> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 1

A robust Power Flow Algorithm Based on
Bulirsch-Stoer Method

Marcos Tostado-Véliz, Salah Kamel, and Francisco Jurado, Senior Member, IEEE

Abstract— In this paper, we address the Load-Flow (LF) problem
of very large-scale systems. This type of systems shows a very narrow
Region of Attraction and most of LF solvers tend to fail when a flat
initial guess point is used. On the other hand, the solution of these
systems frequently involves very large matrices and vectors.
Consequently, a robust LF method must be used to find the correct
solution of these systems. This paper proposes a robust and efficient
LF solver based on the Bulirsch-Stoer algorithm. Moreover, a simple
modification is proposed in order to improve its computational
performance. The proposed methods are tested using various very
large-scale systems (i.e. more than 3000 buses) and compared with
several standard and robust LF techniques. The obtained results
show that the proposed methods are more suitable for solving the LF
problem of very large-scale systems.

Index Terms— Robust power flow, initial guess point,
Bulirsch-Stoer, large-scale power systems.

I. INTRODUCTION

Load-Flow (LF) is likely the most important tool in planning
and operation of power systems [1, 2]. Owing to its importance,
LF techniques must be constantly updated with the aim to tackle
the challenges of the today’s power system operation. In this
sense, developing novel methodologies suitable for solving the
LF in the supergrid paradigm is always justified and well-
received.

From a mathematical point of view, a supergrid should be
considered as a very large-scale system [3, 4]. This type of
systems presents several challenges for most of state-of-art LF
techniques. They have a huge number of variables are often
badly-initialized, where these systems show a narrow Region of
Attraction [5, 6].

Newton-Raphson method (NR) is the most standard
technique for solving the LF. Nevertheless, its performance
becomes poor when the initial guess is not good enough.

The problem of badly-initialized LF cases has not been much
investigated explicitly. An exception is the reference [7]. This
approach consists in computing the initial voltage angles as a
result of the well-known DC-Load-Flow [8]. Then, this
information is used to compute the initial voltage magnitudes.

On the other hand, several robust LF techniques have been
proposed in the literature over decades. Despite that these
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approaches are originally conceived for ill-conditioned systems
(i.e. heavily loaded values and large R/X ratios), they
occasionally show good performance in badly-initialized cases.

In [9], a robust LF solver based on the second-order
formulation has been proposed. In this approach, a multiplier is
computed during the iterative process as result of an
optimization problem, which modifies the correction vector in
order to avoid the divergence. This method rarely diverges.
However, this method often employs many iterations to
converge. Other robust LF methods have been developed in the
literature [10-14].

The Continuous Newton’s method (CN) was presented in
[15] and, later, it was adapted for solving the LF in [5]. CN
establishes an analogy between the LF and a set of autonomous
ordinary differential equations (ODE). Owing to this analogy,
any well-assessed numerical method can be adapted for solving
the LF problem. In [5], the Explicit Euler method and the 4™
order Runge-Kutta have been employed. These methods have
been tested in a badly-initialized large-scale system. In this
situation, Continuous Newton’s approaches showed good
performance.

A robust LF solver based on the Levenberg-Marquardt’s
method has been proposed in [16] and several high-order
schemes have been developed in [17, 18]. These methods are
quite robust with respect to the condition of the system.
However, their robustness with respect to the initial guess point
has not been proven yet. Furthermore, the convergence
properties of the methods [17, 18] depend strongly of a set of
predetermined parameters, which must be chosen carefully. In
[16], the authors proved that the standard Levenberg-
Marquardt’s method may show some convergence difficulties
(i.e. too much iterations and the correct solution is not always
ensured).

Several solvers based on the Lyapunov theory have been
presented in the literature [16, 19, 20]. These methods are based
on stating the LF as a minimization problem. Then, a Lyapunov
function is defined and the LF formulation is established as an
artificial dynamic system. Therefore, the LF is solved by means
of a numerical arrangement. These methods do not need to
invert any matrix, however, its computational performance in
large, and more significantly in very large-scale systems, may
be poor [19].
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In [21], numerical polynomial homotopy continuation
method has been proposed to find all load flow solutions.
However, this methodology is not suitable for large scale
problems. In [22], the power flow problem has been solved
based on mixed complementarity approach. This approach is
tested in a 2975-bus system. The obtained results have showed
that this methodology needs relatively high computation time
to solve the test system. In [23], the load flow problem of
distribution networks has been solved using Wirtinger
Calculus. Power flow problem over arbitrary networks has been
solved in [24]. The suitability of this approach for large-scale
systems has not been covered in this reference.

In conclusion, solving the LF problem of very large-scale
systems demands very efficient and robust solvers. This paper
proposes a robust and efficient LF solver based on the Bulirsch-
Stoer algorithm. Moreover, a simple modification is proposed
in order to improve its computational performance.

The proposed methods are tested using different very large-
scale systems (i.e. more than 3000 buses). Their effectiveness
has been validated by comparing their performance with other
standard and robust LF techniques.

Remainder of this paper is organized as follows. Section I,
introduces the LF problem, its formulation and a brief
description of Continuous Newton’s method. The BS method is
outlined and adapted for solving the LF in Section Ill. In
Section 1V, a modification of the standard BS method is
proposed. Some practical recommendations are given in
Section V. Simulations carried out and results obtained are
described and reported in Section VI. Finally, the main
conclusions are summarized in Section VII.

