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Abstract

This paper introduces a precise and easy to use method for defining the microstructure of heterogeneous solids. This method is
based on the concept of Heterogeneous Composite Bézier Hyperpatch, and allows to accurately represent the primary material
proportions, as well as the size and shape of the material phases. The solid microstructure is modeled using two functions: a
material distribution function (to compute the portion of the solid volume occupied by each primary material), and a modified
Perlin noise function that determines the shape and size of each primary material phase.

With this method, the position and orientation of the solid in the modeling space R? does not affect the portion of its volume
that is occupied by each primary material, nor the shape and size of the phases. However, the solid microstructure is coherently
and automatically modified when the shape of the solid is edited.

Regarding continuity, this method allows to define to which extent continuity (both in shape and material distribution) has to be
preserved at the junction of the cells that compose the solid. This makes modeling geometrically complex figures very easy.

Keywords — Heterogeneous solid modeling; Material microstructure; Heterogeneous composite Bézier hyperpatch
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1. Introduction

Solids that are not made of a single material are called heteroge-
neous. Typically, the proportions of the different primary materi-
als inside an heterogeneous solid vary throughout its volume, as
shown in Figure 1.a). However, real-life solids usually consist of
a mixture of small regions of the primary materials that have uni-
form physical and chemical properties. These regions are called
phases [Tor02,JA06] (see Figure 1.b).

Although on a microscopic scale each phase is made of a single
material and has homogeneous (isotropic) properties, the behaviour
of an heterogeneous solid on a macroscopic scale depends on the
size, number and distribution of the phases of each primary mate-
rial. As a result, the physical and chemical properties of an hetero-
geneous solid vary throughout its volume [Tor02, BBO7]. The term
microstructure is used to refer to the way the material phases are
organized inside the solid.

Heterogeneous solids are widely used in industry nowadays. The
mix of materials they are made from and their internal microstruc-
ture make them show better physical and chemical properties than
their constituent materials individually. This is due to the fact that
properties like yield and tensile strength, ductility, fracture tough-
ness, and creep and fatigue strength are microstructure-sensitive.
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(b) Microstructure

(a) Pure heterogeneous solid

Figure 1: Material at any point in ideal heterogeneous solids is
a perfect mixture of the primary materials (a). However, real-life
solids are not purely heterogeneous, they present microstructure in-
stead. On a microscopic scale (b right), the solid is homogeneous
(isotropic), as each phase is homogeneously composed of a single
material; but on a macroscopic scale (b left) the solid has heteroge-
neous properties due to the spatial variation of the volume fraction
of the phases.

Designing an heterogeneous solid and its internal microstructure
is not an easy task. It is necessary to use a computer application
based on a well stated framework in order to address all the com-
plex aspects of the design process, including the size and shape of
the material phases.
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1.1. Main contributions of this paper

In [CTGF15, CRTGFFH17], a comprehensive framework based on
Bézier hyperpatches that allows modeling heterogeneous solids in a
simple and efficient way is described. The framework can automat-
ically ensure continuity both in geometry and material distribution
if needed. Section 2 summarizes the key concepts of the framework
in order to make this paper self-contained.

e In this paper, we present an extension of the aforemen-
tioned framework to allow representing heterogeneous solid mi-
crostructures in a very controllable and accurate way. Here we
describe a method to easily characterize and edit the internal mi-
crostructure of a solid that allows modeling different types of
microstructures on different scales to fit many real manufactur-
ing problems.

e We also describe how our microstructure modeling method al-
lows to automatically preserve the continuity of the microstruc-
ture at the junction of the cells that compose the solid, if needed.
It also allows modeling material discontinuities, as well as non-
continuous junctions between cells. These features give the de-
signer freedom to model geometrically complex pieces without
having to worry about continuity issues.

e Moreover, we also highlight the fact that the shape, size and vol-
ume fraction of the phases inside the solid are not bound to their
position and orientation in the modeling space R3. As a result,
geometric deformations of an heterogeneous solid model do not
affect its microstructure, and the modeling process becomes a
quick, accurate and easy task.

1.2. Related work

The advances in additive manufacturing in the last years have
boosted the interest in the development of representation models
for heterogeneous materials. To gain insight regarding open prob-
lems about material structures, one can for example consult the pa-
per [RRSS16] and its bibliography.

As stated previously, heterogeneous materials combine two or
more primary materials in a microstructure. Such microstructures
can be arranged in a regular pattern (a lattice, for example) or in
a random way throughout the volume of the solid. The term mi-
croarchitecture is sometimes used to refer to regular microstruc-
tures [RRSS16], while keeping the term microstructure for the ran-
dom ones (Figure 2). Note that the modeling method presented in
this work only deals with random microstructures. For more details
and interesting examples of microarchitecture modeling, one can
review the papers [Elb17,ZSCM17, GAR18, ABC*19, WWG19,
CRGFT20].

Regarding microstructure modeling, Bostanabad et al. published
an interesting survey that covers a wide range of works dealing
with microstructure characterization and reconstruction [BZL*18].
All the methods summarized in their survey propose different ways
to characterize the material microstructure given a set of refer-
ence data (statistical data, reference images, physical descriptors,
etcetera), and once this characterization has been obtained, they
provide a method to simulate the microstructure over a given vol-
ume.

