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a b s t r a c t 

The study of hesitant consistency is very important in decision-making with hesitant fuzzy 

linguistic preference relations (HFLPRs), and generally the normalization method is used as 

a tool to measure the consistency degree of a HFLPR. In this paper we propose a new hes- 

itant consistency measure, called interval consistency index, to estimate the consistency 

range of a HFLPR. The underlying idea of the interval consistency index consists of measur- 

ing the worst consistency index and the best consistency index of a HFLPR. Furthermore, 

by comparative study, a connection is shown between the interval consistency index and 

the normalization method, demonstrating that the normalization method should be con- 

sidered as an approximate average consistency index of a HFLPR. 

© 2017 Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Solving a decision problem with linguistic information implies the need for computing with words (CW) [11,23,24,35–37] .

In particular, Herrera and Martínez [14] proposed the 2-tuple linguistic representation model, which has been successfully

used in a wide range of applications (e.g., [20,21,29,31] ). In recent years, different models based on linguistic 2-tuples, such

as the proportional 2-tuple linguistic representation model [32] , the model based on the linguistic hierarchy [7,12,13] and

the numerical scale model [4,8,17] , have been presented in the literature. 

Generally, when using linguistic models in decision making problems, experts provide a single term to express their

preferences [10,14,19] . However, in some situations, experts may prefer to think of several terms at the same time to

provide their preferences instead of a single linguistic term [23,26] . 

To overcome this limitation, Rodríguez et al. [27] introduced the concept of Hesitant Fuzzy Linguistic Term Set (HFLTS) to

serve as the basis of increasing the flexibility of the elicitation of linguistic information by means of linguistic expressions.

Wei et al. [33] and Dong et al. [7] gave possibility degree formulas to compare HFLTSs and also presented two new linguistic

aggregation operators for HFLTSs. Dong et al. [3] proposed an optimization-based consensus model to minimize adjusted

simple terms in the consensus reaching process with hesitant linguistic assessments in group decision making. To clearly
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demonstrate the use of hesitant fuzzy sets in decision making, Rodríguez et al. [25,28] presented a complete review on

hesitant fuzzy sets and recent results on HFLTS. 

It is well known that quantifying consistency is a crucial issue in decision-making with preference relations [5,15,16,18] .

In this paper, we focus on the study of measuring the consistency of Hesitant Fuzzy Linguistic Preference Relations (HFL-

PRs). The two following studies detected drawbacks in quantifying the consistency of HFLPRs have led us to the following

proposals: 

(1) In [39] , Zhu and Xu studied the additive consistency measure of HFLPRs, which we call the normalization method.

The normalization method introduces a parameter to add new linguistic terms in order to construct the normalized

HFLPR. We can derive many linguistic preference relations based on a HFLPR (see Definition 10 ). However, the normal-

ization method measures several (not all) linguistic preference relations associated with a HFLPR. Thus, the internal

mechanism of the normalization method is not clear due to this partial measurement. 

(2) It is natural that the best and worst consistency degrees of the linguistic preference relations associated with the

HFLPR play an important role in analyzing the consistency of a HFLPR. However, current studies have not yet studied

the measurement of these two consistency degrees in HFLPRs. 

In order to overcome previous shortcomings, this paper develops an interval consistency index (ICI) of a HFLPR based

on the 2-tuple linguistic model. To do so, the following points are considered: 

• An optimization-based model to measure the ICI of a HFLPR is proposed. The underlying idea of the ICI consists of

measuring the worst consistency index (WCI) and the best consistency index (BCI) of a HFLPR. Besides, we propose an

approach based on the mixed 0–1 linear programming to obtain the optimum solution to the optimization-based model.

• A numerical analysis is provided to illustrate the essence of the normalized consistency index (NCI) presented in Zhu and

Xu [39] . Furthermore, by analyzing the average consistency index (ACI) of all linguistic preference relations associated

with a HFLPR, the NCI can be seen to reflect the ACI approximately. 

• Finally, the difference between the ICI and NCI (or ACI) is analyzed, and the reason for their different behaviors when

measuring the consistency degree of HFLPRs has been shown. From such analysis, it has been concluded that the com-

bined use of the ICI and NCI (or ACI) reflect better the consistency status of HFLPRs. 

The rest of the paper is organized as follows. Section 2 introduces some basic knowledge. Next, Section 3 presents

the ICI via an optimization-based approach to estimate the consistency degree in a HFLPR. Then, in Section 4 a detailed

comparative study of different consistency measures is provided. Finally, concluding remarks are included in Section 5 . 

2. Preliminaries 

In this section, we introduce the basic knowledge regarding the 2-tuple linguistic model, HFLTS, linguistic preference

relation, HFLPR and the normalization method. 

2.1. The 2-tuple linguistic model and hesitant fuzzy linguistic term set 

The basic notations and operational laws of linguistic variables were introduced in [35] . Let S = { s j | j = 0 , · · · , g } be a

linguistic term set with odd granularity g + 1 , where the term s j represents a possible value for a linguistic variable. The

linguistic term set is usually required to satisfy the following additional characteristics: 

(1) The set is ordered: s i ≤ s j if and only if i ≤ j ; 

(2) There is a negation operator: Neg(s j ) = s g− j . 

The 2-tuple linguistic representation model, presented by Herrera and Martínez [14] represents the linguistic information

by a 2-tuple (s i , α) ∈ S = S × [ −0 . 5 , 0 . 5) , where s i ∈ S and α ∈ [ −0 . 5 , 0 . 5) . Formally, let S = { s i | i = 0 , 1 , 2 , . . . , g} be a linguistic

term set and β ∈ [0, g ] be a value representing the result of a symbolic aggregation operation. The 2-tuple that expresses

the equivalent information to β is then obtained as: 

� : [0 , g] → S × [ −0 . 5 , 0 . 5) , (1) 

where 

�(β) = (s i , α) , with 

{
s i , i = round (β) 
α = β − i, α ∈ [ −0 . 5 , 0 . 5) 

. (2) 

Function � is a one to one mapping function whose inverse function �−1 : S → [0 , g] is defined as �−1 (s i , α) = i + α.

When α = 0 in ( s i , α) is then called a simple term. 

In [14] a computational model was also defined for the 2-tuple linguistic model in which different operations were

introduced: 

(1) A 2-tuple comparison operator: Let ( s k , α) and ( s l , γ ) be two 2-tuples. Then: 

(i) if k < l , then ( s , α) is smaller than ( s , γ ). 
k l 
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(ii) if k = l, then 

(a) if α = γ , then ( s k , α), ( s l , γ ) represents the same information. 

(b) if α < γ , then ( s k , α) is smaller than ( s l , γ ). 

(2) A 2-tuple negation operator: 

Neg((s i , α)) = �(g − (�−1 (s i , α))) . 

(3) Several 2-tuple aggregation operators have been developed (see [14,22] ). 

Torra [30] proposed the hesitant fuzzy sets. Based on the hesitant fuzzy sets and the fuzzy linguistic approach, the concept

of a HFLTS is introduced in Rodríguez et al. [27] , as Definition 1 . 

Definition 1. [27] Let S = { s 0 , . . . , s g } be a linguistic term set. A HFLTS, H S , is an ordered finite subset of the consecutive

linguistic terms of S . 

Definition 2. [27] Let S = { s 0 , . . . , s g } be a linguistic term set. Let H 

1 
S and H 

2 
S be two HFLTSs on S , 

(1) The intersection H 

1 
S 

⋂ 

H 

2 
S 

of H 

1 
S 

and H 

2 
S 

is defined by H 

1 
S 

⋂ 

H 

2 
S 

= { s k | s k ∈ H 

1 
S 

and s k ∈ H 

2 
S 
} ; 

(2) The union H 

1 
S 

⋃ 

H 

2 
S 

of H 

1 
S 

and H 

2 
S 

is defined by H 

1 
S 

⋃ 

H 

2 
S 

= { s k | s k ∈ H 

1 
S 

or s k ∈ H 

2 
S 
} . 

Definition 3. [27] Let H S be a HFLTS of S . Let H 

−
S 

= min 

s i ∈ H S 
( s i ) , H 

+ 
S 

= max 
s i ∈ H S 

( s i ) and en v (H S ) = [ H 

−
S 

, H 

+ 
S 

] . Then, H 

−
S 

, H 

+ 
S 

and env ( H S )

are called the lower bound, the upper bound and the envelope of H S . 

