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Abstract

This paper describes a new numerical procedure for the modelling and simula-
tion of the wheel-rail contact in railway dynamic simulations. The method is
called knife-edge-equivalent contact constraint method or simply KEC-method.
Using this method, the wheel-rail contact is modelled as rigid or constraint-
based using a set of kinematic constraints that eliminates one-degree of freedom
of relative wheel-rail motion. The KEC-method uses a transformed but equiva-
lent wheel profile in contact with a single-point rail. This equivalent profile has
the property of producing the same wheelset-rail relative kinematics than the
real wheel-rail profiles. The method can be used efficiently online while achiev-
ing better computational times than using contact lookup tables. Compared
with existing constraint methods, the KEC-method has the following advan-
tages: (1) simplification of the wheel-rail contact constraints, (2) simplified
wheel-rail profiles, (3) online solution of the contact constraints, (4) reduction
of the number of surface parameters and (5) increased computational efficiency.
A comparative study with respect to the use of efficient contact lookup tables
in the simulation of Metro de Sevilla (metropolitan train in the city of Sevilla)
shows that this contact method is appropriate to simulate the dynamics of a

railway vehicle efficiently.
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1. Introduction

In the dynamic simulation railway vehicles, the wheel-rail contact is the main
area of investigation through the literature. It is an essential issue for analysing
the dynamic behaviour of railway vehicles such as stability, curve negotiation or
ride comfort [Eh The main challenge when analysing the contact between wheels
and rails is the profile surfaces. The analysis results in quasi-conformal contacts
leading to complex numerical evaluations of the contact point locations. The
mathematical expressions of the surfaces in contact are needed for the location
of the contact points and for the computation of normal and tangential contact
forces. In this context, simulation tools are crucial for the design and analysis
process of railway vehicle improvements. Hence, the development of efficient
but accurate models that account for the wheel-rail contact solution is of great
interest for railway vehicle industry developers, vehicle operators and infrastruc-

ture managers and also for researchers.

Two well-known approaches to model the wheel-rail contact can be used [E]
the constraint approach and the elastic approach. In the constraint approach,
also called rigid contact, local contact deformation is neglected. The two bodies
(wheel and rail) are assumed to contact in a single point without interpen-
etration of their volumes [E] This kinematic condition results in non-linear
algebraic equations for the contact constraints written in terms of the system
coordinates and surface geometries. Normal contact forces are accounted for
in the dynamic equations as the reaction associated with these constrains. In
the elastic approach [H], also called penalty method, the volumes of the wheel
and rail are allowed to interpenetrate. This interpenetration has to be detected
through a contact search and used as an input to compute the normal con-

tact forces. The choice of either the constraint or the elastic approach does
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not affect the calculation of the tangential contact forces. Both methods have
advantages and disadvantages. A good railway simulation program must im-
plement both contact methods. Although wheel-rail contact constraints are
among the most complex constrains used in the field of multibody dynamics,
the constraint method is computationally more efficient than the elastic method.
The main reasons are that it does not require contact search and it avoids the
high-frequency oscillations associated with the very high normal stiffness of the
contact surfaces applied in the elastic approach. On the other hand, wheel-rail
separation (derailment scenario) and flange contact are more easily treated with
the elastic method. A hybrid method that combines constraint contact in the

tread and elastic contact in the flange can also be used [H],[B]

Contact geometry analysis, i.e. the determination of coinciding points or
interpenetration of the surfaces, requires a high computational effort, since the
mathematical descriptions of the profiles can be rather complicated and often
calls for iterative solution methods. Furthermore, for some wheel/rail profile
combinations sudden jump of the contact point, multiple contact points or sep-
aration of the interpenetration areas can occur, hence, it may be difficult to
make sure that all solutions are found. As a consequence, vast amount of re-
search work has been done in this field. Contact geometry analysis can be done
using online or offline methods. In an online method, the contact geometry
problem is solved during the numerical simulation of the entire model. Some
examples can be found in [B, H, B, H] In the work of Pombo and Ambrésio
[E}, an elastic online contact model that allows the determination of the two-
point contact scenario is presented. Malvezzi et al. [H], developed two online
procedures for the detection of the contact points based on the known analytic
expressions of the surfaces in contact. Also in [E], an online procedure that
accounts for the track deformation in the contact point detection is proposed
and in [g], a methodology that computes interpenetration areas between wheel

and rail surfaces is proposed for the consideration of flexible wheel-rail contact.
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In contrast, for an offline method the contact geometry is analysed in a pre-
processing step. The results of this analysis are the contact point location and
other geometric parameters as functions of the wheelset’s relative position with
respect to the track. These pre-calculated results are stored in a contact lookup
table; this avoids the full analysis of the contact geometry during the numerical
simulation. However, its use requires simplifying assumptions associated with
the interpolation in the tabulated values that may decrease the accuracy of the
simulation results. In the work of Escalona and Aceituno [E}, a formulation
to simulate the dynamics of railway vehicles using contact lookup tables that
accounts for track irregularities is proposed and compared with the online solu-
tion of the contact constraints. This work shows, that dealing carefully with the
geometric assumptions, the use of contact lookup tables not only involves effi-
cient simulations but also quite accurate results. Other examples of the use of
contact lookup tables can be found in [@, EI] In Sugiyama et al. [@], a hybrid
offline and online approach is used for the tread and flange contact respectively
and in Santamaria et al. [@], a reduced 3-DOF elastic contact lookup table is
presented where it is assumed that the contact point lies on radial sections at
the wheel.

Another field of research in the development of efficient formulations for the
multibody simulation of railway vehicles is the linearisation of the equations
of motion. This is a delicate task that requires detailed understanding of the
vehicle motion. As an example, the equivalent conicity concept for wheel-rail
contact geometry cannot be linearised for the determination of limit cycles of
permanent hunting [] The purpose of linearisation is to considerably decrease
the computational effort without compromising the accuracy of the results. As
shown by Shabana et al. [@], if the small motion associated with the relative
motion of the bodies of the vehicle is separated from the motion associated with
the vehicle forward velocity, linearisation of transformation matrices, suspension
and inertia forces can be properly applied. Moreover, as there are many railway
vehicle models that are developed for the analysis of either the vertical or the

lateral motions (i.e. see [@, @, @]), the previous linearisation can be combined
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with the assumption of weakly coupled vertical and lateral dynamics as shown by
Muioz et al. [@] In their work the lateral and vertical dynamics are computed
almost independently in a simplified railway vehicle model where the coupling
between them is achieved only by the wheel-rail contact forces.

Considering the purpose of this work, special attention should be given to
the work of Arnold et al. [@], Schupp et al. [@] and Netter et al. [@], where the
so-called quasi-elastic wheel-rail contact model is proposed. In the quasi-elastic
contact model, the elastic deformation of the contact interface is considered with
the purpose of smoothing the equations of motion. The contact constraints are
weighted to avoid contact point jumps. This leads to a continuous transition
from tread to flange contact and to a significant reduction of the computational
time. To that end, contact parameters are approximated by three-dimensional
tensor product splines [@] By smoothing the contact constraints in the case of
sudden jumps of the contact points in the wheel and rail surface, the application
of the method presented in this paper has similar effect in the simulations as
the application of the quasi-elastic method.

