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Efficient and Reliable Power-Flow Solution
Using Recursive Formula

Marcos Tostado-Véliz, Salah Kamel, and Francisco Jurado, Senior Member, IEEE

Abstract— This paper proposes a novel Power Flow (PF) solution
methodology. Unlike to conventional techniques, the new approach
is based on recursive formulas rather than conventional iterative
methods. Stability of the novel methodology is proved and some
relevant computational aspects are discussed. A wide variety of well
and ill-conditioned benchmark systems shows the performance of
the developed methodology. The results demonstrate that the
proposed recursive formula is computationally competitive with
other traditional PF methods, besides, it is scalable and reliable.

Index Terms— PF analysis, Recursive formulas, Well and
ill-conditioned power Systems.

I. INTRODUCTION

A. Motivation

Many computational tools are used every day by power
system operators. Among them, PF undoubtedly supposes the
cornerstone. It customary finds applications in planning and
operation applications, security analysis or dynamic
simulations, among others [1].

Mathematically, PF is a nonlinear problem which presents
several numerical challenges. Due to its importance and
complexity, PF is considered a hot research topic. Recently, the
authors have detected a growing interest on developing novel
solution methodologies. This motivation is founded on the
necessity of disposing of universal techniques, i.e. methods
suitable for well and ill-conditioned systems (i.e. those cases
which the Newton-Raphson (NR) fails from a flat start [2]).
This implies that the new proposals should be as least as
efficient as conventional techniques, but robust enough to solve
ill-conditioned cases reliably. Despite the numerous recent
advances experienced on this topic, the authors consider this
target has not been achieved yet.

B. Literature Review

As commented, numerous works have been focused on PF
analysis since its first formulations [3]. Classical solution
techniques include Newton-Raphson (NR) [4], and decoupled
approaches [5], among others [6]. NR and decoupled
techniques are quite efficient, however, their performance in ill-
conditioned cases and stiff systems (i.e. systems with heavy
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loading conditions or high R/X ratio) may be unsatisfactory.
For circumventing these limitations, second order [7],
minimization approaches [8] or sweep algorithms [9], have
been proposed. The main issue of these techniques is their low
degree of efficiency due to high computational burden or low
convergence rate [10].

The Levenberg-type methods have recently gained
popularity for solving ill-conditioned cases [11, 12]. These
techniques basically consist of introducing the so-called
regularization matrix, which is weighted by the damping factor
with the aim of adding some elements to the diagonal of the
Jacobian matrix. Thus, its condition number is enhanced and
the numerical stability is improved. The main concern of these
techniques is the treatment of the damping factor. Ideally, it
should progressively approach zero as the algorithm converges
in order to find a physic-feasible solution. This evolution should
be soft in order to ensure the numerical stability of the nonlinear
operator, however, if the damping factor approaches zero very
slowly, the convergence of the algorithm is deteriorated,
especially when the starting guess is far away from the solution.
Another category of solvers which have been recently exploited
for addressing ill-conditioned cases are the methods based on
the Continuous Newton’s framework [2], [13]-[15]. These
techniques arise from the analogy between NR and the
Forward-Euler method. If one considers this analogy extensible
to any other numerical integration routine, a plethora of PF
solvers could be developed. These techniques are wider
convergent than NR but much less efficient.

The Holomorphic Embedding method has emerged as a
novel technique for PF analysis [16], [17], estimating the
loadability margin [18] or calculating all type-1 solutions of the
PF equations [19]. This approach replaces the nonlinear
operators of the conventional solvers by pure algebraic
calculations, however, it still involves some heavy operations
like convolutions [16]. A unified framework for universality
applying this technique may be considered an open topic. In
addition, its performance in ill-conditioned systems might be
questionable [20].