In [STO02], Siu and Tan discuss a solid modeling scheme that

Figure 2: Left: heterogeneous solid with material microarchitec-
ture. Right: heterogeneous solid with material microstructure

incorporates structure information such as dimension and orienta-
tion of fiber reinforcements within an heterogeneous solid model.
They also develop a contour subdivision algorithm to discretize the
material variation in each slice of the heterogeneous solid. Their
modeling scheme applies to B-rep objects. In order to represent the
material distribution inside the solid, they define a gradation func-
tion f(d) that depends on the distance of the point that is evaluated
to a reference datum named ’grading source’. This grading source
can be a point, a line, a plane or the outermost boundaries of the
model, and is fixed within the coordinate system of the model. This
makes the gradation of materials within the model invariable when
rigid transformations are applied, but it does not prevent the gra-
dation of materials from changing when the model is deformed. In
their work, Siu and Tan only consider 1D gradation.

Massarwi et al. [ME16] propose a whole framework for volu-
metric object modeling based on trimmed B-spline trivariates that
has a resemblance with ours. In their framework, an object is mod-
eled through a V-model, which in turn is a set of disjoint V-cells.
Each V-cell is bounded by V-surfaces and V-curves. Massarwi et
al. present and discuss all the topology issues related with preserv-
ing a correct topological information of the model, as well as how
to compute Boolean operations on V-models, and how to obtain a
V-model from a B-rep model. Regarding material properties, in-
stead of discussing microstructure representation, they propose to
encode attributes as additional coordinates of the control points of
the trivariates, or alternatively, define them as additional trivariates
sharing the same parametric domain. Finally, they propose blending
operations for calculating the new attribute values after a Boolean
operation.

One of the usual working methodologies for generating mi-
crostructure models takes as input a series of images of the ma-
terial to be simulated. This is the case of the proposal from Xu et
al. [XDBC14], who study 2D images of the target material to char-
acterize the microstructure in 2D through three features: compo-
sition, dispersion and geometry. Then, assuming that the material
is isotropic and the phases are ellipsoids, they predict the feature
values for the 3D microstructure, and propose an algorithm to re-
construct material microstructures similar to the input data. The
method proposed by Liu and Shapiro [LS15] also takes as input a
series of 2D images, and apply Markov Random Fields (MRF) to
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generate microstructures, allowing to represent a great variety of
random heterogeneous materials.

2D images are also the input data considered by Yang et al.
[YNLS18]. The result of their processing of the images is a set
of statistical descriptors of the material, as well as a shape library
that stores the morphology of the material phases (either fibers or
particles), parameterized as NURBS. This library is then used for
creating the microstructure model: the phase models are sampled
from the shape library, and the statistical descriptors are used to de-
termine the amount of them to be generated. Finally, a packing al-
gorithm and a genetic algorithm are applied to adjust the resulting
microstructure, avoiding overlapping and ensuring that the result
matches the statistical descriptors.

In [MDL16], Martinez et al. proposed an interesting method
to directly model microstructures inspired by Voronoi open-cell
foams, given a target elasticity value. Their method is inspired by
the seminal work on cellular solid textures by Worley [Wor96], but
it only applies to Voronoi-like microstructures. As an example, they
apply the proposed method to the fabrication of objects with spa-
tially varying elasticity.

Liu and Shapiro [LS18] presented a formal framework for mod-
eling heterogeneous materials by recursive composition of two-
scale material structures. This allows to maintain a dual material
representation, so that depending on the scale (coarse or fine) of
the operation to be computed, the more convenient representation
is chosen (for example: a voxel-based representation on a coarse
scale, and a Voronoi-based representation on a fine scale). They
define upscaling and downscaling functions between the two rep-
resentations based on neighbourhood functions, as well as how to
compute the basic query functions of point membership classifi-
cation, distance field query and material property across the two
scales.

In their seminal paper [RT95], Roberts and Teubner define re-
alistic random microstructures by defining the interface between
two material phases through level cuts of gaussian random fields.
This approach, commonly called random morphology description
functions (RMDFs), is the most frequently used to simulate mi-
crostructures. It is also used by Vel and Goupee in [GV10, VG10],
and more recently in [VCJG16] to model the solid domain in which
properties of interest such as thermo elastic or thermo mechanical
behaviour are calculated.

RMDFs are not intrinsically periodic, and therefore, preserving
continuity between cells is a complex task. There are other types of
functions more suitable for modeling continuity.

In [PFV*11], Pasko et al. describe a method to represent solids
composed of a single material with internal microstructure, either
regular or irregular. Their work is based on the FRep framework,
and the material microstructure is represented using periodic func-
tions. Regarding the problem that we address in this paper, Pasko
et al. model irregular microstructures starting from regular mi-
crostructures and applying pseudo-random variations to the posi-
tion and size of the pores.