With the aim of increasing the computational efficiency, this paper develops
a new numerical procedure for the modelling and simulation of the wheel-rail
contact named the knife-edge equivalent contact constraint method or simply
KEC-method in railway dynamic simulations. The method can be used, for
parameter identification [@], on-board state observation [@] or track geome-
try measurements [@] The KEC-method presented here reduces the wheel-rail
profiles combination to an equivalent wheel profile that contacts an ideal rail
that has no lateral dimension. Hence, the equivalent wheel seems to be in con-
tact with the edge of a knife. This method avoids the jumping of contact points
(their location is given by discontinuous functions of the wheelset lateral dis-
placement), as the quasi-elastic method does, but using a conceptually simpler
and easily applicable method. Moreover, the KEC-method is based on a clas-
sical approach that has been used in the railway dynamics literature [@] but
extended to account for the same wheelset kinematics that using real profiles.

In this context, to accurately describe the dynamics of a railway vehicle, contact
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forces are applied in the exact position of the real profiles because the online so-
lution of the KEC constraints allows a direct determination of the exact position
of the contact points.

The paper is organized as follows: in Section E, railway kinematics (track
and vehicle bodies) is presented and linearised to its maximum extent. Section E
briefly details the wheel-rail profiles kinematic description. In Section E, contact
constraints are presented in its exact and approximate form together with the
use of contact lookup tables. This leads to Section B, where the knife-edge-
contact constraints are derived. Its application to find the equivalent wheel
profile that has the same wheelset kinematics as using the real wheel is shown
in Section E The calculation of the wheel-rail contact forces with the KEC-
method is presented in Section H Section E provides the numerical results of a
railway vehicle running on a 1-km length track with irregularities to show the
efficiency of the proposed method. Finally, Section H presents the advantages of
the KEC method for the two-point contact scenario and Section E closes with

a summary and conclusions.

2. Railway kinematics

This section describes the kinematic description of the rail geometry and the
kinematic description of the bodies that move along the track (vehicle bodies).
In here, rotation matrices are linearised using the small-angles assumption when
this approximation is reasonable in the railway context. This approximation
is not really needed for the use of the KEC-method presented in this paper.
However, it results in a more efficient computational formulation with little

reduction in accuracy.

2.1. Nomenclature
In this paper italic symbols represent scalar magnitudes while bold symbols
represent matrices. Italic symbols with an arrow represent vector magnitudes.

The use of uppercase bold symbols to represent matrix components and lower-
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case to represent the components of a vector (column matrix) is not followed in
this paper.

Different symbols are used to express position vectors in different frames:

« R is a position vector whose origin is attached to the global frame (GF).

The GF is an inertial frame fixed in space (see Fig. EI)

e 7 is a position vector whose origin is attached to a track frame frame

(TF), with the only exception of the irregularity vectors (see 7" and 7"
in Figs. E and H) The TF is a frame that slides along the ideal track
centerline keeping the X-axis tangent to it and the Y-axis parallel to the

line that connects the centre of the rail cross-sections in ideal position (see

Figs. ﬂ, E and E)

* 1 is a position vector whose origin is attached to a body frame (BF) or rail-
profile frame (RPF). The RPF is a frame located at any rail cross-section

and it is used to define the rail head profile (see Fig. E)

Vector symbols may include subscripts, representing the end-point of the
position vector, and superscripts, expressing the body or frame to which they
belong. In case the vector symbol does not include a subscript, it means that
the end-point is the origin of the frame expressed by the superscript. Other
vectors used (not position vectors) are tangent vectors to a surface, denoted by

{ and normal vector to a surface, denoted by 7i.

The column matrix that contains the components of a vector in a given
frame is expressed with the same symbol as the vector itself but using bold type
and a different “hat” (diacritic) than an arrow. As diacritics, “bar” is used for
the track frame, “arc” is used to the body frame and no diacritic is used for the
global frame. As an example R'}D is the position vector of point P that belongs
to body 4 with respect to the global frame, R are the components of that

vector in the GF, f_{jp are the components of that vector in TF and f{}; are the
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components of that vector in the BF.

Rotation matrices are expressed with symbol A and two superscripts sepa-
rated by comma. For example, A%’ is the transformation matrix from the BF
of body i to the TF (whose symbol is t). It is easy to follow that R = At*if{%.
Rotation matrices with just one superscript are rotation matrices with respect
to the GF. For example A’ and A’ are the rotation matrix from the BF of body
i to the GF and the rotation matrix from the TF to the GF, respectively.

2.2. Kinematics of the ideal track centreline

Track geometry is the superposition of the ideal geometry and the irreqular-
ities. The absolute position of an arbitrary point on the ideal track centreline

with respect to a global frame is a function of the arc-length s, as follows:

R'(s) = | B! (s) (1)

Track centerline

\

s

Horizontal profile

Figure 1: Track Kinematics

The track centreline geometry is characterized by the following geometric

functions of the arc-length s:
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o Horizontal curvature: p(s)

Vertical curvature: p,(s)
o Twist curvature: pg,(s)

« Spatial-derivative of horizontal curvature: pj (s)

Vertical slope: 0,(s)

The meaning of the functions is related to the fact that the geometry of the
track centreline 3D-curve is defined by the horizontal profile and the wvertical
profile [@} The horizontal profile is the planar curve given by the projection
of the 3D-curve in the global-horizontal X — Y plane (see Fig. EI) The verti-
cal profile is the planar curve that appears when representing the height of the
3D curve with respect to the horizontal profile as a function of the arc-length
s. Both profiles are defined piecewise using sections of variable length. Points
between two sections are called vertices, whereby the vertices of the horizontal

profile do not necessary coincide with those of the vertical profiles.

Horizontal profile sections are classified as straight (or tangent), with zero
horizontal curvature, curve (circular), with constant horizontal curvature, and
transitions, with variable horizontal curvature. Most common horizontal tran-
sition function is the clothoid, with linear space-variation of the horizontal cur-
vature, that has been considered in this work. Each of these types of sections
are described by the set of geometric parameters given in Tab. ﬂ, where Rj
is the curve radius, fi;,(s) is a linear function of the arc-length that is zero at
the straight end and one at the curved end, ¢, is the cant angle at the curved

section and Ly is the length of the transition.

Vertical profile sections are classified as straight, with zero vertical curvature,
and transitions (most common vertical transition is a cubic polynomial), with
non-zero horizontal curvature. Each of these types of sections are described by

the set of geometric parameters given in Tab. E, where 6, is the vertical slope,
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Straight pn=0 Ptw =0 p,=0
Curve Ph = ﬁh Ptw =0 P, =0

Transition | pp, = fun(s) - (R%L) prw = fiin(8) - e | p), = ﬁ

Table 1: Section types in horizontal profile

0,1 and 0,5 are the slopes of a straight sections before and after the transition,

and L,; is the length of the transition section.

Straight 0, = constant Py =0

(6v2—041)
L'ut

Transition | 0, = 0,1 + f1in(8)(0v2 — 001) | po =

Table 2: Section types in vertical profile

The list of sections of the horizontal and vertical profiles of a given track,
including the value of the geometric parameters given above, allows the calcula-
tion of the function R'(s) given in Eq. ﬂ This function uses to be implemented
in a track-preprocessor that is a very important part of the railway dynamic
simulation codes. The orientation of the track centreline can also be obtained
as a function of s as explained next.