2.2. Linguistic preference relation and its consistency index 

Let A = { A 1 , A 2 , . . . , A n } (n ≥ 2) be a finite set of alternatives. When a decision maker makes pairwise comparisons using

the linguistic term set S , they can construct a linguistic preference relation L = (l i j ) n ×n , whose element l ij estimates the

preference degree of alternative A i over A j . Linguistic preference relations based on linguistic 2-tuple can be formally

defined as in Definition 4 . 

Definition 4. [1,2] The matrix L = (l i j ) n ×n , where l ij ∈ S , is called a linguistic preference relation. The matrix L = (l i j ) n ×n ,

where l i j ∈ S , is called a 2-tuple linguistic preference relation. If l i j = Neg(l ji ) for i, j = 1 , 2 , . . . , n, then L is considered

reciprocal. 

The additive transitivity is used to character the consistency of linguistic preference relations as in Definition 5 . 

Definition 5. [2,6] Let L = (l i j ) n ×n be a linguistic preference relation based on S. L is considered consistent if �−1 ( l i j ) +
�−1 ( l jk ) − �−1 ( l ik ) = 

g 
2 for i, j, k = 1 , 2 , . . . , n . 

Based on Definition 5 , the consistency index (CI) of a linguistic preference relation L can be developed using the

Manhattan distance and the Euclidean distance [1,6,8,39], respectively. 

Let ε i jk = �−1 ( l i j ) + �−1 ( l jk ) − �−1 ( l ik ) − g 
2 . Then, the CI using the Manhattan distance is defined as follows, 

CI(L ) = 1 − 2 

3 gn (n − 1)(n − 2) 

n ∑ 

i, j,k =1 

| ε i jk | (3)

The CI using the Euclidean distance is defined as follows, 

CI(L ) = 1 − 2 

3 g 

√ 

1 

n (n − 1)(n − 2) 

n ∑ 

i, j,k =1 

(ε i jk ) 2 (4)

The larger the value of CI ( L ) the more consistent L is. If CI(L ) = 1 , then L is a consistent linguistic preference relation. 

2.3. Hesitant fuzzy linguistic preference relation and the normalization method 

Based on the use of HFLTSs, Zhu and Xu [39] proposed the HFLPR as in Definition 6 . 

Definition 6. Let M S be a set of HFLTSs based on S . A HFLPR based on S is presented by the matrix H = (H i j ) n ×n , where

H ij ∈ M S and Neg(H i j ) = H ji [39] . 

When operating with HFLTSs, in order to make sure all have the same number of linguistic terms, Zhu and Xu

[39] proposed a principle for normalization: the α-normalization and the β-normalization. 

(1) α-normalization: Removes some elements of the HFLTS, which has a higher number of elements. 
(2) β-normalization: Adds some elements to the HFLTS, which has fewer elements. 
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In this paper, we discuss the β-normalization [39] although the results for the α-normalization are similar. 

Based on the β-normalization, Zhu and Xu [39] introduced a method to add linguistic terms to HFLTSs to maintain the

same number of all HFLTSs in a HFLPR (see Definitions 7 and 8 ). 

Definition 7. [39] Assume a HFLTS, H S = { H 

q 
S 
| q = 1 , . . . , # H S } . Let H 

+ 
S 

and H 

−
S 

be the maximum and minimum linguistic

terms in H S , respectively, and ς (0 ≤ς ≤ 1) be an optimized parameter, then the term H 

′ 
S 

= ςH 

+ 
S 

+ (1 − ς ) H 

−
S 

is called an

added linguistic term. 

Definition 8. [39] Let H = (H i j ) n ×n be a HFLPR and ς (0 ≤ς ≤ 1) be an optimized parameter. Using ς to add linguistic terms

in H ij ( i < j ) and 1 − ς to add linguistic terms in H ji ( i < j ), the normalized HFLPR with ς , H 

N = (H 

N 
i j 
) n ×n , can be obtained, in

which 

# H 

N 
12 

= # H 

N 
13 

= . . . = # H 

N 
1 n 

= . . . = # H 

N 
i j 

= . . . = # H 

N 
(n −2) n 

= # H 

N 
(n −1) n 

, i � = j , where # H 

N 
i j 

is the number of linguistic

terms in H 

N 
i j 

. 

Example 1. Let S be a linguistic term set which is defined as follows: 

S = { s 0 = extremely poor, s 1 = v ery poor, s 2 = poor, s 3 = sl ightl y poor, s 4 = fair, 

s 5 = sl ightl y good, s 6 = good, s 7 = v ery good, s 8 = extremely good} . 
Consider the following HFLPR: 

H = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 5 , s 6 } { s 2 , s 3 } { s 6 } 
{ s 3 , s 2 } { s 4 } { s 3 , s 4 } { s 4 , s 5 , s 6 } 
{ s 6 , s 5 } { s 5 , s 4 } { s 4 } { s 6 , s 7 , s 8 } 
{ s 2 } { s 4 , s 3 , s 2 } { s 2 , s 1 , s 0 } { s 4 } 

⎞ 

⎟ ⎠ 

. 

Suppose ς = 1 , then we can transform H into the normalized HFLPR H 

N as follows, 

H 

N = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 5 , s 6 , s 6 } { s 2 , s 3 , s 3 } { s 6 , s 6 , s 6 } 
{ s 3 , s 2 , s 2 } { s 4 } { s 3 , s 4 , s 4 } { s 4 , s 5 , s 6 } 
{ s 6 , s 5 , s 5 } { s 5 , s 4 , s 4 } { s 4 } { s 6 , s 7 , s 8 } 
{ s 2 , s 2 , s 2 } { s 4 , s 3 , s 2 } { s 2 , s 1 , s 0 } { s 4 } 

⎞ 

⎟ ⎠ 

. 

Let H 

N = (H 

N 
i j 
) n ×n be a normalized HFLPR. Let c N = # H 

N 
i j 
(i, j = 1 , 2 , . . . , n ; i � = j) be the number of linguistic terms in H 

N 
i j 

and let H 

N 
i j 

= { H 

N,ρ
i j 

| ρ = 1 , 2 , . . . , c N } be the set of all linguistic terms in H 

N 
i j 

. For example, if H 

N 
12 

= { s 4 , s 5 } , then H 

N, 1 
12 

= s 4 ,

H 

N, 2 
12 

= s 5 and c N = 2 . 

Definition 9 ( [39] ) . Assume a HFLPR H , and its normalized HFLPR H 

N with an optimized parameter ς (0 ≤ς ≤ 1). Based on

Eq. (4) , the NCI of H using the Euclidean distance is defined as follows, 

NCI(H) = 1 − 2 

3 g 

√ √ √ √ 

1 

n (n − 1)(n − 2) 
× 1 

c N 

c N ∑ 

ρ=1 

n ∑ 

i, j,k =1 

(ε i jk ) 
2 
. (5) 

where ε i jk = �−1 ( H 

N,ρ
i j 

) + �−1 ( H 

N,ρ
jk 

) − �−1 ( H 

N,ρ
ik 

) − g 
2 . 

Similarly, on the basis of Eq. (3) , the NCI of H using the Manhattan distance is 

NCI(H) = 1 − 2 

3 gn (n − 1)(n − 2) 
× 1 

c N 

c N ∑ 

ρ=1 

n ∑ 

i, j,k =1 

| ε i jk | . (6) 

The larger the value of NCI ( H ), the more consistent H is . In computing NCI , the optimized parameter ς and the optimized

NCI of H are obtained by the following model, {
max NCI(H) 
s.t. 0 ≤ ς ≤ 1 

(7) 

3. Interval consistency measure for hesitant fuzzy linguistic preference relations 

In this section, we propose an interval consistency measure via a mixed 0–1 linear programming model with the aim of

measuring the consistency degree of HFLPRs. 

3.1. The approach to obtain the interval consistency level of HFLPRs 

Before introducing the interval consistency measure, we define the concept of the linguistic preference relations

associated with a HFLPR. 
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Definition 10. Let H = (H i j ) n ×n be a HFLPR. L = (l i j ) n ×n is called a linguistic preference relation associated with H , if l ij ∈ H ij

and l i j = Neg(l ji ) . 