Another related work is the one by Schmitt et al. [SPS04]. It
presents a volume sculpting scheme based on CSG trees in which
the primitives are trivariate B-Spline functions. For each solid, two
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independent trees are used: the first one is used for representing the
geometry of the solid, while the second one is used for represent-
ing the material attributes. In order to edit the models, there are two
independent sets of control points that allow controlling geometry
and material separately. One of the advantages of this proposal is
that set-theoretic operations are correctly supported for modeling
purposes. On the other hand, in this and other methods for model-
ing microstructures via functional compositions, it might become
difficult to relate the parameters of such functions to target material
properties and/or descriptors [LS18].

2. Heterogeneous Composite Bézier Hyperpatches

In this section we summarize the key concepts of the framework in
order to ease the understanding of the extensions we have made
to it. A complete description of the framework can be found in
[CTGF15]. In section 3 et seq. we explain how we have extended it
to represent microstructure.

Definition 2.1 Material distribution

Let M = {mj,my,...,my} be a set of primary materials. Let n =
|[M]| be the cardinality of M. The material distribution of any given
point p of an heterogeneous solid is represented by a tuple a =
(ay,az,...,an) € R", a; being the volume fraction of material m; at
that point.

Not every possible material distribution is valid. In order for
solids to be real, it is necessary that the volume fractions of the
materials at any point in the solid are greater than or equal to 0 and
add up to 1. Therefore, the valid space of material distributions V
can be defined as:

n
V{aeR" a =1, a,-ZO} @)
=1

12

A material distribution a is valid only if a € V C R"; i.e., a ma-
terial distribution is valid if its elements a; are the coefficients of a
convex combination of a set of primary materials M.

If the set M of primary materials has only two materials |[M| = 2,
a valid value of material distribution a = (a;,a,) can be written in
a more convenient way as a = (aj,1 —ay).

Definition 2.2 Heterogeneous Bézier hyperpatch
An heterogeneous Bézier hyperpatch By, is defined by a function:

3 3 3
Bn=Y Y Y hiuBl (w)B(mBi(w): uvwel0,1] ()
i=0 j=0k=0

where B?, Bi and B,3( are the well-known Bézier blending functions,
and h; j = (p;jx,a;jx) are the heterogeneous geometric coefficients,
which are pairs of values in which the elements

3
Pijk = (Xijk>Yiji Zijk) € R

are the points that define the shape of the hyperpatch (we will call
them geometric coefficients), and the elements

n
A jk= (alfjk7a2[jk7 oany )EVCR

are the material distributions defining the gradation of the different
materials throughout the hyperpatch.
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Figure 3: An heterogeneous Bézier hyperpatch B, is defined by two functions. Function P, defines its geometry, and function A, defines

the material distribution at every point

Therefore, an heterogeneous Bézier hyperpatch defines for ev-
ery point (u,v,w) in the parametric domain U3 a 2-tuple consist-
ing of a position in R? and a material distribution at that position:
B(u,v,w) = (P(u,v,w),A(u,v,w))

Definition 2.3 Heterogeneous composite Béziér hyperpatch
An heterogeneous composite Bézier hyperpatch, B, is a finite col-
lection of heterogeneous Bézier hyperpatches.

B:{B17B27~"7Bm} (3)

where B; = (PhA,’). vV P; e B,’,Pj € Bj i#J, P;N* Pj = (). That
is, the hyperpatches are pairwise disjoint, and at most, only share
one, two or four corner points; one or four isoparametric boundary
curves; and/or one isoparametric boundary surface.

In this framework, an heterogeneous solid is modeled by means
of an heterogeneous composite Bézier hyperpatch i.e. by a cell de-
composition in which each cell is an heterogeneous Bézier hyper-
patch.

From now on, we are going to use either parametric cell or hy-
perpatch to refer to the heterogeneous Bézier hyperpatches in this
decomposition. We are also going to use the term composite hyper-
patch to refer to the whole heterogeneous solid.

From Equation 2, it can be inferred that a parametric cell B, is
defined by two functions:

Bm = (Pm7Am) (4)

Function P,, defines the shape of the hyperpatch, and function
A, defines the gradation of the different materials throughout it.

33 3

Pu=Y Y Y pijB 0B (MBi(w): wvwe0,1] (5
i=0 j=0k=0

3 3
Y Y aBl (B (v)Bi(w): wvwel0.1]  (6)
j=0k=0

II
I

Both functions are a parametric projection of a solid domain (a
unit size cube, see Figure 3). The domain of the projection is known
as parametric space U, and the projection ranges are called mod-
eling space R3 and valid space of material distributions V respec-
tively.

That means that given a point of the solid denoted by u =
(u,v,w) € U3, the hyperpatch function B, returns two values:
a point p = Pp(u,v,w) € R indicating its position in three-
dimensional space, and a material distribution a = A, (u,v,w) €
V C R" indicating the proportion of each primary material at that
point.

Composite hyperpatches accurately model their interior. It is
possible to determine the material distribution A, (u) and the posi-
tion P, (u) at every single point u of every single cell of the solid.
In addition, the value obtained is a function of the parametric coor-
dinates of each point.

This is very important, because the material distribution at any
point of an heterogeneous solid modeled with our framework is not
related to the current position of the solid in the modeling space
]R3, but to its coordinates in the parametric space U3 , which do not
change if we deform the solid (see Figure 3).

