
∞

≥ 𝜀 then 

12:   if 𝑘 = 𝑘max then 

13:    break # Fail 

14:   end if 

15:   if ‖𝐠(𝒙(𝑘+1))‖
∞

< ‖𝐠(𝒙(𝑘))‖
∞

 then 

16:     𝑁 ← Solve (13) 

17:   end if 

18:  end if 

19:  𝑘 ← 𝑘 + 1 

20: end do 

21: return solution 𝒙(𝑘) 

  



 

Fig. 4 Flowchart of the developed PF solver 

3.3.- Computational burden 

The factorization of the Jacobian matrix typically supposes the heaviest computational 

part of any PF calculation [20]. Iterative procedure described in Algorithm 1 only requires 

a factorization each iteration, while remainder calculations are mainly vector sums, 

function evaluations and linear systems solutions, which can be, generally, efficiently 

addressed. 

3.4.- Main differences with the solvers based on the Continuous Newton’s method 
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Since the developed PF solver is inspired by the Romberg’s scheme, one may obtain 

the misleading conclusion that the proposed algorithm is in fact based on the Continuous 

Newton’s method. However, several differences with respect to this kind of solvers may 

be observed. 

 Those methodologies based on the Continuous Newton’s method, are mainly 

devoted on integrating the following function (see [20, 33-35]): 

𝐟(𝒖) = −[𝐠′(𝒖)]−1𝐠(𝒖) (14) 

While the developed technique is mainly devoted on integrating (7).  

 A direct consequence of the preceding point is the higher degree of efficiency 

showed by the developed solver with respect the techniques considered in [20, 

33-35]. Thus, while the proposed method only requires a factorization each 

iteration, those techniques based on the Continuous Newton’s method require as 

many factorizations as function (14) evaluations. 

 The techniques based on the Continuous Newton’s method are conceived by 

mimicking the original structure of the numerical integration method under study. 

Oppositely, our method has been developed by modifying the standard 

Romberg’s procedure. Therefore, the proposed PF solver should be considered 

inspired by the Romberg’s integration scheme rather than established by directly 

adapting a numerical integration routine. 

On the basis of the exposed differences, the developed PF solution method should be 

considered original rather than based on the Continuous Newton’s method. 

3.5.- Fixed Points of the proposed solver 

Since the developed method based on the Romberg’s scheme is devoted on solving the 

PF equations (1), it is expected from the PF solution (namely 𝒙∗ such that 𝐠(𝒙∗) = 𝟎) to 



be a fixed point of the developed algorithm. The following Theorem demonstrates that 𝒙∗ 

is a fixed point of the developed iterative procedure and, consequently, the proposed 

solver constitutes a PF solution method. 

Theorem 1. Fixed points of the developed algorithm: let 𝒙∗ be a solution of (1) such that 

𝐠(𝒙∗) = 𝟎. Then, 𝒙∗ is a fixed point of the iterative solution procedure described by the 

Algorithm 1. 

Proof. Evaluating (8) at 𝒙∗ one obtains: 

𝒃|𝒙∗ = 𝒙∗ + 𝐻𝝓(𝒙∗, 𝒙∗) = 𝒙∗ (15) 

While for (9) we have: 

𝒄1|𝒙∗ = 𝒙∗ + 𝐻𝝓(𝒙∗, 𝒙∗) = 𝒙∗                               

𝒄2|𝒙∗ = 𝒙∗ + 𝐻
2⁄ [𝝓(𝒙∗, 𝒙∗) + 𝝓(𝒙∗, 𝒙∗)] = 𝒙∗

⋮                                                                                      
𝒄𝑁|𝒙∗ = 𝒙∗ + ∑ 𝝓(𝒙∗, 𝒙∗) = 𝒙∗                       𝑁−1

𝑗=0

 (16) 

Finally, evaluating (11) at 𝒙∗: 

𝒙(𝑘+1)|
𝒙∗ =

1

𝑟𝜓−1
(𝑟𝜓𝒙∗ − 𝒙∗) = 𝒙∗ (17) 

Which completes the proof. □ 

3.6.- Stability Analysis 

Firstly, let us introduce the following definitions. 