We denote N H as the set of all the linguistic preference relations associated with H . 

In the following, we propose an interval consistency measure to estimate the consistency degree of a HFLPR. The

underlying idea of the ICI consists in measuring the worst consistency index of the HFLPR H , denoted as WCI ( H ), and the

best consistency index of H , denoted as BCI ( H ). 

Definition 11. Let H = (H i j ) n ×n be a HFLPR and L = (l i j ) n ×n ∈ N H be the linguistic preference relations associated with H .

The ICI of H is, 

I CI (H) = [ W CI (H) , BCI (H)] (8)

The WCI of H is, 

W CI(H) = min 

L ∈ N H 
CI(L ) (9)

The BCI of H is, 

BCI(H) = max 
L ∈ N H 

CI(L ) (10)

The value WCI ( H ) is determined by its linguistic preference relation with the worst consistency degree, and the value

BCI ( H ) is determined by its linguistic preference relation with the best consistency degree. Thus, the larger the value of

WCI ( H ) and BCI ( H ), the more consistent H is. 

Following, the optimization-based model regarding WCI and BCI is constructed. 

Based on Definition 10 , L = (l i j ) n ×n ∈ N H equals {
l i j ∈ H i j 

l i j = Neg(l ji ) 
(11)

Thus, if the Manhattan distance is used (i.e., Eq. (3) ) to compute the CI of linguistic preference relations, then Eq. (9) can

be equivalently transformed into the following model (12) –(14) , 

min 

L ∈ N H 
1 − 2 

3 gn (n − 1)(n − 2) 

n ∑ 

i, j,k =1 

| �−1 ( l i j ) + �−1 ( l jk ) − �−1 ( l ik ) −
g 

2 

| (12)

s.t. l i j ∈ H i j (13)

l i j = Neg(l ji ) (14)

Similarly, Eq. (10) can be equivalently transformed into the following model (15) –(17) , 

max 
L ∈ N H 

1 − 2 

3 gn (n − 1)(n − 2) 

n ∑ 

i, j,k =1 

| �−1 ( l i j ) + �−1 ( l jk ) − �−1 ( l ik ) −
g 

2 

| (15)

s.t. l i j ∈ H i j (16)

l i j = Neg(l ji ) (17)

To solve the above optimization-based models, a mixed 0–1 linear programming to obtain the optimum consistency so-

lution is proposed. Let H = (H i j ) n ×n be a HFLPR of S , where H i j = { H 

1 
i j 
, . . . , H 

# H i j 

i j 
} . We introduce the 0–1 variables as follows,

x r 
i j 

= 

{
0 i f l i j � = H 

r 
i j 

1 i f l i j = H 

r 
i j 

i, j = 1 , 2 , . . . , n ; r = 1 , . . . , # H i j . 

Clearly, x r 
i j 

∈ { 0 , 1 } and 

∑ # H i j 

r=1 
x r 

i j 
= 1 . 

In this way, l ij ∈ H ij can be equivalently expressed by x r 
i j 

. For example, suppose H 12 = { H 

1 
12 

, H 

2 
12 

, H 

3 
12 

} = { s 1 , s 2 , s 3 } . If

{ x 1 12 , x 
2 
12 , x 

3 
12 

} = { 0 , 0 , 1 } , then l 12 = s 3 ; on the contrary, if l 12 = s 1 , then { x 1 12 , x 
2 
12 , x 

3 
12 

} = { 1 , 0 , 0 } . 
Lemma 1. For any H ij � = null and l ij ∈ H ij , �

−1 ( l i j ) = 

∑ # H i j 

r=1 
(x r 

i j 
× �−1 (H 

r 
i j 
)) , if x r 

i j 
∈ { 0 , 1 } and 

∑ # H i j 

r=1 
x r 

i j 
= 1 . 

Proof. Without loss of generality, we assume that l i j = H 

k 
i j 

∈ H i j . For x r 
i j 

∈ { 0 , 1 } and 

∑ # H i j 

r=1 
x r 

i j 
= 1 , we obtain 

�−1 (l i j ) = �−1 (H 

k 
i j 
) = x k 

i j 
× �−1 ( H 

k 
i j 
) + 

∑ # H i j 

r =1 ,r � = k ( x 
r 
i j 

× �−1 ( H 

r 
i j 
)) = 

∑ # H i j 

r=1 
( x r 

i j 
× �−1 ( H 

r 
i j 
) ) . 

As a result, �−1 ( l i j ) = 

∑ # H i j 

r=1 
( x r 

i j 
× �−1 ( H 

r 
i j 
) ) . 

This completes the proof of Lemma 1 . �
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Theorem 1. By introducing the 0–1 variable x r 
i j 

= 

{
0 i f l i j � = H 

r 
i j 

1 i f l i j = H 

r 
i j 

(i, j = 1 , 2 , . . . , n ; r = 1 , . . . ., # H i j ) . Model (12) –(14) and model

(15) –(17) can be equivalently transformed into model (18) –(22) and model (23) –(27) : 

min 1 − 2 

3 gn (n − 1)(n − 2) 

n ∑ 

i, j,k =1 

∣∣∣z i j + z jk − z ik −
g 

2 

∣∣∣ (18) 

s.t. z i j = 

# H i j ∑ 

r=1 

( x r i j × �−1 ( H 

r 
i j ) ) i, j = 1 , 2 , . . . , n (19) 

z ji = g − z i j i, j = 1 , 2 , . . . , n (20) 

x r i j ∈ { 0 , 1 } i, j = 1 , 2 , . . . , n ; r = 1 , . . . , # H i j (21) 

# H i j ∑ 

r=1 

x r i j = 1 i, j = 1 , 2 , . . . , n (22) 

and 

max 1 − 2 

3 gn (n − 1)(n − 2) 

n ∑ 

i, j,k =1 

∣∣∣z i j + z jk − z ik −
g 

2 

∣∣∣ (23) 

s.t. z i j = 

# H i j ∑ 

r=1 

( x r i j × �−1 ( H 

r 
i j ) ) i, j = 1 , 2 , . . . , n (24) 

z ji = g − z i j i, j = 1 , 2 , . . . , n (25) 

x r i j ∈ { 0 , 1 } i, j = 1 , 2 , . . . , n ; r = 1 , . . . , # H i j (26) 

# H i j ∑ 

r=1 

x r i j = 1 i, j = 1 , 2 , . . . , n (27) 

Proof. Based on Lemma 1 , we have �−1 ( l i j ) = z i j = 

∑ # H i j 

r=1 
( x r 

i j 
× �−1 ( H 

r 
i j 
) ) . The constraint z ji = g − z i j guarantees that l i j =

Neg(l ji ) . Besides, the 0–1 variable x r 
i j 

satisfies x r 
i j 

∈ { 0 , 1 } and 

∑ # H i j 

r=1 
x r 

i j 
= 1 . Thus, model (12) –(14) and model (15) –(17) can

be equivalently transformed into model (18) –(22) and model (23) –(27) . 

This completes the proof of Theorem 1 . �

Note 1. Clearly, model (18) –(22) and model (23) –(27) are both mixed 0–1 linear programming models. Thus, if the Manhat-

tan distance is used (i.e., Eq. (3) ) to compute the CI of linguistic preference relations, the ICI ( H ) can be obtained by solving

mixed 0–1 linear programming models. 

Note 2. When the Euclidean distance is used (i.e., Eq. (4) ) to compute the CI of linguistic preference relations, the interval

consistency ICI ( H ) can be obtained by solving mixed 0–1 quadratic programming models. The analysis and results in the

case of Euclidean distance are very similar to the Manhattan distance, for the sake of brevity, we have only presented the

results based on the Manhattan distance in the rest of the paper. 

3.2. Illustrative examples 

In this subsection, we provide two examples to illustrate the use of the ICI of HFLPRs. 

Example 2. Consider the HFLPR as follows, 
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H = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 2 , s 3 , s 4 } { s 5 , s 6 } { s 4 } 
{ s 6 , s 5 , s 4 } { s 4 } { s 1 , s 2 , s 3 } { s 6 , s 7 } 
{ s 3 , s 2 } { s 7 , s 6 , s 5 } { s 4 } { s 4 , s 5 } 
{ s 4 } { s 2 , s 1 } { s 4 , s 3 } { s 4 } 

⎞ 

⎟ ⎠ 

. 