From Formula 2 one can also infer that the shape and material
distribution of each parametric cell is determined by 64 hetero-
geneous geometric coefficients. Heterogeneous geometric coeffi-
cients of a parametric cell (see Figure 4.a) are organized in a three-
dimensional array with indices 7, j and k that vary from O to 3. In
order to prevent editing operations on the geometric coefficients
from producing non-valid (i.e. self-intersecting) solids, a validity
condition [CRTCO1] is imposed on the coefficients.

Not all coefficients have the same influence on the final shape
or the material distribution of a parametric cell. We label as cor-
ner points the eight coefficients obtained by fixing the value of the
three indices 7, j and k, which take the value O or 3. They have the
maximum influence both on the shape and the material distribution
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Figure 4: Heterogeneous geometric coefficients of an Heterogeneous Bézier Hyperpatch and their effect on material distribution and shape.
(a) Array of 64 heterogeneous geometric coefficients. Only the eight corner points (in yellow) are labeled. (b) Each corner point (in yellow)
and their immediate neighbours (in blue) have the strongest influence on the shape of the hyperpatch around that corner point. (c) Effect
of moving and changing the orientation of the selected corner point. (d) An heterogeneous geometric coefficient is a pair that includes a
material distribution. In this example a333 = (0.3,0.7) while the material distributions of the other coefficients are equal to ay = (0.0, 1.0)
(e) Effect of changing the material distribution associated to the heterogeneous geometric coefficient h3zz with respect to (d). The new

material distribution is az33 = (0.8,0.2)

in each parametric cell, moreover, a hyperpatch always interpolate
the corner points (see Figure 4).

There are several types of blending functions that can be used to
combine heterogeneous geometric coefficients. We are using cubic
Bézier blending functions B3 (7):

By(1) = (1-1)’ Bi(n)=3(1-0* ()
B3(t) =32(1—1) Bi(t) =1 ®)

They were chosen for the following reasons:

e The glue conditions of two adjacent parametric cells expressed in
Bézier form are much simpler to maintain automatically than if
we use other functions like B-Spline. Therefore, Bézier blending
functions facilitate modeling and editing complex real solids.

e Every Bézier hyperpatch interpolates its eight corner points, i.e.
the hyperpatch passes through these points. Moreover, both the
shape and the material distribution of each hyperpatch are de-
termined by the positions and material distributions of its corner
points. This greatly facilitates the edition of the composite hy-
perpatch. Especially when editing microstructure.

e The tangents to each corner point are defined by only its seven
neighbouring geometric coefficients (in the array of 64 coeffi-
cients mentioned above). Thus, moving a control point close to
a corner point have a clear effect on the shape of the hyperpatch
around that corner point (see Figure 4.c.).

2.1. Continuity

Continuity is a very important property that has to be taken into
account when creating and editing complex solids.

The surface tangent vectors at the corner points of a parametric
cell depend exclusively on the geometric coefficients that surround
each corner point. Taking into account the definition of a paramet-
ric cell and the distribution of the geometric coefficients described
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above and shown in Figure 4, the surface tangent vectors at the cor-
ner point hs33 are determined by the geometric coefficients hj3,3,
h332, h322, hy33, hoos, hp3p and hooy (shown in Figure 4.b).

Two adjacent parametric cells have ! continuity around a given
shared corner point if each group of three neighbour geometric co-
efficients are collinear (see Figure 5.a.). Our framework allows to
maintain C" continuity at the joint of the parametric cells by defin-
ing which geometric coefficients have to be moved in response to
the edition of another one and how to compute their displacement
(see Figures 5.b, 5.c and 5.d).

The condition of continuity for material distributions is slightly
different. Given a material distribution a at a corner point shared
by several parametric cells, we ensure C ! continuity in the material
distribution around that corner point by assigning the same material
to all immediate neighbour coefficients in both parametric cells (see
Figure 6). This is due to the fact that the material distributions are
not elements of the set R but of the set V € R” ,and V is not closed
with respect to addition.

Both € and C! continuity can be set independently for each cor-
ner point, and not all the four corner points of a boundary isosurface
shared by two parametric cells have to be continuous or not contin-
uous at the same time. Similarly, shape continuity at a given corner
point can be activated independently from the material distribution
continuity (see Figure 7).

Regarding c? continuity, the framework allows to ensure c?
continuity in those parts of the solid that require it. This is ac-
complished by solving a linear equation that involves the corner
points and its neighbour corner points. Nevertheless, as many au-
thors state, "... the usefulness of c? continuity is limited. Most me-
chanical parts do not require it, since fillets or rounded edges usu-
ally blend directly into face planes.” [Mor85] page 95.
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(@) (b) (©) (@)

Figure 5: Continuous / non continuous edition of the shape of a composite hyperpatch. (a) The corner points at the joint of two parametric
cells (two of them are in yellow in the figure) are surrounded by four groups of three neighbour geometric coefficients. C ! continuity is
maintained if the geometric coefficients of each group are collinear (top part of the figure). (b) Composite hyperpatch to be edited. (c) Editing
one of the neighbours (in yellow) of a corner point at the joint of four parametric cells with c! continuity activated results in a coordinated
movement of the surrounding geometric coefficients to maintain continuity. (d) Result of moving several geometric coefficients with no
continuity activated. The coefficients can be moved independently and the shape is modified accordingly.

