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Abstract

Exceptional megaflood-scale bedforms on Earth are commonly associated with the catastrophic draining of glacial
lakes in the late Pleistocene. The widest studied events have been the Missoula and Altai floods with 300-700 m flow
depth, 1-20 m bedform height and 10-300 m wavelength. Nowadays, the Saint-Venant equations have succeeded at
simulating the catastrophic glacial-lake drainage process numerically, but we still lack a depth-averaged morphodynamic
theory able to predict the growth of dunes and antidunes. The disparity of spatial scales in megafloods prevents the
use of non-depth-averaged rotational flow equations, motivating the present shallow-water theory for the formation of
megaflood-scale bedforms.

We adopt a non-equilibrium sediment transport equation rooted in Einstein’s pioneering work. Here we prove that
the bed instability triggers to form dunes and antidunes simply by lagging the entrainment term for sediment mass
conservation, or the bottom shear stress, with respect to the depth-averaged flow velocity. We formalise this result using
a linear stability theory that captures the existence regions of dune and antidune in addition to the roll wave instability.
Furthermore, in the spirit of Kennedy (Annu. Rev. Fluid Mech., vol. 1, 1969, pp. 147-168), we derive a closed-form
solution of growth rate and wave speed of the bedform. The nondimensional groups controlling the linear instabilities
are the Froude number, F¢, the Shields parameter, Sh, and the grain roughness relative to flow depth, &.

Subsequently, we simulate the drainage of the largest Missoula flood numerically to explain the formation of giant
antidunes in the Camas Prairie (Montana, US) during the late stage of the megaflood. Also considered are large fields
of gravel dunes in the Kuray-Chuja Lake Basin (Altai Mountains, Siberia). The simulated hydraulic conditions over
bedforms in both basins yield values of the nondimensional parameters that lie in the theoretical region of dunes and
antidunes according to the proposed theory and in situ measurements in sandy rivers and flume experiments.
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1. Introduction

Terrestrial megafloods were a global phe-
nomenon with extraordinary spatial extent and
repeated frequency, affecting the surface sedimen-
tary geology across continents (for a review, see
Baker, 2009, 2013). In the Central Asian moun-
tain areas, a great megaflood from the Kuray-
Chuja paleolake formed the largest fields of gravel
dunes in the late Pleistocene (Baker et al., 1993;
Carling, 1996, 1999; Rudoy, 2002; Herget, 2005),
see Fig. 1a. They exhibit dimensions comparable
to very large dunes in long sandy rivers (Bradley
and Venditti, 2017) and the deep Yangtze River
(Fig. 1b). In the famous glacial Lake Missoula,
Pardee (1942) described giant dunes of coarse
gravel and unusual trains of antidunes across
the Camas Prairie (Montana, US), as shown in
Fig. 1c, that resulted from the rapid drainage of
the lake due to the sudden ice-dam failure in the
Late Pleistocene (Baker, 1973, 2009). The pale-
ohydraulic significance of the detailed stratifica-
tion of such bedforms could be used to greatly
improve the reconstruction of the flood events if
the dynamical simulation of the flow field allowed

the computation of the bedform evolution (Car-
ling, 2013; Carling et al., 2016). Presently, lake
draining models have been improved by incorpo-
rating the hydraulic interpretation of subaqueous
bedforms (Bohorquez et al., 2016, 2019), but we
still lack a shallow-water model allowing the di-
rect numerical simulation of their formation.
The interest of a depth-averaged morphody-
namic model capable of predicting the forma-
tion of large bedforms is broad. In cataclysmic
flood studies, depth-averaged shallow-water equa-
tions have become the preferred flow model for
the paleohydraulic reconstruction (Carling et al.,
2010; Alho et al., 2010; Denlinger and O’Connell,
2010; Perianiez and Abril, 2015; Bohorquez et al.,
2016; Winsemann et al., 2016; Abril-Hernandez
et al., 2018) since their introduction for lower-
magnitude outburst floods (Carrivick, 2006; Bo-
horquez and Darby, 2008). The more involved
depth-averaged morphodynamic model can eval-
uate the aggradation and degradation of the chan-
nel in flood events (Huang et al., 2014, 2015; Guan
et al., 2015) and generic geophysical flows (Garcia,
2007; Wu, 2007; Julien, 2010). Earlier attempts
to predict the formation of dunes by means of
the standard Saint-Venant-Exner equations con-
cluded that the model at Froude numbers Fr <
2 unphysically damps one-dimensional bedforms
(e.g., Reynolds, 1965; Gradowczyk, 1968; Balm-
forth and Provenzale, 2001), preventing the nat-
ural growth of dunes and, also, antidunes. The
later use of a non-equilibrium transport the-
ory succeeded at capturing upper-regime forms
(Deigaard, 2006; Di Cristo et al., 2006; Vesipa
et al., 2012; Bohorquez and Ancey, 2015; Greco
et al, 2017). To the best of the authors’
knowledge, the formulation of a morphodynamic
shallow-water model that also predicts the large-
scale subaqueous dunes remains an open problem.
Hence, we need to establish the basis of a uni-
fied morphodynamic formulation that permits the
spontaneous growth of dunes in the subcritical
regime and antidunes in supercritical flows, as it
was done with potential (Kennedy, 1963, 1969)
and rotational flow models (e.g. Dey, 2014, Ch. 8).
Linear stability analysis is the required mathe-
matical tool to achieve this goal (e.g. McLean,
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Fig. 1: (a) Field of giant gravel dunes in the Altai Mountains (Siberia). The car sets the scale. (b) Plan and long view
of a very large dune in the Yangtze River (Chizhou, China), accompanied by secondary dunes (Shuwei et al., 2017). The
average dimensions of the dune in a fluvial dominated regime are 204 m wavelength and 4 m height for a flow 10-30 m
in depth at 0.78-0.99 m s'. (¢) Location map of the Camas Prairie (Montana, US) showing the areas covered by giant

dunes and antidunes visible in an aerial orthophoto.

1990). Dunes may form with a Froude number
in the range of F¢ < 0.7, and the transition to
antidune occurs for a higher value (Carling and
Shvidchenko, 2002). Theory should account in
addition for the relative depth with respect to
the grain size as antidune have not been observed
in deep rivers (Bradley and Venditti, 2017), and
dunes do not develop in gravel-bed streams (Reck-
ing et al., 2009).

Here we show that the morphodynamical model
by Bohorquez and Ancey (2015, 2016), which
couples the Saint—Venant equation of hydraulic
engineering to a bed-load model advocated by
Ancey and Heyman (2014), can predict the
dune/antidune instability of the erodible bed by
lagging the entrainment term with respect to the
depth-averaged flow velocity. Furthermore, the
model deals with the roll wave instability of the
free surface. Shallow-water equations make feasi-
ble the analytical treatment of the current linear

stability theory, and allow us to capture the wave-
length spectrum observed in flume experiments
and river flows (Carling and Shvidchenko, 2002;
Recking et al., 2009; Cheng, 2016; Bradley and
Venditti, 2017).

The paper is organised as follows: the mor-
phodynamic models relevant in paleohydrology
are revisited in Section 2.1 (conservation laws
of the water phase) and Section 2.2 (sediment
continuity equation); their capability to capture
the formation of bedforms is analysed in Sec-
tion 2.3. Based on available experimental data
at the laboratory and river (Section 3), we re-
view the relevant nondimensional parameters that
control the formation of dune/antidune, propos-
ing a novel three-dimensional bedform diagram.
Next, in Section 4, we proceed to prove the ca-
pability of the proposed morphodynamic model
to predict the formation of such bedforms by us-
ing a linear stability analysis. Inspired in the
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seminal work of Kennedy (1963, 1969), we also
derive an analytical solution of the growth rate
and wave speed of the bedform. The applicabil-
ity of the bedform stability diagram to predict
the developments of giant dunes and antidunes in
a megaflood is subsequently shown in Section 5,
where the case studies are the largest Missoula
flood in Camas Prairie and the Altai megaflood
in the Kuray-Chuja lakes. Conclusions are finally
drawn in Section 6.

2. Morphodynamic models in paleohydrol-
ogy

2.1. The Saint-Venant equations

Unsteady hydraulic modelling has become a
standard in paleohydrology. Early illustrative ex-
amples of the potential of this technique include
the reconstruction from high-magnitude (Carriv-
ick, 2006) to small-magnitude outburst floods
(Bohorquez and Darby, 2008). Later, the appli-
cability to retrodict the dynamics of catastrophic
late Pleistocene glacial-lake drainage was proved
in notable case studies such as the largest Mis-
soula draining (Alho et al., 2010; Denlinger and
O’Connell, 2010), the Kuray-Chuja megaflood in
the Altai Mountains (Carling et al., 2010; Bo-
horquez et al., 2016), along the margin of the Mid-
dle Pleistocene Scandinavian Ice Sheet (Winse-
mann et al., 2016) and the Lake Bonneville (Abril-
Hernéndez et al., 2018). Morphological changes
were neglected by assuming a fixed bed which
approach is consistent with the lack of signifi-
cant changes in basin capacity in the late Pleis-
tocene (Bohorquez et al., 2016). The direct nu-
merical simulation of the older, and even higher-
magnitude, Zanclean flood offered the possibil-
ity to quantify marine mega-floods (Perianez and
Abril, 2015).

The shallow-water equations, better known as
the Saint-Venant equations, were adopted in the
studies cited above to describe the motion of the
water phase. Independently of the number of spa-
tial dimensions considered in the modelling (i.e.
one- or two-dimensional flow), or the system of
coordinate used to express the governing equa-
tions (Cartesian or curvilinear), the conservation

laws of mass and momentum can be obtained by
depth-averaging the Navier-Stokes equations for
clear water and can be written in compact form
as

on

—+V-(nqu)=0, 1
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where 7 is the time, 7 is the depth of the water
measured along the vertical coordinate, u is the
depth-averaged velocity vector, z is the bed alti-
tude and g is the acceleration due to gravity. The
source terms in the momentum equation are the
bed slope VZz and the bottom shear stress 7,/p,
in which p is the water density. The extra term,
V - (vVu), represents a depth-averaged Reynolds
stress where 7 is the eddy viscosity.