Definition 2. Hyperbolic point: let 𝐆 = 𝒙(𝑘+1) − 𝒙(𝑘) be the dynamic system associated 

with an iterative procedure. Then, 𝒙∗ such that 𝐠(𝒙∗) = 𝟎 is an equilibrium point of this 

system. In addition, 𝒙∗ is called hyperbolic point if and only if all the eigenvalues 

associated with the Jacobian of 𝐆 at the equilibrium point have a nonzero real part.  

Definition 3. Hyperbolic point asymptotically stable: let 𝐆 = 𝒙(𝑘+1) − 𝒙(𝑘) be the 

dynamic system associated with an iterative procedure. If 𝒙∗ such that 𝐠(𝒙∗) = 𝟎 is a 



hyperbolic point of this system, it is said to be asymptotically stable (or sink), if all the 

eigenvalues associated with the Jacobian of 𝐆 at 𝒙∗ have a negative real part. 

Definition 4. Type-m equilibrium point: let 𝒙∗ be hyperbolic equilibrium point of the 

system 𝐆 = 𝒙(𝑘+1) − 𝒙(𝑘) associated with an iterative procedure. Then, 𝒙∗ is said to be 

type-m if the Jacobian associated with 𝐆 at 𝒙∗ has exactly m eigenvalues with a positive 

real part. 

From the Definitions 2-4 one expects from the PF solution 𝒙∗ to be a type-0 

equilibrium point for the iterative procedure described by the Algorithm 1. The following 

Theorem demonstrates that 𝒙∗ such that 𝐠(𝒙∗) = 𝟎 is a type-0 solution of the proposed 

solver. 

Theorem 2. Stability of the developed method: let 𝒙∗ be a PF solution such that 𝐠(𝒙∗) =

𝟎, then, it is a type-0 equilibrium point for the iterative procedure described in the 

Algorithm 1 if the following: 

𝐻 [
𝑟𝜓(2𝑁−1−1)

2𝑁−1(𝑟𝜓−1)
+ 1] > 0 (18) 

holds. 

Proof. Let us rewrite (11) as follows: 

𝒙(𝑘+1) =
1

𝑟𝜓−1
[𝑟𝜓 (𝒙(𝑘) + 𝐻 ∑

1

2𝑗−1 𝝓(𝒙(𝑘), 𝒄𝑗)𝑁−1
𝑗=0 ) − 𝒙(𝑘) − 𝐻𝝓(𝒙(𝑘), 𝒙(𝑘))] (19) 

Reordering (18): 

𝒙(𝑘+1) = 𝒙(𝑘) +
𝐻

𝑟𝜓−1
[−𝝓(𝒙(𝑘), 𝒙(𝑘)) + 𝑟𝜓 ∑

1

2𝑗−1 𝝓(𝒙(𝑘), 𝒄𝑗)𝑁−1
𝑗=0 ] (20) 

Taking into account that 𝝓(𝒙(𝑘), 𝒄0) = 𝝓(𝒙(𝑘), 𝒙(𝑘)): 

𝒙(𝑘+1) = 𝒙(𝑘) +
𝐻

𝑟𝜓−1
[(𝑟𝜓 − 1)𝝓(𝒙(𝑘), 𝒙(𝑘)) + 𝑟𝜓 ∑

1

2𝑗−1 𝝓(𝒙(𝑘), 𝒄𝑗)𝑁−1
𝑗=1 ] (21) 

At this point, the dynamic system associated with the developed solver may be written as 

follows: 



𝐆 = 𝐻 [𝝓(𝒙(𝑘), 𝒙(𝑘)) +
𝑟𝜓

𝑟𝜓−1
∑

1

2𝑗−1
𝝓(𝒙(𝑘), 𝒄𝑗)𝑁−1

𝑗=1 ] (22) 

Evaluating the Jacobian associated with 𝝓(𝒙, 𝒙) and 𝝓(𝒙, 𝒄𝑗) at equilibrium point, one 

obtains: 

∇𝒙𝝓(𝒙, 𝒙)|𝒙∗ = −∇𝒙[𝐠′(𝒙∗)]−1𝐠(𝒙∗) − [𝐠′(𝒙∗)]−1𝐠′(𝒙∗) = −𝑰 (23) 