Figure 6: Continuous / non continuous edition of the material distribution of a composite hyperpatch. (a) Composite hyperpatch to be edited.
(b) Result of editing the material distribution at the corner points shared by several cells. The framework defines the appropriate corrections
so that the microstructure extends continuously throughout the cells that share the corner points. (c) Result of a non continuous edition of the
material distribution at the corner points shared by several cells. The framework defines how the effect is limited only to continuous adjacent
cells. (d) Detailed view of the microstructure at the junction of the cells that share the corner points in (b). It can be seen that the material
microstructure extends continuously across adjacent cells.

3. Modeling microstructure This approach is very flexible, because it allows to design each
aspect of the microstructure (shape, size and proportion of the
phases) separately and provides great control over the final solid

that is being designed.

Once the framework to model heterogeneous solids has been sum-
marized, now we are going to focus on the contribution of this pa-
per, which is the extension of this framework to define and repre-
sent material microstructures. For a solid made of two primary materials, we use as cutoff value
function f) the first component of the material distribution function
Ai(u)=a=(a;,1—ay),ie. fi(u) =a;. This function is defined in
the whole parametric domain U~ and varies continuously through-
out it. This allows us to model phases whose proportion varies con-

In order to characterize the microstructure of a solid, we use a
continuous random noise function f and a cutoff value function f;.
The function f defines the size and shape of the phases and the

function f] defines the probability of finding the material m; on a
point of the solid. The function f is defined as f : U> — [0, 1]. That
is, its domain is the three-dimensional parametric space U and its
range is the closed interval [0, 1]. The cutoff value function fj is
also defined as f; : U? — [0, 1].

The microstructure of an heterogeneous solid depends on the
function f that determines the shape and size of the phases, and
on the function f| that determines the proportion of each primary
material m; in each area of the solid.

tinuously within the solid.

In our implementation, we have defined the function f (which
defines the location and size of the phases in the solid volume) as
a modified version of the periodic Perlin noise function p [Per85].
This function can be evaluated for any point in the parametric do-
main U3, Subsection 3.1 gives more details on this topic.

f and f] are combined in a function m(u),u € U3 that is used to
compute the phases in the microstructure. This function assigns a
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Figure 7: Both % and C! continuity can be set independently for
each corner point. Also, given a corner point, continuity can be es-
tablished separately for shape and material distribution. This com-
posite hyperpatch shows C ! continuity in the material distribution
but not in the shape around one corner point (left close-up). At the
same time, it shows C' continuity in the shape but not in the mate-
rial distribution around another corner point (right close-up).

(b) ()

Figure 8: Elements involved in microstructure characterization. (a)
Uniform normalized Perlin noise function. Values near O are de-
picted in black and values near 1 are depicted in white. This is the
random noise function f we use to characterize microstructure. It
defines the shape and size of the phases. (b) Material distribution
inside the cell. This is the cutoff value function f; we use to char-
acterize the volume fraction of each primary material. There are
two primary materials: m;, depicted in red, and mj, depicted in
light grey. At each point u in the parametric domain of the cell, the
material distribution is A(u) = a = (aj,1 —ay). The cutoff value
function fj(u) = a; represents the proportion of each material at
that point. (c) The final microstructure is calculated from the uni-
form normalized Perlin function by using the value of a; at each
point as cutoff value. If the value of the uniform normalized Perlin
function at a given point u of the parametric domain of the cell is
lower than the value of a; at that same point, material m is chosen,
and material m; is chosen otherwise.

primary material m; € M to every point u in the parametric domain
U3 ofa parametric cell:

Vu=(u,v,w) € U 9)

mu) =

myif - f(w) < fi(w)
my if  f(w) > fi(u)

Each point u = (u,v,w) € U? such that f(u) < £ (u) is assumed
to be occupied by the primary material m and similarly, each point
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(b)

Figure 9: Microstructure with different shapes, sizes and orienta-
tions. (a) Fiber-shaped microstructure, obtained by setting p, = pv,
and p,, << py. (b) Disk-shaped microstructure, obtained by setting
DPv = pw, and py >> py.

ue U | f(u) > fi(u) is assumed to be occupied by the primary
material my (see Figure 8).

3.1. Uniform normalized Perlin function

In order to obtain valid material phases susceptible of being man-
ufactured (for example, by means of 3D printing), it is essential
for the random function f to be continuous. In order to produce a
valid f function, we have implemented a modified version of the
3D periodic Perlin noise function p.

The 3D periodic Perlin noise function p has been widely used
in Computer Graphics to generate procedural textures, because it is
able to produce a noise component that can be used for simulating
natural materials such as marble in a very realistic way. However,
in this work we use it as a pseudo-random function that determines
how the phases (given a certain shape and size) of an heterogeneous
material are distributed throughout a solid volume.