Il. OUTLINES OF THE LF PROBLEM

The LF problem models the nonlinear relationships among
the injected power at system buses, power demands, bus
voltages and the circuit parameters. Its solution provides the
voltage magnitude and angle at each bus, power flows and
MVA loadings at both ends of transmission lines and
transformers, and the total system losses. Firstly, let us consider
the active and reactive power mismatches for each bus, which
can be given as [25]:

APL :Pl-SCh_ 7=1|Vl| |V]||YU|COS(Q” _51+5]) (1)
AQ; = Q7" — X1 Vil |Vj||Yiy] sin(6;; — 6; + &) (2)

where P°" and Q7" denote the injected active and reactive
powers at bus i respectively, V;£8; denote the complex voltage
at bus i, Y;;20;; denote the ijt" element of admittance matrix
and n is the total number of buses.

Voltage angles at PV buses and voltage angles and
magnitudes at PQ buses are the variables of LF problem.
Therefore, the LF state vector can be defined as:

X = [6PV U 6PQ U VPQ] (3)

where, 6py and 6p are the vectors of PV and PQ buses voltage
angles respectively and Vp,, is the vector of PQ buses voltage
magnitudes. In order to simplify the notation, compact version
of (1) and (2) will be used onwards:

gx) =0 (4)

Since (4) are nonlinear, an iterative technique must be used
for solving them. NR could be considered the standard method
for LF and widely applied in industry applications. A generic
k" NR iteration for solving LF problem can be defined as:

-1
Ax® — _[ggﬂ] g®
kD = x4 Ax®) (5)

where, g, is the Jacobi matrix of the system, which is formed
by partial derivatives of (4) with respect to the state vector (3)
and the superscript k enumerates the current iteration. LF
algorithm stops if the following condition is satisfied:

llglle < € (6)

where, € is a preset convergence parameter which is typically
taken smaller than 10~3. The algorithm also stops if the number
of iterations is greater than a given threshold (k > k;4,). IN
this case, the algorithm has likely failed to converge.

- Brief'description of the Continuous Newton’s Method

The CN was introduced in [15] and it was successfully
applied for solving the LF in [5]. The CN establishes an analogy
between the LF and a set of ODEs. On the basis of this analogy,
any well-assessed numerical method can be used for solving the
LF. In this subsection, we described briefly this methodology.
Firstly, let us consider a set of ODEs, as follows:

x=f(x) (7)

The simplest method to solve (7) is the Explicit Euler
method. The generic k" iteration is computed as follows:

Ax® = Atf(x®)
xD = x (0 4 Ax () (8)

where, At is the time step. An analogy between (5) and (8) is
easily established if one defines:

fG) = ~[g¥] 'g® ©)

Therefore, (8) can be viewed as a NR iteration with At = 1.
In [5], the author already applied the Explicit Euler method and
the 4" order Runge-Kutta formula for solving the LF. In [5], it
was demonstrated that CN is asymptotically stable if the
solution of (4) exists, and it is reachable if the initial guess is
inside of the Region of attraction.

1. LF SOLUTION BASED ON BS METHOD

The BS algorithm [26, 27] (also called the Gragg-Bulirsch-
Stoer algorithm [28]) is a powerful method for solving set of
ODEs. In fact, it is believed that the BS is the best-known way
to obtain high accuracy solutions to ODEs [29]. The BS collects
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the advantages of various numerical arrangements like the
Explicit Euler method or the modified midpoint rule. The BS
starts taking an arbitrary “big” step size H, which is splitted into
n equal smaller steps as follows:
h="H/y (10)
where, n is the desired number of divisions.

The normal BS procedure starts with a small value of n and
increases it if the calculated state value is not accuracy enough.

Theoretically, the zero error is reached when n = oo, it is just

an idealization. Practically, two approaches have been proposed
in the literature [26, 29, 30]:

n=246,812,16,24,32,48,64 ...
n=246,81012,14 ...

(11)
(12)

Theses series are endless. Therefore, it is necessary truncate
them at a specified point. It is believed that the highest n implies
the highest robustness. Nevertheless, the highest n also induces
the highest computational effort. Fig. 1 shows a sketch of the
BS procedure. As can be seen, more accuracy results are
achieved by increasing n, however, more intermediate points
need to be calculated. It is worth notice that the approximation
with n = oo perfectly matches with the correct pointat t + H.

Approximation
with n = oo

Fig 1 Sketch of the Bulirsch-Stoer method.

Following the CN’s principle, the BS can be rightly adapted

to solve the LF problem as follows:

e Step0

- Input the system data and construct the Yz matrix.

- Define € and ky4x

- Select an initial guess point x(® = zf,o)

- Select the series which will be used (11) or (12).

- Define ny;y and nyux = nyygy to truncate the series.

- Taken = nyy

- Define the “big” step size H

- Calculate the “small” step size using (10).

- Setk=0

e Stepl

- Calculate the LF Jacobi matrix g,((k) and the mismatches
vector g

e Step2

- Calculate the NR correction vector using (13) and z4 using
the Explicit Euler method (14).