The High Order Newton-like methods are a family of
nonlinear solvers with high convergence rate (i.e. higher than
two). They had not attracted much attention for PF analysis
until Derakhshandeh and Pourbagher [21], and posteriorly the
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authors [22], recently proposed various PF solvers based on
High Order Newton-like methods. This kind of techniques are
simple and may be computationally competitive with NR. In
addition, as based on NR, they can easily incorporate alternative
PF formulations and standard mechanisms for taking into
account functional limits such as in [23]. Undoubtedly, the main
limitation of the High Order Newton-like methods as applied to
PF analysis is their performance in ill-conditioned systems. In
such cases, this kind of techniques are presumably weaker than
NR due to their strongly local convergence features [24].
Consequently, the starting guess should be carefully selected
closer to the solution for ensuring the convergence, which is not
always possible.

The PF equations are normally raised on power injections
real-based form. Usually, the polar coordinates are assumed to
be more practical and computationally attractive [25], while the
rectangular coordinates typically find application for some
techniques as in [8]. On the other hand, alternative PF
formulations have been proposed in [26]-[29]. In [26], a hybrid
formulation is explored, which is based on combining the
current-based formulation [30], and the conventional power
mismatch form. The key idea lies is to formulate the equations
corresponding to PQ buses in current injections while the PV
buses are considered in power injections. Thus, one takes
advantage of the main features of both schemes; on the one
hand, using the current-injection based approach in rectangular
coordinates, some of the elements of the Jacobian matrix are
constant and, consequently, they do not need to be updated, on
the other hand, the formulation of the PV buses allows to reduce
the size of the system. In [27], the PF equations are formulated
in d-q coordinates, which is useful for some applications as
those systems with a large number of electronics devices or
machines. In [28], various PF formulations are studied and
other variants are introduced and analysed. The complex
formulation is admitted to be a more natural representation of
the PF equations. It has been considered for developing robust
solvers [29] or hybrid formulations [31]. Nevertheless, the real
form of the PF equations still shows better results in practical
applications [28].

C. Contributions & Paper Organization

As deduced from the Literature Reviews, most of available
PF solvers present important issues, for example, related with
their computational efficiency, reliability or versatility, among
others. Consequently, it is difficult to find a solution method
with universal character. This technique should, at least, meet
the following requirements:

e The new proposal should be computationally competitive
with the conventional solvers like NR. In this regard, since
the factorization of the Jacobian matrix is considered as
the heaviest part of a PF calculation, the novel method
should require only one LU factorization each iteration (as
NR).

e The new method should be more reliable than NR for
being used in ill-conditioned systems. In addition, its
performance should not be much affected in stiff
problems.

e Some methods [9] and formulations [30], pose difficulties
for managing with PV buses. The novel technique should

be versatile enough for easily incorporating PV buses
along with other practical functionalities such as the
reactive limits or control variables [23].

e This new method should be scalable and adaptable for
both distribution and transmission networks.

e Conceptually simple for facilitating its implementation in
commercial software, industry tools or education and
research applications.

Among all reviewed solvers, undoubtedly those based on the
Newton’s method such as [2], [13]-[15], [21], [22] in power
injections formulation are the most suitable for meeting the
requirements above. This paper proposes a novel PF solver
which arises from posing the PF solution by NR as a recursive
formula. This approach allows to alleviate the computational
burden of NR using two recursivities (main and secondary).
The new proposal is efficient and stable. In addition, it works
acceptably in well and ill-conditioned systems along to be
computationally tractable for any network. A potential failure
of the proposed methodology, along a reliable countermeasure
are discussed and explored. Several numerical experiments in
various realistic cases are achieved to show the performance of
the proposed PF methodology.

Remainder of this paper is organized as follows. The
proposed recursive formula and its stability are presented in
Section Il. Section 111 shows a potential failure of the proposed
methodology and proposes a solution. The practical
computational implementation of proposed methodology is
considered in Section 1V. Section V presents various numerical
experiments. Finally, the main conclusions are exposed in
Section VI.