Both the dimensional-based Darcy-Weisbach
friction factor, f, and Manning’s roughness co-
efficient, m, can be used for evaluating the friction
term in (2) by setting

/\/\2

feoimop _ 9N g
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|

Following Kennedy (1963), we propose the
incorporation of a phase-lag between the bot-
tom shear stress and the mean velocity in (3).
Kennedy used a potential theory to describe the
flow field in the outer region which occupies more
than 80% of the flow depth for Reynolds numbers
Re ~ Oty p/11) > O(10°), see Nezu and Nak-
agawa (1993), where [ is the dynamic viscosity
of water, 7y and ug = |ug| are the characteristic
value of the flow depth and velocity, respectively.
The distribution of bottom shear stress was unre-
solved in his potential theory and, subsequently,
he had to prescribe its phase lag. Similarly, the
Saint-Venant equations require a closure law for
the friction force. The inclusion of the lagged ve-
locity in the friction term (3) serves the purpose
of providing the effect caused by the out-of-phase
shear stress proven in theoretical boundary-layer
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theories, and verified by experimental measure-
ments and numerical simulations (see, for a re-
view, Charru et al., 2013).

We aim to provide a framework where the
formation of dunes and antidunes can be stud-
ied within a shallow-water formulation. Since
Kennedy, it is well-known that a lag between the
shear rate and the flow velocity is required in or-
der for the instability to take place. Subsequently,
the lagged velocity is evaluated as u?(X,t) =
WX + ok/[k%,?). Substituting into (3) yields
a friction law consistent with depth-averaged re-
sults from rotational flow models that determine
theoretically the phase lag ¢ using a heavier for-
malism than the shallow-water equations (Four-
riere et al., 2010; Andreotti et al., 2012). The
simpler approach used in this work is empirical as
we set o = 0 and 7/2 for the antidune (Heyman
et al., 2016) and dune (Frederick and Hanratty,
1988), respectively. For the sake of the clarity,
the superscript ¢ is used to identify the lagged
terms in the current paper.

Simulated flooding areas, maps of water flow
depth and velocity magnitude can thus be ob-
tained by solving the shallow-water equations
numerically. Early slope-conveyance, slope-area
methods and step-backwater analysis became
standards for paleohydraulic reconstruction in
confined valleys (Feldman, 1981; Lumbroso and
Gaume, 2012; Herget et al., 2014), where an in-
crease in flood discharge results in a large in-
crease in the stage (Baker, 1987). During the
last decade, efficient open-source software pack-
ages for two-dimensional flow in complex flood-
plains, e.g. Dassflow-Shallow 2.0 (Monnier et al.,
2016) and GeoClaw (Berger et al., 2011), has at-
tracted growing attention due to recent advances
in computational power and the availability of
global Digital Elevation Models. The 2D ver-
sion of the Saint-Venant equations captures back-
water effects, hydraulic jumps, the backflood of
tributary and wet/dry fronts (Wu, 2007). The
thoughtful comparison of modelled hydraulic vari-
ables against inferred values from paleostage in-
dicators and instrumental data supports the pa-
leoflood reconstruction method over fixed beds
(George, 2011; Bohorquez, 2016; Bohorquez and

del Moral-Erencia, 2017).

In this work, the two-dimensional shallow-
water equations were solved numerically using
a second-order accurate HLLC approximate Rie-
mann solver with MUSCL reconstruction, and an
implicit-explicit Runge-Kutta (IMEX) time inte-
gration —denoted by IMEX-SSP(3,2,2)/MUSCL
with MP limiter in Monnier et al. (2016).

2.2. Sediment transport formulations

Dynamical simulations of floods over a move-
able bed at real scale are exceptional indepen-
dently of the magnitude of the peak discharge
(Huang et al., 2014, 2015; Guan et al., 2015).
Such an involved technique proved valuable to
quantify aggradation and degradation processes
of the channel as well as the formation of lat-
eral bars. The preferred formulation to dictate
the temporal evolution of the bed was a non-
equilibrium sediment transport model.

At the laboratory scale, the non-equilibrium
model outperforms simpler approaches, as shown
in numerous case studies (e.g. Cao et al., 2004;
Wu, 2007; El Kadi Abderrezzak and Paquier,
2009; Cao et al., 2010; Zhang et al., 2013; Li and
Qi, 2015; Bohorquez and Ancey, 2016; Cao et al.,
2017; Wu et al., 2018). These examples provide
evidence that a non-equilibrium sediment trans-
port formulation performs better than the clas-
sic Exner equation. Some authors prefer to ex-
press the morphodynamic model in terms of an
equivalent depth-averaged volumetric concentra-
tion of sediment, whereas others keep the mean
particle activity as the unknown to be determined
(Charru, 2006; Lajeunesse et al., 2010).

Without loss of generality, sediment trans-
port is described using the following advec-

tion—diffusion equation (Bohorquez and Ancey,
2015):

DV @A) -ava = REL 7). ()
where 7 is the mean particle activity (solid vol-
ume of particles in motion per unit streambed
area), U, is the mean velocity of moving particles,
and a is the particle diffusivity. In the classic ap-
proach, hereafter referred to as equilibrium trans-
port theory, the mean particle activity is defined
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as ¥ = 7, in which 7,, depends on the Shields
number

|Ts]
(s 1)gd

d is the mean particle diameter and the constant
parameter s is the relative density mismatch be-
tween fluid and sediment (s = 2.65 for quartz
in water). Lastly, the constant parameter & de-
termines the time and spatial scale at which 7
reaches the equilibrium value 7.

Sh= (5)

The entrainment form for sediment mass con-
servation (4) is consistent with novel approaches
that consider diffusion to be a key process of sed-
iment transport. New theories incorporating dif-
fusion have been developed in the last decade,
proving that the intrinsic particle diffusion arises
from the second moment of the probability den-
sity function of particle displacements (Furbish
et al., 2012b; Ancey and Heyman, 2014; Ballio
et al., 2018). The theory also shows that parti-
cle advection provokes nonlocal effects, which look
like (local) diffusion on the macro-scale (Ancey
et al., 2015). On the numerical side, a bench-
mark analysis of different bedload transport mod-
els provides evidence that those including particle
diffusion perform better than classic models (Bo-
horquez and Ancey, 2016).

In (4), the function 7, is conditional because
the Shields number must be greater than the crit-
ical value She, (threshold of incipient motion) for
the solid discharge to be nonzero: 7, = func(Sh)
for Sh > Sh., but 75, = 0 for Sh < Sh,,. Many
equations derived empirically (e.g. Meyer-Peter
and Miiller, 1948; Ackers and White, 1973; Fer-
nandez Luque and van Beek, 1976) are commonly
used and provide decent predictions at sufficiently
high Shields numbers and over long time-scales
(Wu, 2007). Equation (4) describes how sediment
particles are advected by the water flow (at ve-
locity w,), spread along the bottom of the chan-
nel, and erode or settle depending on the sign of

~¢ — 7. However, this equation does not define
the particle transport rate which has no unique
expression (Ancey, 2010; Furbish et al., 2012a;
Ballio et al., 2018).

Here we borrow from Furbish et al. (2012b) the

definition of the mean sediment transport rate as
as the sum of convective and diffusive contribu-
tions
aszaﬁ—avﬁ- (6)
In the non-equilibrium transport theory, both
contributions can be computed by solving the
advection-diffusion equation (4) for the mean par-
ticle activity 7. Conversely, in the equilibrium
transport approach, one neglects the diffusive flux
assuming a uniform flow, which yields as = /q\ss
with
/q\ss = ap /’7788 . (7)
The function gq,, is commonly referred to as sedi-
ment transport capacity.
Equation (4) also dictates bed evolution when
embodied in the Exner equation,

/\

(1- Cb) Ry —=7%) (8)

in which ¢, is the bed porosity.

The equilibrium transport approach does not
require the resolution of (4) because one assumes
that the relation ¥ = 4% also holds under non-
uniform flow conditions. Substituting (4) into (8),
assuming a slowly varying flow conditions (When
0 ~ aV?y < E79,,), and setting 4,7 = q,,, the
Exner equation (8) is cast in the standard form

(1- Cb)

Formally, this approxnnation is valid in the ab-
sence of a strong gradient in the sediment trans-
port rate.

2.3. Capability to predict megaflood-scale dunes
and antidunes

The prediction of the occurrence of bedforms
and its morphology has been a case study of great
interest due to its influence in major geophysical
flows such as mega-floods and the effects on the
landscape in general. The main theoretical frame-
works used to study this problem can be classified,
according to the flow equations, into rotational
formulations using Navier-Stokes equations, and
its depth-integrated form known as the shallow-
water equations (also referred to as the Saint-
Venant equations). Morphodynamic models add
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supplementary equations that describe sediment
transport processes, as described beforehand.

Since the earliest attempt by Reynolds (1965),
authors have tried to predict the formation of rip-
ple, dune, antidune and cyclic step using reduced-
order models as the standard Saint-Venant-Exner
equations (e.g., Gradowczyk, 1968; McLean, 1990;
Balmforth and Provenzale, 2001). The linear sta-
bility analysis unlikely predicts that a uniform
flow is unconditionally stable for Froude number,
Fe= ]ﬁ,\/\//g\_A, lower than 2, preventing the for-
mation of the desired bedforms. Even if the Exner
equation (9) is replaced with a non-equilibrium
sediment transport model, bedforms occur only
with a Froude number above unity, correspond-
ing with upstream migrating cyclic steps (Balm-
forth and Vakil, 2012) and antidunes (Deigaard,
2006; Di Cristo et al., 2006; Vesipa et al., 2012;
Bohorquez and Ancey, 2015; Greco et al., 2017).
Successful morphodynamic models for dune for-
mation based on the Saint-Venant equations are
scarce and require an ad-hoc bed slope correction
term that triggers the instability of the bed (Nabi
et al., 2014; Mendoza et al., 2017).

The Navier-Stokes approach has proven to be a
good option to predict with accuracy the growth
and evolution of dunes (Dey, 2014, Ch. 8), whose
standardised numerical scheme and closure equa-
tions provide reliable results checked with exper-
imental data at the laboratory scale (Niemann
et al., 2010; Nelson et al., 2016; van Duin et al.,
2017; Olsen, 2017; Vellinga et al., 2018). On the
theoretical side, the physical problem at hand was
recently solved with linear stability theory using a
rotational two-dimensional flow model (e.g. Bose
and Dey, 2009; Camporeale and Ridolfi, 2011; An-
dreotti et al., 2012; Charru et al., 2013). The base
flow of the water phase was described with a log-
law layer over the whole flow depth, a hypothesis
that holds for Reynolds number close to 10%. No
consensus exists in this framework regarding the
use of the Exner equation (equilibrium theory) or
the flux relaxation equation (non-equilibrium sed-
iment transport formulation).