(13)
(14)

Ax®) = _[ggﬂ]_lg(k)
29 = x4 pax®

- Calculate the remainder intermediate points using the
modified midpoint rule as:

k K171 k
Az = —[g0] 8(zy) (15)
29 =29 1 2r02%  Form=12,..,n-1 (16)
o Step3
- Update the LF state vector using (17).
x*+D) = 1/2 [z;k) + z;k_)l + hAzf,k)] (%))
e Step 4.
- Setk = k + 1 and calculate the mismatches vector g
e Step5.

- Check the convergence criteria (6). If the convergence is
achieved or the maximum number of iterations is surpassed,
stop, otherwise go to step 6.

e Step 6.

- Update the “big” step size using the following rule:

¢ =z’ — 24,

if { >¢ethen H < max{o,H, Hyy}

if { <ethen H « min{o,H, Hy,x} (18)

where ¢ is the security factor, o; and o, are damping

coefficients and H,;y and H,,x are the minimum and
maximum step size, respectively. Despite this rule is simple but
effective and reliable. It uses the index ¢ to measure the
algorithm progress, thus, it is able to conveniently reduce and
increase the step size (see Section V for more details about

expression (18)).

- Update the value of n following the series (11) or (12) and
calculate h using (10). If n = ny,x, Stop the updating.

- Calculate the LF Jacobi matrix gik).

- Gotostep 2.

The above steps can be summarized in Fig. 2.

Being faithful to the standard BS procedure, the Richardson
Extrapolation should be recurrently used after the modified
midpoint rule to refine the value of the LF state vector.
Nevertheless, this step has been omitted in the proposed LF
solver. We have observed that good results can be achieved
without including this step, therefore, it is recommendable to
remove it in order to reduce the computational effort.

It is important to notice that each iteration of the BS method
in LF problem computes up to n inversions of the LF Jacobi
matrix. Hence, it is important to balance the requirements of
robustness and computational efficiency in order to choose a
good value to the truncation. In Section V, we provide a
guideline to properly choose the values of ny,x and ny;y.
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Initialization
xO=z,
k=0
Nuax and Ny
H

| Set n= nyn and
calculate h using (10)

| Calculate the LF Jacobi matrix |<—

| Calculate z; using (14) |

Calculate zz z3_z, using the
modified midpoint rule (16)

Update the LF state
vector using (17)

Set k=k+1

YES

Converge

| Update H using (18) |

i

YES

NO

| Update n with the following
higher value of (11) or (12)

| Calculate h using (10) |

Fig. 2 LF solution process based on the proposed BS algorithm.

IV. THE REVERSE-BULIRSCH-STOER

The BS was originally conceived for set of ODEs, hence, in
this case it is convenient to start with the smallest value of n
and increase it until the desirable accuracy is reached. Thus,
expensive steps are not computed if it is not necessary.
However, in LF analysis, it would be convenient starting the
iterative procedure with n = n,,,x, then, n would be reduced
until n,;y (e.g. n =2). This is justified the concept of an
iterative algorithm: when an iterative procedure is susceptible
to diverge, the most difficult part is the computation of the first
steps. Hence, the main idea would be using the most exact steps
(i.e. the biggest n) at first iterations and then would be
convenient to change to bigger steps in order to accelerate the
convergence. This philosophy, applied to the BS, has
blossomed in the proposed Reverse-Bulirsch-Stoer method
(RBS). For the sake of exemplary, Fig. 3 shows the procedure
of the BS and the RBS, for a truncation at n = 6, are compared.
From this figure, it can be observed that the BS tends to increase
the value of n, while the behaviour of the RBS is just the
opposite.

Hence, the main idea behind the RBS would be to reduce the
number of matrix inversions computed while the robustness is

preserved. For example, let us consider the case of BS, we start
with n =2 and it would be increased up to ny,x. Then,
iterations are computed repeatedly with n =6 until the
convergence is reached (if the number of iterations is higher
than 3), therefore, the BS needs to compute up to 6 + 6(K — 2)
(being K the total number of iterations) number of matrix
inversions. On the other hand, let us consider the same case for
RBS, we would start with n = 6 and reduce it until n = 2, then,
iterations would be computed repeatedly with n = 2 instead of
n = 6 as it was the case for the BS. Thus, the RBS needs to
compute 10 + 2(K — 2) matrix inversions. Considering the
reasonable value K = 10, the BS computes up to 54 matrix
inversions, 28 more than the RBS.

BS )
1n=2 n=4% n==6 [

RBS

Fig. 3 A comparison between BS and RBS.

The proposed flowchart of the Fig. 2 is also valid for the
proposed RBS. However, in the case of the RBS, n = ny 45 IS
initially taken. Then, it is reduced each iteration until n,,;.

V. PRACTICAL RECOMMENDATIONS

The proposed BS and RBS need to be initialized by defining
a set of parameters. In this subsection, we try to facility a
guideline to properly choose them, basing on our personal
experience and heuristic criteria.

The series (11) and (12) need to be upper and lower bounds
by defining n,.x and n,;y, respectively. Both values have a
direct impact in the performance of the proposed methods. If
they are chosen too high, the efficiency of the method is
affected, however, it has to be expected higher robustness.
Therefore, they should be selected as small as it is possible.
Obviously, it is mandatory that n,,4x = npn-

The “big” step size is adapted each iteration according to
(18), nevertheless, it has to be initialized. The initial H has a
significant impact on the performance of the proposed methods.
It should be chosen as big as it is possible, however, the
algorithm trends to diverge if H is initially taken too high.
Generally, the RBS allows a higher initial step size than BS.