Figure EI shows the frame (X, Y Z') associated with the track centreline
at each value of s. This frame is called here the track frame The orientation
of the track frame with respect to a global frame can be measured with the
Euler angles 1! (azimuth or heading angle), 6 (vertical slope, positive when
downwards in the forward direction) and ¢! (cant or superelevation angle). The
azimuth ¢! can have any arbitrary value, however, the slope #' and cant ¢!
angles can be considered as small angles. Approximate values of the maximum
slope and cant angles in railway tracks are 3.5° and 5.5°, respectively. Under
these conditions, the rotation matrix from the track frame to the global frame

can be approximated (linearisation of trigonometric functions of #* and ') to:

10



cos (¥!)  —sin () 0% cos () + ! sin ()

Af(s)=| sin(¢t)  cos(t)  Bsin(f) — @f cos () (2)
_9’( s01‘, 1
240 A frame that slides along the track with a forward velocity V' and a forward

acceleration V', while taking the same orientation as the track frame, would

experience the following absolute velocity and acceleration:

\%4 \%4

<t =t

R=|o0|, R=| pv? (3)
0 —p, V2

where these arrays contain the first and second time-derivatives of vector Rt
in the track frame. Similarly, the absolute angular velocity and the absolute

2s angular acceleration of that body are given by:

pth thv
o' =1 pv |, a'= poV (4)
pnV PV + p) V2

where these arrays contain also the components of the angular velocity and

acceleration vectors in the track frame.

2.8. Kinematics of the irregular track

Figure E shows the relative position of the irregular right rail centreline with

0 respect to the track frame defined in the previous subsection. Figure E shows
the rail heads displacement due to irregularity in a track cross-section (Y — Z*
plane). As observed in the figure, at each railhead there is a frame defined (Irp,

left rail profile frame, and rrp, right rail profile frame). The irregularity vectors
7Y (lir, left rail irregularity) and 7" (rir, right rail irregularity) describe

»s  the displacement of the rail centrelines. The components of these vectors in the

track frame are functions of s given by:

11



Real position of  Ideal position of
rail cross section  rail cross section

Irregular right rail curve

Figure 2: Rail centreline irregularity

Rail cross-sections
in real position

Rail cross-sections
in ideal position

Figure 3: Kinematics of track section

12



0 0
F(s) = | gyl | FT(s) = |y ()
lir rir
In the railway industry, the following four combinations of the irregularities

of the rail head centrelines are measured:

e Alignment: al = (ylir + yrir) /2
260 o Vertical profile: op = (24 4 27 /2

o Gauge variation: qu = ylir — yrir

o Cross level: cl = i — i

The orientation of the rail head frames with respect to the track frame is

given by the following rotation matrices:

1 0 0
AbLTD (s)=1 0 cos(B+0) —sin(B8+9) (6)
0 sin(f+6) cos(B+9)

1 0 0
AP (s)=| 0 cos (—B+48) —sin(—8+9) (7)
0 sin(—8+46) cos(—B8+9)
% where £ is the inclination angle of the rail profiles and 6§ = (2! — 2"") /2L, is
the linearised rotation angle due to the irregularity. Both angles can be observed
in Fig. E
The absolute position vectors of two points, P and @, defined in the right

and left rail heads, respectively, are given by:

RyP =R 47" + 7" +ap” ®)
Rgpzét+Flrp+Flir+ﬁgp (9)

13
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The components of these vectors in the global frame are given by:

Rp? =R+ A" [T7P + 77 + AV7Pa?] (10)
RU? — R 4+ A [fzrp Ll At,zrpﬁgp} (11)

where a5” and ﬁgp contain the components of the position vector of points
P and @ in the rail head profiles as shown in Fig. E These vectors are
parametrized following the rail head profile geometry. Note that the uppercase
symbol R in the two previous equations is used to represent the components of

vectors (column matrices).

2.4. Vehicle body kinematics

A 7vehicle body” means here any body belonging to the vehicle, not neces-
sary the car body. The generalized coordinates used to describe the position

and orientation of body ¢ that moves along the track are:

VA

/Y«
X
Figure 4: Kinematics of a vehicle body along the track

14



¢i
20 where s° defines the position along the track of the body, % and 2’ define the
position of the body with respect to the track centreline, see Fig. H, and ¢, §°
and 9" define the orientation of the body frame with respect to the track frame

in a X —Y — Z sequence, respectively. Once the arc-length s’ is given, one can

compute the position and orientation of the body-track frame i as follows:

RY = R! (s=s'), AM = A'(s =) (13)

285 The components of the position vector of the body frame with respect to

the body track frame are:

= 4 (14)

And the orientation matrix of the body frame with respect to the body-track

frame, that has been linearised using the small-angles assumption, is given by:

1 — g
Abti,i — ’(/}i 1 _QDI (15)
—9 gOi 1

The absolute position vector of an arbitrary point P of body ¢ is given by:

Rh=R" 47l 4+ i} (16)

200 The components of this vector in the global frame are given by:

15
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qu:) :Rbti_'_Abti f’L_i_Abtl,ZﬁlP (17)

These components are determined by the value of the coordinates q* and

the local position vector ﬁé; that define the position of P within the body.

2.5. Wheelset kinematics

The wheelset treated in this subsection is the conventional railway com-
ponent that includes two profiled wheels rigidly connected by an axle. The
kinematic description of the equivalent component with independently rotating
wheels (IRW), called here IRW-wheelset, that is also modelled and simulated in
Section 8 of this paper, does not follow the method presented in this subsec-
tion. Wheelsets are considered as solids of revolution, such that, rotation about
their axis of symmetry does not change their contour. As any other body in
the railway vehicle, the position and orientation of wheelset ¢ are given by the

following set of generalized coordinates:

Figure 5: Kinematics of a wheelset

16
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However, in contrast to the pitch angle 67 of the other bodies, which describes
small oscillations around zero, the rolling angle 8% of the wheelset increases due
to the overturning, while the wheelset is travelling along the track. Therefore,
the rolling angle #*% of the wheelset cannot be considered as a small angle
and kinematic linearisation of this rotation is not admissible. Due to this fact,
and in order to take advantage of the axisymmetric shape of the wheels, it is
convenient to define an additional frame for each wheelset, called the wheelset
intermediate frame, wli, that performs all rotations of the wheelset except the
rolling motion with the angle #*%. Figure E shows the wheelset ¢ body frame wi
and the intermediate one wli. The wheelset intermediate frame wli is defined
using a sequence of rotations X-Z with respect to the wheelset-track frame wti,
such that the corresponding angles "% and 1™ can be assumed to be small and
kinematic linearisation is valid. Under these conditions, the orientation of the
wheelset body frame wi with respect to the wheelset track frame wti is given

by the following matrix:

1 =yt 0 cos (6“%) 0 sin (6"7)
Awti,wi _ Awti,wIiAwIi,wi — ww,‘ 1 _Sowi 0 1
0 EL 1 —sin (9’”) 0 cos (97“"")
(19)

This way, the large angle 6%, that is left as the last one in the sequence that
describes the rotation of the wheelset with respect to the wheelset-track frame,
is defined with respect to an axis that coincides with the axis of symmetry of the

geometry of the wheels. Due to these reasons, the wheel profile geometry can

17
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be defined in the wheelset intermediate frame as simply as it is defined in the
wheelset body frame. These properties of the wheelset intermediate frame will
be exploited in next section where the wheel-rail contact constraint equations

are described.

3. Contact geometry

This section describes the kinematic description of the wheel and rail head
profiles. Figure E shows the surface parameters and profile functions that are

used to locate points in the surface of the wheels or rail heads.

le
N
- -
W ||
5 Hs5)

v ]

—

I
o

Figure 6: Wheel-rail contact geometry

Vectors @, or ﬁg P are given in the rail profile frame by the following

functions:

0 0
ﬁ;;rp = 55" s ﬁgp = 5l2r (20)
h" (Sgr) hr (5l2r)

where Ir and rr stand for ‘left rail’ and ‘right rail’, and A" is the function that
defines the rail head profile. Surface parameters sy and s5” (see Fig. H) are the
left and right transverse rail surface parameters, respectively.