Il. PF SOLUTION USING RECURSIVE FORMULA

A. Background

In their most general form, the PF equations in power
injections formulation with polar coordinates are established as
a set of n nonlinear algebraic equations as follows:

gx) =0 M)

where, g: R" - R" are the PF equations and x € R" are the
unknowns. In PF analysis, different kind of buses are
considered as a function of the variables and equations
provided:

e Slack bus: its voltage angle and magnitude are known, so
it does not provide any equation.

e PQ buses: which the injected active and reactive power are
known and the voltage angle and magnitude are unknown.
Each PQ bus provides two equations.

e PV buses: which the injected active power and the voltage
magnitude are known, and the voltage angle and the
injected reactive power are unknown. Each PV bus
provides one equation.

Therefore, the vector of unknowns is formed by the voltage
angles and magnitudes of PQ buses and the voltage angles of
PV buses. The size of (1) in power injection formulation with
polar coordinates is, consequently, n = 2npq + npy (where
npq is the number of PQ buses and npy is the number of PV
buses).
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One of the most widely employed iterative technique for
solving (1) is NR, which proceeds as follows:
x = xt - JGO] g @)
where, J € R™" is the Jacobian matrix of (1) and superindexes
denote the iteration counter. Mapping (2) needs a LU
decomposition along a linear system solution each iteration,
moreover, the convergence of this iterative procedure is
eminently local. It means that the mapping (2) only converges
if the starting guess (i.e. x°) lies inside of the so-called Region
of Attraction. The Region of Attraction of a nonlinear solver is
defined as the set of initial points which the technique
converges, i.e., if a starting point lies inside of the Region of
Attraction, the technique will converge, otherwise, the solution
is not reachable using this solver. NR and the High order
Newton-like methods are characterized for a narrow Region of
Attraction, which limits their application in ill-conditioned
systems, where the Region of Attraction is normally narrower
than for well-conditioned problems. Certainly, one may shall to
consider a solver with global convergence, however, this is
difficult to obtain in practise and pose serious difficulties in
some cases. So that, it is usually admitted to get wider
convergence, at least acceptable to offer good performance in
most of ill-conditioned cases [2]. Limitations of mapping (2)
have motivated a constant search of alternative methodologies.
In this paper, we propose an approach by posing (2) as a
recursive (or semirecursive) formula as described in the
following Section.

B. PF Solution Using Recursive Formulas

Firstly, it is important to note that for the mapping (2) one
has:

x° =x* ©)

where, x* denotes a PF solution (i.e. g(x*) = 0). Eq. (3)
indicates that x* is a fixed point of the mapping (2). One should
notice that:

x* = f(x) = £ (£(... f(x))) )

where, f: R™ - R" is a function which defines a fixed point
iteration, e.g. the mapping (2) or any other PF method.

It is interesting to note that the eminent recursive character
of (4). Here, the value of x' is a function of x*~*, x'~2, ..., x°.
Of course, equation (4) could be also written in iterative form.
Thus, it is possible to pose a specified iterative solver in its
recursive counterpart; for example, let us define fi*1 = fi —
(D] g(fY), thus, one obtains the iterative mapping (2) if
fi = x' and one easily could write (2) in the form (4). In this
example, it is important to note that f? is still a function of
fi=1 £i=2, . £°: thus, the solution of the PF problem will be
reached for the oo™ recursivity, and it may be written as:

x* =f*=f" = f(f(... (fO))) (5)

Of course, the oo™ recursivity could not be reached in
practise, however, as for iterative mappings, one could also stop
at that i*" which a required convergence tolerance is achieved.

C. Formulation with p Recursivities

Let us consider the case which two recursivities are involved
as follows:

£ = £ (£(.. () o
= £ (£ (. (8)))

As observed, the paradigm (6) involves two recursivities
denoted by i and k. It is important to notice that any f: may be
defined as a function of f;_,, f_,, ..., f5; while f! is function of
fi-1, 72, £, It is important to note that the recursivity
defined by k is not explicitly function of fi=1, fi=2, .. f°; i.e. it
is only an explicit function of fi. Therefore, one can intuitively
distinguish a main recursivity defined by i and a secondary
recursivity defined by k. Formulation (6) could be extended to
p secondary recursivities as follows:

£ = £ (£(..(F))
£l = f<f(... ()
£l = f(f(... (f,"(ljo))) )

iy = £ (£ (- (B 0))

It is important to note that no matter the number of
recursivites involved, the unique degree of freedom is the root
of the recursivity (namely £°), which, for PF calculation may be
defined as the starting guess x°. Therefore, the concept of
Region of Attraction for our proposal could be also defined as
the set of roots which the developed method converges. It is
worth noting that this concept is comparable with the
conventional definition of Region of Attraction as the root, in
our case, is equal to the starting guess, so that, our method is
comparable with the conventional solvers.