Several parameters have to be defined to adapt the step size
according to (18). It is difficult to know a priori the good value
of ¢, it mainly depends on the studied case. It should be chosen
in the manner which the step size reduced at first iterations and
progressively increased it as the algorithm progresses and the
convergence is ensured. Regarding to o, and o, they should be
near of 1. Since a; is destined to reduce the step size and o, to
increase it, it should be satisfied that o; < 1 and o, = 1. The
step size can be upper and lower bounds by defining Hy 45 and
Hyw, respectively. There is no a specific rule to define them,
but they should not be much different with respect to the initial
step size taken.
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The values of different parameters that have been
considered for the simulations are given in Table I. Moreover,
different recommended ranges for these parameters are
facilitated.

TABLE |
VALUES OF THE DIFFERENT PARAMETERS AND RECOMMENDED
RANGES
Parameter Employed Recommended
Mpax 6 (6, 12]
Nyin 2 2,4
Initial H 0.75 (BS) (0.5,0.75] (BS)
1 (RBS) (0.75, 1] (RBS)
4 8 (3, 8]
2 0.95 (0.85, 0.95]
o, 1.05 [1.05, 1.10]
Hyax 2 [12,2]
Hyy 05 [0.5,0.7]

Parameters employed in simulations are guidelines and one
can conclude that they work quite well in the studied cases.
Nevertheless, each user can adapt them freely. For instance, the
value of ny,x and ny,y may be as higher as necessary for
difficult cases, oppositely, it can be reduced in well-conditioned
scenarios. Even, in an extreme case, n,4x can be tuned equal
to nyw, SO, the value of n would be fixed and conveniently high
or small. Similar idea can be extrapolated for the initial value
of H. As can be seen, the proposed methods are very versatile
due to they can be adapted for convenience. We have also
provided recommended intervals with the aim to provide a
guideline as general as possible.

VI. TESTS AND RESULTS

The proposed methods have been tested using the following

very large-scale systems:

e The 3012-bus 3572-line model of the Polish system in the
winter 2007-08 evening peak.

e The 3375-bus 4161-line model of the Polish system in the
winter 2007-08 evening peak.

e The 13659-bus 20467-line portion of the European
transmission system (further details of this system can be
found in [31, 32]).

These systems are available to download in [33].
Furthermore, the proposed LF methods have been compared
with the following LF methods:

e Standard NR method.

e Hybrid Gauss-Newton method: in this method, the iterative
procedure starts with the Gauss-Seidel method [34], and
switch to the standard NR when ||g|,, < 1072

Iwamoto’s method [9].

Forward-Euler method [5].

4™ order Runge-Kutta formula [5].

Levenberg-Marquardt method [16].

High-order Levenberg-Marquardt method [17].
Non-monotone line search with corrected Levenberg—
Marquardt method [18].

Lyapunov method [16].

Dynamic LF approach [19, 20].

The proposed and other LF methods have been programmed
by modifying the original code of MATPOWER 6.0 [35].
MATPOWER is an open source platform and widely used in
several references. Therefore, its standard code can be freely
modified in order to incorporate other LF methods. In order to
check the developed codes of these methods, several small and
medium-scale well-conditioned systems have been solved, and
the obtained results have been compared with those obtained by
standard NR which is already implemented in MATPOWER
software. We have used some of test systems provided by
MATPOWER (e.g. IEEE test cases, some cases of the PEGASE
project...). As well-known that the LF solution of such well-
conditioned systems using any valid algorithm must be
identical with the standard NR method with different features
such as number of iterations and computation time, hence this
step is used to check the correct programming of the algorithm.

The performance of the proposed methods has been validated
when generator’s reactive power limits are violated. In the
course of LF solution, the calculated reactive power of each
generator is checked if it is within the limits or not. If there is a
violation, then it is set equal to the limit violated and the bus
voltage magnitude is released, where the connected bus is
converted to PQ bus [5, 35, 36]. The LF Jacobi matrix must be
consequently modified in order to incorporate the reactive
power mismatches (2). Then, the LF is repeatedly solved until
a feasible solution is achieved.

Table 11 shows a comparison of the performance of different
LF solvers in the studied cases using a flat initial guess and € =
10~*. All simulations have been carried out using a Personal
Computer with a 3.4 GHz Intel Core i5-7500 CPU.

Results considering generator’s reactive power limits are
given in Table 111 (using a flat initial guess). It can be observed
that the proposed methods are still effective when generator’s
reactive power limits are considered.