∇𝒙𝝓(𝒙, 𝒄𝑗)|
𝒙∗ = −∇𝒙[𝐠′(𝒙∗)]−1𝐠 (𝒄𝑗|

𝒙∗) − [𝐠′(𝒙∗)]−1𝐠′ (𝒄𝑗|
𝒙∗) = −𝑰 (24) 

where 𝑰 ∈ ℝ𝑛×𝑛 is the identity matrix. Therefore, we finally obtain: 

∇𝒙𝐆|𝒙∗ = −𝐻 [𝑰 +
𝑟𝜓(2𝑁−1−1)

2𝑁−1(𝑟𝜓−1)
𝑰] (25) 

Which completes the proof. □ 

4.- An illustrative example 

In order to fully describe the developed PF solver, let us consider an illustrative 2-bus 

example which is showed in Fig. 5. This case will be solved using the procedure described 

in Algorithm 1, taking 𝜀 = 10−3, 𝑟 = 2 and 𝜓 = 8. On the other hand, the parameter 𝑁 

is initialized equal to 2. 

 

Fig. 5 An illustrative 2-bus example 

The iterative procedure is initialized from a flat start, therefore, one has: 

𝒙(0) = [0, 1]𝑇 (26) 

𝐠(𝒙(0)) = [0.1, 0.05]𝑇 (27) 

The very first step consists of calculating the increment vector 𝝓 and initializing 𝐻 

using (7) and (8), respectively. From this step, one obtains: 

𝝓(𝒙(0), 𝒙(0)) = [−0.01, −0.005]𝑇  (28) 

𝐻 = 1 (29) 

1 1 0º puV  
12 0.1puY j

2 0.1 0.05S j MVA 

+



Now, the vector 𝒃 can be calculated using (8), thus, the following value is obtained: 

𝒃 = [−0.01, 0.995]𝑇 (30) 

Next, the algorithm evolves within the so-called Romberg’s loop, for recursively 

refining the vectors 𝒄𝑗  using (9). In this case, the following values are obtained. 

𝒄0 = 𝒙(0) = [0, 1]𝑇 (31) 

𝒄1 = 𝒙(0) = [−0.015, 0.9925]𝑇 (32) 

𝒄2 = 𝒙(0) = [−0.0163, 0.9918]𝑇 (33) 

Finally, the state vector is updated using the Richardson’s Extrapolation (11). From 

this step, one obtains: 

𝒙(1) = [−0.015, 0.9925]𝑇 (34) 

Now, the convergence criterion is checked as follows: 

𝐠(𝒙(1)) = [−0.0493, −0.0238]𝑇 (35) 

‖𝐠(𝒙(1))‖
∞

= 0.0493 (36) 

As (36) is greater than 𝜀, more iterations have to be computed. Finally, the developed 

method achieves a solution within the required convergence tolerance at second iteration: 

𝒙(2) = [−0.010, 0.9949]𝑇 (37) 

5.- Numerical Experiments 

Several numerical experiments serve to show the performance of the developed 

method. The following PF solvers are used hereinafter for comparison purposes: 

 Standard NR in polar coordinates. 

 The Optimal Multiplier-based PF solver in polar coordinates such it was described 

in [23] (OMP). 



 The High-Order Levenberg-Marquadt method (HOLM) [29]. In this case, in order 

to obtain a good performance from this technique, the so-called damping factor 

has been updated according to ‖𝐠‖∞
1.3 

 The Reverse-Bulirsch-Stoer solver (RBS) [34]. The parameters involved within 

this iterative procedure has been adjusted according to the guidelines provided in 

[34]. 

 The Richardson-based PF solution technique [40]. For this technique, 𝑟 = 2 and 

𝜓 = 8 in order to get an optimal performance. In addition, the step size has been 

updated according to rule (12), with the aim of being straightforward compared 

with the proposed method. 

 The developed Romberg-based methodology using the iterative procedure 

described in the Algorithm 1. In order to be properly compared with the other 

solvers, 𝑟 = 2 and 𝜓 = 8 have been considered. In addition, the parameter 𝑁 has 

been initialized equal to 4. One can check that the condition (18) holds with these 

values. 