Even though a rotational formulation seems to
be a great solution, a subtlety of existing lin-
ear stability theories is the use of a Prandtl-like

closure and the assumption that the turbulent
boundary-layer extends through the whole flow
depth, which holds true in the limited range of
Reynold numbers 104 < Re < 1075, That is to
say that the outer layer of the turbulent bound-
ary layer was not accounted for. Therefore, such
theories cannot be applied directly to megafloods
which develop Reynolds numbers several orders of
magnitude larger than 10°, as explained below.

As a matter of fact, the paleohydrology of
megafloods is commonly based on the reconstruc-
tion of the flow in the outer layer by means
of the shallow-water equations (1)-(2). Carriv-
ick (2006) and Winsemann et al. (2016) reported
maximum values of depth and velocity of 10-50 m
and 10-15 m-s, and even higher values of about
550-680 m and 50-60 m-s! were found in the
Missoula (Denlinger and O’Connell, 2010; Alho
et al., 2010) and the Altai megafloods (Carling
et al., 2010; Bohorquez et al., 2016). Hence, the
Reynolds number is about 10% in high-magnitude
floods and 10'° in megafloods. According to Nezu
and Nakagawa (1993), for high Reynolds number
(Re > 2.3 x 10%), the outer layer occupies more
than 80 per cent of the flow depth, and the in-
ner layer is confined within less than 20 per cent.
Subsequently, this study is motivated by the need
to formalise a simple and standard shallow-water
theory that accurately and efficiently describes
the dune and antidune instability of an erodible
bed.

3. Three-dimensional stability diagram of
dunes and antidunes

3.1. The classical two-dimensional bedform pre-
dictor

The widest accepted stability diagram of the
dune-antidune transition was originally proposed
by Kennedy (1963). He identified two key nondi-
mensional parameters in his potential flow theory,
namely the nondimenional wavenumber, k, and
the Froude number, F¢, given by

o N
=20 g, = TA : (10)
A gno
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Fig. 2: Standard representation of the regions of dune
and antidune in the parameter space {k, Fr}. Data from
sources listed in Carling and Shvidchenko (2002), Cheng
(2016), Bradley and Venditti (2017) and Recking et al.
(2009).

where A is the wavelength of the bedform, 7 is the
flow depth of the uniform stream, @y = |ug| repre-
sents the magnitude of the depth-averaged veloc-
ity and g denotes the gravitational acceleration.
His linear stability theory correctly predicted
the transition from dune and antidune observed
in experiments as the Froude number increases
above the critical value Froy = k=2 tanh'/? k.
Kennedy prescribed the value of the lag between
the bottom shear stress and the flow velocity. In
doing so, he improved the prediction of the po-
tential flow theory without phase lag by Anderson
(1953) that sets the critical Froude number:

sinh 2 k 1/2
k (tanh ksinh 2k — 2)

g)zcr,?) = (11)

Since Kennedy, it is well-known that a lag be-
tween the sediment discharge and the bed profile
is required in order for the dune instability to take
place (McLean, 1990).

We revisited the available experimental data
for dunes (Carling and Shvidchenko, 2002; Cheng,
2016; Bradley and Venditti, 2017) and antidunes
(Recking et al., 2009), and represented the dataset
in the plane {Fr, k}, see Fig. 2. Tt is readily ob-
served that Kennedy’s bedform stability diagram

accurately predicts the transition from down-
stream migrating dune to upstream migrating an-
tidunes. Interestingly, the antidune wavenum-
ber in the experimental dataset at the laboratory
scale is confined in the narrow region 0.4 < k <
1.5. Assuming k = 1 and knowing the antidune
wavelength A from sedimentary records, authors
retrodicted the flow depth, 7y &~ A/(2 ), in pale-
ohydraulic studies with an error lower than 50 %
(Shaw and Kellerhals, 1977; Maejima et al., 2009;
Carling et al., 2009a; Froude et al., 2017; Car-
ling and Leclair, 2018). Furthermore, the flow
velocity is routinely inferred from the condition
Fr ~ 1, which yields @y ~ [gA/(27)]"/2. The
uncertainty in the velocity estimates can be as
high as 100 % because antidune may develop with
Froude numbers between 0.7 and 2 (Carling and
Shvidchenko, 2002), see also Fig. 3a. In the dune
case, the wavenumber and the Froude number
are poorly constrained in flume experiments (and
large-rivers), varying between 0.3-5.6 (0.2-14.2)
and 0.22-0.83 (0.1-0.28), respectively.

Using the two-dimensional stability diagram
(recall Fig. 2), several authors have proposed
alternatives theories for dune formation (e.g.
Parker, 1975; Richards, 1980; Nakagawa and Tsu-
jimoto, 1980, 1984; Bose and Dey, 2009; Fourriére
et al., 2010; Camporeale and Ridolfi, 2011; An-
dreotti et al., 2012; Charru et al., 2013). Bose
and Dey (2009) accounted both for bedload and
washload by incorporating an advection-diffusion
equation similar to (4). Later on, the sensitiv-
ity of the linear instability results with the sedi-
ment transport formulation was explored (Cam-
poreale and Ridolfi, 2011). The comparison be-
tween linear stability results and available experi-
ments shows an excellent agreement when using a
simplified version of (4) with 9;(7y) ~ 0 and & = 0,
as shown in Fig. 2. The rotational formulation
predicts the formation of dune and upstream mi-
grating antidune (UMA) within the regions in red
and green depicted, respectively. The black solid
line highlights the transition between both bed-
forms, which nearly overlaps Kennedy’s one (blue
solid line) and experiments.

Kennedy (1963) also found a second transi-
tion above Fr,, = [k tanh(k)]7Y/? associated
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Fig. 3: (a) Plan view of the unstable regions in the parameter space {k, ¥t} associated to the roll wave (RW), dune (D)
and antidune (AD). The area described by the neutral curve when ¢ varies in the ranges given in the legend is depicted
in dark colour. (b) Unstable regions in the parameter space {d, F¢} for values of k observed in the experiments. No
erosion occurs in the light grey area that corresponds with Sh < She.. (c¢) Unstable regions in the parameter space
{d, Sh} for the values of k observed in the experiments. (d) Three-dimensional view of the neutral surfaces showing that
the experimental points lie in the unstable regions. The approximate neutral curves for dune (dashed line) and antidune
(dotted line) in panels a, b and d were evaluated by setting A = 0 with U = 0 in (25). The supplementary movie 1 shows
a rotating view of the neutral surfaces and its corresponding approximate solution.

with downstream migrating antidunes (DMA).
However, recent investigations have demonstrated
that the direction of migration of the antidune is
determined by the two possible non-linear states
of the water surface for the same shape of the
bed (Baines and Whitehead, 2003). Deigaard
(2006) used non-linear numerical simulations,
while Nunez-Gonzilez and Martin-Vide (2011)
worked out analytical solutions to prove this re-

sult. In the DMA regime, the water depth is less
over the crest than over the trough and, in UMA,
the water depth is greater over the crest than over
the trough. Hence, a linear stability theory can-
not be used to determine the downstream or up-
stream migration of the antidune.

3.2. The third dimension: the grain roughness
Carling and Shvidchenko (2002) highlighted the
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relevance of the grain size on the dune-antidune
transition, allowing the definition of a third, cru-
cial, nondimensional parameter. In their seminal
work, they accounted for the relative depth, which
is defined as the ratio of the flow depth 7 to the
mean diameter of the grains d. Alternatively, we
use in this review the inverse of the relative depth,
i.e. the relative grain roughness, given by
d = i ) (12)
7o
The relative grain roughness is a key parameter in
the evaluation of the hydraulic resistance (3) and,
subsequently, cannot be ignored (Garcia, 2007;
Julien, 2010). Unfortunately, as Kennedy did not
account for the effects of the sediment roughness,
and the two-dimensional diagram in Fig. 2 has be-
come a standard, most theoretical studies do not
include the influence of the relative depth or grain
roughness.

Inspired by Carling and Shvidchenko (2002), we
draw the experimental data in the planes {k, F¢}
(Fig. 3a) and {d,Fr} (Fig. 3b). For the sake of
the completeness, we included the experiments by
Brock (1969) for roll waves in a fixed bed. The
grain roughness relative to flow depth, ¢, extends
in our study from characteristic values of large
sandy rivers (107> < ¢ < 3x107?) to flume exper-
iments (5 X 107 < ¢ < 5 x 1072) and gravel-bed
rivers (d > 5 x 1072). The corresponding value of
the Froude number monotonously increases with
d from Fr =~ 0.1 (large sandy river) to Fr ~ 2
(gravel-bed river).

The diagram {d, F¢} (Fig. 3b) depicts a sharp
border between dune and antidune for flume ex-
periments. As reported by Carling and Shvid-
chenko (2002), the Froude number varies within
0.7 < Fr < 08 for 5x107% < ¢ < 5 x 1072
in the thin area where both bedforms coexist.
Roll waves may develop with similar roughness
but at the higher Froude numbers 2 < F¢ < 6.
On the contrary, if the Froude number is low, no
erosion occurs (gray area in Fig. 3b) due to the
general threshold condition for incipient motion
Sh > She = 0.02 (Julien, 2010). Exceptional
downstream migrating antidunes occur when the
roughness increases to 1072 < d < 1071, re-

covering the upstream migrating direction with
a higher roughness (¢ > 107'). No dunes have
been observed with these roughness values. In
the opposite limit, deep flows as large rivers and
megafloods induce much smaller values of the rel-
ative roughness ¢ (12) because this parameter
represents the inverse of the relative depth. In
gauged large sandy rivers with ¢ < 1073, only
dunes have been observed (Bradley and Venditti,
2017). The analysis of Fig. 3b reveals that dunes
essentially cannot form in gravel-bed streams, and
in-situ measurements of antidunes have not been
conducted in large rivers.