To obtain the interval index of consistency of H , the following model to obtain WCI of H is constructed: ⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

min 1 − 1 
48 

∑ 4 
i< j<k 

∣∣z i j + z jk − z ik − 4 

∣∣
s.t. z i j = 

∑ # H i j 

r=1 
( x r 

i j 
× �−1 ( H 

r 
i j 
) ) i = 1 , 2 , 3 , 4 ; j = i + 1 , . . . , 4 ∑ # H i j 

r=1 
x r 

i j 
= 1 i = 1 , 2 , 3 , 4 ; j = i + 1 , . . . , 4 

x r 
i j 

= 0 or 1 i = 1 , 2 , 3 , 4 ; j = i + 1 , . . . , 4 ; r = 1 , . . . , # H i j 

(28)

Model (28) can be equivalently transformed into the following mixed 0–1 linear programming model, ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

min 1 − 1 
48 

∑ 4 
i< j<k 

∣∣z i j + z jk − z ik − 4 

∣∣
s.t. z 12 = 2 x 1 12 + 3 x 2 12 + 4 x 3 12 ; z 13 = 5 x 1 13 + 6 x 2 13 ; z 14 = 4 x 1 14 

z 23 = x 1 23 + 2 x 2 23 + 3 x 3 23 ; z 24 = 6 x 1 24 + 7 x 2 24 ; z 34 = 4 x 1 34 + 5 x 2 34 

x 1 12 + x 2 12 + x 3 12 = 1 ; x 1 13 + x 2 13 = 1 ; x 1 14 = 1 

x 1 23 + x 2 23 + x 3 23 = 1 ; x 1 24 + x 2 24 = 1 ; x 1 34 + x 2 34 = 1 

x r 
i j 

= 0 or 1 i = 1 , 2 , 3 , 4 ; j = i + 1 , . . . , 4 ; r = 1 , . . . , # H i j 

(29)

Solving model (29) , we can get W CI(H) = CI( L 1 ) = 0 . 667 , where 

L 1 = 

⎛ 

⎜ ⎝ 

s 4 s 2 s 6 s 4 
s 6 s 4 s 1 s 7 
s 2 s 7 s 4 s 4 
s 4 s 1 s 4 s 4 

⎞ 

⎟ ⎠ 

. 

Similarly, the following model to obtain the BCI of H is constructed: ⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

max 1 − 1 
48 

∑ 4 
i< j<k 

∣∣z i j + z jk − z ik − 4 

∣∣
s.t. z i j = 

∑ # H i j 

r=1 
( x r 

i j 
× �−1 ( H 

r 
i j 
) ) i = 1 , 2 , 3 , 4 ; j = i + 1 , . . . , 4 ∑ # H i j 

r=1 
x r 

i j 
= 1 i = 1 , 2 , 3 , 4 ; j = i + 1 , . . . , 4 

x r 
i j 

= 0 or 1 i = 1 , 2 , 3 , 4 ; j = i + 1 , . . . , 4 ; r = 1 , . . . , # H i j 

(30)

Model (30) can be equivalently transformed into the following mixed 0–1 linear programming model, ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

max 1 − 1 
48 

∑ 4 
i< j<k 

∣∣z i j + z jk − z ik − 4 

∣∣
s.t. z 12 = 2 x 1 12 + 3 x 2 12 + 4 x 3 12 ; z 13 = 5 x 1 13 + 6 x 2 13 ; z 14 = 4 x 1 14 

z 23 = x 1 23 + 2 x 2 23 + 3 x 3 23 ; z 24 = 6 x 1 24 + 7 x 2 24 ; z 34 = 4 x 1 34 + 5 x 2 34 

x 1 12 + x 2 12 + x 3 12 = 1 ; x 1 13 + x 2 13 = 1 ; x 1 14 = 1 

x 1 23 + x 2 23 + x 3 23 = 1 ; x 1 24 + x 2 24 = 1 ; x 1 34 + x 2 34 = 1 

x r 
i j 

= 0 or 1 i = 1 , 2 , 3 , 4 ; j = i + 1 , . . . , 4 ; r = 1 , . . . , # H i j 

(31)

Solving model (31) , we can get BCI(H) = CI( L 2 ) = 0 . 833 , where 

L 2 = 

⎛ 

⎜ ⎝ 

s 4 s 4 s 5 s 4 
s 4 s 4 s 3 s 6 
s 3 s 5 s 4 s 4 
s 4 s 2 s 4 s 4 

⎞ 

⎟ ⎠ 

. 

Thus, the ICI of H is obtained, I CI (H) = [0 . 667 , 0 . 833] . 

Example 3. Consider the HFLPR as follows, 

H 

′ = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

{ s 4 } { s 1 , s 2 } { s 5 , s 6 } { s 4 , s 5 } { s 3 , s 4 } { s 2 , s 3 } 
{ s 7 , s 6 } { s 4 } { s 7 , s 8 } { s 6 , s 7 } { s 6 } { s 4 , s 5 } 
{ s 3 , s 2 } { s 1 , s 0 } { s 4 } { s 3 , s 4 } { s 2 , s 3 } { s 2 } 
{ s 4 , s 3 } { s 2 , s 1 } { s 5 , s 4 } { s 4 } { s 4 , s 5 } { s 3 , s 4 } 
{ s 5 , s 4 } { s 2 } { s 6 , s 5 } { s 4 , s 3 } { s 4 } { s 3 } 
{ s 6 , s 5 } { s 4 , s 3 } { s 6 } { s 5 , s 4 } { s 5 } { s 4 } 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

. 

To obtain the interval index of the consistency of H 

′ , the following model to obtain WCI of H 

′ is constructed: 



354 C.-C. Li et al. / Information Sciences 432 (2018) 347–361 ∣ ∣

 

 

 

⎧ ⎪ ⎨ 

⎪ ⎩ 

min 1 − 1 
240 

∑ 6 
i< j<k 

∣∣∑ # H ′ 
i j 

r=1 
x r 

i j 
�−1 ( H 

′ r 
i j 
) + 

∑ # H ′ 
jk 

r=1 
x r 

jk 
�−1 ( H 

′ r 
jk 
) − ∑ # H ′ 

ik 

r=1 
x r 

ik 
�−1 ( H 

′ r 
ik 
) − 4 

∣∣
s.t. 

∑ # H ′ 
i j 

r=1 
x r 

i j 
= 1 i = 1 , 2 , . . . , 6 ; j = i + 1 , . . . , 6 

x r 
i j 

= 0 or 1 i = 1 , 2 , . . . , 6 ; j = i + 1 , . . . , 6 ; r = 1 , . . . , # H 

′ 
i j 

(32) 

Model (32) can be equivalently transformed into the following mixed 0–1 linear programming model, ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

min 1 − 1 
240 

∑ 6 
i< j<k 

∣∣∣∑ # H ′ 
i j 

r=1 
x r 

i j 
�−1 ( H 

′ r 
i j 
) + 

∑ # H ′ 
jk 

r=1 
x r 

jk 
�−1 ( H 

′ r 
jk 
) − ∑ # H ′ 

ik 

r=1 
x r 

ik 
�−1 ( H 

′ r 
ik 
) − 4 

∣∣∣
s.t. x 1 12 + x 2 12 = 1 ; x 1 13 + x 2 13 = 1 ; x 1 14 + x 2 14 = 1 ; x 1 15 + x 2 15 = 1 ; x 1 16 + x 2 16 = 1 

x 1 23 + x 2 23 = 1 ; x 1 24 + x 2 24 = 1 ; x 1 25 = 1 ; x 1 26 + x 2 26 = 1 

x 1 34 + x 2 34 = 1 ; x 1 35 + x 2 35 = 1 ; x 1 36 = 1 

x 1 45 + x 2 45 = 1 ; x 1 46 + x 2 46 = 1 ; x 1 56 = 1 

x r 
i j 

= 0 or 1 i = 1 , 2 , . . . , 6 ; j = i + 1 , . . . , 6 ; r = 1 , . . . , # H 

′ 
i j 

(33) 

Solving model (33) , we can get W CI(H 

′ ) = CI( L ′ 1 ) = 0 . 883 , where 

L ′ 1 = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

s 4 s 1 s 6 s 5 s 3 s 2 
s 7 s 4 s 7 s 7 s 6 s 4 
s 2 s 1 s 4 s 4 s 2 s 2 
s 3 s 1 s 4 s 4 s 5 s 4 
s 5 s 2 s 6 s 3 s 4 s 3 
s 6 s 4 s 6 s 4 s 5 s 4 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

. 