The position of an arbitrary point in the surface of the left or right wheel is

given in the wheelset intermediate frame by:

18



AT (sT%) cos (s5*) A (siv) cos (sh?)
ay = —Ly + s7v , g = Ly + 84" (21)

—h"™ (s7T%) sin (s5%) —h! (sh) sin (s5*)
where lw and rw stand for ‘left wheel’ and ‘right wheel’, A™ and h'* are the
functions that define the right and left wheel profiles and L,, is the distance
from the wheelset axle centre to the centre of the wheels where the origin of
s the wheel profiles is defined. Surface parameters s and s]* (see Fig. E) are
the left and right transverse wheel surface parameters, respectively, and sh*
and s5" (see Fig. H) are the left and right angular wheel surface parameters,
respectively. Note that the angular parameters are defined with respect to the
wheelset intermediate frame. Also note that, in the description of the wheel
us  profile and rail head geometry, symbol s is used for all parameters regardless of

being a translational magnitude or an angular one.

The functions provided in Egs. @ and El can be used to obtain two tangents

and the normal vector to the surfaces of the wheel and the rail, as follows:

1 0
wp=lo|. wre| 1 | Areupkir @
0 R (s57)
1 0
e I B N B L (R
0 R (s57)
R (1) cos (s5%) —h" (s1%) sin (s5")
i, = 1 . = 0 (24)
e (s7) sin (s57) | | —h7 (s7) cos (s5°)
B (510 cos (s4) Rt (st sin (s4)
tio = 1 , to= 0 (25)
—p/tw (sllw) sin (sé’”) | i —plw (sllw) cos (352“’)

19
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Awi __ Fwi Fwi Awi __ Twi Fwi
Np =t p Xtyp, Ng =t Xtyq (26)

where all tangent vectors t are obtained as partial derivatives of local position

vectors with respect to the surface parameters as follows: ff R = 5‘1”1% / 88{,

being j = wi, lrp or rrp, i = 1 or 2 and R = P or Q.

4. Contact constraints

The wheel-rail contact can be modelled using contact constraints. These
constraints are geometric conditions that the two bodies in contact have to
fulfil under the assumptions of non-conformal contact. Non-conformal contact,
as it is assumed in the classical Hertz contact theory, applies if the geometry
of the bodies in contact is smooth and the local curvatures about the contact
points of the two surfaces are different. Under these conditions, contact between
the two bodies appears in a single point (no contact patch) in the absence of
deformation. Contact constraints are not related to the relative velocity of the
contact points. This is, two bodies that fulfil the contact constraints can roll-
without-slip (pure rolling) or they can roll and slip and spin also. The forces
associated with the relative velocity of the contact points (tangential contact
forces or creep forces as they use to be called in railway applications) are treated
in the equations of motion as applied forces, as explained at the end of Section
ﬁ of this paper. However, normal contact forces are accounted for as reaction

forces associated with the contact constraints.

4.1. Ezact contact constraints

In the most general form, for each wheel-rail contact, 5 non-linear algebraic
equations, called contact constraints, can be defined. These equations are writ-

we

ten in terms of the 6 wheelset coordinates q"* and the wheel and rail surface
parameters that define the local position the contact point in the wheel and
the rail (4 additional non-generalized coordinates). Therefore, each wheel-rail

contact eliminates one degree of freedom to the motion of the wheelset, because

20
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it adds 4 variables (surface parameters) but also 5 nonlinear algebraic equations
that have to be fulfilled. A wheelset with two wheels in contact with the rails
has 4 degree of freedom: 6 generalized coordinates in q?, plus 8 surface param-
eters for the location of the left and right wheel-rail contacts, that has to fulfil
10 nonlinear algebraic equations (6 + 8 — 10 = 4).

The constraint equations are the 3 contact-point position constraints and
the 2 tangent-plane orientation constraints. Contact-point position constraints
establish that the absolute position of the contact point in the rail is the same
than the absolute position of the contact point in the wheel. Tangent-plane
orientation constraints establish that the tangent plane to the rail at the contact
point is parallel to the tangent plane to the wheel at the contact point. These
last constraints are defined by making the dot product of two tangent vectors
to the surface of the wheel by the normal vector to the surface of the rail to be
zero. Figure ﬁ shows a 2D view of the surfaces of the wheel and rail in contact

at point C. The contact constraint equations yield:

Figure 7: Wheel and rail in contact

RY (q¥',s") —RI”(s") = 0 (27)
(62 (q",s")] " nP (s) = 0 (28)
657 (q**,s")] " nP (s7) = 0 (29)

where ¢ can be lc (left contact) or ¢ (right contact), w can be lw (left wheel) or

rw (right wheel), rp can be lrp (left rail profile) or rrp (right rail profile), and
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s = [s¥ sh]T and s" = [s] s5]7 contain the surface parameters associated
with the contact point in the wheel and the rail, respectively. In these equations,
the absolute components of the position, tangent and normal vectors, using the

kinematic description derived in the previous sections, are given by:

C

RY — R (swi) LAt (swi) [f,wi (qwi) L Awtiwli (qwi) qvi (Sw)} (30)

Ry? =R (s]) + A (s7) [I77 + 77 (s1) + AV (sP) 07 (s5)]  (31)

111;716 _ Awtz’ (Swz) Awti,wli (qwi) {:11”; (Sw> (32)
tg):: _ Awti (swi) Awti,w[i (qwi) E;U,Zc (Sw) (33)
n;” = A (s7) A" (s7) 0 (s5) (34)

where the functional dependency is written in brackets. Note that the rolling
angle of the wheelset §“% (the one that cannot be linearised) does not appear into
these equations because the wheel geometry has been described in the wheelset

intermediate frame.

4.2. Approzimate contact constraints

The contact constraints given in Eqgs. @—@ are simplified using the following

geometric assumptions:

1. The track cross-section that contains the centre of the wheelset also con-
tains the left and right rail contact points, this is: s*¢ = s]" = si".

2. The contact points on the left and right rail wheel profiles are contained

in the YWI' — ZwIi plane, this is, s4¥ = sh* = 7/2 rad.
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The above assumptions are equivalent to neglect the influence of the wheelset

wi

yaw angle ¥ on the location of the contact points. As demonstrated in [H],
these assumptions are accurate enough even in the case of tracks with narrow
curves (R = 165 m), in which wheelsets show relatively high yaw angles up to 16
mrad. In practical terms, the above assumptions reduces the general 3D contact
problem that involves surfaces contact to an equivalent 2D contact problem that
involves curves contact. In other words, the location of the contact point that
requires 2+ 2 = 4 surface parameters in the general case only requires 1+1 = 2
surface parameters when using the above assumptions. These are the transverse

contact parameters on the rail si and the wheel s{’ that will be simply called

s" and the wheel s* from now on, where r = Ir or rr and w = lw or rw.
)

The simplifying assumptions have more consequences related to the contact
constraints. Since the number of coordinates is reduced by 2 (two surface pa-
rameters are fixed in each of the contacts) the number of constraints has to
be reduced by 2 also to keep the same number of degrees of freedom of the
wheelset. In addition, fixing the track cross-section where the contacts occur
allows to write the contact constraints in the wheelset-track frame, as follows:

r (qm7 sY)—1P(s")=0 (35)

C

. , T
{t;“ (a™, sw)] n’?(s")=0 (36)
where Eq. @ just contain the Y and Z components of the vectors (two equa-

tions) and the tangent used in Eq. @ is the one in the transverse direction

‘EZ}i = lemc In these equations, the components of the position, tangent and

normal vectors in the wheelset-track frame are given by:

f,qcui _ I—,wi (qwi) + Awti,wli (qwi) ﬁIcuz (Sw) (37)

f.zp — f.lrp + f,irr (Swi) + At,rp (Swi) ﬁzp (Sr) (38)
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E;ui _ Awti,wIi (qwz) {:10111 (Sw)

(39)

n’? = Ab"P (SWi) n’(s") (40)

It can be observed that the level of simplification that can be achieved with
the geometric assumptions is very high: not only the number of constrains and
coordinates are reduced by 2 but the computation of the terms involved in these

equations, as given in Eqs. @—@, is greatly simplified too.