To draw an explanation, we shall use a bedform
diagram similar to Julien and Raslan (1998), see
Fig. 3c, where we plot the Shields number (orig-
inally, the transport-stage parameter) as a func-
tion of the relative roughness (i.e. the inverse of
the relative submergence). Taking into account
that a steady, uniform state was achieved in the
flows analysed in Fig. 3, mapping Fr to Sh is
straightforward by substituting (3), (10) and (12)
into (5),

fF?
8(s—1)d"

Interestingly, the Shields number for dunes is
higher in large rivers (0.06 < Sh < 1.4) than in
flume experiments (0.03 < Sh < 0.5), even when
the corresponding Froude number is much lower
at the laboratory scale (0.1 < Fr < 0.28 and
0.22 < Fr < 0.83, respectively). The absence of
antidunes in large sandy rivers can be understood
by the small velocity of the large rivers measured
by Bradley and Venditti (2017) so that the flow
becomes subcritical. The maximum value of the
Shields number was Sh = 1.4 for F¢ = 0.18 and
d = 1.5 x 1075, while laboratory experiments ex-
hibit the lower maximum Sh = 0.5 for ¢ = 0.72
and d ~ 1073. The highest Shields number in
deep flows are so notable that, at the laboratory
scale, larger values (i.e. Sh > O(1)) would lead
to upper-stage plane bed (Carling, 1999).

Upstream-migrating antidunes have bed mon-
itored in gravel-bed streams both at the labora-
tory scale (Recking et al., 2009) and real rivers
on steep slopes (Froude et al., 2017). Character-
istic values of Shields, Froude and dimensionless
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Fig. 4: Train of nine antidunes observed during a flash
flood in the gravel-bed Belham river (West Indies). See
also Video Clip S2 in Froude et al. (2017).

roughness are 0.05 < Sh < 0.27, 0.9 < Fr < 2.2
and ¢ > 0.1, respectively, as shown in Figs. 3b-c.
Dunes cannot form if the sediment is very coarse
(or the flow is very shallow) because antidunes
will form instead, the flow being close to critical
speed.

Carling et al. (2009a) pointed out that the con-
dition for the preservation of antidunes is less
well understood. A putative explanation based
on Fig. 3¢ is that the corresponding Shields num-
ber for a megaflood (¢ < 107*) is so high for
Froude numbers larger than the antidune thresh-
old (Fr ~ 0.7 — 0.8) that bedforms would be
washed out under a steady, uniform flow. To re-
main below the threshold for upper-stage plane
bed, one thus requires an unsteady flow in which
the Shields number is independent of the Froude
number. This fact may explain why antidune pa-
leostage indicators are so scarce. A limited num-
ber of sedimentary records exist, namely: 60-90 m
wavelength standing waves in the Middle Pleis-
tocene Emme delta (Winsemann et al., 2011), sev-
eral wave trains in the Camas Prairie Basin (Lake
Missoula, Montana, US) are 91 m from crest to
crest (Pardee, 1942), see Fig. lc, and gravelly
antidunes in glacifluvial Gilbert-type deltas are
10 m length (Lang et al., 2017), among other
lesser scale examples. The coexistence of an-
tidunes with other supercritical bedforms in the
geological record supports the paleoflood recon-
struction method based on the assumption of a
critical Froude number outlined in Section 3.1

(see also Carling et al., 2009b). For instance,
Grant (1994) demonstrated that wave trains of
antidunes coarsen as they collide with one another
and merge, as illustrated in figure 4, and may lead
to step pools. Antidunes downstream erosional
steps (Winsemann et al., 2011) and sandy cyclic
steps (Lang et al., 2017) have also been reported.

Finally, we originally plot the available data on
the three-dimensional parameter space {k,d, Ft}
in Fig. 3d. Rotating views of the new diagram can
be watched in the Supplementary video 1. It is
worth noting that the standard two-dimensional
representation by Kennedy (recall Figs. 2 and 3a)
is a simple projection of the three-dimensional
points {k,d, Fr} onto the plane {Fv, k}. The in-
formation relative to the flow depth or grain size is
lost. Therefore, the original bedform predictor by
Kennedy is only reliable for shallow-flow labora-
tory experiments where both dune and antidune
may develop. However, it deviates from observed
bedforms in large sandy rivers and gravel-bed
streams where only dune and antidune exist, re-
spectively. The influence of the relative roughness
d cannot be neglected. Similarly, the alternative
view in Fig. 3b represents the projection of the
three-dimensional bedform stability diagram onto
the plane {Fz, d} losing the information relative
to the wavelength. Formally, we can fix a constant
value of 4 and draw a bedform stability diagram in
the plane {Fv, k}. Such a plot is sensitive to the
relative roughness ¢ and, consequently, its depen-
dency should be retained, as shown in Section 4.4.

The remaining of this review aims at formu-
lating a shallow-water theory that can reproduce
the three-dimensional bedform stability diagram
shown in Fig. 3d and retrieve the two-dimensional
representations by Kennedy (1963) and Carling
and Shvidchenko (2002) shown in Figs. 3a-b as
a projection of the three-dimensional space onto
two dimensions (Section 4). Then, we show the
applicability of the nondimensional bedform di-
agrams to predict the formation of giant dunes
and antidunes using as input parameters the re-
constructed values of the hydraulic variables in
the Altai and Missoula floods, respectively (Sec-
tion 5).
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Fig. 5: Sketch of an open channel flow over an erodible
bed.

4. Linear stability theory for the formation
of dune and antidune

4.1. Nondimensional control parameters

To formulate a theory for the nondimensional
stability diagrams depicted in Figs. 2-3, the first
step is to make the model equations dimension-
less. Then, we identify the set of nondimensional
parameters that appear in the resulting equations
and formulate appropriate closure laws in terms
of the control parameters (i.e. d and Fv, alterna-
tively Sh).

With a suitable scaling with respect to a length
scale 7, a velocity scale up, and a character-
istic particle activity 7o (solid volume of parti-
cles in motion per unit streambed area), corre-
sponding to a one-dimensional uniform flow (see
sketch in Fig. 5), the Saint-Venant-Exner equa-
tions (1)-(8) can be rendered dimensionless. The
subscript 0 denotes the value of the base flow from
now on. The governing equations of the water
depth, n(z,t), and speed, wu(z,t), the height of
the bed, z(x,t), and the mean particle activity,
v(x,t), can be written in the dimensionless form

0 onu
a—2+aix—o, (14)
2
Fo? %+8nu —1/2 77@ +
ot ox Oor \ 'Oz 15
on 0z 9 9 (15)
ar_ Y% J e
”ax 778:70 T 8u ’
0z
5 = (r=%) (16)
0 ouy 0?
8_Z+ %—aa—xzzﬁn(ﬂ;—w, (17)

representing the mass (14) and momentum (15)
conservation of the water flow, the Exner equa-
tion tracking the bed-stream interface (16), and

the mass conservation for bedload (17). The di-
mensionless parameters are the Froude number,
Fe, an eddy viscosity, v, the Darcy-Weisbach fric-
tion factor, f, the dimensionless deposition rates,
ky and k., the sediment-to-water velocity ratio,
B (< 1), and the particle diffusivity, a. They are
related with the dimensional quantities (denoted
below by a circumflex) by means of the following
scales:

? Ry
V= _——, Hn = -,
Tlo Uo Ug (18)
o K0 o
! (1_@)@07 ﬁoao.

For the sake of the brevity, only the novel clo-
sure law for the phase lag is introduced below.
The rest of mathematical expressions, which are
used to evaluate {f, v, B, a, Ky, Ky, Vss} as @
function of {d, F¢}, are given in Appendix A.

A new ingredient in this work is the adoption
of a simple friction force equation in (15) valid to
model the effects of the thin shear layer over an
erodible wavy bottom. The hydraulic resistance is
based on the well-known Darcy-Weisbach friction
factor, f, and a phase lead, ¢, developing between
the bottom shear stress and the mean velocity,
which is evaluated as u?(z,t) = u(z + p/k,t).
Recall that the superscript ¢ is used to identify
the lagged terms in the current review paper.

Most experimental results focused on character-
ising the bedform dimensions, and less attention
was paid to the phase lag, p. Recently, Heyman,
Bohorquez and Ancey (2016) measured the shear
stress distribution in laboratory experiments on
shallow supercritical flow on a sloping mobile bed,
getting ¢ = 0 in the antidune regime. As a mat-
ter of fact, antidune is commonly referred to as
in-phase wave (Carling and Shvidchenko, 2002;
Recking et al., 2009). Conversely, experiments
with fixed dune-like features have shown that the
phase lag can reach a maximum of 7/2 (Freder-
ick and Hanratty, 1988). Setting the threshold
Fr = 0.7 for the occurrence of antidunes (Car-
ling and Shvidchenko, 2002), see also Fig. 3, and
taking into account that only dune (antidune) oc-
curs for ¢ < 1073 (4 > 1072), we have proposed
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the empirical relation

o(Fre,d) =

19

% [1 — tanh(10 Fv — 7)] exp(—7.364d) . (19)

Note that ¢ tends to 7/2 for < 1072 and Fr <
0.7, vanishing otherwise.

4.2. FEigenvalue problem

The conditions required for a disturbance to
grow over a flat erodible bed and form a large
bedform can be established using a linear stabil-
ity theory (see the review by McLean, 1990). In a
temporal, linear stability analysis the unknowns
are eventually the temporal frequency and the
growth rate of the perturbation, denoted here by
w, and w;, respectively. Both unknowns depend
on the wavenumber, k, and the control param-
eters {d, F¢} through an equation denominated
dispersion relation and the closure laws outlined
in Section 4.1, as further developed below. The

sign of w, determines whether the perturbation
moves downstream (w, > 0, i.e. dune) or up-
stream (w, < 0, i.e. antidune). Furthermore,
the nondimenional wave speed of the disturbance,
given by ¢ = w,/k, establishes whether it moves
faster than the base flow (¢ > 1). Commonly,
a linear stability theory is formulated in complex
variables, allowing to write a single complex equa-
tion, i.e. the dispersion relation, for the unknown
complex frequency, w = w, +iw;, as a function of
the real wavenumber k& (Schmid and Henningson,
2001).