All considered techniques have been coded in Matpower [41]. Moreover, 𝜀 = 10−5 

and 𝑘max = 2000 have been taken. We consider this value of 𝑘max suitable for only 

discriminating the divergence cases. Finally, all simulations have been initialized using a 

flat start. 

In order to validate the solutions reported, it has been compared with the correct one 

obtained with NR using the default starting point provided within Matpower. Thus, a 

solution is considered inaccurate if it differs from the correct one greater than 0.01. In this 

regard, instead of considering the low voltage solution an inaccurate value, these cases 

have been properly differentiated. 

5.1.- Studied Systems 



The following large scale ill-conditioned systems have been considered: 

 The 3012-, and 3374-bus snapshots of the Polish Transmission system at winter 

2007-08 evening peak [42] (case3012wp and case3375wp, respectively). 

 The 13659-bus portion of the European Transmission system from the EU Pegase 

project [42-44] (case13659pegase). 

Table 1 summarizes the main characteristics of the tested cases. 

Table 1 Main characteristics of the studied systems 

 case3012wp case3375wp case13659pegase 

Buses 3012 3374 13659 

Branches 3572 4161 20467 

Generators 502 596 4092 

Load 
MW 27169 48363 381431 

MVar 10200 19527 98523 

𝑛 5725 6355 23225 

 

5.2.- Convergence rates for base cases 

The total number of iterations required by a PF solver is typically used for comparing 

different techniques. Table 2 reports the iterations required by the tested methods for base 

cases. 

Table 2 Total Iterations for Base Cases 
Method case3012wp case3375wp case13659pegase 

NR Fail Fail Fail 

OMP 367 350 48† 

HOLM 14 13 32 

RBS 13 13 14 

Richardson 30 31 38 

Romberg 6 6 9 
†: Low Voltage Solution 

As expected, NR failed in all studied systems. OMP converged to the high voltage 

solution in the case3012wp and case3375wp, while it found the low voltage value in the 

case13659pegase. Remainder techniques converged to the high voltage solution in all 

considered cases. 



OMP and Richardson typically required many iterations for converging. HOLM 

employed a reasonable number of iterations in the case3012wp and case3375wp, however 

it needed 32 iterations in the largest case. RBS required 13-14 iterations while the 

developed PF solver was the most competitive technique employing just 6-9 iterations 

for obtaining the high voltage solution in all studied cases. 

Fig. 6 shows the voltage magnitudes calculated by the developed PF solution method. 

In this figure, the maximum error with respect to the correct solution of each system is 

also shown. As observed, the results obtained by the developed method are very accurate. 

 

Fig. 6 Voltages calculated by the developed method and the maximum error with respect to the 

correct solution for the case3012wp (a), case3375wp (b) and case13659pegase (c) 

Fig. 7 plots the convergence profiles for base cases. As can be seen, the proposed 

solver does not perform acceptably at first iterations, when other solvers showed lower 

residual. This corresponds with short values of 𝐻. However, when the step size turns 

large, the PF solver based on the Romberg’s scheme quickly converges. It is worth noting 

that in the studied cases NR normally failed due to it exhibits an oscillatory pattern. 

  

(a) (b) (c)



  
Fig. 7 Convergence profiles for base cases 

5.3.- Convergence rates with reactive limits 

Now, let us consider the scenario which the generators’ reactive limits are enabled. To 

consider this point, the strategy described in [40] has been incorporated within the 

considered PF methods. Table 3 provides the total iterations required in this scenario. 

More iterations compared with the base cases are typically required due to several PF 

problems have to be solved for obtaining a feasible solution. Nevertheless, similar 

conclusions as for the base cases can be also drawn in this scenario. 

Table 3 Total Iterations with Reactive Limits 
Method case3012wp case3375wp case13659pegase 

NR Fail Fail Fail 

OMP 777 765 85† 

HOLM 20 20 35 

RBS 29 32 24 

Richardson 56 61 55 

Romberg 14 18 14 
†: Low Voltage Solution 

5.4.- Convergence rates for limit cases 

Now, we shall to study how the loading level affects the overall performance of the 

tested methods. To do that, the active and reactive powers injected at PQ buses along the 

reactive powers injected at PV buses have been increased by multiplying them by a real 

factor namely 𝜆 ∈ ℝ+. Fig. 8 plots the total iterations for different loading levels. As 

observed, the developed method was more competitive than the other techniques. 