Similarly, the following model to obtain the BCI of H 

′ is constructed: ⎧ ⎪ ⎨ 

⎪ ⎩ 

max 1 − 1 
240 

∑ 6 
i< j<k 

∣∣∣∑ # H ′ 
i j 

r=1 
x r 

i j 
�−1 ( H 

′ r 
i j 
) + 

∑ # H ′ 
jk 

r=1 
x r 

jk 
�−1 ( H 

′ r 
jk 
) − ∑ # H ′ 

ik 

r=1 
x r 

ik 
�−1 ( H 

′ r 
ik 
) − 4 

∣∣∣
s.t. 

∑ # H ′ 
i j 

r=1 
x r 

i j 
= 1 i = 1 , 2 , . . . , 6 ; j = i + 1 , . . . , 6 

x r 
i j 

= 0 or 1 i = 1 , 2 , . . . , 6 ; j = i + 1 , ., 6 ; r = 1 , . . . , # H 

′ 
i j 

(34) 

Model (34) can be equivalently transformed into the following mixed 0–1 linear programming model, ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

max 1 − 1 
240 

∑ 6 
i< j<k 

∣∣∣∑ # H ′ 
i j 

r=1 
x r 

i j 
�−1 ( H 

′ r 
i j 
) + 

∑ # H ′ 
jk 

r=1 
x r 

jk 
�−1 ( H 

′ r 
jk 
) − ∑ # H ′ 

ik 

r=1 
x r 

ik 
�−1 ( H 

′ r 
ik 
) − 4 

∣∣∣
s.t. x 1 12 + x 2 12 = 1 ; x 1 13 + x 2 13 = 1 ; x 1 14 + x 2 14 = 1 ; x 1 15 + x 2 15 = 1 ; x 1 16 + x 2 16 = 1 

x 1 23 + x 2 23 = 1 ; x 1 24 + x 2 24 = 1 ; x 1 25 = 1 ; x 1 26 + x 2 26 = 1 

x 1 34 + x 2 34 = 1 ; x 1 35 + x 2 35 = 1 ; x 1 36 = 1 

x 1 45 + x 2 45 = 1 ; x 1 46 + x 2 46 = 1 ; x 1 56 = 1 

x r 
i j 

= 0 or 1 i = 1 , 2 , . . . , 6 ; j = i + 1 , . . . , 6 ; r = 1 , . . . , # H 

′ 
i j 

(35) 

Solving model (35) , we can get BCI(H 

′ ) = CI( L ′ 
2 
) = 1 , where 

L ′ 2 = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

s 4 s 1 s 5 s 4 s 4 s 3 
s 6 s 4 s 7 s 6 s 6 s 5 
s 3 s 1 s 4 s 3 s 3 s 2 
s 4 s 2 s 5 s 4 s 4 s 3 
s 4 s 2 s 5 s 4 s 4 s 3 
s 5 s 3 s 6 s 5 s 5 s 4 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

. 

Thus, the ICI of H 

′ is obtained, I CI (H 

′ ) = [0 . 883 , 1] . 

4. Interval consistency measure vs. normalization method: a comparative study 

In this section, we have made a comparative study between the proposed interval consistency measure and the

normalization method [39] . 

4.1. Illustrate the essence of the normalization method 

Here, we use the HFLPR H provided in Example 2 to illustrate how to obtain the NCI via the normalization method in

Section 2.3 . 

In order to obtain the normalized HFLPR H 

N in Example 2 , the linguistic terms should be added to H 13 , H 24 and H 34 .

According to Definitions 7 and 8 , we construct the normalized HFLPR H 

N ( i < j ) as follows, 
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H 

N 
i j 

= H i j for ( i, j ) � = (1, 3), (2, 4), (3, 4); 

H 

N 
13 

= { s 5 , (1 − ς ) × s 5 + ς × s 6 , s 6 } ; 
H 

N 
24 

= { s 6 , (1 − ς ) × s 6 + ς × s 7 , s 7 } ; 
H 

N 
34 = { s 4 , (1 − ς ) × s 4 + ς × s 5 , s 5 } . 

According to Eqs. (6) and (7) , 

NCI(H) = 1 − 1 

48 

× 1 

3 

3 ∑ 

ρ=1 

4 ∑ 

i< j<k 

| �−1 ( H 

N,ρ
i j 

) + �−1 (H 

N,ρ
jk 

) − �−1 (H 

N,ρ
ik 

) − 4 | 

= 

CI( L N 1 ) + CI( L N 2 ) + CI( L N 3 ) 

3 

(36)

where 

L N 1 = 

⎛ 

⎜ ⎝ 

s 4 s 2 s 5 s 4 
s 6 s 4 s 1 s 6 
s 3 s 7 s 4 s 4 
s 4 s 2 s 4 s 4 

⎞ 

⎟ ⎠ 

L N 2 = 

⎛ 

⎜ ⎝ 

s 4 s 3 (1 − ς ) × s 5 + ς × s 6 s 4 
s 5 s 4 s 2 (1 − ς ) × s 6 + ς × s 7 

(1 − ς ) × s 3 + ς × s 2 s 6 s 4 (1 − ς ) × s 4 + ς × s 5 
s 4 (1 − ς ) × s 2 + ς × s 1 (1 − ς ) × s 4 + ς × s 3 s 4 

⎞ 

⎟ ⎠ 

L N 3 = 

⎛ 

⎜ ⎝ 

s 4 s 4 s 6 s 4 
s 4 s 4 s 3 s 7 
s 2 s 5 s 4 s 5 
s 4 s 1 s 3 s 4 

⎞ 

⎟ ⎠ 

. 

According to Section 2.3 , in order to obtain the optimized NCI of H and the optimized parameter ς (0 ≤ς ≤ 1), the following

model is constructed. ⎧ ⎨ 

⎩ 

max NCI(H) 

s.t. NCI(H) = 

C I( L N 1 )+ C I( L N 2 )+ C I( L N 3 ) 

3 

0 ≤ ς ≤ 1 

(37)

We apply model (37) to obtain NCI(H) = 0 . 764 with ς = 0 . Besides, we also obtain the normalized HFLPR, H 

N , as follows, 

H 

N = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 2 , s 3 , s 4 } { s 5 , s 5 , s 6 } { s 4 , s 4 , s 4 } 
{ s 6 , s 5 , s 4 } { s 4 } { s 1 , s 2 , s 3 } { s 6 , s 6 , s 7 } 
{ s 3 , s 3 , s 2 } { s 7 , s 6 , s 5 } { s 4 } { s 4 , s 4 , s 5 } 
{ s 4 , s 4 , s 4 } { s 2 , s 2 , s 1 } { s 4 , s 4 , s 3 } { s 4 } 

⎞ 

⎟ ⎠ 

. 

From Eqs. (36) and (37) , we conclude that the essence of the NCI of the HFLPR H is the average of the consistency index

of the three linguistic preference relations L N 
1 
, L N 

2 
and L N 

3 
. 

4.2. Connection among ICI, NCI and the average consistency measure 

As mentioned in Section 4.1 , the NCI is determined by the average of the consistency of several linguistic preference

relations associated with a HFLPR. Naturally, the connection between the NCI and the ACI of HFLPRs needs to be studied.

First, we propose a method to measure the ACI of a HFLPR as Definition 12 and Algorithm 1 . 

Algorithm 1: The procedure to obtain the ACI of HFLPRs. 