Fig. 4, 5 and 6 show the convergence characteristics of the
proposed methods for the studied cases.
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TABLE Il
COMPARISON OF VARIOUS LF METHODS FOR THE STUDIED CASES
3012-bus 3375-bus 13659-bus
Method Time [s] # iter Time [s] # iter Time [s] # iter
Standard NR Diverge -- Diverge -- Diverge --
Gauss-Newton Diverge -- Diverge -- Diverge --
Iwamoto [9] Fail* -- Fail* -- Fail*** --
Explicit Euler [5] Diverge -- Diverge -- Fail*** --
4" order Runge-Kutta [5] Diverge -- Diverge -- 6.30 18
Levenberg methods [16] Fail* -- Fail* -- Fail* --
[17] Fail* - Fail* - Fail** -
[18] Fail* - Fail* - Fail** -
Lyapunov method [16] Fail* -- Fail* -- Fail* --
Dynamic LF approach [19, 20] Fail** -- Fail** - Fail** -
BS 1.77 15 2.12 16 8.65 15
RBS 0.79 12 0.86 12 3.75 12
* It did not converge in 50 iterations
** |t did not get results in a reasonable time
*** |t provided a wrong solution
TABLE Il
COMPARISON OF VARIOUS LF METHODS FOR THE STUDIED CASES CONSIDERING GENERATOR’S REACTIVE POWER LIMITS
Method 3012-bus 3375-bus 13659-bus
Time [s] # iter Time [s] # iter Time [s] # iter
Standard NR Diverge -- Diverge -- Diverge --
Gauss-Newton Diverge -- Diverge -- Diverge --
Iwamoto [9] Fail* -- Fail* -- Fail*** --
Explicit Euler [5] Diverge -- Diverge -- Fail*** --
4™ order Runge-Kutta [5] Diverge -- Diverge -- 9.86 29
Levenberg methods [16] Fail* -- Fail* -- Fail* --
[17] Fail* -- Fail* - Fail** -
[18] Fail* -- Fail* - Fail** -
Lyapunov method [16] Fail* -- Fail* -- Fail* --
Dynamic LF approach [19, 20] Fail** -- Fail** -- Fail** --
BS 3.56 31 4.15 33 14.06 25
RBS 1.65 24 2.03 25 6.29 20
* It did not converge in 50 iterations
** |t did not get results in a reasonable time
*** |t provided a wrong solution
10*
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Fig. 4 Convergence characteristics of the proposed methods (3012-

bus system).

Fig. 5 Convergence characteristics of the proposed methods (3375-

# iteration

bus system)
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Fig. 6 Convergence characteristics of the proposed methods (13659-
bussystem)

The proposed methods have converged efficiently in all
cases, while the remainder methods have mainly failed due to
the lack of a good initial guess point, which has not been close
enough or far away the correct solution, consequently the
algorithms become too slow or unstable.

In the 13659-bus case, the 4" order Runge-Kutta has
converged in 18 iterations, while the proposed BS and RBS
have employed 15 and 12 iterations, respectively. The
computation time of the BS has been higher than the 4" order
Runge-Kutta. It has expected due to after iteration no. 3 the BS
needs 6 matrix inversions per iteration. This drawback is
overcome by the proposed RBS, which improves the

performance of the 4™ order Runge-Kutta and the proposed BS
in both computation time and number of iterations.

The proposed RBS ensures a higher efficiency than the BS,
since the RBS needs less matrix inversions than the BS. Also,
the RBS always provides a smaller value of ||g||, than the BS.

The “big” step size has been adapted during the iterative
procedure according to (18). The main idea behind this adaptive
mechanism is to reduce the step size only if it is strictly
necessary in order to avoid the failure of the algorithm. Thus, it
has to be expected that the step size grows during the iterative
progress in normal circumstances. Fig. 7 shows the evolution of
the step size in the studied cases. The step size is only reduced
at the first iteration in the 13659-bus case. In the remainder
cases, the step size is progressively increased during the
iterative process.

- Scalability of the proposed methods

Fig. 8 shows the computation time employed for the
proposed BS and RBS in the different studied cases. As can be
easily noticed, the BS’s trend line (dotted red line) is steeper
than the RBS’s trend line (dotted green line). It means that the
proposed BS is more sensitive with respect the size of the
system than the RBS. This is due to the BS needs to compute
many more matrix inversions during the iterative process (See
Fig. 9). Basing on these ideas, one can conclude that the RBS is
more scalable than the BS.

1.6

15t
® 1.4
13+

1.2+

ol

—@— Bulirsch-Stoer ‘e
—@— Reverse-Bulirsch-Stoer

—@— Bulirsch-Stoer
—®— Reverse-Bulirsch-Stoer

# iteration

10 12 14 16 2 4 6 8 10 12 14
# iteration

Fig. 7 Step size during the iterative process in the 3012-bus (left), 3375-bus (middle) and 13659-bus (right) cases.
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Fig. 8 Computation time employed for the proposed methods in the
studied cases.
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Fig. 9 Required matrix inversions during the iterative process for the
studied cases.
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- Performance of the proposed methods near to the maximum
loadability point

It is well-known that the condition of the system becomes ill
when the loading level is near to the maximum loadability
point. The ability of the proposed methods for solving the LF
problem of the studied cases when they are operation at this
situation has been explored. Hence, the loading profile of the
system is modified as follows:

Pisch — ,DPiSCh Vi € [PQ U PV]
st _ posen i € [PQ]

(19)
(20)

where, p is a real positive coefficient which represents the
loading level and PV and PQ are the vectors of PV and PQ
buses indices respectively. Table IV gives the total number of
iterations of the proposed methods for the 3012-bus and 3375-
bus cases at different loading conditions using a flat initial
guess. We have not included results for the 13659-bus since the
base loading level of this case is practically its maximum
loadability condition.