In the case of a wheelset that requires two sets of wheel-rail contact con-
straints, Table E summarizes the simplification achieved with the approximate
contact constraints (third row) with respect to the exact ones (second row). In
this table, the second column gives the frame where the vectors involved in the
equations are resolved, the third column shows the number of scalar constraint
equations that has to be defined and the fourth columns shows the number of

geometric parameters involved in the constraint equations.

Table 3: Simplification of contact constraints

Form Frame | Number of C' | Number of s

Exact Global 10 8
Approximate | Track 6 4

KEC Track 4 2

4.3. Contact lookup tables

The simplified constraint equations of Egs. @—@ can be solved with the

help of contact lookup tables in a very computationally-efficient manner [5].
Because these equations are written in the wheelset-track frame, the influence

ws of the wheelset arc-length s™? is just due to the existence of rail irregularities

whose values depend on the arc-length along the track. The arc-length s
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is needed to compute the value of the components of r" and A“P. In an
irregularity-free track, Egs. @-@ do not depend on s¥%.

As it is now demonstrated, the wheelset yaw angle ¢? does not have any
influence in the simplified constraint equations of Eqs. @—@ either. Even

though the yaw angle ¢*% is used to calculate the rotation matrix A“*w!

as
shown in Eq. @, substituting the assumption s{¥ = s5* = 7/2 in Egs. @,

@@ yields:

1 i 0 0 — Wi [+ Ly, + 5]
AVTRTQUt = | i £Ly+ Y | = | Ly + Y+ @WhY (sV)
0 v 1 —h" (s*) @V [£ Ly + 5] = " (s*)
(41)
=y 0 0 —p
Awti,wlii‘:zui — wwi 1 _Sowi 1 — 1 + @wih/w (Sw)
0 <pwi 1 —_plw (Sw) SDwi —_ v <8w>
(42)

The Y and Z components of these two arrays, which are the ones used in
the simplified contact constraints, do not depend on ™.

Finally, because the contact geometry on the wheel is axisymmetric and it
is resolved in the wheelset intermediate frame, the constraint equations do not
depend on the rolling angle #"? either. This property it not the result of a sim-
plification and it can be exploited in any form of the constraint equations. It can
be concluded that in an irregularity-free track, the simplified constrain equa-
tions Egs. @—@ depend on 3 (y*?, 2%, *?) out of the 6 generalized coordinates
of the wheelset given in Eq. E

To create a contact lookup table, a set of discrete numerical values is assigned

we

to the lateral displacement of the wheelset y** in a range of reasonable limits.
The range starts in a position with flange climb in the right wheel and ends in
a position with flange climb the left wheel passing through the centred position

(y** = 0). For each of these positions 6 simplified contact constraints (3 for left
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contact and 3 for right contact) are solved to find the values of 6 coordinates:

the wheelset position and orientation coordinates z** and "’ and the surface

parameters s', s™, s and s™" needed to locate the contact points on the left

and right wheel and rail surfaces. The contact lookup table can be interpreted

as a set of tabulated functions of the form:

Zwi — chu (ywi) ; QDwi _ cpclu (ywi) (43)
Slw _ Sclu (y'wz) §'Y — Sclu (ywz) Sl'r' _ Sclu (ywz) L sclu (ywi)
(44)

where the superscript clu stands for ‘contact lookup table’. The contact lookup
table can be used in dynamic simulations to find the values of these six coor-
dinates from the value of the lateral displacement. Practical use of the contact
lookup tables is explained in [f].

In order to deal with a track with irregularities, the contact lookup table has
to be extended from 1 entry to 2 entries. The process of creation of the contact
lookup table has to be repeated for a set of values of the gauge variation (gv)
within a reasonable range. This is, the contact lookup table is recalculated a
number of times after approaching and separating the rails from the nominal
distance 2L, shown in Fig. E That way, the functions given above become

functions of two variables, as follows:

Ewi _ chu (gwi7gv) ; (pwi — (pclu (gwi7gv) (45)
Slw _ Sclu (gwi’gv) , §TW — Sclu (gwi’gv) , Slr _ Sclu (gwi7gv) , T = Sclu (g
(46)

The use of the lookup tables with irregular track is slightly different. In a dy-
namic simulation, given the longitudinal position of the wheelset s“¢, the values
of the irregularities al, vp, gv and ¢l can be obtained. The lateral displacement
that has to be used to enter the lookup table is not 3¢, that gives the lateral
displacement with respect to the ideal track centreline, but §** = y™* — al, that

gives the lateral displacement with respect to the irregular track centreline. In
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turn, the outputs of the lookup table (¢ and %) have to be interpreted dif-
ferently, being 2% = 2% + vp and %" = ¢ + cl/2L,.. More details about the

use of the contact lookup tables with irregularities can be found in [E]

5. Knife-edge contact constraints

Figure E shows a wheelset in contact with a track whose rail heads are
assumed as single points, with zero width. This is what it is called here a
knife-edge contact, because the rail heads are assumed as the edge of a knife.
Because of this property, the location of the contact point on the knife-edge rail
head is known. For the knife-edge contact constraints (KEC' constraints) only
the condition of the coincidence of two points belonging to the two surfaces, as
expressed in Eq. @, has to be fulfilled. The orthogonality condition for the
normal vector of one surface and the tangential vectors of the other one, as
formulated in Eqgs. @—@, cannot be applied here, since for the cross section of
the knife edge no tangential vectors and therefore no normal vectors are defined.
It is evident that this leads to a simpler formulation of the contact constraints

and thereby to a reduced computational effort.

L"

Figure 8: Wheelset with knife edge constraints
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Using the same simplifying geometric assumptions described in Subsection
@, the generalized coordinates q“? of a wheelset with KEC-constraints are
sio subjected to the following non-linear equations:

f,;ui (qwi7 Slk) _ f,lir =0 (47)

c

f,wi (qwi7 Srk) _ fm'r =0 (48)

TC

Using again just the Y and Z components of these two equations, Eqs. @—
@ are a system of 4 non-linear algebraic equations that can be developed as

follows:

Yo 4 stk 4 Qi [rg + fiF (s1%)] = ylir =0
Wi i [ 4 k] — flk (sR) — gy — zriT =
YOl sTE 4 @i [rg + frR(sTRY] — i =0
24 U [ LW 4 s7R] — R (s7R) —rg — 27T =0

(49)

ZWIi

YW]i ‘

rk

6™
Figure 9: Right wheel equivalent KEC profile

515 where s'* and s7%, are the surface parameters associated with the left and
right contact points in the wheel KEC profiles, respectively, and f'*(s'*) and
f%(s™%) are the functions that define the wheel KEC profiles at these points.
Figure E shows a right wheel KEC profile. Equation @ is a system of 4 equations
that includes 2 new coordinates, s** and s™*. Therefore, it climinates 4 — 2 = 2

s20  degrees of freedom of the wheelset motion, as the general contact constraints
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Eqgs. @—@ and the approximate contact constraints Eqs. @—@ do. However,
its structure is far simpler.