1. Input the HFLPR H. 

2. For each linguistic preference relation associated with H, L z (z = 1 , 2 , ..., # N H ) . 

do 

calculate the consistency degree of L z , 

CI( L z ) = 1 − 2 
3 gn (n −1)(n −2) 

∑ n 
i, j,k =1 | �−1 (l z 

i j 
) + �−1 (l z 

jk 
) − �−1 (l z 

ik 
) − g 

2 | 
End for 

3. Calculate the average consistency degree of H, 

AC I(H) = 

1 
# N H 

× ∑ # N H 
z=1 

C I( L z ) 

4. Output ACI(H) . 
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Fig. 1. The consistency distribution of all LPRs associated with H 1 . 

 

 

 

 

 

 

 

 

 

 

Definition 12. Let H be a HFLPR and let N H be the set of all linguistic preference relations associated with H . The value of

ACI ( H ) is determined as the average consistency of all linguistic preference relations associated with the HFLPR, i.e., 

AC I(H) = 

1 

# N H 

×
∑ 

L ∈ N H 
C I(L ) (38) 

where # N H is the number of linguistic preference relations in N H , i.e., # N H = 

∏ n 
i =1 

∏ n 
j= i +1 (# H i j ) . 

It is clear that ACI ( H ) ∈ [ WCI ( H ), BCI ( H )]. Based on Definition 12, Algorithm 1 is provided to describe the procedure used

to get the ACI. 

To analyze the connection between ICI, NCI and ACI, we provide Example 4 as follows. 

Example 4. Let H 

1 = H and H 

2 = H 

′ be the HFLPRs provided in Examples 2 and 3. The HFLPRs H 

3 , H 

4 , H 

5 and H 

6 are from

[17,34,39] , respectively. 

H 

3 = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 5 } { s 6 , s 7 } { s 5 } 
{ s 3 } { s 4 } { s 0 , s 1 } { s 6 } 

{ s 2 , s 1 } { s 8 , s 7 } { s 4 } { s 1 , s 2 } 
{ s 3 } { s 2 } { s 7 , s 6 } { s 4 } 

⎞ 

⎟ ⎠ 

H 

4 = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 3 , s 4 } { s 5 , s 6 } { s 5 } 
{ s 5 , s 4 } { s 4 } { s 7 } { s 3 } 
{ s 3 , s 2 } { s 1 } { s 4 } { s 0 , s 1 } 
{ s 3 } { s 5 } { s 8 , s 7 } { s 4 } 

⎞ 

⎟ ⎠ 

H 

5 = 

⎛ 

⎜ ⎜ ⎝ 

{ s 4 } { s 3 , s 4 } { s 5 , s 6 } { s 1 , s 2 } { s 0 , s 1 } 
{ s 5 , s 4 } { s 4 } { s 6 , s 7 } { s 2 , s 3 } { s 0 , s 1 , s 2 } 
{ s 3 , s 2 } { s 2 , s 1 } { s 4 } { s 5 , s 6 } { s 4 , s 5 , s 6 } 
{ s 7 , s 6 } { s 6 , s 5 } { s 3 , s 2 } { s 4 } { s 4 , s 5 , s 6 } 
{ s 8 , s 7 } { s 8 , s 7 , s 6 } { s 4 , s 3 , s 2 } { s 4 , s 3 , s 2 } { s 4 } 

⎞ 

⎟ ⎟ ⎠ 

H 

6 = 

⎛ 

⎜ ⎜ ⎝ 

{ s 4 } { s 1 , s 2 } { s 6 , s 7 } { s 1 , s 2 } { s 4 , s 5 , s 6 } 
{ s 7 , s 6 } { s 4 } { s 4 , s 5 , s 6 } { s 1 , s 2 } { s 0 , s 1 , s 2 } 
{ s 2 , s 1 } { s 4 , s 3 , s 2 } { s 4 } { s 5 , s 6 , s 7 } { s 3 , s 4 } 
{ s 7 , s 6 } { s 7 , s 6 } { s 3 , s 2 , s 1 } { s 4 } { s 3 , s 4 } 

{ s 4 , s 3 , s 2 } { s 8 , s 7 , s 6 } { s 5 , s 4 } { s 5 , s 4 } { s 4 } 

⎞ 

⎟ ⎟ ⎠ 

In order to demonstrate the connection between ICI and NCI, a simulation experiment has been made on the consistency

distribution of all linguistic preference relations associated with the HFLPRs (see Figs. 1–6 ). 

In Figs. 1–6 , the x-axis shows the consistency indexes of all the linguistic preference relations associated with the

HFLPRs H 

1 , H 

2 , . . . , H 

6 , respectively. The y-axis shows the percentage of the consistency indexes of the linguistic preference

relations associated with H 

1 , H 

2 , . . . , H 

6 and the red dotted line shows the position of NCI of H 

1 , H 

2 , . . . , H 

6 . 

Furthermore, Table 1 shows the ICI, ACI and NCI values of H 

1 , H 

2 , . . . , H 

6 . 

According to Figs. 1 – 6 and Table 1 , we have made the following observations: 

(1) The NCI values presented in Zhu and Xu [39] are in the interval of ICI. 

(2) The NCI values are very close to those of ACI. This shows that the normalization method is used to approximately

measure the average consistency of the HFLPRs H 

1 , H 

2 , . . . , H 

6 . 

Note 3. As a result of the above numerical analysis, we conclude that the values of ACI and NCI of HFLPRs are very close. The

main reason for this observation is that in numerical analysis we find that the consistency indexes of the linguistic prefer-

ence relations associated with the HFLPR have an approximate normal distribution, and the NCI of the HFLPR is determined
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Fig. 2. The consistency distribution of all LPRs associated with H 2 . 

Fig. 3. The consistency distribution of all LPRs associated with H 3 . 

Table 1 

The ICI, ACI and NCI of H 1 , H 2 , . . . , H 6 . 

H 1 H 2 H 3 H 4 H 5 H 6 

ICI [0.667, 0.833] [0.883, 1] [0.625, 0.708] [0.833, 0.875] [0.642, 0.842] [0.592, 0.8] 

ACI 0.75 0.927 0.667 0.854 0.734 0.692 

NCI 0.764 0.94 0.667 0.854 0.75 0.694 

 

 

 

by several linguistic preference relations whose consistency indexes are symmetrically distributed around ACI. Meanwhile,

it should be noted that we cannot ensure that the values of the ACI and NCI of HFLPRs will be close in all cases due to the

lack of analytical proof. 

4.3. The difference between ICI and ACI (or NCI) 

Here, we provide Example 5 to further analyze the difference between the ICI and the NCI, and show they behave

differently when measuring the consistency degree of HFLPRs. 

Example 5. Consider the following four HFLPRs, 

H 

7 = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 2 , s 3 , s 4 } { s 6 , s 7 , s 8 } { s 1 , s 2 , s 3 } 
{ s 6 , s 5 , s 4 } { s 4 } { s 1 , s 2 , s 3 } { s 3 , s 4 , s 5 } 
{ s 2 , s 1 , s 0 } { s 7 , s 6 , s 5 } { s 4 } { s 3 } 
{ s 7 , s 6 , s 5 } { s 5 , s 4 , s 3 } { s 5 } { s 4 } 

⎞ 

⎟ ⎠ 
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Fig. 4. The consistency distribution of all LPRs associated with H 4 . 

Fig. 5. The consistency distribution of all LPRs associated with H 5 . 

 

 

 

 

H 

8 = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 3 } { s 6 , s 7 , s 8 } { s 7 } 
{ s 5 } { s 4 } { s 1 , s 2 , s 3 } { s 3 , s 4 , s 5 } 

{ s 2 , s 1 , s 0 } { s 7 , s 6 , s 5 } { s 4 } { s 3 } 
{ s 1 } { s 5 , s 4 , s 3 } { s 5 } { s 4 } 

⎞ 

⎟ ⎠ 

H 

9 = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 6 , s 7 , s 8 } { s 4 , s 5 , s 6 } { s 5 } 
{ s 2 , s 1 , s 0 } { s 4 } { s 4 , s 5 , s 6 } { s 3 , s 4 , s 5 } 
{ s 4 , s 3 , s 2 } { s 4 , s 3 , s 2 } { s 4 } { s 1 , s 2 , s 3 } 

{ s 3 } { s 5 , s 4 , s 3 } { s 7 , s 6 , s 5 } { s 4 } 

⎞ 

⎟ ⎠ 

H 

10 = 

⎛ 

⎜ ⎝ 

{ s 4 } { s 7 } { s 5 } { s 5 } 
{ s 1 } { s 4 } { s 2 , s 3 , s 4 } { s 3 , s 4 , s 5 } 
{ s 3 } { s 6 , s 5 , s 4 } { s 4 } { s 2 } 
{ s 3 } { s 5 , s 4 , s 3 } { s 6 } { s 4 } 

⎞ 

⎟ ⎠ 

Figs. 7 and 8 show the distribution of the consistency indexes of all the linguistic preference relations associated with

H 

7 , H 

8 , H 

9 and H 

10 , respectively, and the red dotted line shows the position of the NCI of HFLPRs. The ICI, ACI and NCI are

included in Table 2 . 