The dispersion relation was derived by setting
the determinant of the stability matrix (20) to
zero, i.e. D(k,w) = |A| = 0. The derivation of
the stability matrix is given in Appendix B. The
ensuing equation links the real wavenumber, k,
with the complex frequency, w. The base flow is
unstable (stable) when the growth rate is positive
w; > 0 (negative w; < 0). Also, it serves to obtain
the neutral curve (w; = 0), which determines the
conditions for the growth of linear instabilities.

A= [ik ( 5_1
1k, w

iw 1 0 —l{}2 —Q 0 + Ry
0 F¢° 0 —Fv 0 2Sexp(ie)+kS(k—w)!

F — ik, w b exp(ip) —k(k—w)™ ) B

—Fn Vs €xp(i ) )} | 20)

The stability matrix A can be utilized for es-
tablishing the relative importance of the lagged
terms arising from the shear stress contribution,
Ls = 2S exp(ip) in (20), and its entrainment
rate counterparts, L, = kr,v.,w™! exp(ip) in
(20). Using (A.4)-(A.5) and the closure law of
K~ given in Appendix A, we arrive at Lg/L, =
0.92F ¢ d"/?w/k. Dunes in Fig. 3 occur at {Fr <
0.7, ¢ < 1072} and move with wave speed ¢ =
wy/k < 0.1, which yields Lg/L, < 6 x 1072 near
criticality (w; ~ 0), allowing us to neglect the
phase lag of the shear stress with respect to its
effect on the entrainment rate, i.e. Lg =~ 25.
We used this approximation in the solution of the
eigenvalue problem shown in Fig. 3, and verified
the negligible influence of the phase lag on the

hydraulic resistance term by comparing the solu-
tions with Lg = 25 and Lg = 2S5 exp(ip) in
Section 4.4.

4.8. Analytical solution of bedform growth rate
and wave speed

Following the earlier work of Kennedy (1963,
1969), we can work out an approximate, closed-
form solutions for the growth rate, A, and wave
speed, U, of the bedform. These are an approxi-
mation to the solution of the full eigenvalue prob-
lem with A ~ w; and U = w,/k. The main ad-
vantage of Kennedy’s approach is the provision of
algebraical expressions of A and U, which cannot
be derived from the dispersion relation. However,
it involves a hypothesis referred to as quasi-steady
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assumption which needs to be verified, as done in
this paper.

Travelling-wave solutions to the conservation
laws (14)—(17) are sought for a bedform moving
downslope with speed U. A wavefront-centred co-
ordinate system is introduced by the transforma-
tion (£ = x — Ut, 7 = t). Hence, the system is
reduced to the following

To make the analytical treatment more feasible,
and according with the analysis of the stability
matrix A (20), we neglected the effects of the
phase lag in the momentum equation (22). In
addition, we borrowed the quasi-steady assump-
tion from Kennedy (1963) by neglecting dn/0t,
Ou /Ot and v /0T with respect to 0z /7. This hy-
pothesis has become standard in morphodynam-
ics (Seminara, 2010; Charru et al., 2013). We shall

2 m(u—U)]=0, (21)  check its accuracy with the linear stability result
23 , of the whole eigenvalue problem (Section 4.2).
g {ffzznu (u—U)+ /. gfzzyn_u} _ Equatloljls (21)-(24) can be hnearlsed.to s'tud'y
o€ 2 o0& (22) the dynamical response of the flow to an infinitesi-
0z 7 of 5 mal bed perturbation. Then, it is possible to inte-
_770_5 TIegts grate them analytically using the intricate method
oz Oz ’ developed in Appendix C, which yields the alge-
or U(?_f =ky (v =7%) (23)  braic expressions of A and U that follow
0 oy
% [(Bu —U)y - O‘a_g} =k (V=) - (29)
A=Kk, (U~1) [BN; =7, Ne cos(p) =7, k N, sin(p)] /D, (25)
U=—kky, (U—=1)[BN; + .,k N cos(p) + 7. Nesin(p)] /D, , (26)
Ni=ak’S(3—-2U)+k,S(3-2U) —aF k' v(U—1)+ ()
B F2U -1 1] (U -B8) - F kK ryv (U —1),
N.=[72(U-1)?-1] [®k' +ak®k, + k* (U - B)*] + (28)
Ky [S(3=2U)—F K v(U-1)] (U-28),
Ny = [a?k +ak+ (U -8 [SQU-3)+F kv U -1)] + (29)
Ky [ (U -1 =1] (U -8),
D, = [@® k' + k* (U — B)” + 2a k? k) + k)] {52 (3-2U) + K+ F'k* (U - 1)* +
(30)

F k(U - 1)+ 2528 (U — 1) [1—U+S(2U—3)y]}.

Recall that the closed-form solutions of the
growth rate (25) and wave speed (26) are an ap-
proximation to the eigenvalue of the erodible bed
instability in (20) with A = w; and U =~ w,/k. A
constraint required for the equivalence of models
is the validity of the steady-state approximation
in (24) concerning (23), i.e. 0z/0T < 0v/0T.
Subsequently, one needs s, < &, or, using (18),
Yo K ﬁo, that reads as the dilute sediment condi-

tion.

4.4. Results

Our theory successfully captures the formation
of bedforms described in Sections 3.1 and 3.2. Set-
ting w = w, in (20), i.e. w; = 0, we solved the dis-
persion relation for the temporal frequency, w,,
and the wavenumber, k, by varying the Froude
number, F¢, and the grain roughness, d. The
projection of the theoretical neutral surfaces (see
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=1072, (b) d = 3 x 107! and

(¢) d =2 x 107° corresponding to flume experiments, gravel-bed streams and large sandy rivers, respectively. The thick
solid line shows the neutral curve from the eigenvalue problem (20) neglecting the phase lag in the hydraulic resistance
term. The agreement with the true solution (shown with squares and triangles for dune and antidunes, respectively)
confirms the validity of the approximation. The dashed and dotted lines depict the analytical neutral curve, i.e. A =0
n (25), for dune and antidune, respectively, with U # 0 given by (26). Thin contour lines: w; = 0.001, 0.005, 0.01, 0.02,
0.04, 0.08 for antidunes and one fourth of these values for dunes.

red, green and blue surfaces in Fig. 3d) onto the
{k, Fe}-plane (see Fig. 3a) shows that experimen-
tal data lie within the unstable region for the de-
velopments of bedform (dune and antidune) and
free-surface instability (roll wave). The represen-
tation in Fig. 3a has become a standard in previ-
ous linear stability studies, but we strengthen the
influence of ¢ on the neutral curve as this point
has not been considered in detail beforehand. The
areas swept by the neutral curve when ¢ varies in
the ranges of [107°,1072] and [1073,0.5] for dune
and antidune, respectively, are highlighted in dark
red and dark green colours.

Different regions of instability arose in labora-
tory experiments and real scale rivers. To illus-
trate this point, we found necessary to represent
the results as a function of ¢ (see Figs. 3b-d). For
d <1073, only dune occurs. For 1072 < ¢ < 1072,
both dunes and antidunes exist depending on the
value of the Froude number. The theoretical tran-
sition from dune to antidune regime agrees with
existing experimental and field data. At higher
values of ¢ > 1072 only antidune develops. We
consider that the plots in Fig. 6 are more precise
than Fig. 3a because they depict the neutral curve

(thick solid line) and experimental data (symbol)
for a precise value of d. The current theory pre-
dicts the formation of both dune and antidune at
the laboratory scale (Fig. 6a), only antidune in
the gravel-bed stream (Fig. 6b) and dune in large
rivers (Fig. 6¢). Fig. 6 also depicts with triangles
and squares the results of the antidune and dune,
respectively, arising from the complete stability
matrix (20). In the antidune regime, the solutions
overlap because of the obvious reason that ¢ (19)
vanishes. In the dune regime, the agreement is
good, corroborating the negligible influence of ¢
on the shear stress term, Lg, with respect to the
entrainment rate counterpart, L.

Interestingly, in our formulation the lag ¢
produces a growth of the bed perturbations at
subcritical Froude numbers even in the absence
of diffusion, see Fig. 7a, while in the classic
Saint-Venant-Exner analysis it induces damp-
ing (e.g. Balmforth and Provenzale, 2001, Sec-
tion 15.7). Furthermore, the comparison of the
contour lines of the constant growth rate with
(Fig. 6a) and without (Fig. 7a) diffusion illus-
trates that diffusivity plays a damping role in
the short-wavelength range. If v, > 0, the an-
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Fig. 7: (a) The contour lines of the constant growth rate in the {k, Fz}-plane for ¢ = 1072, as in Fig. 6a, but setting
vy =0 (i.e. @ =v =0). Thin contour lines: w; increases in powers of two from 0.0025 to 0.32 for antidunes (U < 0) and
from 6.25 x 107* to 0.02 for dunes (U > 0). (b) Sensitivity of the neutral curve of the dune (red line), antidune (green
line) and roll wave (blue line) to variations of vy, in powers of ten from 1072 to 10%, keeping the rest of parameters as

in panel a.

tidune growth rates exhibit a maximum near the
experimental data. Also, the growth rates acquire
a cut-off with F¢ < 1 that limits the range of
unstable wavenumbers, which decreases when v,
rises. The short-wavelength range can thus be sta-
bilised by increasing the viscosity 14, as shown in
Fig. 7b. The marginal curves of the dune and
roll wave shift to lower wavenumbers, and the
critical Froude number of the antidune instabil-
ity increases becoming supercritical for v, ~ 10.
We conclude by recalling that erosion-deposition
morphodynamic models with ¢ = 0 do not cap-
ture the formation of dune because the bed dis-
turbance moves always upstream (Bohorquez and
Ancey, 2015).

The fact that experimental points lie near the
maximum of the growth rate in the antidune case
(Figs. 6a-b) implies an absolute instability (Bo-
horquez and Ancey, 2015, 2016). A system which
is absolutely unstable responds selectively to per-
turbations, and its response is dominated by the
mode with zero group velocity, which grows in
place, while the other modes are swept away by
the flow (Schmid and Henningson, 2001). Using
a spatio-temporal stability analysis (i.e. both k
and w are complex numbers), Bohorquez and An-
cey (2016, Section 3.3) ensured the existence of

saddle points for antidunes by checking the zero
group velocity condition, ie. ¢, = Jw/0k =
(0D/0k)/(0D/0w) = 0. It is referred to as the
Briggs-Bers or (in Soviet literature) the Fainberg-
Kurilko-Shapiro criterion, see Schmid and Hen-
ningson (2001). Subsequently, the unrealistic,
high wavenumber of the antidune mode (k > 1)
will not manifest because of the existence of a
maximum growth rate at a realistic, longer wave-
length with zero group velocity. Conversely, the
dune is a convective instability that does not sat-
isfy the Briggs-Bers criterion for the existence of
an absolute instability.