Wt — rqg is convenient

Defining the new wheelset vertical coordinate z%* = z
because z*? is a small-valued coordinate that is zero when the wheelset is centred
(y** = 0). Using this new coordinate, the KEC constraints can be written in

the following compact matrix form:

0 ro+ flk 1 0 Zwi ywi _ ylir
1 Lw wi 0 wi _ flk _ Zlir
¢ ® N f | | _0 =
0 ro+ frk 0 1 Slk ywz _ ymr (50)
1 _Lw 0 SOwi Srk 7frk o Zrir

= Ckec (yWi,XWi,XiT) =0.

we

P

f% and f7* mean here the value of the KEC profiles at a particular value of

the surface parameters s'* and s, this is, f'¥ = fl¥(sk), & = f%(s"%), and

are the wheelset dependent coordinates,

wi Slk Srk]T

where x*¢ = [z

the column array x" = [y!" 2l yrir 27T includes the left and right rail
irregularities.

The use of the KEC-constraints equations of Eq. @ in the dynamic simula-
tion of railway vehicles is done under the assumption that for each wheelset the

we

lateral coordinate y™* is treated as independent while the vertical coordinate
2" and the roll angle ™ are treated as dependent coordinates. Each time step
the solver finds the values of y** and s** that are used to calculate the array
of irregularities x". With that information, Eq.@ is solved to find the value of

x™? that includes the dependent coordinates. The following pseudo-code shows

this procedure:

A. Coordinate partition for wheelset i
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wi
qu;i _ Qind
we ’
qdep
T
wi wi w1 w1 /YWt
we

T
qdep — |: Zwi, Spwi :|

wi .
ind*

B. Given the value of q
1. Find track irregularities: x" = x'" (s“”")
2. Solve Eq. @ to find x*?
3. Extract qjj, from x**

wi

This solution procedure (y“! and x*" are inputs and x“? is output of Eq.
E) is highlighted here because there is an alternative solution procedure that

is used to find the knife-edge equivalent profiles and explained in next section.

In the dynamic simulation the nonlinear Eq. @ can be solved very efficiently

using as initial guess:

sz‘ _ flk (_ywi) + frk (_ywi)

0 _,wi Wi 51
0 5 y y (51)

that represents an approximate solution with zero roll angle.

The fourth row of Table E shows the level of simplification that is achieved
when a wheelset is modelled with KEC constraints. As it can be observed, the
simplification is comparable to the reduction to 2D contact from 3D contact

explained in Section @

6. Knife-edge equivalent profiles

Real rail head profiles cannot be assumed as a single point. In real ap-
plications, the contact point location moves significantly across the rail head,

particularly when the contact point moves from the tread to the flange of the
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wheel. The position of the contact point in the wheel and rail profiles, for a
set of values of the lateral displacement of the wheelset, can be observed at the
left of Fig. @ The wheel has S1002 profile and the rail head is LB-Areal40
type. Clearly, there are two well separated contact zones in the tread and the
flange of the wheel. In these two zones, the contact point moves significantly in
the lateral direction of the rail head profile. Therefore, it is not realistic just to
replace the original rail profile by a knife-edge profile, but also the original wheel
profile has to be replaced by an equivalent profile in order to reproduce the con-
straint of the original profile combination. This wheel profile will be referred
as the knife-edge equivalent profile in the following. A wheelset with knife-edge-
equivalent profiles has a space of allowable motion that is the same that the
real wheel in contact with the real finite-width rail head profile. Finding such
a wheel profile would allow the use of the simple KEC-constraints given in Eq.
@ instead of the more complicated given in Egs. @»@ or in Egs. @—@ This
section explains a method that can be followed to find the knife-edge-equivalent
profiles. Figure E on the right shows the KEC-equivalent profile of the S1002
- LB-Areal40 profiles combination. In the KEC-equivalent profile, the contact
point moves continuously, without showing finite jumps in position, when the
wheelset moves laterally in the track. Note that the two plots in Fig. @ have
different space-scales, being the KEC-equivalent profile much narrower that the

real profiles.

The algorithm used to find the knife-edge equivalent profiles is based on the
solution of the Eq. @ In contrast to the solution procedure of equations ex-
plained at the end of last section, the solution procedure uses y™?, X" = 0, z**
and " as the inputs and [s**, f'*] and [s"* f7*] as the outputs (four equations,
four unknowns). The process starts by creating the contact lookup tables with
the real wheel and rail profiles and no track irregularity. The contact lookup
tables include the functions 2% = 2% (y™?), ¥ = " (y®?) given in Eq. @
For each value of 4%, these functions produce one value of z** and ¢*?, which

can be used as inputs to the KEC contact constraints given in Eq. @ The
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Figure 10: Contact points on wheel and rail profiles (left) and contact point on KEC-equivalent
profile (right)

solution of these 4 equations provide 4 outputs: s*, s"* f'* and f™*. The
following pseudo-code shows this procedure:
Y= Ui AV U
for i = 1:length(y®?)
2Wi(i) = zLookup(y™(i));
¢"*(i) = phiLookup(y"(i));
[s™(1), s™8(1), (D), f*(0)] = solveKEC(y™* (i), 2" (i), (i));

end

where ‘zLookup’ and ‘phiLookup’ are the lookup functions that evaluate
Eq. @ and ‘solveKEC’ is the function that solves Eq. @ using the inputs and
outputs explained above. The couples [s'*(i), f'¥(i)] and [s"*(i), f™*(i)] can be

used as lookup functions that provide the left and right KEC-equivalent profiles.

The method used to find the KEC equivalent profile guarantees the same
value of the functions 2™ = 2/ (y®?), @i = P (y®?) (space of allowable mo-

we

tion) for the selected values of the lateral displacement y** in a track without

irregularities. However, the method does not guarantee that the space of al-
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lowable motion is also coincident in the presence of irregularities. Obviously,
the KEC equivalent profiles cannot be a function of the gauge variation gv as

U (y"’, gv)). The

we w

= 2y, gv), ¢ = ¢

numerical results given next show the kinematics of the wheelset with KEC

the contact lookup table does (z

equivalent profiles in an irregular track compared with the one obtained with
contact lookup tables. As shown in the example, the profile equivalence works

fine for an irregular track too.

The KEC-method can be summarized as the use of fictitious profiles f!*(s!¥)
and f"%(s"%) that guarantee that, for a given set of values of the lateral dis-

wi

placement y** and the track irregularities x*", the solutions of the constraints

Cckee = 0 given in Eq. @ or @ coincide with the functions 2% = 2/ (y*?, gv),

clu(

et = (Y, gu).

7. Calculation of wheel-rail normal contact forces with KEC-method

Dynamic simulation of railway vehicles with the KEC-method uses the con-
straint equations of Eq. @ to account for the wheel-rail contact. The solution
of these equations provide the vertical displacement 2% and the roll angle ©®*

wi

as a function of the lateral displacement y™* and the rail irregularities. The
solution of Eq. @ provide also the position of the contact points on the KEC-
equivalent profiles through the values of the wheel geometric parameters s'* and
5"k Clearly, these are fictitious contact points. Contact forces have to be ap-

plied at their position in the real profiles. The equivalence of the KEC-profiles

is kinematic not dynamic.

Once the position of the contact point in the KEC-equivalent profile is found,
the location of the contact points in the real wheel and rail profiles is easily
obtained. When calculating the KEC-equivalent profile, as described in Section

E, the values of the surface parameters in the real profiles (s, s/™, s™ s™)

33



650

655

660

665

670

and the values of the surface parameters in the equivalent profiles (s'*, s7%)
are stored for each value of the lateral displacement y“? to create the following

lookup functions:

Slw _ Slw (Slk) , Slr — Slr (Slk) , gTW — grw (Srk) ; §TT =g (srk) (52)

Being the inputs the surface parameters of the contact points in the KEC-
equivalent profiles and the outputs the surface parameters in the real wheel and

rail profiles.