D. Proposed Recursive Formula for PF Calculation

In this paper, we propose the following recursive formula for
solving the set of equations (1):

£ = 15— R [1(65)]) 7 S g (f)) (®)

where, h € R* is a step size and fj = x’. It is essential noticing
that (8) in fact involves two recursivities. On the one hand, we
can differentiate a loop which the Jacobian matrix is updated.
This recursivity is denoted by the superindex i. By analogy with
(6), we clearly differentiate a the main recursivity defined by i,
where the Jacobian matrix is updated. On the other hand, we
have included a secondary recursivity which the Jacobian
matrix is kept constant. This loop is denoted by the subindex k.

At this point, an obvious question arises: which criteria is
considered for ‘“jumping” from the secondary to the main
recursivity?. At this point, we simply consider that a main
recursivity is computed after N € N successive secondary loops
(see Section IV for further explanation). Regarding the step
size, it can be updated each secondary recursivity using the
following simple rule:
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hj = max (0.5, min (” [](fé)]_l Z?:o g(fji) ” o’ 1)) ©)

As observed, the step size is updated inversely proportional
to the updating vector, which looks logic in order to preserve
the reliability of the mapping (8). In addition, it has been in this
case bounded to [0.5,1], for simply preserving the numerical
stability. At this point, it is worth noticing that x* is a fixed
point of (8) since f* = x*. Therefore, this recursion actually
constitutes itself a PF solver.

E. Why two Recursivities?

According to the framework (7), any number of different
recursivities could be considered. However, our proposal (8)
just includes two. In this Section, we aim at explaining why we
have included two recursivities within the recursion (8). To
explain that, let us consider the IEEE 30-bus system [32] as an
example. We have used the recursivity formula (8) for solving
it from a flat start. Fig. 1 shows the convergence profiles for
different values of N. Clearly, the main recursivity has the
effect of increasing the convergence rate and, consequently,
accelerating the convergence. However, a LU factorization is
computed each main loop. One should know that this
calculation can be considered the heaviest computation of (8).
On the other hand, the higher N the more number of
recursivities necessary to achieve the required convergence
tolerance. This is due to the secondary recursivity in (8) has
lower convergence rate than a main recursivity, because the
Jacobian is kept constant. Therefore, we can establish that each
recursivity has a specific task. While the main recursivity is
devoted on avoiding too many loops, the secondary recursions
aim at alleviating the computational burden of the proposed
iterative procedure. Hence, in this case, it is not justified to
include more type of recursivities within the algorithm defined
by (8).

The main merit will be to obtain an optimal balance among
the total amount of main and secondary recursivities computed,
in order to obtain a good performance from the proposed PF
methodology based on recursion (5). This point will be further
discussed in Section IV.

—8—N=100|7
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é 4 (I: é ll() ll2 14
# Secondary Recursivity
Fig. 1 Convergence profiles for different values of N (IEEE 30-bus system)

F. Stability

In this Section, we prove the numerical stability of (8). To do
that, it is suitable to firstly introduce the following definition
[33].

Definition 1. An equilibrium point x* of F = f. — f} is called
hyperbolic if the associated Jacobian of F at x*has no
eigenvalues with a zero real part. In addition, x*is
asymptotically stable (or sink), if all the eigenvalues of the
associated Jacobian of F at x*has no eigenvalues with a
positive real part.

The following Theorem is devoted with the aim of
demonstrating the stability of function (5).

Theorem 1. Let x*be a PF solution such that g(x* ) = 0, then,
this point is asymptotically stable for the function (8).