At this point, we highlight that the approxi-
mate solutions of the neutral curves for the dune
(dashed line) and antidune (dotted line) superim-
pose on the complete solution (thick solid line)
in Fig. 6. Such a result corroborates that the
closed-form solution (25)-(30) converges to that
of the full eigenvalue problem (20) near criticality.
Furthermore, it is strong evidence for the valid-
ity of the quasi-steady hypothesis introduced by
Kennedy (1969) and later used by several authors
(Seminara, 2010; Charru et al., 2013).

To conclude, we test the simplification U ~ 0
in the evaluation of (25). We found that the ap-
proximate neutral curve of the antidune does not
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overlap when Fr < 1, as shown in Fig. 3 and the
Supplementary movie 1. It follows that the celer-
ity of the morphodynamic response is not negligi-
ble for the antidune.

5. Application to megafloods

At this point, we have already proposed
a shallow-water formulation that captures the
formation of bedforms observed in gravel-bed
streams, flume experiments and large rivers. All
the experimental data used to verify the linear
stability results are based on well-controlled con-
ditions that allowed the evaluation of F¢, Sh and
d from in-situ measurements of hydraulic vari-
ables. Mega-floods prevent direct measurements
of the peak water discharge, flow depth and veloc-
ity (Baker, 1987). Subsequently, megaflood-scale
dunes and antidunes are (apparently) not repre-
sented in the bedform diagrams (Figs. 3, 6 and
7).

The proposed stability diagram provides a tool
to quickly determine potential scale effects in
studies of dune-antidune formation by simply
plotting the values of {Fz,d} or {Sh, d} for model
and prototype conditions. Here we refer the ex-
periments measured in situ, at the laboratory or
real river, as a prototype. The model consists of
the megaflood, which hydraulic variables have to
be reconstructed using paleohydrology (see Sec-
tion 2.1). To satisfy the similarity between sed-
iment transport processes in a megaflood model,
we need identical values of nondimensional pa-
rameters F¢, Sh and d (Parker et al., 2003; Wilk-
erson and Parker, 2011). If this condition is true,
sediment transport conditions and the associated
bed morphology in prototype should precisely re-
produce model conditions.

In the next sections, we analyse the recon-
structed values of the nondimensional parame-
ters for giant gravel dunes and antidunes sculpted
by the Late Pleistocene Altai and Missoula
megafloods, respectively.

5.1. Antidunes in the Camas Prairie
5.1.1. Study site

Camas Prairie provides a unique field lab-
oratory on Earth for analysing the formation

Antidunes in Camas Prairie (Missoula Flood)

Initial lake level 1265 m

DEM source USGS 3D ELEVATION

DEM resolution 1/3 arc-second

10 m in Passes
Grid size 68 m in Camas Prairie

300 m otherwise

Breach model Instantaneous collapse

W4 47° 32’ 21" N

Gauge location
114° 34’ 52.6” W

~

Wavelength (A) 100-150 m

Manning roughness | 7 = 0.05 s m™/?

o Pebble gravel with
Grain size ~

d~0.035 m

Table 1: Summary of input data used in the formation
study of antidunes in the Missoula Flood.

of large antidunes (Baker, 1973, 2009). These
bedforms have a low preservation potential be-
cause any progressive deceleration of the flow
will cause a plane bed, provoking the destruc-
tion of the antidune (Carling et al., 2009a).
However, Lister (1981, https://scholarworks.umt.
edu/etd/7435) originally found an antidune de-
posit exposed in a gravel pit on the north
side of the Markle Pass (see location map in
Fig. 1c) associated to the largest Glacial Lake
Missoula draining (Alho et al.,, 2010). Later,
Lee (2009, https://inside.mines.edu/UserFiles/
File/Geology/Camas_red.pdf) positioned and
characterised with GPS the dimensions of trains
of antidunes in three additional Passes (referred
to as Big Creek, Wills Creek and Duck Pond).
Based on Lee’s work, the interpretation of high-
resolution orthophotos and a digital elevation
model, we delimited in Fig. 1c the areas where
antidune formed. For the sake of the complete-
ness, fields of giant ripples and reverse dunes are
also highlighted.

In the Wills Creek, Big Creek, Duck Pond and
Markle Pass, giant antidunes with characteristic
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wavelengths of 82, 68, 92 and 86 m, and heights of
4.3, 2.3, 3.3 and 4.2 m, developed on slopes of 8,
4, 11.7 and 11.7 %, respectively. The transverse
length of the antidune was limited by the bank-
full width of the local channels where they grew,
which are 200 m narrow. All of them are close to
the outlet of the V-shaped valley pathways from
the Little Bitterroot and Mission Basins to Ca-
mas Prairie (see also figure 8a). Lee argued that
antidunes had been preserved there because flow
ended abruptly when the water level dropped to
the notch floor. We shall check if such a unique
hydraulic regime developed according to the pa-
leohydraulic reconstruction.

5.1.2. Required data

To estimate the probable maximum value of the
flow velocity, Shields and Froude numbers in the
Camas Prairie during the late stage of the largest
Missoula flood, we followed the same modelling
strategy as Bohorquez et al. (2016). The required
input data is summarised in Table 1. As an ini-
tial condition, we set the Glacial Lake Missoula
at an elevation of 1265 m (Pardee, 1942; Alho
et al., 2010; Denlinger and O’Connell, 2010), see
Fig. 8a. The extent of the computational domain
included all the lakes upstream of the Flathead
River (just before the confluence with the Clark
Fork River up to the Mission Basin). Whereas
the reach of interest for the paleohydraulic study
lies at the Camas Prairie, the upstream lakes have
been taken into account with the main aim of sim-
ulating the refilling of this basin through the Big
Creek, Wills Creek, Markle and Duck Pond Pass.
The ice-dam was assumed to collapse instanta-
neously (Denlinger and O’Connell, 2010) because
antidunes developed at the end of the glacial-lake
drainage, when the flow lost memory of the ice
breach process. Simulated flooding areas, maps
of water flow depth and two-dimensional velocity
vectors were obtained by solving numerically the
two-dimensional, unsteady shallow-water equa-
tions (1)-(2).

The paleohydraulic reconstruction required a
thin spatial resolution (i.e. 10 m) to capture
with accuracy the topographic flow control ex-
erted at the outlet of the valley pathways. Hence,

the computational mesh was created using a 1/3
arc-second DEM dated 2013 from the UsGs 3D
ELEVATION program (accessed at https://viewer.
nationalmap.gov/basic). This is the highest reso-
lution seamless DEM dataset for the U.S. A com-
putational mesh with a cell size of about 10 m
was created near the four inlet Passes where an-
tidunes developed. Far from them, the compu-
tational grid was coarser with characteristic edge
lengths of 68 m (300 m) inside (outside) of the
Camas Prairie Basin. The computational mesh
has 2.3 M cells and replicates real topography in
the simulated region.

5.1.3. Results

Figure 8b depicts the map of the maximum
value in time reached by the local Froude num-
ber during the draining and refilling of the Ca-
mas Prairie. The flow regime was subcritical in
the Little Bitterroot Valley and the Mission Val-
ley. Masses of water from the Little Bitterroot
Basin passed over the ridges and refilled the Ca-
mas Prairie Basin while it drained through the
Rainbow Lake Pass in the northwest part of the
basin and the Perma Ridge in the south. The
flow accelerated progressively and achieved a su-
percritical regime at the Wills Creek, Big Creek,
Duck Pond and Markle Pass. The regime became
subcritical as water entered the deepest region of
the Camas Prairie. Over the extensions sculpted
with antidunes (blue dashed area), the Froude
number decreased to Fv = 0.7. Further down-
stream, due to the deep flow, we found Fr < 0.5.
All these results are consistent with the develop-
ments of dunes and antidunes described in our
linear stability theory (Section 4).

Figures 8c-d illustrate the high velocities and
shallow depths simulated in the Wills Creek Pass
and Markle Pass when lake level abruptly dropped
to the notch floor at, approximately, ¢ = 24 h.
The speed was fastest than 15 m-st and the lo-
cal depth decreased below 60 m. The flow de-
celerated notably (i.e. < 2 m-s') in the Camas
Prairie Lake where flow was around 150-180 m
deep. A mega-jet discharged from Little Bitter-
root to a region where we presently find an enor-
mous field (i.e. > 12 km in length) of giant dunes.
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Fig. 8: (a) Zoom of the simulation area in the Camas Prairie and detail of the initial condition of the water elevation at
1265 m (Pardee, 1942), in geographic coordinate system UTM WGS84 Zone 11. (b) Maximum value of the Froude number
achieved in the Camas Prairie Basin during the draining of the Missoula Lake. Snapshot of (¢) velocity magnitude and
(d) flow depth one day after the breach of the ice-dam, i.e. t =24 h. See an animation of the instantaneous values of
the flow depth, velocity magnitude, Shields parameter and Froude number over this area in Supplementary videos 2-5.

The velocity was nonuniform there because of the
variable bathymetry and the dissipation of the jet
throughout the lake expansion. As Pardee (1942)
figured out, the unusual features at the Camas

Prairie “appear to have been formed by large cur-
rents plunging over the north rim and continuing
with decreasing velocity out into the basin”.