Because the wheel-rail contact is modelled with (equivalent) constraint equa-
tions, the normal contact forces are determined as reaction forces in the equa-
tions of motion. Each wheel-rail contact has an associated Lagrange multiplier,
that is unknown each time step, whose physical meaning is the magnitude of
the normal contact force. In contrast to the usual procedure used in multibody
dynamics, the generalized normal contact force is not obtained by multiplication
with the transpose of the Jacobian of the constraint equations. The reason is
that this procedure would require to eliminate first the surface parameters out
of the constrain equations of Eq. @ This is not an easy task. Instead of this,

the generalized normal contact forces for each wheelset is computed as follows:

slrp STTD l

QUi — n; ny Ay (53)
fen = alrp alrp ATTD ATTD r
a/P xnJ? 4P x 0l AL

where AL and A are the Lagrange multipliers associated with the left and
right normal contact forces. These unknown forces are multiplied by a 2 x 6
matrix that contains the normal directions and the directions associated with
the resulting torques. The inputs of this matrix are the local position vectors
and the normal vectors to the real surfaces at the contact points. These vectors
are obtained once the surface parameters in the real profiles are calculated with

the functions provided in Eq. @
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The tangential (creep) contact forces are computed in this investigation us-
ing method [@] because of its good balance between accuracy and computational
efficiency. Therefore, tangential contact forces are treated as applied forces. In
addition to the location of the contact points in the real profiles, the calculation
of the tangential contact forces requires also the value of the normal contact
forces, the normalized relative tangential velocities at the contact points (creep-
ages) and the value of the Kalker’s linear coefficients that in turn depend on the
surfaces curvatures. All these variables that depend on the wheel-rail surfaces

properties are computed at the real wheel-rail profiles.

8. Simulation results

In this section a numerical case study of the MS-vehicle (Metro de Sevilla)
using the KEC-method is analysed and compared to results provided by the
constraint formulation using contact lookup tables [a] explained in Section @
To this end, this section is organized as follows: first, the mechanical properties
of the MS-vehicle together with the real wheel-rail profile combination and its
equivalent one using the KEC-method are presented. Then, the results of the
MS-vehicle running on a track with irregularities are shown and compared to
those obtained using the fully constraint approach of contact lookup tables.

Finally, a computational efficiency comparison is presented as a closure.

8.1. Multibody model of MS-vehicle

The modelled vehicle is a typical light train (light rail transit, LRT) built by
the Spanish company CAF. Figure El shows a sketch of the multibody model.
The vehicle model includes a set of five carbodies (¢! - ¢5) connected with
spherical joints (al - a4) permitting relative pitch and yaw motions of the car-
bodies without resistance and a relative roll limited by a rotational spring.
The vehicle model also includes three bogie frames (b1 - b3), two of which be-
long to drive-bogies (b1 and b3) and the other, b2, belongs to a trailed bogie.
Finally, the model includes six wheelsets with independently rotating wheels

(IRW-wheelsets, w1 - w6). In total, the resulting vehicle model has 84 DoFs.
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Regarding the IRW-wheelsets, unlike other vehicles with IRW (like the Span-
ish train Talgo), the two wheels with independent rolling motion in the MS-
vehicle are connected with bearings to a non-rotating component that is called
in the industry bridge instead of azle because of its geometry. The IRW-wheelset
does not require the definition of the wheelset intermediate frame used in this
paper because the body frame of this bridge plays an equivalent role in the
formulation. The use of the KEC-method with IRW-wheelset has no additional
difficulties.

The vehicle suspension system includes primary suspension elements con-
necting the IRW-wheelsets with the bogie frames, secondary suspension elements
connecting the bogie frames to the carbodies and coupling elements connecting
the carbodies at their roofs above the spherical joints. It is also equipped with
traction rods, which connect the carbodies to the bogie frames, that are mod-

elled as force elements.

c5 c4 c3 c2 cl

b3 N b2 A i bl
00O a4 2 O 0 a2 al 00
w6 w5 w4 w3 w2 wl

Figure 11: Schematic multibody model of MS-vehicle

Table H shows the mass properties of the vehicle. Simulations are done as-
suming a fully loaded vehicle. Table H shows the dimensions of the vehicle. The
given lengths can be identified in Fig. @ Note that the vehicle is geometrically

symmetric but inertially non-symmetric.

8.2. MS-vehicle KEC equivalent wheel profile

The MS-vehicle uses the wheel-rail profile combination shown in Fig. E;
the UIC-54 rail profile and a wheel profile given by CAF company.

The transversal position of the contact point on the surfaces of wheel and
rail, which are represented by the surface parameters s* and s", respectively,

as functions of the wheelset’s lateral displacement y®? are shown in Fig. Q
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Figure 12: Main dimensions of MS-vehicle
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Figure 13: MS-vehicle real wheel-rail profile combination
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Table 4: Vehicle masses (in kg)

Car body | Empty mass | Passengers | Loaded mass
1 6600 54 10380
2 6200 84 12080
3 3800 48 7160
4 5700 84 11580
) 6500 54 10280

Table 5: Vehicle dimensions (in mm)

le3 le2 dp1 lp1 lp2 a he1 heo hes be1

4404 | 6619 | 2203 | 1800 | 1800 | 3030 | 1291 | 1374 | 1346 | 2762

It should be pointed out that the original, non-worn profiles are used for the
analysis. From the diagrams of Fig. Q, it can be seen that the functions are
continuous so no abrupt contact jumps are observed.

50 T T T 50

left wheel
right wheel

left rail
right rail

' (mm)

Transverse position, s” (mm)

Transverse position, s

50 R R R 50 R R
-10 -5 0 5 10 -10 -5 0 5 10
y* (mm) y* (mm)

Figure 14: Contact point position on real profiles as a function of the wheelset lateral dis-
placement. Left: position on wheel. Right: Position on rail. Blue line: Right wheel/rail.

Green line: Left wheel/rail

The KEC equivalent wheel profile after applying the method proposed in
Section E, is shown in Fig. @ and the wheelset kinematics given by both real and
equivalent profiles is shown in Fig. @ Results show that the KEC-equivalent
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Figure 15: Comparison of real and equivalent right wheel profiles
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Figure 16: Wheelset kinematics using real and equivalent profiles

8.3. Case study: MS-vehicle on irregular track

With the purpose of validating the proposed method, the MS-vehicle run-
ning on an irregular track at a constant forward velocity of V' = 19 m/s is
simulated. The track has 1 km length and its horizontal profile is formed by a

135 straight, transition and curve segments, as shown in Table H, where fj;,1 and
fZ,, are linear functions that vary between 0 and 1 along the length of the track

segments. Vertical profile is completely horizontal.
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Table 6: Track geometry parameters

Horizontal profile

Srange Ph Ptw p?—b
Type
[m] [m~] [rad] [m~?]

0-100 Straight 0 0 0
100-150 | Transition | fL x 1/235.65 | —1.5198-1073 | 8.48716-1075
150-600 | Curve 1/235.65 0 0
600-650 | Transition | f7, x 1/235.65 | 1.5198-107% | —8.48716-107°
650-1000 | Straight 0 0 0

Vertical Profile

Srange Ay v
g Type p 1
[m] [ [m™]
1-1000 Straight 0 -

Figure @ shows the four track irregularities of the track that have been
generated using analytical expressions of the power spectral density functions
(PSD) that can be found in literature. The procedure followed for this genera-

tion is described in [27].