 

Fig. 8 Total iterations for different loading levels for the case3012wp (a), case3375wp (b) and 

13659pegase (c) 

Next, the considered PF methods have been tested in a more stressful scenario which 

the loading level of the studied systems has been increased until close to the MLP. Thus, 

loading levels of the studied systems have been progressively increased in steps up to the 

fourth decimal until all considered methods failed for converging. Them, the immediately 

lower value of 𝜆 is taken. As example, for the case3012wp we have taken 𝜆 = 1.2734 

since 𝜆 = 1.2735 gives rise divergence. Table 4 reports the total iterations for this 

scenario. 

Table 4 Total Iterations for Limit Cases 

Method 
case3012wp 

𝜆 = 1.2734 

case3375wp 

𝜆 = 1.1586 

case13659pegase 

𝜆 = 1.0017 

NR Fail Fail Fail 

OMP 370 348 48 

HOLM 46 47 163‡ 

RBS 13 13 Fail 

Richardson 30 31 36 

Romberg 11 10 9 
‡: Inaccurate Solution 

In this case, RBS and HOLM successfully solved the case3012wp and case3375wp, 

however, the former failed in the case13659pegase while the latter obtained an inaccurate 

solution in this system. Remainder methods converged to the high voltage solution in all 

(a) (b)

(c)



studied cases. Despite that the developed method normally required more iterations 

compared with the base scenario, it is still the most competitive approach. 

5.5.- Solution Times 

Now, let us put our attention on the efficiency. Tables 5-7 provide the solution times 

in seconds consumed by the considered PF methods in the analyzed scenarios (i.e. Tables 

2-4 respectively). These results have been obtained on a 64-bit i5-9400F Intel Core 

personal computer (2.90 GHz, 8 GB of RAM). In order to avoid the influence of other 

computational activities, the reported results have been calculated as the average values 

of 100 simulations. As observed, the developed method was the most efficient one, 

notably outperforming the remainder techniques in all studied cases. 

Table 5 Solution Times [s] for Base Cases 
Method case3012wp case3375wp case13659pegase 

OMP 6.82 7.14 4.08† 

HOLM 0.48 0.48 6.55 

RBS 0.75 0.79 3.85 

Richardson 0.52 0.59 3.02 

Romberg 0.12 0.14 0.78 
†: Low Voltage Solution 

Table 6 Solution Times [s] with Reactive Limits 
Method case3012wp case3375wp case13659pegase 

OMP 14.61 16.08 7.19† 

HOLM 0.70 0.81 7.18 

RBS 1.78 2.27 6.75 

Richardson 0.99 1.18 4.37 

Romberg 0.28 0.41 1.23 
†: Low Voltage Solution 

Table 7 Solution Times [s] for Limit Cases 

Method 
case3012wp 

𝜆 = 1.2734 

case3375wp 

𝜆 = 1.1586 

case13659pegase 

𝜆 = 1.0017 

OMP 6.92 6.90 4.08 

HOLM 1.57 1.82 33.43‡ 

RBS 0.75 0.79 -- 

Richardson 0.52 0.59 2.87 

Romberg 0.19 0.21 0.78 
‡: Inaccurate Solution 

6.- Conclusions and Future Works 



This paper has developed a robust and efficient PF solver suitable for large scale ill-

conditioned systems. It is essentially based on the Romberg’s Integration Scheme. The 

developed method is asymptotically stable and presents a computational cost comparable 

with NR. 

Several numerical results have been analysed in order to discern the suitability of the 

developed PF solution method. Other conventional and robust techniques have been 

considered for comparison. The proposed methodology has turned out to be robust and 

efficient enough to properly manage all the studied large scale ill-conditioned cases, 

notably outperforming the remainder tested techniques. 

Due to the promising results obtained, the developed PF solution technique should be 

tested in other related tools like Security Analysis [45] or the Continuation Power Flow 

[28]. 
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