TABLE IV
TOTAL NUMBER OF ITERATIONS EMPLOYED BY THE PROPOSED
LF METHODS AT DIFFERENT LOADING LEVELS

3012-bus 3375-bus
BS RBS ° BS RBS
1.05 15 12 1.05 16 12
1.10 15 12 1.07 16 12
1.15 15 12 1.10 16 12
1.20 15 12 1.12 16 12
1.27 15 12 1.15 16 12
1.28 Diverge Diverge 1.16 Diverge  Diverge

The proposed methods are able to converge with different
loading conditions employing the same number of iterations in
all cases. Therefore, the ability of the proposed methods for
efficiently solving the LF even near to the maximum loadability
point has been proven.

- Performance of the proposed methods with respect to initial
guess points

In all previous simulations, the flat initial guess has been
considered for solving LF problem. Now let us explore the
performance of the proposed methods using poorer initial guess
points. To do that, the flat initial guess has been deteriorated by
introducing a real factor e. Hence, the initial guess can be
calculated as follows:

Voo =10+e (23)

where, VE,(B is the vector of initial voltage magnitudes at PQ
buses. The comparison has been achieved for different values
of e. In Table V, the results obtained by the proposed LF

methods have been compared with those obtained by 4" order
Runge-Kutta [5].

From Table V, it can be observed that the proposed methods
show outstanding robustness with respect to the initial guess.
The 13659-bus system is the hardest case, as can be seen, the
factor e is smaller than remainder cases. Anyway, the 4™ order
Runge-Kutta starts to fail with e = 0.005 while the proposed
methods are still able to successfully converge.

TABLE V
TOTAL NUMBER OF ITERATIONS OF THE STUDIED CASES FOR
DIFFERENT INITIAL GUESSES

Real factor e 4 order Runge-  BS RBS
Kutta [5]
3012-bus case
0.05 Diverge 15 12
0.1 Diverge 16 12
0.15 Diverge 16 13
3375-bus case
0.05 Diverge 16 12
0.1 Diverge 16 12
0.15 Diverge 16 13
13659-bus case
0.001 17 15 12
0.005 Fail*** 16 13

*** |t provided a wrong solution

- Comparison among proposed methods and other Continuous
Newton’s methods

In order to demonstrate the superiority of the proposed
techniques with respect other Continuous Newton’s methods
[5], let us assume that the step size is kept constant during the
iterative procedure, thus, the robustness of the numerical
scheme is tested without using exogenous factors like adaptive
step size mechanism. Table VI presents the required number of
iterations and computation time of different CN methods
proposed in [5] and the proposed BS and RBS (a flat initial
guess has been used for all cases).

TABLE VI
TOTAL NUMBER OF ITERATIONS AND COMPUTATION TIME OF
VARIOUS CONTINUOUS NEWTON’S METHODS

3012-bus 3375-bus 13659-bus

Method Time[s] # Time[s] # Time[s] #

iter iter iter
Explicit Diverge -- Diverge - Diverge --
Euler [5]
4% order Diverge -- Diverge - 5.67 16
Runge-
Kutta [5]
BS 2.71 22 3.20 23 12.11 20
RBS 1.08 17 1.21 17 4.64 15

From this table, it can be observed that the other methods still
fail to converge when a fixed step size strategy is used, while
the proposed methods keep their robustness features. The bad
performance of these methods is due to the step size tends to be
increased during the iterative procedure in order to accelerate
the convergence (see Fig 7) and in this case it is fixed and the
algorithm tends to be slower. Therefore, using small step sizes
is not a logical strategy when the method maintains its
robustness features with bigger step sizes. Still so, the proposed
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RBS is more efficient than the 4" order Runge-Kutta [5] (see
results for the 13659-bus case).

The proposed BS and RBS provide a more sophisticated
scheme which uses the modified midpoint rule with a non-
constant number of intermediate points, therefore, it can be seen
as a variable-order numerical scheme. To the best of our
knowledge, this is a novel idea for solving the LF since the
existing methods use the same order in all iterations (e.g. NR
and Forward Euler are first order while the 4™ order Runge-
Kutta has order four).

VIl. CONCLUSIONS

In this paper, two methods have been proposed to solve the
LF problem of very large-scale systems. The proposed methods
based on the Bulirsch-Stoer approach. The proposed methods
have been validated using different large-scale systems (3012-
bus, 3375-bus, and 13659-bus) and compared with several LF
techniques; Standard NR, Hybrid approach Gauss-Newton,
Iwamoto, Explicit Euler, 4th order Runge-Kutta, Levenberg
methods, Lyapunov methods.

The obtained results have demonstrated the effectiveness of
the proposed methods in solving the LF problem for very large-
scale problems. They are able to find the LF solution efficiently
in all studied cases, while the other methods showed different
convergence difficulties:

o Divergence: in this case the value of ||g|| ., has grown during
the iterative process. Therefore, the algorithm moves away
to the solution. This failure is due to the flat initial guess has
lied outside of the Region of Attraction.

e Too slow convergence: the algorithm has not converged in
a specified number of iterations (considered 50 in the
present paper). In this case, the flat initial guess may be
inside of the Region of Attraction, but it is not close enough
to the final solution.

e Wrong solution: the algorithm has converged in less of 50
iterations, but the solution is incorrect. In this case, the flat
initial guess has lies inside of an incorrect Region of
Attraction. Therefore, it has been “attracted” to a wrong
solution (normally low voltage solution).

e Computational burden: it is normally produced by
expensive computation which might be attributable to the
size of the studied systems.