According to Figs. 7 and 8 and Table 2 , the following differences between ICI and ACI (or NCI) are highlighted: 

(1) According to the ACI (or NCI) of H 

7 and H 

8 , the consistency degrees of each are almost the same, while their ICI shows

an obvious difference: The WCI of H 

7 is much lower than the WCI of H 

8 because W CI( H 

7 ) = 0 . 542 and W CI( H 

8 ) =
0 . 667 , and the BCI of H 

7 is much higher than the BCI of H 

8 because BCI( H 

7 ) = 0 . 875 and BCI( H 

8 ) = 0 . 75 . 
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Fig. 6. The consistency distribution of all LPRs associated with H 6 . 

Fig. 7. The consistency distribution of all linguistic preference relations associated with the HFLPRs H 7 and H 8 , respectively. 

Fig. 8. The consistency distribution of all linguistic preference relations associated with the HFLPRs H 9 and H 10 , respectively. 

Table 2 

The ICI, ACI and NCI of H 7 , H 8 , H 9 and H 10 . 

H 7 H 8 H 9 H 10 

ICI [0.542, 0.875] [0.667, 0.75] [0.667, 1] [0.792, 0.875] 

ACI 0.702 0.708 0.826 0.833 

NCI 0.708 0.708 0.833 0.833 
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(2) According to the ACI (or NCI) of H 

9 and H 

10 , the consistency degree of each is almost the same, while their ICI shows

an obvious difference: The WCI of H 

9 is much lower than the WCI of H 

10 because W CI( H 

9 ) = 0 . 667 and W CI( H 

10 ) =
0 . 792 , and the BCI of H 

9 is much higher than the BCI of H 

10 because BCI( H 

9 ) = 1 and BCI(H 

10 ) = 0 . 875 . 

These observations show that the ACI (or NCI) and ICI have obviously different consistency reflection of HFLPRs. In the

following, we further analyze the consistency indexes as they provide obviously different consistency degrees. 

According to Eq. (38) , the ACI of a HFLPR is determined by its associated linguistic preference relations, i.e., 

AC I(H) = 

1 

# N H 

×
∑ 

L ∈ N H 
C I(L ) (39) 

Similarly, based on Definition 9 and Eq. (36) , the NCI of a HFLPR is determined by several linguistic preference relations

associated with the HFLPR, have 

NC I(H) = 

1 

c N 

c N ∑ 

ρ=1 

C I(H 

N,ρ ) , where H 

N,ρ ∈ N H . (40) 

Different from the ACI (or NCI), the ICI of a HFLPR is determined by its associated linguistic preference relation with the

worst consistency degree and the best consistency degree. From Eqs. (9) and (10) , we have 

W CI(H) = min 

L ∈ N H 
CI(L ) (41) 

and 

BCI(H) = max 
L ∈ N H 

CI(L ) (42) 

Obviously, it shows that ACI(H) ≈ NCI(H) ∈ ICI(H) = [ W C I(H) , BC I(H)] . 

In summary, the ICI provides the lower and upper bounds of the consistency of HFLPRs, and the ACI (or NCI) provides

the average consistency degree of HFLPRs. Therefor, their combined use can better reflect the consistency status of HFLPRs. 

5. Conclusion 

People will often struggle to choose/hesitate when choosing between several linguistic terms when expressing their

preferences, and the preference inconsistency is a popular issue in HFLPRs. This paper mainly focuses on the measurement

of consistency of HFLPRs and the main contributions are as follows. 

(1) We propose a new hesitant consistency measure, called interval consistency measure, to estimate the consistency

range of a HFLPR. 

(2) Generally, the normalization method is used as a tool to measure the consistency degree of a HFLPR, we show that

the normalization method should be considered to be an approximate average consistency of a HFLPR via the detailed

numerical analysis. 

In the future, we plan to work on the following issues. 

• The linguistic distribution is becoming a popular tool for modelling linguistic expressions with multiple linguistic terms

in decision problems [38] , it might be interesting to study ICI and ACI in preference relations with linguistic distributions.

• The consistency measurement has been used as a driver to improve the consistency degree [5,6] , estimate the incomplete

preference values [2,15] and set a numerical scale of linguistic term sets [4,9] . It might be interesting to study these issues

in the decision making with HFLPRs based on the use of ICI and ACI as a driver. 

Acknowledgment 

The work was partly supported by the grant (No. 71571124 ) from NSF of China, the Spanish National research project

TIN2015-66524-P and Spanish Ministry of Economy and Finance Postdoctoral fellow (IJCI-2015-23715) and ERDF. 

References 

[1] S. Alonso , F.J. Cabrerizo , F. Chiclana , F. Herrera , E. Herrera-Viedma , Group decision making with incomplete fuzzy linguistic preference relations, Int. J.

Intell. Syst. 24 (2) (2009) 201–222 . 
[2] S. Alonso , F. Chiclana , F. Herrera , E. Herrera-Viedma , J. Alcalá-Fedz , C. Porcel , A consistency-based procedure to estimate missing pairwise preference

values, Int. J. Intell. Syst. 23 (2) (2008) 155–175 . 

[3] Y.C. Dong , X. Chen , F. Herrera , Minimizing adjusted simple terms in the consensus reaching process with hesitant linguistic assessments in group
decision making, Inf. Sci. 297 (2015) 95–117 . 

[4] Y.C. Dong , E. Herrera-Viedma , Consistency-driven automatic methodology to set interval numerical scales of 2-tuple linguistic term sets and its use in
the linguistic GDM with preference relation, IEEE Trans. Cybern. 45 (4) (2015) 780–792 . 

[5] Y.C. Dong , C.C. Li , F. Chiclana , E. Herrera-Viedma , Average-case consistency measurement and analysis of interval-valued reciprocal preference relations,
Knowl. Based. Syst. 114 (2016) 108–117 . 

https://doi.org/10.13039/501100001809
https://doi.org/10.13039/501100003339
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0001
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0001
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0001
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0001
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0001
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0001
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0002
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0002
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0002
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0002
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0002
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0002
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0002
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0003
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0003
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0003
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0003
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0004
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0004
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0004
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0005
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0005
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0005
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0005
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0005


C.-C. Li et al. / Information Sciences 432 (2018) 347–361 361 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[6] Y.C. Dong , C.C. Li , F. Herrera , An optimization-based approach to adjusting unbalanced linguistic preference relations to obtain a required consistency
level, Inf. Sci. 292 (5) (2015) 27–38 . 

[7] Y.C. Dong , C.C. Li , F. Herrera , Connecting the linguistic hierarchy and the numerical scale for the 2-tuple linguistic model and its use to deal with
hesitant unbalanced linguistic information, Inf. Sci. 367–368 (2016) 259–278 . 

[8] Y.C. Dong , C.C. Li , Y.F. Xu , X. Gu , Consensus-based group decision making under multi-granular unbalanced 2-tuple linguistic preference relations,
Group Decis. Negotiation 24 (2) (2015) 217–242 . 

[9] Y.C. Dong , G.Q. Zhang , W.C. Hong , S. Yu , Linguistic computational model based on 2-tuples and intervals, IEEE Trans. Fuzzy Syst. 21 (6) (2013)

1006–1018 . 
[10] Z.W. Gong , J. Forrest , Y.J. Yang , The optimal group consensus models for 2-tuple linguistic preference relations, Knowl. Based Syst. 37 (2) (2013)

427–437 . 
[11] F. Herrera , S. Alonso , F. Chiclana , E. Herrera-Viedma , Computing with words in decision making: foundations, trends and prospects, Fuzzy Optim. Decis.