The 3D periodic Perlin noise function [Per85] has six param-
eters: p(u',v',w', pu, pv, pw), where u’,v' and w' are the coordi-
nates of the point for which the function is to be calculated, and
Pu, pv and py, are the frequencies of the function in each paramet-
ric direction. The parameters also verify that py, pv, pw € [2,00)
and u’ € [0, pu), v/ € [0, pv] and w' € [0, pw].

In our framework, any point u = (u,v,w) in the parametric do-
main of a cell U? has coordinates u,v,w € [0,1]. As the domain of
the coordinates is not equal to the domain of the coordinate param-
eters of the Perlin function, we have to apply the following trans-
formation: u’ = u py, v/ = v py and w' = w py,.

For each parametric cell, the Perlin frequencies py, py and pw
are added as descriptors of the material microstructure of the cell.
These parameters determine the amount of material phases over the
volume of the parametric cell. A frequency value of 10 means that
there will be 10 material phases in that parametric direction within
the volume of the parametric cell. Similarly, a frequency value of
100 means that there will be 100 material phases. Note that it is
possible to set the frequency values for each parametric direction
independently (Figure 9). Moreover, as the frequency values can
be set at cell level, it is possible to adjust the continuity of the mi-
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Figure 10: (a) Histogram of the normalized periodic Perlin noise function. The function has a bias around the value 0.5. (b) In order to
remove the bias of the normalized Perlin noise function, the values of the normalized function (in red) are replaced by their uniformized
equivalents (in blue), resulting in a uniform distribution of the values in the interval [0, 1].

crostructure within the solid volume at will (this will be discussed
in detail later).

However, it is necessary to make two minor modifications to the
3D periodic Perlin noise function before using it as our f function,
because of the following reasons:

1. The range of the periodic Perlin noise function as defined by its
author is the interval [—1,1]. As explained above, the range of
the function f is the interval [0, 1]. Therefore, it is necessary to
normalize the values produced by p so that they belong to the
required range.

2. The distribution of the values produced by the original periodic
Perlin noise function is not uniform. In order to produce any
value with the same probability, it is necessary to make the val-
ues be uniformly distributed along the function range. This pro-
cess will be described below.

The first issue is easy to resolve. The 3D periodic Perlin noise
function produces floating point values in the interval [—1,1].
As f is expected to produce values in the interval [0, 1], the
following normalization has to be applied to the values np =

(P(“ly"l’W/:PuvPv’PW) + 1)/2

Let us see how to resolve the second issue. The histogram of
the normalized periodic Perlin noise function (Figure 10.a) clearly
shows that the function is biased around the value 0.5 i.e. the central
values of the interval [0, 1] (values around 0.5) appear many more
times than the external values (values around O or around 1).

In practice, this means that the normalized function is more
likely to produce values that lie in the center of the interval [0, 1],
and this makes the volume fraction of each material differ from the
one specified by the material distribution (see Figure 11). We solve
this problem by using a table of equivalent uniformly distributed
values to translate the value produced by the normalized function
into a new, uniformized value. The process is as follows:

In order to calculate the uniform normalized periodic Perlin

(b) unp. (c) np.

(a) Material distribution

Figure 11: Effect of using the uniform normalized Perlin noise
function unp vs. the normalized Perlin noise function np. Given a
material distribution (a), using the uniform normalized Perlin noise
function results in a microstructure that correctly reproduces the de-
sign (b). In contrast, when only the normalized Perlin is used, the
bias around 0.5 cause an abrupt transition between the two phases,
and the result does not fit the original design (c).

noise value unp, we use an array unif. This array is calculated using
a three-stage process:

1. Count. Divide the range of the normalized periodic Perlin noise
function into a sufficiently large number of intervals ni (in our
implementation, ni = 10° ) of the same length. Then, evaluate
the normalized periodic Perlin noise function a sufficiently large
number of times Ns (in our implementation, we use Ns = 106)
and count for each interval how many times the result of the
function belongs to it. The output of this stage is an array c of ni
elements with the number of occurrences for each interval.

2. Normalize. Divide each element of ¢ by Ns to obtain the nor-
malized number of occurrences. Now each element of ¢ belongs
to the interval [0, 1].

3. Aggregate. Calculate the array unif of equivalent uniformized
values from the values stored in c: the ith element of unif is
equal to the sum of the first i elements of ¢. Figure 10.b shows
in blue the plot of the values of unif.
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Note that once the array unif of equivalent uniformized values
has been computed, it can be saved for future uses, as it does not
depend on the function frequencies.

The uniform normalized value of the periodic Perlin noise func-
tion is then used for selecting the material at a given point u of the
parametric domain of a cell with coordinates u,v,w € [0,1] in the
following way:

1. Generate Perlin noise. Compute u’,v' and w' from u,v
and w, and evaluate the 3D periodic Perlin noise function
p(u’ V' W, pu, pv, pw). Then, apply the normalization to get a
value np € [0,1].

2. Uniformize. Compute the interval i to which np belongs (i =
Sfloor(np *ni)). Then, use the equivalent uniformized value for
that interval: unp = unif[i]. For example, a value of 0.35 is trans-
lated into the value 0.1206375 (see Figure 10.b).

3. Select material. Once an appropriate Perlin value unp has been
obtained, use it as f value in Equation 9, together with the mate-
rial distribution at u to determine the material to be used at that
point in the cell.