The aforementioned issues are mainly due to the flat initial
guess, which occasionally has not been good enough, or low
computational efficiency. The proposed methods are able to
overcome these difficulties as they converged to a correct
solution in less of 50 iterations avoiding computational
problems in all studied cases.

However, the RBS is much less sensitive with respect to the
size of the system than the BS due to the amount of matrix
inversions computed during the iterative process. In the studied
cases, the RBS has computed less matrix inversions than the
BS. Hence, the RBS is expected to be more scalable to larger
systems.

The ability of the proposed methods for efficiently solving
the LF near to the maximum loadability point has been proven.

Hence, the performance of the proposed BS and RBS in the
Continuation Power Flow [36] is hopeful and it should be
deeper explored in future works. The possibility to modify the
values of the initial step size and n,,x endows the proposed
methods a great versatility. For example, we can use the more
efficient schemes (i.e. big initial step size and small n,,x)
when the algorithm operated away from the maximum
loadability point, and switch to safer parameters when the the
maximum loadability point is approximated or a limit-induced
bifurcation is reached.

REFERENCES

[1] JJ. Grainger, W.D. Stevenson, Power System Analysis. New York:
McGraw-Hill, 1994.

[2] P. Kundur, Power System Stability and Control, New York: McGraw-
Hill, 1994.

[3] G.Arcia-Garibaldi, P. Cruz-Romero and A. Gomez-Expdsito, “Supergrids
in Europe: Past studies and AC/DC transmission new approach,” 2017
IEEE Manchester PowerTech, Manchester, 2017, pp. 1-6.

[4] D. Van Hertem and M. Ghandhari, “Multi-terminal VSC HVDC for the
European supergrid: Obstacles,” Renew. Sustain. Energy Rev., vol. 14, no.
9, pp. 3156-3163, 2010.

[5] F. Milano, “Continuous Newton’s Method for Power Flow Analysis,”
IEEE Trans. Power Systems, vol. 24, no. 1, pp. 50-57, Nov. 2008.

[6] F. Milano, Power System Modelling and Scripting. Berlin/Heidelberg,
Germany: Springer, 2010.

[7] B. Stott, “Effective starting process for Newton-Raphson load flows,”
Proc. Inst. Elect. Eng., vol. 118, no. 8, pp. 983-987, Aug. 1971.

[8] L. Powell, “DC Load Flow,” in Power System Load Flow Analysis, ser.
McGraw-Hill Professional Series. New York, NY, USA: McGraw-Hill,
2004, ch. 11.

[9] S. Iwamoto and Y. Tamura, “A Load Flow Calculation Method for IlI-
Conditioned Power Systems,” IEEE Trans. Power App. Syst., vol. PAS-
100, no. 4, pp. 1736-1743, Apr. 1981.

[10] M. D. Schaffer and D. J. Tylavsky, “A nondiverging polar-form Newton-
based power flow,” IEEE Trans. Ind. Appl., vol. 24, no. 5, pp. 870-877,
Sep/Oct 1988.

[11] D.J. Tylavsky, L. F. Jarriel, P. E. Crouch and R. Adapa, “Improved power
flow robustness for personal computers,” Conference Record of the 1990
IEEE Industry Applications Society Annual Meeting, Seattle, WA, USA,
1990, pp. 1401-1407 vol.2.

[12] L. M. C. Braz, C. A. Castro and C. A. F. Murati, “A critical evaluation of
step size optimization based load flow methods,” IEEE Trans. Power
Syst., vol. 15, no. 1, pp. 202-207, Feb. 2000.

[13] P. R. Bijwe and S. M. Kelapure, “Nondivergent fast power flow
methods,” IEEE Trans. Power Syst., vol. 18, no. 2, pp. 633-638, May
2003.

[14] J. E. Tate and T. J. Overbye, “A comparison of the optimal multiplier in
polar and rectangular coordinates,” IEEE Trans. Power Syst., vol. 20, no.
4, pp. 1667-1674, Nov. 2005.

[15] S.M. Hetzler, “A continuous version of Newton’s method,” College Math
J., vol. 28, no. 5, pp. 348-351, Nov. 1997.

[16] F. Milano, “Analogy and Convergence of Levenberg’s and Lyapunov-
Based Methods for Power Flow Analysis,” IEEE Trans. Power Syst., vol.
31, no. 2, pp. 1663-1664, March 2016.

[17] R. Pourbagher and S. Y. Derakhshandeh, “Application of high-order
Levenberg—Marquardt method for solving the power flow problem in the
ill-conditioned systems,” IET Gen., Trans. & Dist., vol. 10, no. 12, pp.
3017-3022, 9 2 2016.

[18] R. Pourbagher and S. Y. Derakhshandeh, “A powerful method for solving
the power flow problem in the ill-conditioned systems,” International
Journal of Electrical Power & Energy Systems, vol. 94, pp. 88-96, Jan.
2018.

[19] N. Xie, F. Torelli, E. Bompard and A. Vaccaro, “Dynamic computing
paradigm for comprehensive power flow analysis,” IET Gen. Trans. &
Dist., vol. 7, no. 8, Aug. 2013.