Proof. The function F for the recursion (8) is defined as follows:

F = —h[J(f)] " X0 8(f;) (10)
By differentiating (10) with respect to x, one obtains:

V,F = _h(vx[l(fo)]_l ?:()g(fj) +

)17V, 2o 8(F)) (11)

As preceding subsection, If we consider that a main recursivity
is computed each N secondary loops, equation (11) at x* is
given by:

V,F| x = —h(0 + NI) = —hNI (12)

where, I € R™™. This completes the proof. ]
Of course, the algorithm (8) still presents local convergence.
Therefore, reachability of x* depends on the root chosen,
which, should lie inside of the Region of Attraction.
Unfortunately, there is not an analytical procedure for
calculating the Region of Attraction [10]. Hence, it has to be
empirically proved. This is made in the Results Section.

I1l. THE SANITARY STEP AND ITS IMPORTANCE

A potential failure of the recursion (8) may occur if too many
secondary recursivites are successively computed. Let us
consider the 3012-bus snapshot of the Polish Transmission
System [33] for illustrating this point. Fig. 2 plots the
convergence profile of the algorithm (8) for a sufficiently large
value of N. As observed, convergence pattern of the proposed
recursion formula is oscillatory, which leads to divergence.

1 L L 1 1 1 1 1 1 D

5 10 15 20 25 30 35 40 45 50
# Secondary Recursivity

Fig. 2 Failure of proposed recursion formula (5) in the 3012-bus snapshot of

the Polish Transmission System

10!
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In order to avoid this potential issue, we propose to use the
following sanitary step:

if [|g(fics1)Il., > lla(fi)],, then

fi+1 = f. break (13)

Using (13), one avoids the potential failure previously
showed, since f. is replaced by f._, which is considered secure.
In addition, the secondary loop is breaking in order to compute
a main recursivity, which provides a better approximation of the
unknown vector since the Jacobian matrix is updated. Fig. 3 is
homologue to Fig. 2 but using the sanitary step (13). As clearly
observed, the failure shown in Fig. 2 is now avoided.

|
—H— With sanitary step
2 4 6 8 10 12 14
# Secondary Recursivity
Fig. 3 Convergence profiles of proposed recursion formula (8) in the 3012-bus
snapshot of the Polish Transmission System with and without the sanitary step
(13)

IV. COMPUTATIONAL IMPLEMENTATION

From the preceding Sections, it is clear that the recursion
formula (8) implies two recursivities. As discussed, the
performance of the developed PF solver strongly depends on
how we alternate between the main and secondary recursivites.
As commented, while the main recursivity is considered more
accurate and reliable, the secondary loop is computationally
cheaper. Therefore, one can guess that we should compute as
secondary steps as possible. However, as showed in Sections
I1.B and 11, too many successive secondary steps may imply an
undesirable performance. Based on our experience, we have
developed a functional algorithm which is devoted on applying
the recursion formula (8) for PF solution. This algorithm has
been conceived on the basis of the following ideas:

e At the beginning of the iterative procedure, a main
recursivity has to be computed in order to calculate ](f{;)
which is necessary for executing the secondary steps.

e Automatically the algorithm should “jump” to the
secondary loop, which is more efficient.

e The algorithm will remain in the secondary loop until k =
N or the sanitary step (13) is activated.

e Then, a main recursivity is computed and the process is
repeated until convergence.

The flowchart for using the recursion formula (8) for PF
solution on the basis of the ideas previously exposed, is
sketched in Fig. 4. In addition, a practical computational
implementation of the proposed PF methodology is
summarized in the Algorithm 1 using pseudocode. Here, the

value of ||g||., has been considered as convergence criterion. In
addition, the algorithm is considered failed if the main
recursivity counter i surpasses a predefined threshold namely
imax- This is introduced since, as commented, the convergence
of (8) is eminently local due to it is still based on the Newton’s
increment vector, so that, its convergence depends on the root
£°. If the root does not lie inside of the Region of Attraction, the
developed algorithm diverges and, consequently, it should be
included a criterion for stopping it if that occurs.