The hydraulic regime that provoked the an-
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Fig. 9: Temporal evolution of (a) the flow depth,

(b) Froude number and (¢) Shields parameter over the an-
tidunes in the Wills Creek Pass (see location in Fig. 1c).
The green and black solid lines represent instantaneous
and average magnitudes, respectively. (d) Compari-
son of the reconstructed nondimensional parameters and
flume/river measurements in the parameter space {d, Sh}.
The loop drawn by the simulated variables (green line) has
been decomposed in three stages: early progressive incep-
tion of dune (red arrow); slow transition from dune to
antidune (green arrow); sudden end when the lake level
abruptly dropped to the notch floor ensuring the preser-
vation of the antidune (blue arrow).

tidunes can be understood by visualising the tem-
poral evolution of the Shields parameter, Froude
number and flow depth on one of these bedforms
at the Wills Creek Pass, see Fig. 9. The flow
depth decreased monotonously over the antidune
for, approximately, 32.6 h. The Froude number
increased progressively to Fz & 0.68 for ¢ = 26 h.
The Shields parameter also rose during the first
15 hours but remained nearly constant (Sh =~ 2)
in the period 15 < t < 26 h. In a late stage
(26 < t < 28 h), both the Froude and Shields
numbers showed a sudden drop from Fr = 0.68
and Sh = 2.3 to Fr =~ 0.05 and Sh =~ 0 when
flow depth was 7 < 36 m. A sharp decrease in
velocity induced vanishing values of Sh and F«.
Therefore, our paleohydraulic reconstruction cor-
roborates Lee’s argument on the reason for the
preservation of exceptional antidunes in the Ca-
mas Prairie Basin: “At Camas Prairie they may
be preserved because of the unique paleohydraulic
regime, in which current velocities did not de-
crease in a gradual manner, but dropped abruptly
when lake level fell below the sublake notch”.

As a matter of fact, the formation of antidunes
can be justified using our stability diagram in
the parameter space {¢,Sh} (Fig. 3c¢). To this
end, we plotted in Fig. 9d the theoretical thresh-
old for the dune-antidune transition (thick dashed
line in black) and the curve Sh(d) arising at
the Wills Creek Pass (solid green line). For
completeness, we included available experimental
data from flume experiments and river measure-
ments for dunes (red rhomboids) and antidunes
(green circles). The first morphodynamic stage
(t < 10 h) comprises the formation of giant dunes
with Sh < 0.5 and d < 2 x 1074 The corre-
sponding Froude value satisfies ¢ < 0.2. Then,
the transition to antidune occurred in a second
stage (15 < ¢ < 26 h) characterised with the
nondimensional parameters 3 x 1074 < ¢ < 1073
and Sh =~ 2. The maximum Froude number oc-
curred at the late time (£ = 26 h), with the set
of nondimensional parameters {Fr = 0.68, d =
1073,k = 2.8, Sh = 2.3} similar to those of
(antidune) flume experiments over a sandy bed
(Fig. 3). Lastly, the final stage was unusual be-
cause of the sudden decrease in Fr and Sh with
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Dunes in Kuray-Chuja Lakes (Altai Flood)

Initial lake level 2100 m

DEM source NASA SRTM v3.0

DEM resolution 1 arc-second

50 m in Valleys

Grid size 100 m in Kuray Basin

150 m in Chuja Basin

Ice incision rate =
Breach model

2.8 decametre/hour

Kurai 50°1174.86’N, 87°55’23.65"E
Gauge | Aktru 50°8’42.6”N, 87°50’11.1"E
KamSugi 50°3’17.3"N, 88°28’39.5"E
Kurai 60-200 m
A Aktru 44-88 m
KamSugi 59 m
Manning roughness | 7 = 0.05 s m™/?
Grain size d = 0.035 m

Table 2: Summary of input data used in the formation
study of dunes in the Altai Flood.

1073 < d < 1.4 x 1073, allowing the preservation
of the antidune geological record.

5.2. Gravel dunes in the Kuray-Chuja Lakes

5.2.1. Study site

The catastrophic draining of the Kuray and
Chuja Lakes in the Late Pleistocene provoked
the formation of large fields of giant gravel dunes
in the lake basin. The detailed description of
the morphology and sedimentology of such large
dunes can be found in earlier works (Carling,
1996; Carling et al., 2002; Herget, 2005). Among
other soundness trains of dunes, we selected here
for the analysis of the hydrodynamic processes
those referred to as Kuray, Aktru and Kam Sugi.
We have included the analysis of the Kuray dunes,
see Fig. 1a, because it represents the most notable
example of subaqueous gravel dunefields on Earth
(Carling, 1999). There, the wavelength varies in
the range of 60-200 m, the characteristic dune

height is about 10-16 m, and the mean grain size
is 35 mm.

5.2.2. Required data

The reconstruction of the dynamics of the
drainage, following the method outlined in Sec-
tion 2.1, has been detailed at length in a com-
panion paper. Table 2 summarises the data
used in the numerical simulations by Bohorquez,
Jimenez-Ruiz and Carling (2019). We refer the
reader to such a reference for further details on
the numerical study. The growth of dunes in the
Kuray and Chuja Lakes occurred in the early and
middle stages of the failure of the ice dam. Hence,
previous to the computation of the hydraulic vari-
ables in the lake basins, the ice-dam incision rate
had to be determined. Once conducted, we eval-
uate the dimensionless parameters F¢, Sh and
d from the simulated flow depth and velocity in
the lakes by setting set the characteristic value of
grain size to d = 0.035 m as reported by Carling
(1996) in the largest Kuray dune.

5.2.3. Resulls

We found that the Kuray dunefield developed
due to the action of a mega eddy for 12 hours. The
flow regime was two-dimensional and unsteady in
the lake, while a nearly uniform flow occurred over
the fields of bedforms. Characteristic flow depths
and velocities achieved values of 157-537 m and
1.6-5 m-s' when Sh > Sh,,. The corresponding
Shields (Fig. 10a) and Froude (Fig. 10b) num-
bers were 0.03-0.14 and 0.04-0.1, respectively. Re-
constructed values of nondimensional parameters
were similar in rather different locations (e.g. Ak-
tru and Kam Sugi) where other fields of large
dunes formed. In Aktru, the Shields parameter
achieved a maximum of 0.23, the Froude number
remained around 0.1, and the fastest velocity was
5.5 m-s! with a flow depth of 310 m. The Shields
number was above the threshold value of 0.03 dur-
ing 12 h. In the Chuja lake, developments of gi-
ant dunes lasted for 40 h near Kam Sugi. The
Shields parameter grew from 0.03 to 0.12 when
the flow depth decreased from 330 to 50 m, and
the Froude number was between 0.05 and 0.12. In
the three studied locations, the simulated values
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Fig. 10: Temporal evolution of the reconstructed (a) Shields and (b) Froude numbers in the large dunefields of Kuray,
Aktru and Kam Sugi (Altai Mountains, Siberia). Comparison of the modelled nondimensional parameters and flume /river
measurements in the parameter space (¢) {d, Sh} and (d) {Fr, Sh}.

of the Froude number are by the formation of the
dune.

To discuss the similarities and differences be-
tween the conditions to form megaflood-scale
dunes and lesser scales, we compare in Fig. 10
the nondimensional parameters d and Sh at the
locations of interest (black: Kuray, blue: Ak-
tru, orange: Kam Sugi) against well-controlled
experiments (symbols). The theoretical curve of
the dune-antidune transition (thick dashed line)
is shown for completeness. The unsteady flow in
Kuray, Aktru and Kam Sugi induces three curves,
Sh(d), whose shape depends on the spatial lo-
cation, but they share some properties. At the
onset, the roughness was of the order of d ~
O(10™*). As time proceeded, the lake depth de-
creased and, thus, the grain roughness relative
to flow depth increased to d ~ O(107%). The
maximum value of the simulated Shields num-
ber (i.e. Sh ~ 0.1 —0.2) and the corresponding
grain roughness lie close to those parameters ob-
served in sandy rivers (light red). Surprisingly,
very large dunes in large sandy rivers exhibit a

lower roughness (i.e. 107° < ¢ < 107%) and a
higher Shields parameter (Sh > 0.2). If we pro-
ceed with the comparison in the parameter space
{Fr,Sh}, see Fig 10d, it yields that the Froude
number of the megaflood (F¢ ~ 0.1) is slightly
lower than in sandy rivers (Fv ~ 0.2). Alter-
natively, the Shields parameter during the Altai
megaflood (i.e. Sh < 0.2) was lower than mea-
sured in large sandy rivers (i.e. Sh > 0.2) for the
same Froude number (Fr ~ 0.1).

Independently of the above results, the simu-
lated hydraulic conditions over the Kuray and the
Chuja dunefields yield values of Sh, Fr and d that
lie in the theoretical region of dunes according to
the proposed shallow-water formulation (i.e. be-
low the dashed line in Figs. 10c-d or in the red
area in Fig. 2). Subsequently, the proposed mor-
phodynamic theory could be solved numerically in
the future to simulate the growth and evolution
of large dunes in megafloods on Earth.
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6. Conclusions

The paleohydraulic reconstructions of the Altai
megaflood and the largest Missoula flood reveal
that giant antidunes and dunes developed with a
characteristic lake depth and depth-averaged flow
velocity in the wide range of values 50-500 m
and 1.6-15 m-st. Such high-speed flows, with
characteristic Reynolds numbers of the order of
Re ~ O(10% — 10'Y), support the dynamical
simulation of the megaflood using a flow depth-
averaged model as the Saint-Venant or shallow-
water equations, i.e. the widest accepted tech-
nique in paleohydrology. To progress in the di-
rect numerical simulation of the formation of
megaflood-scale bedforms, we require a morpho-
dynamic model based on the shallow-water equa-
tions able to predict the erodible bed instability
that forms dunes and antidunes.

We have presented a simple depth-averaged
morphodynamic theory that can predict the for-
mation of such bedforms in water flows over erodi-
ble beds both at small scale flume experiments,
large-scale rivers and megafloods. We have de-
rived the formalism of the theory from an analyti-
cal, linear stability analysis in which the hydraulic
resistance was lagged with respect to the mean
flow velocity. The algebraic eigenvalue problem
(20) determines the type of bedform, and its wave-
length, as a function of the Froude number, F¢,
and the nondimensional grain roughness, d. Al-
ternatively, instead of Fr, the Shields parame-
ter, Sh, can be used. Furthermore, we worked
a closed-form solution of the growth rate (25)
and wave speed (26) of the bed disturbance using
the quasi-steady assumption by Kennedy (1963).
The approximate analytical solution converges to
that of the full eigenvalue problem in the dune
regime. The numerical resolution of the non-
linear equations for a one-dimensional, supercriti-
cal flow showed, in a previous work, the model ca-
pability to capture the inception, growth and mi-
gration of bedforms (in particular, antidunes) in
agreement with the linear stability results. Now,
the revised formulation offers the new possibility
of simulating bedforms in the subcritical regime
(i.e. dunes) and large-scale geophysical flows as

megafloods and very-large rivers.