[20] N. Xie, E. Bompard, R. Napoli and F. Torelli, “Widely Convergent
Method for Finding Solutions of Simultaneous Nonlinear Equations,”
Electric Power Systems Research, vol. 83, no. 1, pp. 9-18, Feb. 2012.



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 10

[21] D. Mehta, H. D. Nguyen, and K. Turitsyn, “Numerical polynomial
homotopy continuation method to locate all the power flow solutions,”
IET Gen. Trans. & Dist., vol. 10, no. 12, pp. 2972-2980, Sep. 2016.

[22] M. Pirnia, C. A. Cailizares, and K. Bhattacharya, “Revisiting the power
flow problem based on a mixed complementarity formulation approach,”
IET Gen. Trans. & Dist., vol. 7, no. 11, pp.1194-1201, Nov. 2013.

[23] I Dzafi¢, R. A. Jabr, and T. Hrnji¢, “High Performance Distribution
Network Power Flow using Wirtinger Calculus,” IEEE Transactions on
Smart Grid, pp. 1-9, Apr. 2018.

[24] R. Madani, J. Lavaei, and R. Baldick, “Convexification of power flow
problem over arbitrary networks,” The 54th IEEE Conference on
Decision and Control, December 15-18, 2015, Osaka, Japan.

[25] H. Saadat, Power System Analysis. PSA Publishing, 2010.

[26] W.B. Gragg, “On Extrapolation Algorithms for Ordinary Initial Value
Problems,” Journal of the Society for Industrial and Applied Mathematics
Series B Numerical Analysis, vol. 2, no. 3, pp. 384-403, 1965.

[27] R. Bulirsch and J. Stoer, “Numerical treatment of ordinary differential
equations by extrapolation methods,” Numerische Mathematik, vol. 8, no.
1, pp. 1-13, 1966.

[28] W.H. Press, S.A. Teukolsky, W.T. Vetterling and B.P. Flannery,
Numerical Recipes, 3" ed. Cambridge, UK: Cambridge University Press,
2007.

[29] G. Bader and P. Deuflhard, “A semi-implicit mid-point rule for stiff
systems of ordinary differential equations,” Numerische Mathematik, vol.
41, no. 3, pp. 373-398, 1983.

[30] P. Deuflhard, “Recent Progress in Extrapolation Methods for Ordinary
Differential Equations,” SIAM Rev., vol. 27, no. 4, pp. 505-535, 1985.

[31] C.Josz, S. Fliscounakis, J. Maeght, P. Panciatici, AC Power Flow Data in
Matpower and QCQP Format: iTesla, RTE Snapshots, and PEGASE,
Auvailable: http://arxiv.org/abs/1603.01533

[32] S. Fliscounakis, P. Panciatici, F. Capitanescu and L. Wehenkel,
“Contingency Ranking With Respect to Overloads in Very Large Power
Systems Taking Into Account Uncertainty, Preventive, and Corrective
Actions,” IEEE Trans. Power Syst., vol. 28, no. 4, pp. 4909-4917, Nov.
2013.

[33] MATPOWER test systems. Auvailable:
http://www.pserc.cornell.edu/matpower/

[34] B. Stott, “Review of load-flow calculation methods,” Proceedings of the
IEEE, vol. 62, no. 7, pp. 916-929, Jul. 1974.

[35] R.D.Zimmerman, C. E. Murillo-Sanchez, and R. J. Thomas, “Matpower:
Steady-State Operations, Planning and Analysis Tools for Power Systems
Research and Education," IEEE Trans. Power Syst., vol. 26, no. 1, pp. 12-
19, Feb. 2011.

[36] P.Zhu, G. Taylor and M. Irving, “Performance analysis of a novel Q-limit
guided continuation power flow method,” IET Gen. Trans. and Dist., vol.
3, no. 2, pp. 1042-1051, Dec. 2009.

Marcos Tostado-Véliz was born in Spain in 1987. He received the Electrical
Engineering and Master’s degrees in 2016 and 2017, respectively, from the
University of Seville, Seville, Spain. He is currently working toward the Ph.D.
degree in University of Jaén, Jaén, Spain. His primary research interests include
optimal power system planning, operation, and control and numerical methods
for power system analysis.

Salah Kamel received the international PhD degree from University of Jaen,
Spain (Main) and Aalborg University, Denmark (Host). From Nov. 2014, he
joined the Electrical Engineering Department, Faculty of Engineering, Aswan
University, Egypt as an Assistant Professor. He is currently a Senior Research
Fellow in State Key Laboratory of Power Transmission Equipment and System
Security and New Technology, School of Electrical Engineering, Chongging
University, Chongging, China. His research activities include power system
modeling, analysis and optimization, renewable energy and smart grid
technologies.

Francisco Jurado (M’00-SM’06) was born in Linares, Jaén, Spain. He
received the M.Sc. and Dr. Ing. degrees from the National University of
Distance Education, Madrid, Spain, in 1995 and 1999, respectively. Since 1985,
he has been a Professor with the Department of Electrical Engineering,
University of Jaén, Jaén. His current research interests include power systems,
modeling, and renewable energy.


http://www.pserc.cornell.edu/matpower/