Once the track ideal geometry and the irregularities are computed, the sim-
ulation of the MS-vehicle is carried out using both the KEC-method and the
contact lookup tables method. The lateral displacement and the yaw angle of
the vehicle bodies of the front bogie are presented in Fig. @ together with
their absolute difference when using both simulation methods. It can be ob-
served that, when the vehicle enters the 235-m radius curve, wheelsets and bogie
frames displace laterally to properly negotiate the curve. Due to the lateral ir-
regularities, the wheelsets and frame do not reach a lateral stable position. It is
also interesting to remark that, as expected in the dynamic behaviour of railway
vehicles, the yaw angle of the front and rear wheelsets are opposite in sign when

passing the curve due to the influence of the primary suspension. The resulting
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Figure 17: Track irregularities

lateral displacements and yaw angles are quite similar using both methods as
it can be observed in the lower plots of Fig. @ In the light of these results,
the accuracy of the proposed method with respect to the use of lookup tables is
clearly proven, since differences in lateral and yaw variables do not exceed the
1 mm and 0.5 mrad, respectively. As it can be observed in Fig. @, the yaw
angles of the wheelsets reach a maximum absolute value of 7 mrad. This value
is smaller than the 16 mrad that was shown in Ref. [B] to have little effect in
the position of the contact point with respect to the contact conditions with
zero yaw angle. Therefore, neglecting of the influence of the yaw angle in the

location of the contact points seems reasonable in the selected example.

As the vehicle negotiates the left curve, right wheels experience a higher
normal contact forces than left ones as shown in the upper plots of Fig. @
Here, the accuracy in contact forces is also achieved in terms of the absolute

differences shown in the lower plots of Fig. @

41



770

775

780

4 10

9 Front wheelset Front wheelset
Rear wheelset i ——— Rear wheelset
Frame
. sl v ‘

s El
= >

E L L L L 5 s L L L

0 200 400 600 800 1000 0 200 400 600 800 1000
Distance (m) Distance (m)
2 1
Front wheelset = Front wheelset

’5 1 Rear wheelset 5] 05l ——— Rear wheelset 1
22 Frame & ———— Frame
L Lo
=3 2
Il I
5 - s <05} i
<‘ 3

-2 1 1 1 1 -1 1 L L L

0 200 400 600 800 1000 0 200 400 600 800 1000
Distance (m) Distance (m)

Figure 18: Kinematics results on front bogie. (y“? = lateral displacement; 1)** = yaw angle).

Solid line: Solution with KEC-method. Dashed line: Solution with contact lookup tables

8.4. KEC-method efficiency

The greater computational efficiency of the constraint contact method com-
pared to the elastic contact method is well-known, as explained and referenced
in the introduction of this paper. This is due to the absence of a contact points
search algorithm and the avoidance of high frequency vibrations due to the
Hertzian stiffness when using the former method. Because of that, being the
KEC-method a constraint-based method, its computational efficiency is only
compared in this work with other constraint-based method. In a previous paper
of the authors [B], the on-line solution of the contact constraints was compared
with the solution based on contact lookup tables. It was demonstrated that
the later method was 6 times computationally faster than the former one when
producing very similar results. Due to that reason, in this paper, computing
times with the KEC-method are compared only with the use of constraint-based

contact lookup tables.
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Figure 19: Case 2: Normal contact force (FN) on wheels at front bogie. Solid line: Solution

with KEC-method. Dashed line: Solution with contact lookup tables

Both models are implemented in Matlab R2016b running on a computer
with processor Intel Core i7-6700HQ @ 2.60GHz. The adopted integrator is the
adapted time-step size odelds from Matlab and a maximum step size of 0.02
s is fixed. Table H shows the computational cost for the simulation of the two

cases using both methods.

Table 7: Computational cost

KEC-method | Lookup tables method
Computational time 347 s 434 s
Computational time / Real time 6.59 8.25

As shown in Table H, the KEC-method reduces the computational cost up to
20% with respect to the efficient formulation of contact lookup tables. The ta-

ble also shows the computational to real-time ratio. These rates can be greatly
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improved if the computational codes were implemented using a low-level pro-

gramming such as C/C++.

Recall that the simulation derived in this work refer to a 1 km track length
with tangent, transition and curve segments where a full 84-DOF railway vehicle
runs at a forward velocity of 19 m/s. In this context, Table H gives better
computational times than the original work of contact lookup tables [5]. This
is mainly due to the kinematic linearisation of railway vehicles presented in this

work.

9. A note on the simulation of double contact points

In railway dynamic simulation it is commonly found combinations of wheel
and rail profiles that result in finite jumps in the location of the contact points for
certain values of the wheelset lateral displacement. When the wheelset adopts
that particular value of the lateral displacement, there are two wheel-rail contact
points (for example, tread contact and flange contact) instead of one. Simu-
lation codes have to deal with this situation that is very important for curve

negotiation analysis or derailment analysis.

It is difficult to use the constraint method for both the tread contact and
the flange contact because the constraint functions are discontinuous at these
points. Simulation of the double contact point scenario is easily done when
using an elastic contact method. However, the elastic contact is not as efficient
as the constraint method due to the high stiffness associated with the wheel-rail
indentation. An alternative is the use of the hybrid method (constraint contact
in the tread and elastic contact in the flange) [4]. However, the hybrid method
is not an ideal solution because the numerical solvers have difficulties to deal
with the impacts that appear due to the sudden appearance of contact points in
the flange of the wheel. The quasi-elastic method mentioned in the introduction

([Lg], [19], [20]) is an alternative method to treat this situation efficiently.
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The KEC-method presented in this paper has the potential to deal efficiently
with double contact points using a contact constraint approach. It can be ob-
served that, due to the knife-edge geometry of the rail in the KEC-method, the
KEC-equivalent profiles do not show jumps in the location of the contact point
when the real wheel-rail profiles do. This fact alleviates the continuity problems
of the constraints in double contact point scenarios. However, the values of the
normal contact forces (reactions) at each of the two contact points in this situ-
ation are not determined. This problem can be solved by further smoothing the

KEC-equivalent constraints in the vicinity of the double contact point scenarios.

The treatment of double contact points with the KEC-method in no longer
treated in this paper for the sake of brevity. It will be the subject of subsequent
investigations. However, the efficient simulation of double contact points is one

of the most important potential benefits of the used of the KEC-method.

10. Conclusions

This paper presents a new numerical procedure called knife-edge-equivalent
contact constraint method (KEC-method) for the modelling and simulation of
the wheel-rail contact in railway dynamic simulations. From the kinematic point
of view, the method is based on the constraint approach and considers an equiv-
alent wheel profile which contacts an ideal rail that has no lateral dimensions.
For a realistic dynamic simulation, the KEC-method also allows to determine
the exact position of the contact points in the real wheel-rail profile combination
where the contact forces are applied. Compared to the use of contact lookup
tables, the KEC-method allows the online calculation of the wheel-rail contact
geometry with an improve in computational efficiency. In addition, it is shown
that the KEC-method has the potential to deal with the double contact point
scenario using continuous constraints equations. This will be the subject of a

subsequent publication.
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The proposed KEC-method for the wheel-rail contact is applied to simulate
the Metro de Sevilla vehicle (metropolitan train of the city of Sevilla). The sce-
nario in which the vehicle negotiates a 1 km length track is formed by tangent,
transition and curve stretches with the inclusion of track irregularities. Numer-
ical results are compared to those obtained using the efficient offline method
of contact lookup tables. This comparison shows that the KEC-method is a
reliable and efficient method that provides online and smoothed solution of the
wheel-rail contact which reduces the computational cost up to 20% with respect

to the use of contact lookup tables.
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