Our three-dimensional bedform diagram takes
into account not only the Froude (or Shields)
number but also the grain roughness relative to
flow depth, d. We have shown the relevance of
the grain roughness for the selection of the bed-
form as it depends on the spatial scale of the flow.
The possible bedforms are: dune for ¢ < 1073,
antidune for ¢ > 1072 and dune or antidune
for 1072 < ¢ < 1072 depending on Fr or Sh.
The current morphodynamic model correctly pre-
dicts the development of bedforms in large sandy
rivers (107> < ¢ < 3 x 107?), flume experiments
(5x107* < d < 5 x 1072%) and gravel-bed rivers
(¢ > 5 x 107%). Also, the paleohydraulic re-
construction of giant antidunes and subaqueous
gravel-dunes allowed us to set d ~ O(1073 —107*)
for megafloods, which yields a flow depth 103 —10*
times the grain size.

To conclude, there is a close analogy of the
current morphodynamic model (1)-(8) and well-
known non-equilibrium sediment transport equa-
tions, allowing to extend the capabilities of exist-
ing models by the inclusion of particle diffusivity
and phase lag effects to simulate the formation of
bedforms in a great variety of problems. In par-
ticular, the growth and evolution of large fields of
bedforms under the flow conditions observed in
the paleohydraulic reconstruction of mega-floods.
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Appendix A. Nondimensional closure
laws of model parameters

Here, we follow Bohorquez and Ancey (2015)
and rewrite the closure laws of the model vari-
ables {f, v, a, Ky, Ky, 7ss} in the nondimensional
equations (14)-(17) as a function of the indepen-
dent, control parameters {d, F¢}. The remaining
model parameter § takes a constant value.

To evaluate the friction factor, f, we set the
bed roughness to 4d (d is the mean grain diame-
ter), and we assume a channel width much larger
than the flow depth 7y with hydraulic diameter
Dy, = 47y. In doing so, f is assumed to be a non-
linear function of the relative grain roughness and
is evaluated from the empirical Colebrook equa-
tion in fully developed turbulent flow and rough
regime

1 d

NG = —2log (m) : (A.1)
The correctness of Colebrook’s empirical ap-
proach to model the bottom shear stress has been
shown in numerous comparisons with flume mea-
surements. Indeed, most of the experimental
studies summarised in Fig. 3, which accounts for
500 experimental runs, have verified the applica-
bility of the Darcy-Weisbach hydraulic resistance
law even in the presence of dunes, antidunes and
roll waves.

A rough estimation of the dimensionless eddy
viscosity is given by v = 141/ f/8 with the con-
stant parameter 14 ~ O(1). The parametric de-
pendence of the particle diffusivity o on the flow
variables remains unexplored to our knowledge
and, because of this, we evaluate it assuming a
constant value of the turbulent Schmidt number,
Sc = v/a = 0.5. We set v, = 1 for the sake
of simplicity. Also, we fix the sediment-to-water
velocity ratio at g = 1.

Using the scaling laws by Lajeunesse, Malverti
and Charru for the dimensional deposition rate,
R, and the equilibrium particle activity, 7o (see
Charru et al., 2013; Bohorquez and Ancey, 2015,
and references therein), we arrive at the expres-
sions , = 0.1 (s — D)2/(Fed"/?) and k. /k, ~
144 (Sh? — Shy,.) for (, = 0.4 and spherical parti-
cles. The Shields parameter, Sh¥, represents the

dimensionless shear stress,

Ghe — fugu?? _ [ u??
8(s—1)gnd 8(s—1)d
The lowest threshold value of incipient motion for
sand and gravel in hydraulically rough turbulent
flow is typically She. = 0.02 (Julien, 2010).
Lastly, the saturated particle activity, referred
to as s in (16)—(17), can be evaluated from any
suitable empirical relationship for the sediment
discharge and lags a distance ¢/k behind the lo-
cal velocity at the perturbed bed due to its depen-
dence on the dimensionless shear stress (Kennedy,
1963, 1969). Taking into account this point, and
using the same closure law as Bohorquez and An-
cey (2015), we set 72 = v55(Sh¥) with

(A.2)

Sh=Sher  if  Gh > Sh,.
Yes(Sh) = { Sho=Sher < sh,. A9
0 if Sh < She, .

The Shields number of the base flow, Shy,
must be greater than Sh,, to erode sediment (i.e.
vss > 0). Next, the base-flow Shields number is
obtained by setting u¥ = 1 into (A.2),

fo

Shy = with S = S F*. (A4)

(s—1)d
Note that Sho and S can be evaluated using (A.1)
from the two independent parameters that char-
acterise the base flow, namely ¢ and Fr. Shy also
affects the stability of the base flow through the
linear response of v, to a small change of the flow
velocity with respect to the base flow (denoted by
v.e in Sections 4.2 and 4.3):

r dyes . dyss @
Yoo T qu | =1 T dSh|g g du |,
_ 28h
~ Shy — She

(A.5)

Appendix B. Derivation of the eigenvalue
problem

We consider the linear stability analysis of a
steady, uniform flow down an erodible bed in-
clined at a constant slope, S, with respect to the
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horizontal. The base-flow solution to the Saint—
Venant-Exner equations (14)—(16) is straightfor-

ward: n = u =1and z = =Sz with y = 1 in
(17).

Substituting the expansion (n,u,7v,z) =
(1,1,1,—x S) + € (e, te, Ve, z) into (14)—(17), ex-

panding f and 7, in a Taylor series about the
base flow, and retaining only the terms of the or-
der O(e), we end up with the linear perturbation
equations:

one .~ one N Ou,

ot " or Tor W (B-1)
e (aug L e Va%s) Lo
o o o) e T g
. Sy S (2w,
ek G-tk (B3)
)
837; b (%ZE i %Zf) N O‘g;; ~ (B4)

K (u@ ,}/SS ’yé) '

The term f’ was neglected in (B.2)—(B.4) due
to d < 1. In (B.3)-(B.4), the lagged velocity is
evaluated as uf — u.(z + ¢/k,1).

The solution to the linear perturbation equa-
tions (B.1)-(B.4) in the temporal stability
analysis can be written as (7, Ue, Ve, 2) =
(He,V.,Ge, Z )T expli(kx — wt)] where the real
wavenumber is denoted by k£ and the complex
frequency by w = w, + iw; (Schmid and Hen-
ningson, 2001). The normal-mode analysis with
lag proceeds as usual except that we must set
uf = uc(x,t)exp(ip) in (B.3)-(B.4). The solu-
tions to the linear perturbation equations (B.1)
and (B.3) establish a relation between the eigen-
vector components H, and Z., respectively, as a
function of G, and V., allowing for the reduction
of the eigenproblem by means of

Using (B.5)—(B.6), the complex eigenvalue, w,
and eigenvector, T = (G, V.)T, were obtained
from the generalised eigenproblem, A - T = 0,
where the stability matrix is given by (20).

Appendix C. Derivation of the bedform
growth rate and wave speed

The continuity equation (21) can be readily
integrated, subject to the base flow condition
Ag=1-U for u =1 and n = 1, to show that the
depth-averaged velocity is

AO 1-U

u=—+U=——+U. (C.1)
Ul U
Substitution of (C.1) into (22) yields
2
0 Fe? é Ag+v on + 77_ =
9 o
8 h A2 (C.2)
_ 2 200
15 - 775 (04 n>

Following Kennedy, we then introduce the
asymptotic sequences (n, u, v, z) = [1, 1, 1,

—20(&,7)] + e(7) [0e(€), u(§), Ve(§), 2:(§)] with
—(Ut+&)S and z. = exp(ik&). Substitut-

ing it into (C.2), we end up with a second-order
ordinary differential equation (ODE) for 7. at the
linear order,
Pn. 1-F2(1-U) di.
de2 FlPv(1-U) d§
S(2U —3) ik exp(ik¢)
FlPv(1-U) FPEv(1-U)’
whose solution is given by n. = H. exp(ik &) and
HE = (Hr + iHi)il 5
H =32U-1°"-1,
Hi=5kv({U—-1)+Sk ' (2U -3).
Next, the velocity perturbation is evaluated from
the algebraic relation (C.1) as u. = V. exp(ik¢§),
where V. = (U — 1) H..
Subsequently, (24) leads to the following ODE
for /yéa

(C.3)

€:

(C.4)

d2

dv.
oqe +(8-U)

d§
du,
'%77 ’Y;s Uf - 5 dé— :

(C.5)
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The solution to (C.5) can be expressed in compact
form as

Ye = Geexp(ik &) + Gepexpli (k€ + )], (C.6)

o K(1-U) B
Tl iH) ok =k (U—0)+r)
(C.7)
Gscp _ (1 — U)lfy;s Kn

(Hi —iH,)[ak? =ik (U — 5) + &,
(C.8)

Finally, using the same procedure in the equa-
tion of the bed-stream interface (23), we worked
out a closed-form solution to the growth rate and
wave speed of the bed disturbance. Linearising
(23) in the perturbation amplitude, ¢, leads to

de dz,
3 Ve
which can be attacked analytically. Substitution
of the previous solutions for z., 7. and w. into
(C.9) generates the complex equation
de . / :
ar —eUik = ery [Go+ (Gop — Vary) explip)] -
(C.10)
Using the superscripts & and & to denote the real
and imaginary parts of an algebraic expression,
and taking the real part of (C.10), allow us to
obtain the closed-form solution of the growth rate

1
\ = _3_75_ =k, [GT + cos(p) (G, — VIA.,)] -

£
iy [sin(p) (G2, = Vo)) -

(C.9)

=Ry (P — Vs uf) |

(C.11)

Separating the imaginary part of (C.10) then fur-
nishes an implicit equation for U:

U= —% (G2 + cos(p) (G2, = VAL,)] —
K. . /
2 sin(p) (GL, = V)

(C.12)

The algebraic expressions of the growth rate, A,
and wave speed, U, of the bedform are obtained
by substituting the real and imaginary parts of
(C.7)-(C.8) into (C.11) and (C.12). A little al-
gebra generates the lengthy algebraic expressions
(25)-(30).
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