[ e e e e  — — —— ——————————————— 1
| until convergence

|
I until failure :

Tork<n 1
Main Recursivity i until activation of sanitary step
q |

Update and factorize the I

Jacobian matrix l«—|| Secondary Recursivity

Fig. 4 Flowchart of practical implementation of proposed PF methodology
based on the recursion formula (8)

Algorithm 1: Developed PF solver based on (8)

1: Let x%, ¢, inax and N be given

2: Initialize the main recursivity counter i = 0
3: Select the recursion root f0 = x°

3: while ||g(f)]| , > & do

4 Initialize secondary recursivity counter k = 0
5. Calculate J(f}) and factorize it

6: fork < Ndo

7 hy < Solve (9)

8 fi,, < Solve (8)

9: if [|g(fi )|, < e then
10: break # Convergence
11: end if

12: if ||g(fhr)[|, > [lg(£i)]|, then # Sanitary step
13: fi+l =l

14: break

15: end if

16: k<k+1

17: enddo

18: i«i+1

19: end do

20: return solution x = fi .,

V. NUMERICAL RESULTS

A. Studied Cases

During this Section, several systems are used for showing the
performance of proposed PF methodology based on the formula
(8):

e 30-, and 118-bus IEEE test systems [31].

e 69-bus radial test system [33].

e A Synthetic 500-bus grid [31].

e The 1354-,9241-, and 13659-bus portions of the European
Transmission System from the EU Pegase Project [34,
35].

e The 3012-bus snapshot of the Polish Transmission System
at 2007-08 winter evening peak [33].

All considered cases are available within Matpower database
[33]-[37].
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B. Computational Efficiency

The first simulations are devoted on testing the efficiency of
the proposed PF methodology. To do that, the computation time
has been used as index. In this regard, all simulations have been
run on a 64-bit i5-9400F Intel Core personal computer (2.90
GHz, 8 GB of RAM). In order to avoid the influence of other
computational activities, the reported results have been
calculated as the average values of 100 simulations.

The proposed PF methodology detailed in the Algorithm 1
has been compared with the standard NR in polar coordinates
and the Optimal Multiplier method in polar coordinates (OMP)
[38]. The proposed methodology is studied for N =5, N = 10
and N = 20.

Fig. 5 shows a comparison of the solution times consumed
by the studied PF methods for solving the considered systems
from a flat start with ¢ = 107°. The comparison is reported as
the relative time with respect to OMP, which was the slowest
method in all studied cases. Firstly, it is worth mentioning that
NR failed in the 3012-, and 13659-bus cases, therefore,
according to the definition provided in [2], these systems can
be categorized as ill-conditioned. Since our proposal even
converged in such cases, we can assert that the recursion (8) is
wider convergent than NR and, therefore, its Region of
Attraction would be generally wider than that showed by NR.
As observed, the proposed PF methodology was faster than
OMP and NR in all tested cases. The influence of the parameter
N is difficult to discern and it looks very case-dependent.
Normally, the highest N entails the most competitive execution
time since more secondary steps, which are very efficient, are
successive computed and some main recursivities can be
avoided. However, there are clear exceptions. In some cases,
this is due to many secondary recursivities have to be computed
for converging as explained in Section I1.B. However, there are
other situations, for example, in some cases a large N does not
necessarily imply less main recursivities (see Section V.C).
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Fig. 5 Relative execution time of proposed PF methodology and NR with
respect to OMP

The proposed PF methodology have been also tested in case
of considering the reactive limits of generators. The strategy
described in [22], has been implemented in the studied PF

methods. Fig. 6 is analogue to Fig. 5 for this scenario. As
observed, similar conclusions as for the preceding simulations
can be drawn in this case.
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Fig. 6 Relative execution time of proposed PF methodology and NR with
respect to OMP with reactive limits