Making 8 (4) (2009) 337–364 . 
[12] F. Herrera , E. Herrera-Viedma , L. Martínez , A fuzzy linguistic methodology to deal with unbalanced linguistic term sets, IEEE Trans. Fuzzy Syst. 16 (2)

(2008) 354–370 . 
[13] F. Herrera , L. Martínez , A model based on linguistic 2-tuples for dealing with multigranular hierarchical linguistic contexts in multi-expert decision–

making, IEEE Trans. Syst. Man, Cybernetics Part B 31 (2) (2001) 227–234 . 

[14] F. Herrera , L. Martínez , A 2-tuple fuzzy linguistic representation model for computing with words, IEEE Trans. Fuzzy Syst. 8 (6) (20 0 0) 746–752 . 
[15] E. Herrera-Viedma , F. Chiclana , F. Herrera , S. Alonso , Group decision-making model with incomplete fuzzy preference relations based on additive

consistency, IEEE Trans. Syst. Man Cybernetics-Part B 37 (2007) 176–189 . 
[16] E. Herrera-Viedma , F. Herrera , F. Chiclana , M. Luque , Some issues on consistency of fuzzy preference relations, Eur. J. Oper. Res. 154 (1) (2004) 98–109 .

[17] C.C. Li , Y.C. Dong , F. Herrera , E. Herrera-Viedma , L. Martínez , Personalized individual semantics in computing with words for supporting linguistic
group decision making. an application on consensus reaching, Inf. Fusion 33 (2017) 29–40 . 

[18] C.C. Li , Y.C. Dong , F. Herrera , L. Martínez , An optimization-based approach to estimate the range of consistency in hesitant fuzzy linguistic preference

relations, in: 2016 IEEE International Conference on Fuzzy Systems (FUZZ-IEEE), 2016 . 
[19] L. Martínez , J. Liu , D. Ruan , J.B. Yang , Dealing with heterogeneous information in engineering evaluation processes, Inf. Sci. 177 (7) (2007) 1533–1542 .

[20] L. Martínez , M. Espinilla , L.G. Pérez. , Sensory evaluation based on linguistic decision analysis, Int. J. Approx. Reason. 44 (2) (2007) 148–164 . 
[21] L. Martínez , M. Espinilla , L. Pérez , A linguistic multigranular sensory evaluation model for olive oil, Int. J. Comput. Intell. Syst. 1 (2) (2008) 148–158 . 

[22] L. Martínez , F. Herrera , An overview on the 2-tuple linguistic model for computing with words in decision making: extensions, applications and
challenges, Inf.Sci. 207 (1) (2012) 1–18 . 

[23] L. Martínez , D. Ruan , F. Herrera , Computing with words in decision support systems: an overview on models and applications, Int. J. Comput. Intell.

Syst. 3 (4) (2010) 382–395 . 
[24] J.M. Mendel , D. Wu , Perceptual Computing: Aiding People in Making Subjective Judgments, Wiley and Sons, 2010 . 

[25] R.M. Rodríguez , B. Bedregal , H. Bustince , Y.C. Dong , B. Farhadinia , C. Kahraman , L. Martínez , V. Torra , Y.J. Xu , Z.S. Xu , F. Herrera , A position and
perspective analysis of hesitant fuzzy sets on information fusion in decision making. towards high quality progress, Inf. Fusion 29 (2016) 89–97 . 

[26] R.M. Rodríguez , Á. Labella , L. Martínez , An overview on fuzzy modelling of complex linguistic preferences in decision making, Int. J. Comput. Intell.
Syst. 9 (2016) 81–94 . 

[27] R.M. Rodríguez , L. Martínez , F. Herrera , Hesitant fuzzy linguistic term sets for decision making, IEEE Trans. Fuzzy Syst. 20 (1) (2012) 109–119 . 

[28] R.M. Rodríguez , L. Martínez , V. Torra , Z. Xu , F. Herrera , Hesitant fuzzy sets: state of the art and future directions, Int. J. Intell. Syst. 29 (6) (2014)
495–524 . 

[29] Z. Tao , H. Chen , L. Zho , J. Liu , On new operational laws of 2-tuple linguistic information using archimedean t-norm and s-norm, Knowl. Based Syst. 66
(2014) 156–165 . 

[30] V. Torra , Hesitant fuzzy sets, Int. J. Intell. Syst. 25 (6) (2010) 529–539 . 
[31] S.P. Wan , 2-Tuple linguistic hybrid arithmetic aggregation operators and application to multi-attribute group decision making, Knowl. Based Syst. 45

(3) (2013) 31–40 . 

[32] J.H. Wang , J.Y. Hao , A new version of 2-tuple fuzzy linguistic representation model for computing with words. ieee trans fuzzy syst, IEEE Trans. Fuzzy
Syst. 14 (3) (2006) 435–445 . 

[33] C.P. Wei , N. Zhao , X.J. Tang , Operators and comparisons of hesitant fuzzy linguistic term sets, IEEE Trans. Fuzzy Syst. 22 (3) (2014) 575–585 . 
[34] Z.B. Wu , J.P. Xu , Managing consistency and consensus in group decision making with hesitant fuzzy linguistic preference relations, Omega 65 (3)

(2016) 28–40 . 
[35] L.A. Zadeh , The concept of a linguistic variable and its application to approximate reasoning i, Inf. Sci. 8 (1975) 199–249 . 

[36] L.A. Zadeh , The concept of a linguistic variable and its application to approximate reasoning II, Inf. Sci. 8 (1975) 301–353 . 

[37] L.A. Zadeh , The concept of a linguistic variable and its application to approximate reasoning III, Inf. Sci. 9 (1975) 43–80 . 
[38] G. Zhang , Y.C Dong , Y. Xu , Consistency and consensus measures for linguistic preference relations based on distribution assessments, Inf. Fusion 17 (1)

(2014) 46–55 . 
[39] B. Zhu , Z.S Xu , Consistency measures for hesitant fuzzy linguistic preference relations, IEEE Trans. Fuzzy Syst. 22 (1) (2014) 35–45 . 

http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0006
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0006
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0006
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0006
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0007
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0007
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0007
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0007
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0008
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0008
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0008
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0008
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0008
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0009
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0009
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0009
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0009
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0009
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0010
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0010
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0010
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0010
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0011
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0011
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0011
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0011
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0011
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0012
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0012
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0012
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0012
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0013
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0013
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0013
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0014
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0014
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0014
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0015
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0015
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0015
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0015
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0015
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0016
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0016
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0016
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0016
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0016
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0017
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0017
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0017
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0017
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0017
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0017
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0018
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0018
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0018
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0018
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0018
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0019
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0019
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0019
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0019
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0019
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0020
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0020
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0020
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0020
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0021
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0021
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0021
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0021
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0022
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0022
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0022
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0023
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0023
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0023
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0023
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0024
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0024
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0024
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0025
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0026
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0026
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0026
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0026
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0027
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0027
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0027
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0027
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0028
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0028
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0028
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0028
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0028
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0028
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0029
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0029
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0029
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0029
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0029
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0030
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0030
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0031
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0031
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0032
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0032
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0032
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0033
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0033
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0033
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0033
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0034
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0034
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0034
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0035
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0035
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0036
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0036
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0037
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0037
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0038
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0038
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0038
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0038
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0039
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0039
http://refhub.elsevier.com/S0020-0255(17)30469-3/sbref0039

	Consistency of hesitant fuzzy linguistic preference relations: An interval consistency index
	1 Introduction
	2 Preliminaries
	2.1 The 2-tuple linguistic model and hesitant fuzzy linguistic term set
	2.2 Linguistic preference relation and its consistency index
	2.3 Hesitant fuzzy linguistic preference relation and the normalization method

	3 Interval consistency measure for hesitant fuzzy linguistic preference relations
	3.1 The approach to obtain the interval consistency level of HFLPRs
	3.2 Illustrative examples

	4 Interval consistency measure vs. normalization method: a comparative study
	4.1 Illustrate the essence of the normalization method
	4.2 Connection among ICI, NCI and the average consistency measure
	4.3 The difference between ICI and ACI (or NCI)

	5 Conclusion
	 Acknowledgment
	 References