Algorithm 1 summarizes the process described above.

Algorithm 1 Determine which phase is present at a point u of a
parametric cell

Input: Parametric coordinates of the point u (u,v,w), Perlin fre-
quencies (pu, pv, pw), array of uniformized Perlin values unif
and material distribution a = (a1, 1 — ay) at the point u

Output: The material (phase value) that best represents the mate-
rial mixture at the point u of the parametric cell

{ Includes coordinate transformation }
p < Perlin (u, v, W, pu, pv, pw)
np <— normalizePerlin (p)
i < floor ( np * unif.size )
unp < uniffi]
if unp < a; then

pv <1 { Pick material m; }
else

pv <2 { Pick material my }
end if
return pv

4. Model validation

In order to prove the validity of our framework, we have compared
the observed volume fraction of each material inside a number of
parametric cells with the modeled material distribution. Our tests
confirm that the microstructure produced with our framework suc-
cessfully mimics the material design, therefore confirming the va-
lidity of our proposal. The following paragraphs describe our ex-
periments.

1. For each parametric cell tested, we have generated 210 jittered
random points ps € U3 within the parametric space U,

2. For each point p; we have defined a random epsilon value
€ > 2/p, where p is the frequency value of the uniform nor-
malized periodic Perlin noise function unp. For simplicity, we
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Table 1: Summary of the differences between the designed mate-
rial distribution inside a cell a; and the observed volume fraction
of each material obtained by applying our method to calculate mi-
crostructure. Each row contains the data of a studied Perlin fre-
quency. The first column indicates the frequency, the second col-
umn indicates the mean expected value for material m| according
to the material distribution, the third column indicates the mean
observed value for material m of the microstructure and the fourth
column indicates the average of the differences between observed
and expected values for that Perlin frequency.

Frequency a pv lar —pvl
20 0.547029699 | 0.544276822 | 0.007445180
40 0.547566887 | 0.544430949 | 0.007042045
80 0.547705965 | 0.545294582 | 0.005988058
150 0.547789582 | 0.544554088 | 0.005813939
300 0.547807896 | 0.544269652 | 0.005982422
500 0.547758455 | 0.545274119 | 0.006083959

have considered that the same value p was used for the three
parametric directions in these tests.

3. Given py and €, we have considered a spherical neighbourhood
centered on ps and with radius €. Then, we have generated 220
sampling points in this neighbourhood, each one with paramet-
ric coordinates u, and for each of these points, we have com-
puted its material distribution A;(u) = (a;,1 —a;) and its cor-
responding material (phase value) pv using Algorithm 1.

4. For each parametric cell, we have computed the mean value of
a; (expected probability of finding material 1, according to the
designed material distribution of the cell) at the sample points in
the neighbourhood of every ps, and the observed volume frac-
tion of material 1 through the computed phase values at the same
points (this value is computed by adding the occurrences of ma-
terial 1 in the phase values and dividing the result by the total
number of sample points).

We have repeated the previously described experiment for differ-
ent Perlin frequency values and different configurations of material
inside the parametric cell. As an example, the results obtained for
a given configuration are summarized in Table 1. As can be seen,
the difference between the average probability of finding material 1
according to the designed material distribution aj and the observed
material 1 volume fraction pv is very small. We can therefore en-
sure that our method generates microstructures that have the same
volume fractions of material as the ones designed by the user. The
difference does not depend on the Perlin frequency chosen.

We have also modeled examples that mimic real world ma-
terials. Figures 12 and 13 show two segmented images of Ben-
theimer sandstone samples taken from a public CT image reposi-
tory [JLK19], and our models that mimic their material distribution.
As our framework allows interactive modeling, the parameters can
be easily adjusted to match the desired requirements.
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Figure 12: Modeling real materials. a) Segmented X-Ray micro-tomography image from steady-state drainage and imbibition flow experi-
ments in Bentheimer sandstone, taken from [JLK19]. b) Modeled hyperpatch that mimics the material distribution of the sample. c¢) The same
hyperpatch, rendered using void as m;. The material distribution is (0.75, 0.25) over the hyperpatch, and the Perlin frequencies are equal to

16 in the three parametric directions

(b)

Figure 13: Modeling real materials. a) Segmented X-Ray micro-
tomography image from steady-state drainage and imbibition flow
experiments in Bentheimer sandstone, taken from [JLK19]. b)
Modeled hyperpatch that mimics the material distribution of the
sample. The material distribution varies from (0.7, 0.3) to (1, 0)
over the hyperpatch, and the Perlin frequencies are equal to 21 in
the three parametric directions

(a)

(b)

Figure 14: Continuity on the microstructure over cell joints occurs
naturally (a), just by assigning the same values of the material dis-
tribution and the Perlin parameters to the corner points of adjacent
cells. However, it is also possible to control the continuity level
in isolation at every interface between cells by just changing these
parameters on the corner points of each cell. Note that the conti-
nuity in material distribution and the geometric continuity can be
adjusted independently. (a) Adjacent cells with continuous material
distribution. (b) Adjacent cells with discontinuity in the material
distribution.