C. Convergence Rates

The convergence rates of PF methods have been studied. The
proposed PF method may be difficult to be compared with other
techniques, due to it implies recursions rather than iterations.
From a computational point of view, the main recursivity of (8)
is similar to an iteration of NR and OMP. Tables I and Il provide
the iterations number for NR and OMP, along with the number
of main and secondary recursivities required by the proposed
PF technique, with and without consideration of reactive limits,
respectively, from a flat start with ¢ = 1076, While NR failed
in the 3012-, and 13659-bus cases, OMP and the Recursive
formula (8) successfully converged in all the tested cases. It is
worth mentioning that OMP converged to the low voltage
solution in the 13659-bus system. If we consider the main
recursivities of (8) comparable to an iteration of NR or OMP,
we can see that the proposed recursive PF methodology
presented higher converge rate than NR and OMP. Logically,
the larger N implies the lower number of main recursivities.
However, more secondary steps are normally computed for
large values of N.

TABLE |
CONVERGENCE RATES WITHOUT REACTIVE LIMITS

Recursive — Main (Secondary)

NR OMP recursivities

N=5 N =10 N =20
30-bus 3 136 2(6) 1(8) 1(8)
69-bus 3 62 2 (6) 1(7) 1(7)
118-bus 4 81 2(7) 2(11) 1(15)
500-bus 4 18 2(7) 2(11) 1(13)
1354-bus 5 283 2(8) 2 (12) 2 (21)
3012-bus Fail 422 3(14) 3(18) 3(27)
9241-bus 6 317 3(11) 2 (13) 2(22)
13659-bus Fail 54* 3(13) 3(21) 3(31)

* Low Voltage Solution
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Fig. 7 Total number of main and secondary recursivities for different loading levels
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TABLE II
CONVERGENCE RATES WITH REACTIVE LIMITS

Recursive — Main (Secondary)

NR OMP recursivities

N=5 N =10 N =20
30-bus 6 178 3(6) 2 (8) 2(8)
69-bus 3 62 2(6) 1(7) 1(7)
118-bus 6 140 3(7) 3(11) 2 (15)
500-bus 9 42 4(7) 4(11) 3(13)
1354-bus 10 666 5(8) 4(12) 4(21)
3012-bus Fail 940 5 (14) 5(18) 5(27)
9241-bus 13 990 7(11) 5 (13) 5 (22)
13659-bus Fail 97* 4(13) 4(21) 4(31)

* Low Voltage Solution

D. Influence of the Loading Level

In this subsection, we study how the loading level affects the
overall performance of proposed PF methodology. To do that,
the active and reactive powers injected at PQ buses, along the
active power injected at PV buses, are multiplied by a factor
A € R*. Fig. 7 shows the total number of main and secondary
recursivities required by the proposed PF methodology for
different loading levels. As preceding simulations, results have
been obtained from a flat start with £ = 1076. As observed, as
the loading level grows, the convergence rate is affected and,
typically, more recursivites are needed for convergence. As
seen in this figure, less main recursivities are normally
computed for higher values of N. However, the behaviour is
totally the opposite regarding the secondary recursivites since,
as expected, more recursivities are needed for higher N. Here,
obtaining an optimal balance between the total number of main
and secondary recursivities is the key idea. In this case, it is
expected more efficiency and, consequently, more competitive
execution times as less main recursivities are computed since
them bring the heaviest calculations. Nevertheless, too many
secondary recursivities may lead to numerical stability
problems. In this situation, the sanitary step (13) is activated
and no more secondary recursivities are computed. So that, the
Algorithm 1 works similarly for values N > 20.

VI. CONCLUDING REMARKS AND FUTURE WORKS

This paper has proposed a novel methodology for solving PF
problems. This methodology is based on recursive formula
instead of the conventional iterative methods. Numerical
stability of the proposed methodology has been proved. In
addition, some important computational aspects and potential
failures have been commented.

The proposed approach has been tested in a wide variety of
well and ill-conditioned cases. Its performance has been
compared with other conventional PF solution methods. The
results obtained were promising. The developed recursion
function is computationally competitive, scalable and reliable.

Future works should be focused on developing more
sophisticated recursive functions, maybe based on some
modern robust PF iterative solution techniques like that
developed in [13].
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