5. Results

The proposed model can ensure continuity on the shape, size and
orientation of the different phases across the cell boundaries.

As shown in section 3, the shape and size of each phase within a
parametric cell depend on the periodic Perlin noise function and the
material distribution in that cell. Both functions have been specifi-
cally designed to be continuous across adjacent cells, and therefore,
the phases that lie in the boundary of two cells spread continuously
across them, without requiring any special care from the designer
of the solid (Figure 14.a).

Delving into continuity, our model allows to directly choose be-
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tween C? or C! shape continuity across the parametric cell joints, as
explained above. Moreover, it also allows to handle material con-
tinuity, since the shape and size of each material phase within a
parametric cell depends on the uniform normalized periodic Perlin
noise function and the material distribution of the cell, and both
functions can be continous across adjacent cells, just by assigning
the same parameters to the corner points of the adjacent cells (Fig-
ure 14.a). In contrast, if no material continuity is necessary, it is
also possible to model material discontinuities by changing either
the Perlin parameters or the material distribution, as shown in Fig-
ure 14.b.

The shape, size, and volume fraction of the phases within a cell
is not bound to the position or orientation that the cell occupies
in three-dimensional space R3, but to its parametric domain (058
This is because the interpolated values for the material distribution
along each parametric cell and the periodic Perlin noise function
at each point inside each parametric cell of the solid are a function
of the parametric coordinate space of that cell U (see Section 2).
They are not a function of the actual coordinates of the points in
the three-dimensional space.

This fact provides us with a great advantage when working
with heterogeneous solids based on our Heterogeneous Composite
Bézier hiperpatches: the generated microstructure always follows
the shape in 3D space of the modeled solid, while preserving the
volume fraction of the materials. For example, if the solid is com-
pressed its internal microstructure will also be compressed, just as it
happens in a real solid (Figure 15.a). Similarly, a bending deforma-
tion applied to a set of cells also deforms the inner microstructure,
following the geometry of the cells (Figure 15.b). The microstruc-
ture adapts to the shape of the modeled solid like real solids do. This
allows us to simulate fabrication processes such as folding easily.

However, it is also possible to adjust the frequencies of the Per-
lin noise function to compensate the microstructure deformation, if
needed (Figure 15.c).

The material microstructure can be modeled at different scales
depending on the specific fabrication process that we want to repro-
duce or simulate (see Figure 16). We can achieve this by adjusting
the frequencies of the periodic Perlin noise function.

Additionally, it is possible to define a different scale for each di-
rection of the parametric space U by setting the proper values of
the Perlin frequencies. This produces phases whose shape is simi-
lar to spheres, fibers or disks with different sizes (see Figure 9). As
a result, the framework allows to model solids that are statistically
homogeneous or isotropic, as well as solids that are statistically
anisotropic. This is very interesting, since the properties of a par-
ticular composite material depend not only on the volume fraction
of each primary material, but also on microstructural information
such as shape or orientation of the phases. The ability of a frame-
work to precisely model such microstructural information is very
important (Figure 17).

6. Discussion and conclusions

We have summarized how our framework based on heterogeneous
composite Bézier hyperpatches allows us to represent in a compact
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way complex heterogeneous solids and edit them interactively us-
ing a simple and intuitive mechanism [CTGF15]. This is done by
associating material distribution coefficients to the corner points of
each parametric cell and using the Bézier interpolation function to
compute the material distribution throughout the volume of each
cell (Figure 18).

In this paper we have presented a method to represent the mi-
crostructure of the solid by using a modified version of the periodic
Perlin noise function to associate primary materials at local level.
Other authors use a different function which is expressed in terms
of a combination of Gaussian functions [Tor02, VG10]. We have
chosen the periodic Perlin noise function because it has several ad-
vantages:

e It is inherently periodic, therefore it is not necessary to evaluate
special cases in order to create a locally periodic microstructure
with continuous material interfaces across the cell boundaries.

e Itis possible to define the size of the phases relative to the size of
the solid domain U? of each cell. To do this, it is only necessary
to adjust the frequencies of the periodic Perlin noise function.
This allows us to model phases at different scales, from microns
to meters.

e [t is also possible to model phases with different shapes. For ex-
ample, if we use the same value for the three frequencies, we
obtain phases whose shape is similar to a sphere. If we use the
same value for two of the three frequencies and a smaller value
for the third, we obtain phases whose shape is similar to a disc,
and so on. Using our method we can model a great variety of
phase shapes.

Previous approaches worked with a B-rep representation of the
solid, defining the material distribution in the modeling space. This
makes it difficult to deform the represented solid while maintain-
ing the microstructure (for instance bending it). Our approach takes
advantage of defining the material distribution on the parametric
space U3, allowing us to carry out any deformation of the solid
easily.

The proposed approach guarantees that the locally generated ma-
terial fraction corresponds with the one computed using the Bézier
interpolation function. It may also ensure the continuity of the dif-
ferent phases across the cell boundaries.

The framework allows to model complex solids in a simple and
efficient way. However, it is still possible to extend it further. At
this moment, we are developing algorithms to compute Boolean
operations based on our framework, which would allow us to model
operations such as machining mechanical parts in a simple way.
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